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Abstract. The problem of designing a periodic interface between two materials in such a way that
time-harmonic waves diffracted from the interface have a specified far-field pattern is studied.

A minimization problem for the interface is formulated, and it is shown that solutions of constrained
bounded variation exist. The differentiability of the cost functional is then studied, with no restrictions
on the smoothness of the interface. Some computational issues are discussed, and finally the results of
some numerical experiments are presented.
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1. Introduction. The problem considered here is that of finding the shape of
a periodic surface profile which separates two materials, in such a way that waves
diffracted from the profile have a pre-specified diffraction pattern (scattered field) for
a given incident plane wave. This problem is motivated by applications in diffractive
optics, a technology in which optical components are micromachined with tiny features.
An overview of some of the technological aspects of this field can be found in [16]. One
of the most common geometrical configurations for diffractive optical structures is a
periodic pattern etched into the surface of an optical substrate, as shown in Figure 1.
Such structures are often called blazed diffraction gratings.

Our goal is to find structures which diffract light in a given pattern. This problem
is formulated as a least-squares minimization. The problem is ill-posed in the sense that
there may exist minimizing sequences of surface profiles which converge only in some
weak sense. This difficulty can be overcome by “relaxing” the problem, that is, enlarging
the class of admissible designs to include “mixtures” of materials. This approach was
introduced by Achdou [2] for solving a closely related photocell optimization problem
and was used in [9] to design antireflective structures.

Alternatively, the admissible designs can be constrained to some smaller class of
curves. It is this latter approach that we pursue here. A key feature of our approach is
that nonsmooth profiles present no theoretical or numerical difficulties. This is impor-
tant from a practical point of view since the mask-etch fabrication process for blazed
diffraction gratings generally yields nonsmooth interface profiles.

Several articles carrying out analytical work for determining periodic scattering
interfaces in the context of inverse problems have recently appeared. See in particular
[3, 6, 15] for uniqueness and stability results. A good introduction to the periodic
scattering problem can be found for example in [7, 17]. Descriptions of some additional

mathematical problems which arise in diffractive optics and industrial applications may
be found in the books [14].
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FiG. 1. Diffraction grating. The structure is assumed to be of infinite extent. The period of the grating
is generally comparable to the wavelength of the incident beam.

The paper proceeds as follows. In Section 2 we briefly review a variational formula-
tion of the Helmholtz equation in a periodic geometry. We then describe a formulation
of the optimal design problem as a minimization, taking manufacturing considerations
into account. With derivative-based minimization algorithms in mind, in Section 4 we
study the continuity and differentiability of the design cost functional. We then discuss
some practical issues in the implementation of computational algorithms, and finally
present some numerical results in Section 6.

2. The direct diffraction problem. In this section we outline a simple varia-
tional formulation for the direct diffraction problem. More detailed accounts can be
found for example in [2, 9].

We restrict attention to the simplest geometrical setting, where the diffractive
structure is constant in one direction, as in Figure 1. We wish to model the propa-
gation of time-harmonic electromagnetic waves in such a structure. Let k? = w?epu
and k3 = w?eyu, where w is the frequency, p is the magnetic permeability (assumed
to be constant), and €; and €, are the constant dielectric coefficients in the transmis-
sion medium and substrate material, respectively. The refractive index constants ky, ko
can be complex in general (nonzero imaginary part corresponds to absorbing material),
however for simplicity we assume here that both k; and ko are real.

Denote points in IR* by 2 = (1, 73,73) and take the direction of the grating
“grooves” to be #3. Then the refractive index k(x) is a function of (z1,x2) only. The
periodicity implies that

k(xy +nl,xy) = k(z1,x9), for all (xq,zs),
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F1a. 2. Geometrical configuration. The profile s(x1) is assumed to satisfy ||s||L~ < b for some b.

where L is the period, and n is any integer. By rescaling the problem if necessary, the
period L is taken to be 27.

We assume that the electric field is parallel to the x3-axis. Maxwell’s equations
then reduce to the Helmholtz equation

(1) (A+E)u=0, inR?,

where u is the electric field vector component in the z3 direction. This “E-parallel”
polarization mode is the simplest case. Other polarization modes are also of interest
but will not be treated here.

Let s € L*(IR) be a 2m-periodic function. The graph of s represents the interface
between the transmission medium and the substrate material. We define the squared
refractive index a,(z) = k?(z) a.e. in IR? by

[k ifag > s(ay),
as(w) = {k% if zy < s(21).

