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INTRODUCTION

There notes were written to accompany my lectures at the VIGRE minicourse on
“Arc Spaces and Motivic Integration”, held at the University of Utah in May 2005. The
main goal of these lectures is to discuss how motivic integration, if performed in the
relative setting, can actually capture invariants such as Chern classes.

The first two lectures are devoted to a discussion of MacPherson’s construction
of Chern classes of singular varieties. We will start with reviewing the definition of
Chern classes of complex manifolds and their extensions to singular varieties proposed
by Mather and Schwartz-MacPherson. Then we will focus on the work of MacPherson in
which he constructs a natural transformation from the functor of constructible functions
to homology (or Chow groups), proving a conjecture of Deligne and Grothendieck. It
is using this transformation that MacPherson proposes his theory of Chern classes for
singular varieties.

The use of motivic integration to construct a new generalization of Chern classes to
singular varieties is motivated by a recent result of Aluffi, where it is proven that Chern
classes of smooth varieties behave well under certain birational modifications. Indeed
one can show with explicit examples that this particular birational property is lost in the
singular case if one considers Schwartz-MacPherson classes. This will be our motivation
for what comes next.

Aiming for a theory of Chern classes that is birationally well-behaved (i.e., with a
“stringy” flavor), we will apply the theory of motivic integration over a base and explain
how one can extract a constructible function (defined over the base) from any given
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relative motivic integral. This is the content of the third lecture. Most of the technical
ingredients of the general theory of motivic integration will be only sketched or quoted.
Instead, the attention will be focused on the use of the theory in the relative setting, and
the geometric process leading to extract constructible functions from motivic integrals
will be explained in detail.

The various material covered so far is then combined in the forth lecture, where
stringy Chern classes are introduced and studied. The basic idea of the construction
is to apply MacPherson’s transformation to certain constructible functions naturally
arising (via motivi integration) from resolution of singularities. Explicit examples will
be presented to compare stringy Chern classes with Schwartz-MacPherson class. Using
formal properties of motivic integration, we will investigate the main properties of these
classes.

The last lecture is devoted to a discussion of stringy invariants for quotient va-
rieties: this is a beautiful part of the story, related to a classic problem known as the
“McKay correspondence”. The general principle is that the stringy invariants of the quo-
tient variety, which are defined through resolution of singularities, are already encoded
(in some way) in the equivariant geometry of the manifold of which we are taking the
quotient. This not only is an amazing phenomenon per se, but also provides explicit
formulas to compute these invariants. It can arguably be said that stringy invariants
made their first appearance in this context.

Several exercises are proposed throughout, the main purpose being in most cases
that of giving some concrete feeling to the reader new to the subject of what the various
constructions and definitions are all about.

0.1. Acknoledgements. It is a pleasure to tank the organizers of the minicourse, Aaron
Bertram and Christopher Hacon, for offering me the opportunity of delivering these
lectures, and for providing such a nice and enjoyable stay in Salt Lake City for the
period of the course.

I wish to thank Bertram and Hacon, the other lectures of the course, Manuel
Blickle, Giulia Jordon and Wim Veys, and all the participants of the course, for many
friutful conversations and several comments and corrections that helped me improving
the exposition of these notes.

This material is based upon work supported by the National Science Foundation
under agreements No. DMS-0548325 and DMS-0111298, by the University of Michigan
Rackham Research Grant, and by VIGRE (7). Any opinions, findings and conclusions or
recommendations expressed in this material are those of the author and do not necessarily
reflect the views of the National Science Foundation.

0.2. Notation and conventions. We work over the field of complex numbers. By
scheme we will mean an algebraic scheme of finite type over SpecC. A wariety is an
integral scheme, and a manifold is a smooth variety. Subschemes and subvarieties are
always assumed to be closed. A Q-divisor on a normal variety is a Q-Cartier Q-divisor,
namely a rational combination of Weil divisors, a multiple of which is Cartier.

Finally, faithfully to the European origins of the author, the set of natural numbers
N includes zero.



0.3. Temporary disclaimer (!) This is still a preliminary version, only distributed
to the participants of the course. Some-hopefully most—of the errors and typos in the
previous version have been corrected. Many things are still lacking, among which some
of the attributions of the credits for the various results and remarks presented here, more
comparisons with other works, and a complete list of references. Brief introductions to
each lecture will also be included.

Comments, corrections and suggestions are of course very welcome.

Lecture 1. MATHER’S AND SCHWARTZ-MACPHERSON’S CHERN CLASSES OF SINGULAR
VARIETIES

1.1. The Chern class of a manifold. We start by recalling a few definition from
intersection theory, referring the reader to [Ful] for a full treatment and several of the
properties that will be used here.

Let X be a scheme. We denote by Z,(X) the free abelian group generated by
(closed) subvarieties of X. An element « of Z,(X) is called a cycle on X, and can be
written in a unique way as a finite linear combination

k
a= Z n;[Vi]
=1

where n; € Z and V; are subvarieties of X. Then the Chow group of X is the quotient of
Z«(X) by rational equivalence:

A (X) = Zu(X)/ ~orat -

We recall that a cycle o € Z,(X) is rational equivalent to zero if and only if there
are subvarieties Wi,...,W; C X x P! such that, denoting by pry, : X X P! — P! the
projection onto the second factor and fixing two distinct points 0 and oo in P!, we have

¢
a = [(pralw;) " (0)] = [(pra |w;) " (o))
j=1
in Z,(X).

When X is proper, taking the degree of a zero-dimensional cycle gives a map
deg : Ag(X) — Z. The degree of any cycle a € A,(X) is then defined to be the degree of
it zero-dimensional part, and is denoted by any of the symbols deg o, | x @, or just [ a.

Consider now a vector bundle F over X, and let r be the rank of E. Associated
to E, there is the total Chern class of E: this is the sum

c(E)y=14+c(E)+- - +c(E),

where each ¢;(F) is defined as an operator on the Chow group A,(X), the operation
being given by cap products

CZ(E) n_: Ak(X) — Akfl(X)

We refer to [Ful, Section 3.2] for the definition of these operations.
Product of Chern classes of vector bundles (over the same scheme X) is defined
by composition, by setting

(E"N=

G(B) (BN Ap(X) S0 4 x) 2205 A (X)),
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We recall that if L is a line bundle and ¢ : V < X is a subvariety, then ¢;(L) N [V] =
ix[div(sy)], where sy : V' --» L|y is any non-trivial rational section of the restriction
L]y of L to V. Then, using the splitting principle [Ful, Section 3.2], Chern classes of
vector bundles are characterized by the condition

co(E) = c(E") - c(E")
for any short exact sequence of vector bundles
0—-E —-E—E —0.

Moreover, if E is a globally generated vector bundle on a quasi-projective n-dimensional
variety X and s; € I'(X, E) are general sections, then

G(E)N[X] =[{z € X | so(x),...,s—i(x) are linearly dependent}] € A,_;(X).

If X is a smooth variety and T'X is the tangent bundle of X, then we obtain the
class
o(X) =c(TX)N[X] € A(X).
We call this class the Chern class of X. We recall that, if X is a proper smooth variety,
then

/ o(X) = x(X) = > (-1)' dim H'(X,Z).

X i

the topological Euler characteristic of X. Moreover, assuming that X is a smooth pro-
jective variety with globally generated tangent bundle T'X, so that X admits sufficiently
general (holomorphic) vector fields, we obtain a geometric interpretation of the Chern
class ¢(X) in terms of the degeneracy loci of the vector fields. In particular, we recover
the following well known fact:

X(X) = #{zeroes of a general vector field on X}.

We close this section with a comment of the notation. The choice of the symbol
¢(X) to denote this class is not standard, and the term “Chern class” (or “total Chern
class”) of X is often used in literature for the class ¢(7X) rather than its value on [X].
One should think at ¢(X), as defined above, as the Poincaré dual of the cohomological
Chern class of X. The reason of our choice relies on the fact that we will discuss several
extensions to singular varieties of the notion of Chern class of a manifold, and all of them
can only be given in some homological theory of the given variety. More precisely, all
these extensions will be defined as elements in the Chow group of the variety (in some
cases allowing rational coefficients).

1.2. The Nash blowup and Mather’s Chern class. Let X be an n-dimensional
variety, and assume that X is embedded in a manifold M. If G,,(T'M) is the Grassmann
bundle over M of rank n subbundles of T'M, the map

z = (TyX C TuM) € Gp(TM),,

defined for every x € Xiog, gives a section from the smooth locus of X to G, (TM).

The Nash blowup X of X is the closure in G, (T M) of the image of this section. The
projection to the base induces a morphism

V:)?—)X.
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It is a fact that (in characteristic zero, hence in our setting) this morphism is locally
an isomorphism precisely over the smooth locus of X [Nob]. Moreover, if X is locally
complete intersection, then the Nash blowup agrees with the blowup of the Jacobian
ideal of X [Nob]; in particular the previous property also follows, in this case, from [Lip].
In general, the Nash blowup does not depend on the particular embedding chosen; in
fact, it is even possible to define the Nash blowup without the use of any embedding.