See Figure 2. The Helmholtz equation (1) can then be written (A + as)u = 0. Assume
that an incoming plane wave

Uy = eiamlfiﬂlmz
is incident on the interface from above (xo = +00). Here

a =kysinf), [y = kycos#,

and —7 < 6 < 7 is the angle of incidence with respect to the xy-axis.
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We are interested in “quasiperiodic” solutions, that is, solutions u such that u, =
ue '*® is 2r-periodic. It is easily seen that if u satisfies (A +ag)u = 0, then u, satisfies

(2) (A +ag)ug =0 in IR?,
where the operator A, is defined by
Ng =N+ 2iad;, — |af’.

We will henceforth deal only with solutions of equation (2), and so we drop the subscript
«. Since both u and ag are now 27-periodic in the z; variable, the problem is reduced
to solving (2) with periodic boundary conditions in z;. Equivalently, we consider (2) on
the quotient space @ = R?/{277 x {0}}, where Z = {0,41,42,...}. Let b > ||s||p~
and define the periodic strip Q2 = {z € Q : —b < zy < b}. Define the boundaries
1={r€eQ :22=0},and , , ={x € Q : 1y = —b}.

Our intention is to reformulate the diffraction problem on the domain 2. This re-
quires appropriate boundary conditions on , ; and , . We make use of “exact” nonlocal
boundary operators T}*, j = 1,2, defined by

(3) (T7 ) (@) = (=11 D iBf(a) fue™ . j =12,

nezZ

where f, are the Fourier coefficients of f and

k2 —(n+a)?2 ifk; >|n+al,

7 i/J(n+a)?—k3 ifk; <|n+al

For a complete derivation of these operators, see eg. [9]. To exclude “resonances” where
the propagation constants 7 are zero, we assume that k]? # (n+a)? foralln e Z,

j =1,2. It can be shown that each T}" : Hs(, i) = H3(, ;) is continuous, and

ou ,
T’ja(uh‘j) = T |Fj7 J = 172

5
In other words, 77" is a Dirichlet-Neumann map. The operators T;* define “transparent”
boundary conditions on 0f).

The scattering problem can be formulated as follows: find u € H'(Q) such that

(5) (Aq+a5)u = 0 in Q,
(6) (17 — a%)u = 2B on |,
2
N 0
(7) (13 _8—:@)u = 0 on, .

The right-hand side in equation (6) is due to the incident wave. Conditions (6) and
(7) implicitly incorporate an “outgoing wave condition” by the construction of the T}"
operators.
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It is convenient to deal with the variational form of (5)—(7). Defining

(rruT— [ (5w

I't '

(8)  Bs(u,v) = /Q(V +ia)u- (V +ia)v — /Qas uv —
where frj represents the dual pairing of H_%(, ;) with H%(, ), and

f() = =2ipe [ 3,

Iy

the diffraction problem can be stated: find u € H*(Q2) which satisfies
(9) By(u,v) = f(v), forallve HY(Q).

Theorem 2.1. For ky, ko > 0 sufficiently small, the variational problem (9) admits
a unique weak solution w € H*(Q). In addition, ||ul|y2(q) is bounded independently of
s. More generally, a unique solution u € H?(Q) exists for all but possibly a discrete set
of parameters ky, ko.

Proof. By a perturbation argument, it is proved in [9] that for ||as||L~ sufficiently
small, a unique solution u € H'(Q) exists, with ||u|/y1) bounded independently of
s. Actually, the slightly stronger statement that the operator A, associated with the
sesquilinear form B, has a uniformly bounded inverse A;' : H }(Q) — HY(Q), is
proved. We will need this fact in Section 4.

Since

Au = (=2iad; + |a]* — as)u

in Q, it follows that ||Au||2(q) is also bounded uniformly, proving the H? estimate.

The statement that existence and uniqueness of u is obtained for all but possibly
a discrete set of parameters follows from Fredholm theory. A proof for the analogous
problem involving the full Maxwell equations can be found in [10]. O

In the case of absorbing media, Abboud has shown [1] that the problem has a
unique solution for all frequencies.

Since kq and ks scale with the frequency w of the incident wave, the assumption that
ki and ko are small can be viewed as a “low-frequency” assumption, which guarantees
that the eigenvalue problem A,u = —asu (plus boundary conditions) has no nontrivial
solutions. As a practical matter, for typical problems involving blazed diffraction grat-
ings in dielectric materials, k; and ks are generally “small”, so the theorem guarantees
that solutions u exist for every s. However, resonances can occur over some parameter
ranges. If uniqueness of solutions to (9) fails for some profile s, we will refer to that s
as a resonant point. The results which follow require that resonant points are avoided.

3. An optimal shape design problem. A fundamental feature of diffraction in
periodic structures is that in homogeneous regions, the scattered field can be expanded
as an infinite sum of plane waves. For example, above (2, the expansion can be written

)
(10) U(Qfl,l‘g): Z anei(nwﬂrﬁ?wz),
n=—00
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(often called the Rayleigh expansion), where the a, are unknown coefficients, and 3}
is defined in (4). A similar expansion holds in the region below €. Since 3] is real
for at most a finite number of indices n, we see from (10) that only a finite number of
plane waves in the sum propagate into the far field, with the remaining modes decaying
exponentially as zo — +00. The number of propagating modes and the direction of
propagation for each mode is determined by the frequency of the incident wave, the
refractive index of the material, and the period L of the structure.

In the optics literature, the ratio of the energy in a given propagating mode to the
energy of the incoming wave is called the efficiency of the mode. From an engineer-
ing point of view, the key feature of any diffraction grating is the efficiency of each
propagating mode.

Suppose that the materials, the period of the structure, and the frequency of the
incoming waves are fixed. There are then a fixed number of propagating modes, each of
which corresponds to an index n for which the propagation constant 3} is real-valued.
Let us define two sets of indices of propagating modes

Aj = {n integer : [In+ | < k;}, j=1,2.

Thus A; contains the indices of the reflected propagating modes; A, corresponds to the
transmitted modes. Up to a constant phase factor which can be safely ignored, the
coefficients of each propagating reflected mode are given by the Fourier components of
the trace of u on the boundary , :

(11) rn = uy(b) forn #0, neA,
ro = wug(b) —const. forn =0,

where u,(b) = % 02“ u(xy,b)e”™1dz,. Similarly, the coefficients of the propagating

transmitted modes are
(12) tm = um(—b)  for m € A,.
Writing the reflection and transmission coefficients as vectors

r = (Tn)ne/\l, t= (tm)mEAza

we denote the pair (r,t) = F. The coefficients r, and t,,, and hence F, are functions
of the interface profile s. Denote this dependence by F(s). We index the individual
reflection and transmission coefficients in F' by Fj, j = 1,...,p, where p is the total
number of indices in A; and As.

As mentioned above, in applications one is usually much more concerned with the
intensity or energy |Fj|? of the propagating modes than with the phases. The optimal
design problem we wish to consider is to find a profile s such that F'(s) is as close as
possible to some specified intensity pattern ¢ € IR?. Asking that the intensities | Fj(s)|?
are close to ¢ in a least-square sense, we attempt to minimize

1) = 1 0RO - )"
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over some set of admissible coefficients s € A. The choice of A is important. To achieve
a well-posed optimization problem, there are two general routes.

The first route is to begin with a large class of admissible curves, and “relax” the
problem, enlarging the admissible set to include appropriate “mixtures” of materials.
Admissible designs no longer correspond to distinct interface curves. See [2, 9] for a
discussion of this approach.

Another natural route is to instead restrict the admissible interfaces s to a smaller
class. Simply asking that the profiles stay within the specified domain 2 and away from
the boundary suggests the problem

1 p
(13) min J(s) = 1 > (|Fj(s)|” — qj)?, subject to: ||s||r= < b < b.

j=1

Without further constraints on s, one would not expect that a solution to (13) would
exist in general, due to the possibility of oscillatory minimizing sequences. Unfortu-
nately, “smoothness” constraints on s would not be appropriate, since mask-etch type
manufacturing processes generally produce profiles with corners. Requiring that s is
smooth eliminates manufacturable designs from the admissible class.

One convenient quantity which measures oscillations but allows corners is the total
variation seminorm

(14) TV (s) = / 15" (21)] daz:.

Following common practice, in this definition the derivative s is interpreted in a distri-
butional sense, and does not have to be an L' function (see eg. [13]).
We are thus led to consider the problem

1& 9
minJ(s) = Z Z - qj)*,
(15) subject to: TV( ) < M,
IIs]|zee <O < b.