Remark 1.2.1. One can construct the Nash blowup of X by thaking the closure of the
natural section Xyeg — IP)X(/\"Qk) of the projection IP’X(/\"Qk) — X (see for instance
[dFEI]).

Exercise 1.2.2. By considering the case of cones over smooth plane curves, argue that
the Nash blowup needs no be smooth nor normal.

Throughout the above construction, X comes naturally equipped Wlth a rank
n vector bundle, that we denote by T. This is given by the restriction to X of the
tautological vector bundle ¢ over G, (T'M) (we recall that the latter is the subbundle
of the pullback of TM on G, (T'M) whose fiber over a point (V C T,M) € G,(T'M) is
given by V). By construction, T agrees with (the pullback of) the tangent bundle of the
smooth locus of X.

The Chern-Mather class (or simply Mather class) of X is then defined to be the
class N N

crma(X) = vi(e(T) N [X]) € Au(X).

If X is smooth, then X = X, hence ¢, (X) = ¢(X).

Exercise 1.2.3. Describe the Nash blowup of a nodal (resp. cuspidal) plane cubic
C C P?, and compute its Mather class.

Observe that the dual of 7 is a locally free quotient subsheaf of ﬁ*Qk. In concrete
examples, it may be useful to use the following definition. A generalized Nash blowup of
a variety X is any variety X that comes equipped with a proper birational morphism
7:X = X and a locally free quotient

7Ok - Q=0
of rank n = dim X. Observe that, if v : X 3 Xisa generalized Nash blowup and T
is the dual bundle of €2, then for any embedding of X in a manifold M the bundle T is
a subbundle of 7*T'M extending the pullback of T'Xeg|r7, where T'X,e is the tangent
bundle of the smooth locus X;ee of X and U C X, is the open subset onto which v is
an isomorphism.

The Nash blowup X can be equivalently described as the closure, in the Grassmann
bundle over M of rank-n locally free quotients of Q1 -, of the natural section defined over
the smooth locus of X. In particular v : X3 Xisa generalized Nash blowup. In fact,
we have the following property: a proper birational map v : X >3 Xisa generalized
Nash blowup if and only if it factors through the Nash blowup 7 : X > X:

N
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Note that T = n*f. Then the projection formula implies that
D(e(T) N [X]) = ena(X)
for any generalized Nash blowup v : X = X.

Exercise 1.2.4. Argue that the normalization f : X’ — X of the Whitney umbrella
X = {2? = y%2} C A3 is not a generalized Nash blowup. Conclude that a resolution of
singularities of a variety needs not satisfy the requirements in the definition of generalized
Nash blowup.

1.3. MacPherson’s transformation and Schwartz-MacPherson’s Chern class.
Let X be a variety. For any subvariety V' C X, we define the characteristic function of
V' to be the function

1y : X =7, 1y(z)=

1 ifzeV,
0 otherwise.

Then the group of constructible functions of X is the subgroup Fi(X) of the abelian
group of Z-values functions on X freely generated by the characteristic functions of the
subvarieties of X. An element ¢ € F,(X) is called a constructible function of X, and
can be (uniquely) written in the form

k
(1.3.1) ¢ = nily,,
=1

where V; are subvarieties of X and n; € Z. Clearly, Fi.(X) = Z,(X) as Z-modules.

Exercise 1.3.1. Using descending induction on the dimension of the V;, show that the
expression of ¢ in (1.3.1) is unique (this amounts to say that F,(X) is freely generated
by the characteristic functions 1y as V ranges among the subvarieties of X). Observe
that unicity fails if we drop the requirement that the V; be closed in X.

Exercise 1.3.2. The support of any constructible function on X is a constructible sub-
set, namely, a finite union of locally closed subsets of X. Show that, conversely, the
characteristic function of any constructible subset of X is a constructible function.

It is sometimes convenient to consider Fy(X) as a ring, with the product defined
pointwise. For instance, for two subvarieties V and W of X, we have 1y - 1y = 1lyaw.
Then F,(X) is a commutative ring with zero element 1p (the constant function 0) and
identity 1x (the constant function 1).

Consider now a morphism f : X — Y. For every subvariety V' C X, we define the
function

v Y =7, fdy(y) = Xc(vmfil(y))v

where y. denotes the Euler characteristic with compact support (i.e., computed using
cohomology with compact support). It follows by a theorem of Verdier [Ver, Corol-
laire (5.1)] that f|y is piecewise topologically locally trivial over a stratification of X in
Zariski-locally closed subsets. This implies that

f* 1y € F. *(Y)
Extending by linearity, we obtain a group homomorphism f, : Fi(X) — Fi(Y).
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The Euler characteristic satisfies the following two properties:

XC(X) = Z Xc(Xi)

for any decomposition of a variety X into a disjoint union X = | | X; of locally closed
subsets, and

XC(Z X Z/) = XC(Z) Xc(Z,)
for any two varieties Z and Z’. Therefore, by the above mentioned result of Verdier, we

have (g o f)x = g« o fi for any morphism g from Y to a third variety Z. Therefore we
obtain a functor

F: XoFX), XLy)=E@X DR,
from the category of varieties and morphisms to the category of abelian groups and
homomorphisms.

If f: X — Y is a proper morphism, then we also have a push-forward of Chow
groups fy @ Ax(X) = A.(Y). The theorem of MacPherson is the existence of a natural
transformation between the functors Fy and A, over the category of varieties and proper
morphisms with the additional property that, on a smooth variety X, it assigns to 1x
the Chern class of X.

Theorem 1.3.3 ([Mac]). For any variety X, there exists a group homomorphism c, :
F.(X) — A.(X) such that the diagram

Cx

F(X) —5> A.(X)

| |

C

F . (Y) —= A.(Y)
commutes for every proper morphism f: X —Y and
clx = ¢(X)
whenever X is smooth.
We will refer to ¢, as the MacPherson’s transformation. The existence of such
transformation was conjectured by Deligne and Grothendieck.

Granting its existence, c, is uniquely determined by the conditions stated in the
theorem. To see this, let ¢ € F,(X) be an arbitrary element. We can write

k
i=1
where g; : W; — X is the resolution of the closure of an irreducible component of the

support of ¢ — 23;11 bj gj, 1w, and b; is a suitable integer. Then, using the conditions

that ¢, is supposed to satisfy, we compute
k k k
C*Qb = Z bl C*gi*].Wi = Z bz gi*C*lwi = Z bz gz*C(VVz)
i=1 i=1 i=1
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The Chern-Schwartz-MacPherson class (or simply Schwartz-MacPherson class) of
an arbitrary variety X is then defined by

CSM(X) =cylyx € A*(X)

Exercise 1.3.4. Let X be a proper variety. Show that
/ csmu (X) = x(X).
X

Clearly cgyr(X) = ¢(X) if X is smooth. However, in general this class differs from
the Mather class when X is singular.

Exercise 1.3.5. Compute the Schwartz-MacPherson class of a nodal plane cubic C C
P2, and show that it does not agree with the Mather class. Then determine the difference
between ¢y, (X) and cgpr (X) when X is the projective closure of the cone over a smooth
plane curve of degree d.

Using Mather classes, we obtain a homomorphism
Mot Zx(X) = Au(X), V] isema(V),

were V' ranges among the subvarieties of X and ¢ is its inclusion in X (note that i :
A (V) — A.(X) is well defined because i is proper). On the other hand, we have
observed that there is a natural isomorphism R : Z,(X) — F.(X) that to each cycle [V]
represented by a subvariety V' C X associates the characteristic function 1y,. Combining
these two, we obtain a homomorphism ¢y, 0 R™1 : Fi.(X) — A.(X) which clearly maps
1x to ¢(X) if X is smooth. However this cannot be equal to ¢, because it is not natural,
in the sense that it does not commute with direct images under proper morphisms. The
substance in the construction of MacPherson’s transformation is precisely to correct this
lack of naturality; this will be done by a choice of a different isomorphism Z,(X) —
F.(X), which may be thought as a “change of basis”. This will be the content of the
next lecture.

Exercise 1.3.6. Give an example of a proper map f: X — Y such that

(¢Ma © R_l) o fi# fro(cmao R_l)
as homomorphisms from Fi(X) to A.(Y).

Lecture 2. CONSTRUCTION OF MACPHERSON’S TRANSFORMATION

2.1. The local Euler obstruction. The crucial definition in the construction of
MacPherson’s transformation is that of local Euler obstruction. Although different from
the original one, we give here a intersection theoretic definition of this invariant, and
refer to [Mac]| for the original definition and to [G-S] for the equivalence of the two.