The following lemma can be proved by a straightforward calculation.
Lemma 3.1. For any s, so with ||sj||ze2x) <V, and for 1 <p < oo,

las, — as,||zr) = Clls1 — 52||L1 (0,27)"

We denote the set of functions of bounded variation by BV = {s € L' : ||s||;1 +
TV (s) < o0}.

Theorem 3.2. For ki and ky sufficiently small, the constrained minimization
problem (15) admits a solution s € BV .

Proof. The proof is straightforward by the direct method. Consider the admissible
set

A={s:TV(s) < M, ||s]|p= <V}
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Let {s,} € A be a minimizing sequence for J(s). By the compactness properties of BV
(see eg. Section 5.2.3 of [13]) there exists a subsequence (which we still denote by {s,})
and a function s € A such that s, — sin L'. From Lemma 3.1 above, this implies that
the corresponding index functions as, converge weak * L*™ to as.

Let u, denote the solution to B, (un,v) = f(v). By Theorem 2.1, ||uy||mz: is
uniformly bounded, so {u,} has a subsequence (still denoted u,) converging weakly in
H' and strongly in L? to some u € H'. Holding v € H! fixed, it follows that

Bs, (u,v) = Bs, (un,v) = f(v).

The weak L* convergence of a5, — a, implies By, (u,v) — Bg(u,v). Hence Bs(u,v) =
f(v) for all v € H', i.e., u solves (9).

Since u, — u weakly in H', up|r, — ulp, weakly in H'/2(, ;). Hence any finite set
of Fourier coefficients of u,|r, converge strongly to the Fourier coefficients of u|r,. By
the definition of F'(s), we thus have F(s,) — F(s), and s is a minimizer of .J(s). O

4. Evaluation of derivatives. Most simple schemes that we would consider for
minimizing J(s) require some derivative information. For the sake of simplicity, assume
for now that the total variation constraint is not enforced.

To study the continuity of solutions u with respect to s, we need to be able to
evaluate “traces” of functions on the graph of s. Note that the following notion of
trace differs from the usual one in that the measure on the graph of s is not the surface
measure, but simply Lebesgue measure on the domain [0, 27). If surface measure were
used, a Lipschitz assumption on s would be necessary as in standard trace theorems.

Lemma 4.1. Given s € L*(0,27) with ||s||r~ < 0 < b, there exists a bounded
linear operator

M, : H'(Q) — L*(0,27),
for 2 < p < oo, such that
(16) (M f)(z1) = f(zq,8(x1)), a.e. x1 €]0,27),
for all f € CY(Q)NHY(Q).
Proof. Assume f € C'(Q) N HY(Q). Define M, f as in (16). Then
o o o b
/0 M, f ()] doy < /0 F (21, =b)| dy +/0 /_b, 18 f (a1, 0)]| dt dary.

Replacing | f| by |f[?,
2 21 ,
[ M@ dee < [T I, -0)p de

JFC/%T /b 0o f (w1, )| f (1, 1) P71 dt day

1T f 200,20y + ClOf 2@ 1 172610
< C|f1f
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where T_ is the usual trace operator on {z5 = —b'}. The last inequality follows from
standard trace and Sobolev imbedding theorems. Since C! is dense in H!, M, extends
uniquely to a bounded linear operator from H'(Q) to LP(0,2x). O

Let 6s € L*™ be a given perturbation to the fixed profile s. For notational conve-
nience, we will henceforth let

Uo Sa‘tiSfy Bs(uﬂa U) = f(v)a
(17) up satisfy  Byygs(ui,v) = f(v),
for all v € H'(Q2), whenever solutions exist.
The solutions u are Lipschitz continuous with respect to s, as we show next.
Theorem 4.2. Assume that ki and ko are small enough so that Theorem 2.1

holds. Given s with ||s||.c < b < b, consider perturbations s € L*(0,2n) such that
Is + dslloc <. Then

|ur — wol| iy < C|65] 200,27

Proof. One easily finds that

(18) By ys5s(ug — ug,v) = /Q(aer(;s — Q) UgT.