Recall that the Segre class s(Z,Y) of a proper subscheme Z of a scheme Y is
computed as follows. Take the blowup ¢ : Y’ — Y along Z and let E be the exceptional
divisor of g. Then

s(Z,Y) = (glp)e Y (1) E') € Au(2),

Jj=1



where for short we have denoted [E’] := ¢1(Og(E))’~"'N[E]. If Z is regularly embedded
in Y and Ng/y is the normal bundle, then we also have

$(Z,Y) = c(Ngv)~ ' N[Z].

Exercise 2.1.1. Check the equivalence of the two formulas for s(Z,Y) when Z is a
Cartier divisor.

Let X be a variety, let v : X — X be its Nash blowup, and fix a point p. Then
the local Euler obstruction of X at p is the number

~

By (X) = / (Tlyi(p) N5 (), X),

where s(ufl(p),)?) is the Segre class of v~!(p) in X. Ifo: Blp)/(\' — X is the blowup

along v=!(p) and D C B, X is the exceptional divisor of the blowup, then the projection
formula gives
Buy(X) = [ clo"Tlp) 0 (3(-17 (D7)
Jj=>1

Observe that the definition is local in nature, in the sense that if X is locally irreducible
at p and U C X is any open neighborhood of p, then Eu,(X) = Eu,(U). Moreover, if X
is locally reducible at p and U; are the irreducible components of an open neighborhood
U C X of p, then we have Eu,(X) = > Eu,(U;).

The local Euler obstruction can be computed using any generalized Nash blowup
in place of the Nash blowup.

Proposition 2.1.2. Let v : X3 Xbea generalized Nash blowup of X. Then

Buy(X) = [ eTlp-19) 0157 0). %),
Proof. Let n : X o X _be the induced morphism. We have n*f = T and
nes(@ 1 (p), X) = (0} (p), X), hence
nee(Tl51() N5 (p), X) = e(Tlp1)) N 5@ (p), X)
by projection formula. Then the assertion follows by taking degrees. g

Exercise 2.1.3. Show that Eu,(X) = 1 if X is smooth at p, and that if ¢ is a m-ple
point of a curve C, then Eu,(C) = m.

A proof of the following proposition can be found in [Ken, Lemma 4].
Proposition 2.1.4. The function
Eu (X): X = Z

that assigns to each point p € X the local Euler obstruction Eu,(X) is constructible (that
it, is an element in Fy.(X)).

Exercise 2.1.5. Let X be the cone over a smooth plane curve of degree d > 2, and
let p € X be the vertex. Show that Eu,(X) = 2d — d?. Conclude that the function
Eu_(X) : X — Z needs no be positive nor upper semi-continuous.
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Using the local Euler obstruction, we define a group homomorphism
T:7Z.(X)— F(X)
by assigning to each class [V] € Z,(X) represented by a subvariety V' C X the function
Eu_(V): X = Z, p~ Euy(V),
where we set Eu,(V) = 0if p ¢ V. In other words, T" is defined by

T (Y milvil) =3 miBu (V)

for m; € Z and V; C X subvarieties. Proposition 2.1.4 implies that this is a constructible
function.

Lemma 2.1.6. T is an isomorphism.

Proof. 1t suffices to check that the functions Eu_ (V') form a basis for Fi(X) as V ranges
among the subvarieties of X. O

By composing 7! with the homomorphism cjs, introduced in Section 1.3, we
obtain the homomorphism
(2.1.1) = a0 T-1: Fu(X) L0 Z,(X) M A, (X).

We need to prove that c, satisfies the requirements listed in Theorem 1.3.3. It is clearly
an homomorphism mapping 1x to ¢(X) whenever X is smooth, so what is left to show
is that

(2.1.2) fece = o fs

for every proper morphism f. The proof of this property is outlined in the following two
sections.

2.2. The graph construction. Given a proper morphism f : X — Y, where X is a
smooth variety, we will construct a cycle

a=> nlVi] € Z.(Y),
where V; C Y are subvarieties, such that
(2.2.1) cpa(@) = fre(X) in Au(Y), and T(a)= filx in Fi(Y).

Before we proceed with the construction of this cycle, let us explain why the above
formulas imply the identity (2.1.2) for any proper morphism of varieties f : X — Y.
Given this general situation, for any ¢ € F,(X) we can find proper morphisms g; : W; —
X with W; smooth varieties, and integers b;, such that

¢ = Z bi gis 1w,

Note that, if ¢, is defined as in (2.1.1) and we assume that (2.2.1) holds for morphisms
from smooth varieties, then we have

(2.2.2) givCcxlw, = cxgi, 1w, and  figi.clw, = e fagi 1w,

Therefore, applying f.c. to the expression defining o and using these identities, we get

Jsci = Z bi fscGixlw, = Zbi Jegiscilw, = Z bi ci f+9ix w, = i [,

as desired.

10



Exercise 2.2.1. Fill up the details to check that (2.2.2) follows from (2.2.1).

Let us go back to our setup, so that f : X — Y is a proper morphism from a
smooth variety X. We assume that Y is embedded in a smooth variety M (the general
case follows by a suitable patching using local embeddings). Then the cycle « is defined
using the following construction. We denote by

Gn =G (TX®TM)

the Grassmann bundle over X: the fiber over a point € X is given by G, (T, X @T,M),
where y = f(x). For any X\ € C, the graph of the vector bundle map

Ndf : TX - TM

given by A times the differential df determines a section

of the Grassmann bundle. Let Zy C G, be the image of o) and () := [Z)] € A.(Gy)
be the associated cycle. Identify P! = C U {co}, let Z be the closure in G,, x P! of the
image of the map

XXC—GyxC—=GyxPl (z,)) = (ox(z),\),

and let
Zoo == pry(pry ' (00)) C Gp,

where pr; are the restrictions to Z of the projections of G x P! onto the two factors.
Then let

Boo = [ZOO] = Zmz[WZ] S A*(Gn),

where the W; are the irreducible components of Z,. By construction, 8y ~yat Beo In
A (Gp) (and in fact in A.(Z)) for every A € C.

Note that 7|z, : Zx — X is an isomorphism for every A € C, but in general we do
not have much control on Z.,. Intuitively, the way Z. splits into different components
should reflect the singularities of f.

Exercise 2.2.2. Show that if f : X — M is an immersion then 7|z : Zo — X is an
isomorphism.

Let V; be thg image of W; in Y, and let XA/Z — V; be its Nash blowup. Then let P;
be the closure in V; xy; W; of the of the inverse image of the open set of V; projecting
isomorphically to V;. The obtain the following commutative diagram, in which we denote
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the pull-back of a vector bundle by the same symbol as the bundle itself.

)

s CTX®TM D¢ TX®TM D¢
N i e
P, W;C A Pl
o x/ J{ﬂ TX
Ny o
Pi s X
T, lf TM
NV vi Vs
V; Vi€ Y© M.

Here ﬁ is the bundle on XA/Z naturally associated with the Nash blowup, and £ is the
tautological bundle on G,,. Note that rkﬁ =dimV; and rk& = n (= dim X ). Note also
that dim P; = n.

This construction determines the subvarieties V; C Y that we will use to define
«. The integers n; are determined as follows. We observe that the bundle T; over P,
is a subbundle of the bundle £ over P; (since T, is a vector bundle, it enough to check
the inclusion ﬁ C £ at the generic point of P;, and this follows by the construction and
generic smoothness of V;). Then we take the quotient & /ﬁ, which is a vector bundle
over P; of rank n — dim V;. Since this is also the relative dimension of the map p;, we
immediately deduce that

(22.3) pin(c(&/T) N [P]) = ki[Vi] in Au(V})
for some integer k;. Then we define

Exercise 2.2.3. Explain why p;, (c(¢/T;) N [Pi]) does not pick up any higher codimen-
sional cycle on V;.

2.3. On the naturality of the transformation. Recall that f: X — Y is a proper

map, and X is smooth. In the previous section, assuming that Y is embedded in a
smooth variety M, we geometrically determined a cycle

a= ZmZkZ[VZ] € Z.(Y)

using the graph construction associated to f. Here we give a partial proof of the identities
stated in (2.2.1).
We start observing that

00*[X] :BO ~rat ﬁoozzmz[m] :Zmzﬂz*{a] in A*(Z)
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Note also that 05§ = T'X. Then the first one of the identities in (2.2.1) comes straights
out of the computation

fue(X) = fec(TX) N [X]
= fxclop€) N [X]
= fameoo.(0pc(§) N [X])
:f*ﬁ*c(g)ﬂUO*[X]

=" m; furm c(§) N pi,[P]

= mj fumaptin c(§) N [P]

= mivispi, o(T) - c(&/T) N [P

= " miviy o(T}) N pin(c(§/T3) N [P))
— Zmlk vie c(T;) N [Vi]

= cpa(@).

The second identity in (2.2.1) is less immediate. For it, we need to prove that
(2.3.1) x(f1p) = an Eu,(V;) forevery peY.

The full proof of this equation is given in [Mac] using the original transcendental defini-
tion of local Euler obstruction as the obstruction to extend certain local real vector fields.
A different proof of MacPherson theorem was given using the language of Lagrangian
submanifolds, which replace altogether the use of constructible functions [Sab, Ken].
The difficulty to prove directly (2.3.1) using the definition of Euler obstructions given
here is due to the lack of a general intersection theoretic formula computing x(f~(p)).

Here we give a intersection theoretic argument to verify (2.3.1) in the special case
when the fiber f~!(p) is smooth, and refer the reader to [Mac] for the general proof.
For every morphism W — Y, we denote by W), the fiber over p, by W the blowup of W
along W, and by Ey the corresponding exceptional divisor.

Lemma 2.3.1. Assuming that X, is smooth, we have

degc(§) Ns(Zoyp, Zo) = deg (&) N $(Zoops Zoo)-

Proof. For simplicity, let us assume that X, is connected. Let e = codim(X,,, X). Since
smooth, X, is locally defined by a regular sequence of length e.

We claim that Z), is locally defined by a regular sequence of length e in Z. We can
replace Y to a sufficiently small neighborhood around p (hence replace X appropriately)
so that for every y € Y the fiber X, is smooth and has dimension dim X, < dim Xj,.

We fix an arbitrary g € X,; then the claim is that the e local equations cutting
X, near ¢ lift to a regular sequence cutting Z, in Z locally over g. We can assume that
there is a smooth subvariety S C X of dimension e passing through ¢ and such that

g:=1Ffls:S—=M
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is an immersion. Note that S N X, = {¢q} and that, since dim S = e, the e equations
defining X, near ¢ restrict to a regular sequence cutting ¢ on S. We decompose

T,X =T,5S ® Ny, where N, :=T,X,,

and extend NNy to a vector bundle N over S such that for every x € S and y = f(x) we
have N, O T, X,. Let
Ge=G(TS®TM).

For every A € C, the homomorphism Adg : T'S — T'M determines a section 7y : S = Ge;
let 'y C G, be the image of 7y, and let I' C G x P! be the closure determined by sending
A — 00. Since ¢ is an immersion, every I'y, for A € P!, is mapped isomorphically to S,
therefore the the pullback of the e equations defining X, in X are a regular sequence
cutting I'y, in I,

For any x € S and y = g(x), we define

Yy 0 Ge(TpS @ TyM) — Gp(To X @ TyM), A— A+ (N, ®{0}).
This determines an embedding ¢ : G, — G,,. The condition
Ny 2 T, Xy = ker df 4,
implies that (df|;)|r,s = dg|., hence the constructions of oy and 7, are compatible under

1. In other words, we have a commutative diagram

a. - a,
(P
[a—g

Therefore I' = Z N G,. Still restricting to the local picture over ¢, both Z, and I, are
cut, respectively in Z and G, by the pullback of the equations in the regular sequence
cutting X, in X near g. Since these equations form a regular sequence in I', they must
form a regular sequence in Z, as claimed.

Going back to the original setup, we conclude that Z,, is flat over P! and that the
normal cone of Z, in Z is a vector bundle. This implies that

degc(§) Ns(Zop, Zo) = deg c(&) N $(Zoo ps Zoo)
by [Ful, Example 10.1.10 and Proposition 10.2]. O
Lemma 2.3.2. We have
degc(&) Ns(Pyp, P;) = kideg c(ﬁ) N 5(17,;,1), ‘A/Z)
Proof. Let d; := dim V;, and fix an arbitrary j > 1. Let
pi: P — ‘:;z

be the induced map. Observing that Op, (Ep,) = p; Op (Ey ) and applying the projection
formula, we compute

o cnavin(&/Ty N (B = )
' 0 if h > 1,
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Then, using again the projection formula, we obtain

piv Ca,—i(T1) - en-a,(€/T2) N [Ep] = kideg eq,—(Th) N [EL ]

and
cdi—j+h(Ti) - en—a;—n(§/Ti) N [Ep] =0 for every h > 1.
Note that the second formula implies that
ca—i(T3) - en-a,(§/T) N [ER] = ey (€) N [ES):
Putting all together, we obtain

deg cn,—j(§) N [B] = kideg ca,—;(T;) N [EL]

We conclude by the definition of Segre class. O
We are now ready to verify (2.3.1) when the fiber X, is smooth. Let Ny ,x be the

normal bundle of X, in X. Then, using the two lemmas just proven and basic properties
of Segre classes [Ful, Section 4.2], we compute

X(Xp) = deg e(TX,) N [X,)
=degc(TX) - c(Nx, x) " N [Xp]
=degce(TX)N S(Xp, X)
= deg c(§) N s(Zop, Zo)
=degc(§) Ns(Zoop, Zoo)
= Zmidegc §) N S(W,pvw)
= Zmidegc §) N s(Pp, )
= Zmzk deg c(T;) N s(Vip, Vi)

ZZHiEUp f

Lecture 3. RELATIVE MOTIVIC INTEGRATION AND CONSTRUCTIBLE FUNCTIONS

3.1. Motivic integration over a base. Fix a complex algebraic variety X, and let
Varx be the category of X-varieties. Given an X-variety V' END'¢ , we denote by [V END'¢ ],
or simply by [V] when X and g are clear from the context, the corresponding class modulo
isomorphism over X. Moreover, we set Lx := [AL]. Same notation will be used to denote
the elements that these classes induce in the various rings that we are going to introduce.

Let Ko(Uarx) denote the free Z-module generated by the isomorphism classes of
X-varieties, modulo the relations

V]=[WVAW]+ W]

whenever W is a (closed) subvariety of an X-variety V', and both W and V\W are viewed
as X-varieties under the restriction of the morphism V' — X. Ky(Uarx) becomes a ring
when the product is defined by setting

V1- W= [V xx W]
and extending it associatively. This ring has zero [()] and for identity [X].
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Exercise 3.1.1. Check that the product in Ko(Uary) is well defined, and that for every
X-variety V i> X one has
[V]-Lx = [V x A},

where V x Al is viewed as a X-variety under the composition

Vx Al Py Loy

Let
Mx = Ko(%atx)[]L)_(l].
The dimension dim « of an element o« € Mx is by definition the infimum of the set of
integers d for which « can be written as a finite sum

Q—Zml ]L_b

with m; € Z and dim V; — b; < d (here the dimension of V; is the one over Spec C). Note
that dim[()] = —oo. The dimension function satisfies
dim(a + f) < max{dim(«),dim(5)} and dim(a-pg) <dim(a)+ dim(3),

so we obtain a structure of filtered ring on Mx with the filtration of Mx given by
dimension. Completing with respect to the dimensional filtration (for d — —o0), we

obtain the relative motivic ring MX We will use [V] also to denote the image of V' in
M x under the natural map Myx — M x. We will consider the composition of maps
T=TX : Ko(matx) — MX — Mx.

All main definitions and properties valid for the motivic integration over Spec C
translate to the relative setting by simply remembering the maps over X. For instance,
consider a smooth X-variety Y. Let Yo, be the space of arcs of Y, and denote by Cyl(Y)
the set of cylinders on Y,,. Then the motivic pre-measure

X Oyl(Yao) — Mx

is defined as follows. For any cyhnder C € Cyl(Yso), we choose an integer m such that
Tl (1, (C)) = C (here 7, @ Yoo — Yy, is the truncation map to the space of mth jets).
Then we put
MX(C) - [Wm(C)]L;(mdle,
where 7,,(C) is viewed as a constructible set over X under the composite morphism
Y, —»Y > X.

A standard computation shows that the definition does not depend on the choice of m.
For any effective divisor D on Y, we denote by

ord(D) : Yoo —» NU {00}
order function along D, and set
Cont?(D) := {v € Y | ord, (D) = p}.
This is a cylinder in Y,,. Then the relative motivic integral is defined by
(3.1.1) / Ly P auX .= 3" yX (Cont?(D))Ly”
Y,
e p=>0
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This gives an element in M X-

The following change of variables formula is a basic (but extremely useful) property
of motivic integration. A proof for integration over Spec C can be found in [DL1], and
the same proof translates in the relative setting by keeping track of the morphisms to X
and keeping in mind that ¥ x A! 2V xx Aﬁ( for any X-variety Y.

Theorem 3.1.2 ([Kon]). Let g : Y/ — Y be a proper birational map between smooth
varieties over X, and let Ky ;y be the relative canonical divisor of g. Let D be an
effective divisor on'Y . Then

_ —ord ’ *
/ onrd(D)d,uX :/ ]LXO (Eyr/y+g D)dMX

Thanks to this formula and Hironaka’s resolution of singularities, one can reduce
all computations to the case in which D is a simple normal crossing divisor [KoM, The-
orem 0.2 and Notation 0.4]. Throughout this paper, we will use the following notation:
if F;, with ¢ € J, are the irreducible components of a simple normal crossing Q-divisor
on a smooth variety Y, then for every subset I C J we write

o [EV=Y\E i1 =0,
DV (Mier B\ (UjensEj) otherwise.