As mentioned in the proof of Theorem 2.1, under the low-frequency hypothesis, the
operator A, associated with the quadratic form B, has a uniformly bounded inverse
A7V HY(Q) — HY(Q) independent of s. Hence a bound on ||u; — ug||z: will follow
immediately from estimating the H~' norm of the right-hand side of (18), i.e

sup |/ Ust5s — Qs)UgT|
H'U”HI(Q)*

Since ug € H*(Q), it is easy to estimate
[uo®ll 110y < Clluoll 2o l|vll ()

Set z = ugv. Assume temporarily that z € C1(Q) N H'(Q2). We have

‘/ (as-i-és —a
Q

2 p(s+ds)(

z (w1, 29) dxe day

2 p(s+ds)( T2

(Z xT1,S (1‘1)) + 822(1'1,t) dt) dl‘g d!L‘l

s(z1)

(s+ds)(z1)
< c/ 165( x1)|<|z(a:1, (21))] + /( | |82z(x1,t)|dt‘> di:
< Cl0slz20,0m) ([[Mszl L2(0,20) + |2]| 1 (0))
< Cldsllze2m 121l m @



where we applied Lemma 4.1 to get the last inequality. Taking an approximating
sequence z; € C! with ||z — z||1 — 0, the estimate is established for general z € H'.
U

Given ds € L*(0,27), define du as the solution of

(19) B, (6u,v) = g,(6s,v), forallve H'(Q),
where
9 5 2
75(85,0) = (k2 — k2) /0 §s(1) (Myugv) (1) dr.

Since uy € H?(Q), we have ugv € H'(Q) with ||ugt]| zr1(0) < Clluol| m2)||v]|#1 ). Note
that Lemma 4.1 implies that

195(d5, 0)| < Cllos|[ 2 [[v]l (o)

where C' depends on s. The boundedness of the solution operator associated with B,
then immediately implies that a unique solution du € H'() exists. The following
statement is now proved.

Lemma 4.3. If s is not a resonance point, then there exists a unique du € H'(Q)
satisfying (19). Furthermore,

0wl 1) < C|95]22(0,27)5

where C depends only on s.

We are now in a position to prove the differentiability of the map taking s to the
field u. The functions ug, u;, and du are all as previously defined.

Theorem 4.4. Assume that ki and kg are small enough so that Theorem 2.1
holds. Given s with ||s||ec < b < b, consider perturbations s € L*(0,2n) such that
Is 4+ 0s||oo <. Then

lur — up — 5U||H1(Q) = o([|05 ).

Proof. Let w = u; — ug — du. Then w satisfies
(20) BS+55(w7 'U) = h(U) = /Q(aer(Ss - Cls)U()@ - 95(557 'U) + / (as+55 - as)(su v.

Because of the uniform boundedness of the solution operators A, associated with
B, 55, we can estimate

||w||H1 < C sup |h(v)].

||UHH1(Q)

Let us examine the last term in h(v) first. We have by Lemmas 3.1, 4.3, and Sobolev
imbedding that

N

(21) I/ Uspss — a5)0u T < lasiss — aslle e 10wl Lo l|v] Ly

3/2
< Closl[ Pt om0l )
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which is o(||ds]| 1 )-

This leaves us to estimate the first and second terms in the right-hand side of (20).
Set 2 = ugv, and temporarily assume 2z € C*(Q)NH'(Q). Then proceeding in a manner
similar to the proof of Theorem 4.2,

|/Q(as+6s_as)uow — 95(58,7)”

= [k — k|

27 (s+ds)(z1)
/0 (/( : z(x1,9) dvy — d5(11)(M;2) (x1)> dz,

2 (s+ds)(z1)
C / (/ z(xq, x9)dxy — ds(x1)2(xy, s(xl))> dxq
0

s(z1)
2m (s+ds)(z1) pa2
/ (/ / 822(1'1, t) dt dl‘g) d.’L’l
0 s(z1) s(z1)
27
< O [ 1os(a)]
0

S O||6S||LOO/Q(X5,65)|82Z|7

= C

(s+0s)(z1)
/( (o) di| da

1

where x; 5, denotes the characteristic function on the set where ay; and asyss differ.
Applying the Schwarz inequality and Lemma 3.1 we then have

| [ (@53 = as)uot = g,(65, ) < Clslae< 165112l o

The bound holds for arbitrary z € H'(Q2) by taking an approximating sequence z € C'!
converging to z in H'. Finally, we recall that ||z||z1 < |luo||g2||v]|z:. O

Having calculated the derivative of u with respect to s, it is now a simple matter
to calculate the gradient of J(s) for use in minimization schemes. Let us view J(s) as
a map over some subset D of L*(0,2m). Consider the linearized response D.J(s)(ds) of
J(s) to a perturbation ds. Formally,

p

DJ(s)(d5) = 3 (|Fj(s)P — ¢5) Re (Fi(s) DF;(s)(35))

Jj=1

where DF'(s)(ds) denotes the linearization of F in the direction ds. The components of
DF are the Fourier modes (Dr, Dt), where

Dry,(s)(0s) = dup(b), for reflected modes m € Ay
Dt,(s)(6s) = dun(—b), for transmitted modes n € As.