Now, consider a simple normal crossing effective divisor D = ), ; a;E; on a smooth X-
variety Y (here E; are the irreducible components of D). Then a standard computation
(identical to the analogous one over Spec C) shows that

rd(D
(3.1.2) / L° az
Yoo X Izc;] H’LGI[

The importance of this formula is not just computational. In fact, it implies that every
integral of the form (3.1.1) is an element in the image of the natural ring homomorphism

p: Ko(Barx)[P%] Jaen — Mx.
We let
(3.1.3) Ny :=Im(p) C Myx.

All together, we have a commutative diagram

Ky(Dary) My
Ko(Bavx )[[PE] ™ aen ——> My

Note that the image of 7 is contained in Nx.
We close this section with the following remark on base change. Given a morphism
h:V — X of complex varieties, we obtain a ring homomorphism

Yy Ko(Barx) — Ko(Vary), [Y]— Y xx V],
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where Y is any X-variety (see [Loo, Section 4]). We have ker(7x) C ker(ry o 1)y,), hence
a commutative diagram of ring homomorphisms

(3.1.4) Ky(DUary) N Ko(Dary)
T
Mx My

If h is an immersion, then for an element o € M x we denote its image in J\A/EV by aly.

Exercise 3.1.3. Let V be an open subset of a complex variety X. Let D be an effective
divisor on a smooth X-variety Y, and let Dy := D xx V and Yy :=Y xx V. Observe
that Yy is a smooth V-variety and Dy is an effective divisor on Yy. Then, using the
commutative diagram

(YvV)oo(—> Yoo

gml lwm

(YV)m(—> Yo,
show that
om(Cont? (Dy)) = mm(Cont? (D)) xx V
for any m,p € N, hence conclude that

(3.1.5) < / L;(Ord(D)duXM - / Ly, PvV) g,V
Yoo 14 (Yv)oo

3.2. From the relative motivic ring to constructible functions. In this section
we present a natural, geometric way to read off constructible functions on a fixed variety
X out of motivic integrals that are computed relative to X.

Fix a complex algebraic variety X, and let Fi(X) be the group of constructible
functions on X, and let Fy(X)g := Fi(X) ®z Q. Note that, if Y and Y’ are X-varieties
and = € X, then (Y xx Y’), =Y, x Y/. By the multiplicativity property of the Euler
characteristic (see Section 1.3), we have

Xe((Y xx Y')z) = xe(Ya) xe(Yy)-

Therefore we obtain a ring homomorphism
B : Ko(Varyx) — F(X), [V X]— g1y

Exercise 3.2.1. Use the additivity property of x. (see Section 1.3) to verify that ®g is
well-defined.

Proposition 3.2.2. There is a unique ring homomorphism ® : Nx — F,(X)q making

Ky(Dary) &F*(X)

| |

Nx 2 F*(X)@

a commutative diagram of ring homomorphisms.
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Proof. Since ®¢([P%]) = (a + 1)1x is an invertible element in Fy(X)g, ®¢ extends,
uniquely, to a ring homomorphism

$ : Ko(Varx)[[P%) Haenw = Fiu(X)g.
We claim that
(3.2.1) ker(p) C ker(®).

Let us grant this for now. We conclude that ® induces, and is uniquely determined by,
a ring homomorphism ® : Nx — F,(X)g. The commutativity of the diagram in the
statement is clear by the construction.

It remains to prove (3.2.1). By clearing denominators it is sufficient to show
that, if « is in the kernel of 7, then ®y(ar) = 0. When X = SpecC, this is proven
in [DL1, (6.1)] using the degree of the Hodge-Deligne polynomial to control dimensions.
In general, consider an arbitrary point x € X (we also denote by x : SpecC — X the
corresponding morphism). By change of base, we obtain the commutative diagram (3.1.4)
with V' = {z}. Since 7(a) = 0, this gives 7(,}(¢z(a)) = 0, hence x.(¢z()) = 0 by [DL1].
This means that ®g(«)(z) = 0. Varying x in X, we conclude that ®q(a) = 0. O

Given an effective divisor D on a smooth X-variety Y, we define

—ord(D
X _p ::<I></ Lo %z,ﬂ) € F.(X)g.

We will use the abbreviated notation ®y,_p) to denote this function anytime X is clear
from the context. Moreover, if D = 0, then we write @ff, or just Py.

Exercise 3.2.3. Does ® “commute” with the integral? In other words, what happens if
one applies the obvious extension of ®(, term by term, in the series defining the motivic
integral before computing the sum that expresses it as an element in Nx?

We get at once the following properties:

Proposition 3.2.4. Consider two smooth X-varieties Y i) X and Y’ f—) X, and
assume that there is a proper birational morphism g : Y — 'Y over X. Let D be an
effective divisor on Y. Then

C(v,-p) = Py~ (Ky1 )y +9" D))
in Fi(X)q, where Ky y is the relative canonical divisor of g.
Proof. Apply @ to both sides of the formula in Theorem 3.1.2. O

Proposition 3.2.5. If D =}, ;a;E; is a simple normal crossing divisor on a smooth

X-variety Y i) X, then

(3.2.2) Dpyvp) =) i (ai + 1)

in Fi(X)qg. In particular, if D =0, then &y = f,1y.
Proof. Apply ® to both sides of (3.1.2). O
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Exercise 3.2.6. Using Proposition 3.2.5, verify explicitly the identity stated in Propo-
sition 3.2.4 when X =Y = A2, Y’ is the blowup of A? at the origin, and D = aL, where
L C A? is a line through the origin and a € N.

Exercise 3.2.7. Let D an effective divisor on a smooth X-variety, and let V' be an open
subset of X. Letting Yy =Y xx V and Dy = Dly,,, prove that

1% X
(3.2.3) vy ,—py) = (I)(Y,—D)‘V'

3.3. Constructible functions arising from klt pairs. In the following we will use
some terminology coming from the theory of singularities of pairs; standard references
are [Kol, KoM]. As in the previous sections, we fix a complex variety X. The goal of this
section is to generalize the construction introduced in the previous section and define
a way to associate a constructible function on X to any Kawamata log-terminal pair
(Y, A), namely, a pair consisting of a normal X-variety Y and a Q-Weil divisor A on it
such that Ky + A is Q-Cartier and the pair has Kawamata log-terminal singularities.

We start considering the case in which Y smooth and A is a simple normal crossing
Q-divisor on Y. Write

D:i=-A=> akF;,
e
where E; are the irreducible components of A and a; € Q. Fix a positive integer r such
that ra; € Z for every ¢, and define the ring JVE;/T to be the completion of

Ko(Vary)[LE")

with respect to a similar dimensional filtration as the one used in the case r = 1. Here

}Li(/T is a formal variable with (L%T)’” = Ly, and we assign to it dimension % + dim X.
Then define

(3.3.1) / Ly Pap® =" X (Cont? (rD)) - (LY") 7.
oo p

One can think that one is integrating (]L;/T)_Ol”d(TD) instead of L Since

Cont?(rD) is non-empty only for integral values of p, the summation appearing in the
right hand side of (3.3.1) is taken over Z. In fact, an explicit (and rather standard) com-
putation shows that the summation is taken over N (this is not clear a priori because D
needs not be effective), and moreover gives us the following formula for the integral:

r—1m 1/r\t
—ord(D Z = (]L )
(3:3:2) | P = S ]

y
T TR YA AR ISR

ord(D)

Exercise 3.3.1. The assumption that (X, A) is Kawamata log-terminal is equivalent,
in this case, to the expression in the right side of (3.3.2) makes sense. Why?

Exercise 3.3.2. Suppose that X = Al and £ = {0} C X, and let D = aF for an
arbitrary rational number a > —1. Then verify in this case that the series appearing
in (3.3.1) indeed runs over N, and that it converges to the corresponding expression
determined by (3.3.2).
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The expression (3.3.2) is an element in the image of the ring homomorphism

rd—1 -1
Ko(Vary) <Z (L}(/T)t> — MY
=0 de 1N+

Let N;(/T be the image of this homomorphism. The ring homomorphism ®q
Ko(Bary) — F.(X), defined in the previous section, extends to a ring homomorphism

B : Ko(Varx)[LY] — F.(X)

by setting ® (L%T) = 1x. Observing that
b

oo (LYY = (b +1)1x,
t=0

we conclude (as in the proof of Proposition 3.2.2) that ®( induces a ring homomorphism
o :NY" 5 F(X)o.
Note that, for every rational number a > —1 and any choice of r such that ra € Z,
® < r(aalé)(llé(/rl);r > = =1y = = ’
rie (LY"yt r(a+1) a+1
which, in particular, does not depend on the choice of r. Therefore, we can define

—ord(D
TN ::q></ Lo )duX> € F.(X)g-

By (3.3.2) and the above discussion, this function does not depend on the choice of the
integer r needed to compute it.

Remark 3.3.3. Using (3.3.2), we can extend the formula stated in (3.2.2) to this setting,
namely allowing a; to be rational numbers larger than —1.

Bearing in mind [KoM, Lemma 2.30], Proposition 3.2.4 also extends to this setting,
giving us the following property.

Proposition 3.3.4. Consider a Kawamata log-terminal pair (Y,A), with Y a smooth
X -variety and A a simple normal crossing divisor. Let g : Y' — Y be a proper birational
morphism such that Y’ is smooth and A’ := —Ky1 )y +g*A is a simple normal crossing
diwisor. Then (Y',A")) is a Kawamata log-terminal pair, and

Dlv.a) = Pl

We are now ready to consider the general setting: we start with a Kawamata log-
terminal pair (Y,A) over X, namely, a pair consisting of a normal X-variety Y and a
Q-Weil divisor A on Y such that Ky + A is Q-Cartier and the pair (Y, A) has Kawamata
log-terminal singularities [KoM, Definition 2.34]. We can find a resolution of singularities

g:Y =Y
such that, if Ex(g) is the exceptional locus of g and A’ C Y’ is the proper transform of
A, then Ex(g) UA’ is a simple normal crossing divisor on Y’ (such a resolution is called
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a log-resolution of the pair (Y,A)). Fix an integer m such that m(Ky + A) is Cartier.
Then there exists a unique Q-divisor I" on Y’ such that

Oy (ml) = Oy (—=mKy: + g*(m(Ky + A))) and  Supp(I' + A") C Ex(g);

furthermore, I' does not depend on the choices of Ky and m [KoM, Section 2.3]. Note
that T" is a simple normal crossing Q-divisor by our assumption on the resolution, and
that the pair (Y, T") is Kawamata log-terminal [KoM, Lemma 2.30]). Thus we can define

Qg/,A) = (bA(Xy/J‘) € F*(X)Q

By Proposition 3.3.4, this definition is independent of the choice of resolution. Similar
abbreviations of the notation as in the previous section will be used.

Exercise 3.3.5. Let X = A% let C = {y?2 = 23} C X, and let A = %C’. Then compute
X

ix.a):
Lecture 4. STRINGY CHERN CLASSES AND THEIR PROPERTIES

4.1. Invariance of Chern classes of K-equivalent manifolds. It has been dis-
covered more and more evidence that, among birational manifolds, those that are K-
equivalent share many common properties and features. We recall that two manifolds
X and X’ are said to be K-equivalent if there exists a smooth variety Y and proper,
birational morphisms f: Y — X and f': Y — X’ such that Kyx is linearly equivalent
to KY/X’ [Kaw]
Examples of K-equivalent manifolds are:
(a) Two manifolds related by a flop:

X -2 xt

N

(b) Two crepant resolutions of a normal, Gorenstein variety W:

X X
N7
W.

(c) Two birationally equivalent Calabi-Yau manifolds:

Kx/WZO ! KX//WZO

Ox(Ky/x) = wy Y Ox(Ky/x/) = wy

e

X-—2-=X

In the last example we have carefully avoided the use of the symbol Ky, as this is
only defined as a divisor class, whereas it is important to regard the relative canonical
divisors as divisors.

Exercise 4.1.1. Let X and X’ be K-equivalent manifolds. Show that the condition on
the relative canonical divisors is satisfied for every choice of Y, f and f’.

Chern classes of K-equivalent manifolds are related as follows.
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Theorem 4.1.2 ([Alul]). Let X and X' be smooth K -equivalent varieties. Let Y be a
smooth variety with proper birational morphisms f : Y — X and f' :' Y — X'. Then
there is a class o € A(Y)qg such that f.a equal the image of ¢(X) in Av(X)g and fla
equals the image of ¢(X') in Ay (X')g.

The notion of K-equivalence can be extended to a large class of singular varieties,
namely, to normal Q-Gorenstein varieties. We recall that a normal variety X is said to
be Q-Gorenstein if some multiple mKx of the canonical divisor Kx (which is always
well-defined as a Weil divisor on X) is Cartier. We will give a general definition of K-
equivalence for this class of varieties in Section 4.3, and prove the above result in a more
general setting (see Theorem 4.3.2 below). Under some assumptions on the morphisms
f and f’, we will also give an explicit formula for the class a pushing forward to the two
Chern classes in terms of the discrepancies of the exceptional divisors.

A generalization of Theorem 4.1.2 to singular varieties presupposes a notion of
Chern class for such varieties. It turns out that the generalizations of Chern classes
discussed in the previous lectures do not behave well under K-equivalence. This is the
motivation for what comes next.

Exercise 4.1.3. Give an example of a normal, Gorenstein variety X admitting a crepant
resolution f : Y — X, such that ficgn(Y) # csm(X) in A (X) as well as in A,(X)g.
Conclude that the Schwartz-MacPherson class cannot enjoy a similar property as the
one that Chern classes of smooth varieties are stated to enjoy in Theorem 4.1.2.

4.2. Definition and basic properties of stringy Chern classes. We use the results
of the previous lectures to define an alternative generalization of total Chern class of a
singular variety, more in the spirit of the newly introduced “stringy” invariants arising
from motivic integration.

Let X be a normal variety, and assume that the canonical class Kx (which, we
recall, is defined as a Weil divisor) is Q-Cartier, namely, a positive multiple mKx of it
is Cartier. Consider a resolution of singularities f : Y — X whose exceptional locus is a
divisor in simple normal crossing. In this setting, the relative canonical divisor Ky, yx of
[ is defined as the unique f-exceptional Q-divisor of Y such that mKy, y is Cartier and

Oy(me/X) = Oy(mKy) ® ffOx(—mKx)

(see Section 3.3). Then we say that X has at most canonical (resp. log-terminal) singu-
larities if the divisor Ky x (resp. the divisor [Ky,x]) is effective. Standard arguments
show that this definition is idependent of the choice of the resolution f. For short, we
will say that X is a canonical (resp. log-terminal) variety to mean all the above.
Associated to an arbitrary log terminal variety X, we obtain the function

Ox = CD&Q) - <I>€§/7—1<1//)<) € F.(X)q.
Then the stringy Chern class of X is the class
Cst(X) =c,®x € A*(X)Q,

where A,(X)g := A(X)®zQ. If ®x is a integral-valued function, then the class cg (X)
can actually be defined in A.(X).

Exercise 4.2.1. Show that there is always an integer m (depending on X) such that
by € Fu(X) ®z LZ,
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and conclude that the stringy Chern class can be defined in A,(X) ®z LZ.

Proposition 4.2.2. If X admits a crepant resolution f:Y — X, then cg(X) = fuc(Y)
in Ax(X). In particular, if X is smooth, then cg(X) = ¢(X) in Au(X).

Proof. Since Ky, x =0, f is proper, and Y is smooth, we have

cot(X) = e®x = e, P53 = o fily = fucily = fue(Y).
O

Exercise 4.2.3. Fix k > 1. Let X C P2 be the surface defined by the equation xgxizs =
7% and let f : Y — X be its minimal resolution of singularities. Recall that the
exceptional locus of f, which is given by the fiber over the point p = (1,0,0,0) € X,
consists of a chain of k — 1 rational curves. Compute f.1ly, and then use MacPherson
theorem to determine cgps(X) in terms of f.c(Y). Then compute ®x, hence determine

the difference between cgpr(X) and g (X).
The previous exercise can be generalized as follows.

Exercise 4.2.4. Let X be a projective surface with a DuVal singularity at a point p € X
and smooth elsewhere. Then, for each type of singularity (Ag, Dy, Ei), determine the
difference cgp (X) — cst(X) in AL (X).

Let X be a log-terminal variety, and let f : Y — X be a resolution of singularities
such that Ky/x = >, kiE; is a simple normal crossing Q-divisor. The stringy Euler
number of X is by definition

N Xe(E])
=2y

(see [Bat2]). If X is proper, then we have

(4.2.1) / cst(X) = Xt (X).
X
Exercise 4.2.5. Keeping in mind that it is only allowed to take degrees of cycles on

proper varieties, prove (4.2.1).

It is possible to carry out a general theory of stringy Chern classes for pairs by
defining

Cst(X, A) = c*q)(X’A) S A*(X)Q

for any Kawamata log-terminal pair (X, A).