Viewing the domain of DF as L*(0,2m), the adjoint DF*(s)(+) is defined by

DF(s)(0s) - 54 = 02” 55 - DF(5)(0q) da,
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for 6q = (¢, ¢) with ¥ = (Yn)nea, and ¢ = () men,- Let w € H' (€2) solve

(22) (Ag+as)w = 0 in Q,

T 0 ethrb .
23 k7 — _ mxy
( ) ( 1 ay)w o ng[\:l 'l/)ne on, i,
(21) 15— 2 TS e
24 TQ* - /) = — ¢mezm$1 on, 2,

ov 2 <3,

where T/ f = — EZBJ" fn.e™®. Notice that this adjoint problem for w represents waves

propagating into ). With an integration by parts calculation, one finds that
- 2T
DF(s)(8s) - 8q = (K2 — k?) / §s(x1) M, (wu) (1) dai.
0

Hence we make the identification DF*(s)(dq)(z1) = (k3 — k?)M,(wu)(z1), and the
gradient of J(s) is given by G(s) = Re {DF*(s)(F;(|Fj(s)|* — g;))}. More explicitly,

G(s)(w1) = Re{(ky — k) My (wu) } (1),

where w solves (22)—(24) with (¢, @), = F,(|F.(s)]* — ¢a)-
Note that by Lemma 4.1, G(s) € LP(0,2m), for 2 < p < oo. In fact, since both w
and u are in H% wu € H?, and it follows that G(s) € L™.

5. Computational issues. The variational formulation of the diffraction problem
described in Section 2 leads naturally to finite element schemes. Bao [4] has studied
the convergence of such schemes for problem (9) and has established “optimal” error
estimates. A preconditioner to improve the speed of iterative solution schemes for the
finite element system is described in [11]. The primary practical advantage of finite
element solutions of (9) is that convergence is very good even for extremely rough s.

Discretizing €2 with a uniform rectangular grid, one can approximate the interface
profile as the graph of a sum of step functions

(25) s(x1) = ; $jX;

where x; is the indicator function in the interval [(j —1)h, jh) and h is the grid spacing
in the x; direction. Notice that the results in the previous section hold for such s, and
in fact each such s € BV.

In order to maintain a fixed, uniform grid as s is varied, one can simply average
the squared refractive index a, in cells where s; does not lie on a grid line (see Figure
3). From the proof of Theorem 3.2 we know that F is continuous with respect to a, in
the weaks L>°(2) topology, and it follows that by calculating cell-wise averages of as,
we still get a convergent approximation to F' as the grid is refined.

Using the formulae for derivatives and gradients established in the previous section,
one can approach the numerical minimization of J(s) in a variety of ways. The most

12



Fi1G. 3. Averaging as to maintain a uniform grid. Heavy lines indicate the location of s(x1); thin lines
indicate the fized grid.

straightforward is the method of projected gradient descent (gradient descent with each
step constrained to lie inside the computational box). The method is effective, but quite
inefficient: each gradient step requires solving both a direct and an adjoint diffraction
problem.

A modified gradient descent algorithm, designed to improve the efficiency of the
basic gradient descent scheme for a similar problem, is described in [12]. The basic
idea is to view the underlying diffraction problem as a constraint, and then perform
inexact solves following infeasible point techniques from constrained optimization. To
see the constrained formulation for the present problem, let us modify the statement
of the minimization problem (13). Define the linear operator P : H'(2) — IR by
P(u) = (r,t) where the reflection and transmission vectors r and ¢ are defined by (11)—
(12). The functional S (|Pjul* — ¢;)? is then defined over all H*(2). One can then
reformulate the minimization problem (without the TV constraint) as

26 : P o2
. (S,u)erﬁlxr}fl(g) zj:(| jul” — q5)

(27) subject to By(u,v) = f(v), forallve H'(Q).