Exercise 4.2.6. Assume that Y is a smooth variety, and let —A = ZieJ a;F; be a
simple normal crossing divisor on Y with rational coefficients a; > —1. For each ¢, let
ei := c1(Oy (E;)). Using the adjunction formula [Ful, Example 3.2.12], show that

(4.2.2) (Y, A) = (H W) M e(X)

s 1te
in A.(Y)q.
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Remark 4.2.7. The expression in the right side of (4.2.2) can also be obtained from
the orbifold elliptic class, defined in [BL2, Definition 3.2], by taking the coefficients of
a certain Laurent expansion in one of the two variables after a limiting process in the
other variable. in particular, if X is a log-terminal variety and ¥ — X is a resolution
of singularities with exceptional locus equal to a simple normal crossing divisor, then
one sees by the previous observation (applied with A = —Ky-/x) that the stringy Chern
class of X can be reconstructed from its orbifold elliptic class.

4.3. Invariance of stringy Chern classes of K-equivalent varieties. Kawamata’s
definition of K-equivalence [Kaw, Definition 1.1] naturally extends to the class of normal
varieties with Q-Cartier canonical class, as follows. T'wo normal varieties X and X’ whose
canonical classes are Q-Cartier are said to be K -equivalent if there exists a smooth variety
Y and proper and birational morphisms f:Y — X and f’ : Y — X’ such that

Ky,x = Ky/x

as divisors on Y. As in the smooth case, the definition does not depend on the choice of
Y, f and f'.

It is a nice application of the negativity lemma to verify that, if the singularities are
mild, then it suffices to require that the relative canonical classes be Q-linearly equivalent
(or even just numerically equivalent) in the definition of K-equivalence. This shows, in
particular, that the definition of K-equivalence given here coincides with the one given
in the previous section when we restrict it to manifolds.

Lemma 4.3.1. Two canonical varieties X and X' are K-equivalent if and only if, for
any common resolution Y as above, we have

Proof. We first recall the Negative Lemma [KoM, Lemma 3.39], with states that if g :
V — Z is a proper birational morphism between normal varieties and —B is a g-nef
Q-divisor on Y such that g, B is effective, then B is effective.

One direction is obvious, so we can assume that Ky, x = Ky, x/. Let B = Ky x/ —
Ky,x. Since B = 0, we certainly have that —B is f-nef. On the other hand

f«B = fu(Ky/x — Ky/x) = f«Ky/x/,

since Ky, x is f-exceptional. But X is canoical, hence f. Ky, x is effective, and therefore
B is effective by the negativity lemma. Repeating the argument with —B in place of
B, and projecting down to X', yields the effectiveness of —B. Therefore B = 0, as
claimed. O

The following result extends Theorem 4.1.2.

Theorem 4.3.2 ([Alu2, dFLNUI|). Let X and X' be K -equivalent log-terminal varieties,
and consider a diagram

RN
7N

with Y a smooth variety and f and f' proper and birational morphisms. Then:

X

il
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(a) Thereis a class a € Ay (Y)q such that fra = cq(X) in A (X)g and flo = cs(X)
in A«(X")g
(b) If
Ky/x = Ky/xr = Y ki
ieJ
is a simple normal crossing divisor (here the E; are the irreducible components),
then « s the class
S ot
o Mier(ki +1)°

Proof. By definition of K-equivalence, we have Ky,x = Ky/x: as Q-divisors. Let K
denote this divisor. It is enough to prove the theorem assuming that K has simple
normal crossings. Indeed, by further blowing up Y, we can always reduce to this case,
and push-forward on Chow rings is functorial for proper morphisms. Then, defining «
as in part (b) of the statement, we have

fil B

faze I;] [Licr(ki +1) C*Cbgﬂ—K) = &y = cat(X),

= Cy

where we have applied the functoriality of ¢ with respect to proper morphisms for the
first equality, used (3.2.2) for the second one, and applied Proposition 3.2.4 for the third.
Similarly, fia = cq(X'). O

Exercise 4.3.3. Give an explicit example to show that MacPherson class does not enjoy
this invariance property under K-equivalence.

Lecture 5. MCKAY CORRESPONDENCE FOR STRINGY CHERN CLASSES OF QUOTIENT
VARIETIES

5.1. The classical McKay correspondence and the Euler orbifold number.
A striking correspondence between the representation theory of finite subgroups G of
SL2(C) and the geometry of the minimal resolution of singularities of their quotients
C?/G was observed by McKay. We will discuss here in some details the simplest case,
namely when G 2 Z/kZ, acting on C? by

o (u,v) = (Cu, (o).
Here « is a generator of G, and ( is a primitive k-th root of unity.
By observing that the subring of invariant polynomials in Clu,v] is generated by
uF, v* and uv, we can realize the quotient X as a subvariety of C® defined by

zy = 2",

The minimal resolution of singularities f : ¥ — X is a crepant resolution (that is,
Ky, x =0), and the exceptional locus of f (the fiber over the origin) is a chain of k — 1
rational curves. The incidence graph of this fiber is Ax_;.

What is interesting to observe at this point is that G has k£ — 1 two-dimensional
irreducible representations given by

0 ¢
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The first one, namely Vj, corresponds to the inclusion G C SLy(C). We include to this
list the two-dimensional trivial representation Vy of G. It is easy to check that

VieV,=V,_1®Vp1 forevery 0 <i<k.

In particular each V; is a direct summand of V; ® V;_; and V; ® V;41. The McKay
graph of the representation Vi of G is defined by having an vertex for each irreducible
representation V; of G, including Vp, and putting an edges V;—V; whenever V; is a
direct summand of V3 ® V; or Vj is a direct summand of V4 ® V;. This graph is the
extended Dynkin diagram gk,l; if we remove the trivial representation, then we obtain
the incidence graph of the exceptional fiber of f.

Exercise 5.1.1. Check that V; ® V; = V,_; @ V41 by writing down the corresponding
action of G on a basis {e; ® €}} of C* ® C*.

As mentioned, analogous correspondence occurs between the irreducible represen-
tations of the other finite groups of SLy(C) and the minimal resolutions of the correspond-
ing DuVal singularities of the quotients. This is known as the McKay correspondence.

This correspondence has also an interpretation in terms of Euler numbers. Coming
back to our example, let

E=F U --UE,

be the exceptional divisor of f (we assume that the E; are numbered progressively along
the chain). Then we compute

k—1 k—2
Xe(Y) = ZXC(Ei) - ZXC(Ei NEit1) = k.
=1 =1

On the other hand, if we add the Euler characteristics of the quotients of the fixed point
sets (C2)9 C C, as ¢ runs in G, we obtain

3 xe((C9/G) = xe(X) + (k — 1) xe({0}) = .

geG

It is not a coincidence that the two numbers are the same.

In order to generalize this correspondence, we need to modify the second compu-
tation when G is not abelian. In general, given a finite group G acting on a manifold
M, we add the Euler characteristics of the quotients M9/C(g), where M9 C M is the
fixed locus of g, C(g) C G is the centralizer of g, and g runs in a set of representatives
C(G) of the conjugacy classes of G. This sum is what defines the orbifold Euler number
of the pair (M, G):

(5.1.1) YoM, G) = 37 xo(M9/C(g)),
g€C(G)

Exercise 5.1.2. Check that C(g) does act on MY, and that X (M, G) does not depend
on the choice of the representative g of each conjugacy class (g).

The orbifold Euler number defined in (5.1.1) was for the first time introduced
by physicists Dixon, Harvey, Vafa, and Witten [DHVW]. In their original formulation,
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motivated by considerations in string theory, this invariant was defined for projective
manifolds by

1
(5.1.2) Xorb (M, G) = > x(oh,
gh=hg

where the sum runs through all the (unordered) pairs of commuting elements g, h of G
and M9" is the set of points in M that are fixed both by g and by h. The formulation
given in (5.1.1) was then deduced by Hirzebruch and Héfer [HH].

Exercise 5.1.3. For any finite group H acting on a projective manifold N, we have
1
X(N/H) = = 37 X (V).
| | heH
Using this formula, show that (5.1.1) follows from (5.1.2).

5.2. The motivic McKay correspondence. Let us illustrate another interesting cor-
respondence, observed by Ito and Reid [?], in the special case when

6={c=(5 V)om=(5 &)m=( {)}com,

where ¢ is a fixed primitive 3-rd root of unity. Let X = C?/G and let f : Y —
X be the minimal resolution. The correspondence here is between between the two
nontrivial elements g1, g2 of G (which, as we will see below, are “junior”) and the two
exceptional divisors F; and Es (which, as we know, are crepant). We can interpret this
correspondence by considering the fiber over zero of 7 : X, — X. Note that X is defined
by zy = 23 in A3. The components of an arc
() = (z(t),y(t), 2(t) = (a1t + agt? + ... byt + bot®> + ... c1t +cot? +...) € 7 1(0),
must satisfy the relation
2(t)y(t) = 2(0)2
Thus there are two components 7~ 1(0) = C; U Cy given by C; = {7 | by = 0} and
C1 = {v | a1 = 0}. Let pick the following arcs:
M= (ta t2>t) € Cl and Y2 = (t27tat) € 02-

By taking the square root s = t!/2 of the parameter, we can lift these arcs to C?:

Spec C[[s]] —— 2

t:SQ \L i(zvy»'z):(uQﬂ)auv)
Spec C[[t] 2 X.
Note that 71(s) = (s, s%) and F2(s) = (s2, 5), hence
F1(¢s) = (¢5,¢%s*) = g1 -q1(s) and  F2(Cs) = (¢%s%,Cs) = g2 - Fa(s).
In this way, each v; determines a g;. In we let 7; varying generically in C;, the correspon-
dence does not change. On the other hand, in this example the Nash correspondence

that associates to each prime exceptional divisor E; of f an irreducible component Cj is
surjective. We conclude that for to each F; there is a corresponding g;, and conversely.
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In more general setup, by studying the arc space of the quotient and stratifying this
according to the conjugacy classes of the elements in the groups determined by the lifting
of the arcs, Batyrev [Bat2] and Denef and Loeser [DL2] were able to compute the motivic
integral determined by the relative canonical divisor of a resolution of singularities in
terms of the measures of these strata and the corresponding numerical data associated
to the action of the corresponding elements in the group. The formula they obtained is
described next.

To fix notation, let M be a smooth quasi-projective complex variety of dimension
n, and let G be a finite group with an action on M. Let X = M/G, with projection
p: M — X. We assume that there is a global non-vanishing G-invariant section of wy;.
This implies that X is a normal variety, Kx is Cartier, and p*Ox(Kx) = wy (e.g., see
[DK, Proposition 2.3.11] and [Rei, Subsection 1.3]).

We stratify X according to the stabilizers of the points on M. For any subgroup
H of G, let M C M denote the locus of points with stabilizer equal to H, and let
XH = p(MH) (note that M may be different by the locus of M fixed by H).

Exercise 5.2.1. Show that the stabilizers of any two points y,y’ € M lying over the
same point in X are conjugated in G.

If we let H run in a set 8(G) of representatives of conjugacy classes of subgroups
of GG, we obtain a stratification of X:

X = xH.
He$(G)

For simplicity, we will assume that each X is connected.

Let r = |G|, and fix a primitive r-th root of unity ¢. For each y € M¥ and
h € H, the action of h on T, M can be diagonalized as h|r,rs = diag(¢*, ..., (), with
0 < a; < n. Then we define the age of h at y to be the number

age(h) = %(ah s 7an>

(a junior element is an element of age 1). As long as we assume that X is connected,
the age of h is the same at each point h € H.

Consider now a resolution of singularities f : ¥ — X. The have the following
diagram:

ﬂ
M ) G
l”
Y4f>X.

To write the following formula, one needs a further quotient of the motivic ring. For
every © € X, every CF := (C* — {2} — X), and every finite group L acting linearly
on CF, we identify [C¥/L] with [C¥]. We will denote by My / the resulting ring and by
Nx, the image of Ny in there. Note that ® factors through this quotient, defining a
ring homomorphism @ : Nx ; — Fi(X)q.
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Theorem 5.2.2 ([Bat2, DL2], see also [Rei, Loo, Yas2]). For every resolution of singu-
larities f 1Y — X, we have

(5.2.1) / Ly q X = 3T xS L iy,
o0 HeS(G) heC(H)

where C(H) is a set of representatives of conjugacy classes in H.

The proof of this theorem goes beyond the purpose of these notes. Already a
technical difficulty is that the arc spaces of Y and M are compared over X, and we
have so far carefully avoided to perform motivic integration over arc spaces of singular
varieties. In the proof, the formula in (5.2.1) breaks into two parts. The first part
consists of computing the left hand side as an integral over X,,. Since X is singular,
the change of variable formula for motivic integration needs to be corrected (even when
Kx is Cartier). This is done by twisting the motivic measure over X, by the order of
vanishing of the ideal J C Ox determined by the natural homomorphism

(A"QL)/ torsion — wx.
Another difficulty of working with singular varieties is that the projections X,,11 — X,
are not locally trivial affine bundles anymore (they may not even be surjective), so one

needs to proceed cautiously with the definition of motivic measure. In any case, once
things are suitably fixed, the change of variable formula gives

/ L) g, X — / L0 X i e
Xoo Yoo

The core of the proof is then to show that
rd(J h Y
/ Ly Pap = 3 xH] Y L™ in vy
Koo HEeS(G) heC(H)
The ages appear by stratifying
~xT = || x&*
heC(H)
and computing the contribution that each of this piece brings to the integral. We refer

to [DL2] for details.

5.3. Stringy Chern classes of quotient varieties. Consider the notation as in the
previous section, so that M is a smooth quasi-projective complex variety of dimension
d, G is a finite group with an action on M such that there is a global non-vanishing
G-invariant section of wys, and X = M /G, with projection p : M — X.

Recall that we have fixed a set of representatives $(G) of subgroups of G. For
every g € C(G), consider the fixed-point set M9 C M. There is a commutative diagram

MI—— M

oLk

Py

M9/C(g) — X,
where pg is a proper morphism.
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Warning 5.3.1. Given a finite group H acting on a X-variety V, we will denote by
[V/H] the element in the Grothendieck ring Ko(Uarx) (or the element that this induces
in M x ) determined by the quotient variety V//H. We warn the reader that same notation
is commonly used in literature to denote the Deligne-Mumford stack associated to the
action of H on V.

Exercise 5.3.2. Check that [M9/C(g)], as an element in Ko(Bary), is independent of
the representative g chosen for its conjugacy class in G.

Theorem 5.3.3 ([dFLNU1]). With the notation as in the beginning of this section, we
have

(5.3.1) Ox = > podusjcl i Fu(X).
gee(@)

Sketch of the proof. We introduce the following notation. For each subgroup H of G we

fix a set C(H) of representatives of conjugacy classes of elements of H. For each element

g € G and each subgroup L C G containing g, we denote by C(g) the centralizer of g

in L (if L = G, then we just write C(g)) and by N (g) the normalizer of g in L.
Applying ® to both sides of (5.2.1), we obtain

(5.3.2) Ox= Y |C(H)|-1xn in F.(X).

HeS8(G)
In order to show that the right hand side of (5.3.2) is equal to that of (5.3.1), we start
by observing that

> M/Cl= Y] >, [IMT/Cyy(m)]) i M.
g€eC(G) HeS(G) \heC(Ny)NH

This identity follows from certain formal identities in the Grothendieck ring of Deligne-
Mumford stacks over X, and a natural homomorphism from this ring to Ko(Lary). For
this step, we address the interested reader to [dFLNU1, Section 5], warning him of the
different notation adopted there to denote the elements in the Grothendieck ring.

Then the proof boils down to show that, for every H € §(G) and h € H, there is
an étale morphism

VHh: MH/CNH(h) — XH
commuting with the other various quotient maps, and that
> degvpy = |C(H).
heC(Ng)NH

The details of this computation are contained in [dFLNU1, Section 6]. u
Exercise 5.3.4. Note that for every open subset V' C X, the restriction of f to Yy =
f~1(V) is a resolution of singularities of V, and that Ky x|y, = Ky;,yv. Then show
that Theorem 5.3.3 can be extended to the situation in which we only assume that

Kx is Cartier and p*Ox(Kx) = wys, rather than requiring that wjy; admits a nowhere
vanishing G-invariant section.

We can deduce from Theorem 5.3.3 formulas computing the stringy Euler number
and the stringy Chern classes of quotient varieties.
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Theorem 5.3.5 ([Bat2]). With the notation as in the beginning of this section, we have
XSt(X) = Xorb(Ma G)

In particular, the orbifold Euler characteristic of (M,G) is equal to the ordinary Euler
characteristic of the resolution of M /G, if the latter is crepant.

Proof. Apply g« : Fi(X) — Fi(pt) = Z to both sides of (5.3.1). O
Theorem 5.3.6 ([dFLNU1]). With the notation as in the beginning of this section, we

have
cat(X) = > pg,esu(M9/C(g))
9€€(@)
in A (X).
Proof. Applying ¢ : Fi.(X) — A.(X) to the first and last members of the formula in
Theorem 5.3.3, we obtain

cat(X) = Z Py Lns/C(g)-
9€¢(G)
Hence the statement follows by recalling that ¢, commutes with p,_. O
Remark 5.3.7. We remark that in general the quotients M9/C(g) may have several

irreducible components, but the construction of MacPherson extends to this case, hence
there is no problem in defining the Chern-Schwartz-MacPherson class of M9/C(g).

Exercise 5.3.8. Verify the formula in Theorem 5.3.6 for each finite subgroup of SLy(C),
using the computation of cg (X) — gy (X) done in Exercise 4.2.4.
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