Viewing the problem in this way, one can iteratively try to minimize the cost functional
while staying outside the constraint set, requiring that the constraints are satisfied only
when convergence is achieved. In this way, the direct and adjoint diffraction problems
only need to be solved to some tolerance, initially large but controlled by the algorithm
and forced to zero as the algorithm converges.

Considerably more sophisticated minimization algorithms for general optimal con-
trol and design problems with PDE state equations, based on constrained formulations
of the form (26)—(27) have been developed and analyzed by Dennis, Heinkenschloss,
and Vicente [8].

Finally we mention that a simple technique to approximately solve the T'V -constrained
problem (15) using conventional unconstrained minimization techniques involves replac-
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ing the constraint 7V (s) < M with a penalty in the cost functional of the form

Rg ., (s) = B/OZF \/ 8 (x1)% + % dx;y.

For v > 0, R is a smooth function of s, so unconstrained gradient and Newton based
algorithms can be applied. As v — 0, R approaches the TV measure, and convergence
of the minimization algorithm generally deteriorates due to the nonsmoothness of TV ()
with respect to s. Fortunately, acceptable designs can usually be found with 7 fixed at
some small number. The parameter 5 > 0 must be adjusted to obtain an acceptable
level of oscillation in s, with TV (s) < M.

6. Numerical experiments. In this section we describe some numerical results.
In all experiments, the problem is discretized as described in the previous section, on
a 128 x 128 grid. Some earlier results were presented in [5, 11]. In each example, we
solve only for local minima of the cost functional J(s). This is appropriate since in
engineering applications a good starting guess is often available.

We first demonstrate that some optimal profiles naturally have “corners”, and are
of bounded variation, without an explicit 7'V constraint imposed on the problem. Let
a plane wave be normally incident on a periodic interface, say with period L = 1.5,
between air and quartz (glass). Consider the problem of mazimizing the total energy
reflected from the interface. This problem is easily placed in the framework described
in the previous sections by minimizing —.J(s) instead of J(s), with ¢ = 0 and the trans-
missive orders weighted by zero. Figures 4 through 6 illustrate the solutions obtained
for two incident waves of wavelengths 0.71, and 0.48. Each optimization was solved
without total variation penalties or constraints, using a sine wave profile sy as the
starting point. In each case, two reflected modes exist which propagate at (symmetric)
angles near horizontal. Nearly all of the reflected energy is carried by these modes. We
should note that structures with higher reflectivity can be constructed; this example
was chosen merely to illustrate the structure of the solution profiles.

With a final example we wish to illustrate that in some cases explicit regularization
is necessary to obtain a solution. As before, we take a plane wave normally incident
on an air-glass interface with period L = 1.5. The incident wavelength is set at 0.34.
We specify that all energy is transmitted through the structure (no reflection), with
50% of the energy in the +1 transmitted order, and 50% in the —1 transmitted or-
der. Running the minimization with no regularization generates a minimizing sequence
of increasingly oscillatory profiles s,. The profile sgpy shown in Figure 7 achieves ap-
proximately 48.7% energy in each order. Continuing the minimization monotonically
decreases the cost functional, and monotonically increases the total variation as the
profiles become rougher and more oscillatory. Presumably, if one were to “relax” the
problem by passing to a weak limit, the optimal solution would be a mixture.

Enforcing a total variation constraint by means of a penalty function as described
in the previous section leads to a convergent sequence s,. A solution is shown in
Figure 8. When enforcing the constraint, there is a tradeoff between the “simplicity” of
the solution (measured by total variation), and the amount of energy achieved in each
order. This tradeoff may be considered as a design parameter.
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FiG. 4. Profile producing a local mazimum in reflected energy, and the real part of the diffracted field.
The incident wavelength is 0.71; total reflected energy is about 7.6%.

Fic. 5. Profile producing a local maximum in reflected energy, and the real part of the diffracted field.
The incident wavelength is 0.48, total reflected energy is about 7.3%.
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Fic. 6. One profile in a minimizing sequence generated without a total variation constraint, and the
real part of the diffracted field. The profile directs approzimately 97% energy into the +1 orders. The
profile’s total variation is 32.9

F1G. 7. A solution obtained with the total variation constraint TV (s) <9 enforced. The profile directs
approximately 91% energy into the +1 transmitted orders.
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Several other examples, as well as a discussion on producing “manufacturable”
designs, can be found in [5, 11].
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