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Introduction. This article intends to present an elementary introduction to 
the emerging structure theory of higher-dimensional algebraic varieties. Intro­
duction is probably not the right word; it is rather like a travel brochure 
describing the beauties of a long cruise, but neglecting to mention that the first 
half of the trip must be spent toiling in the stokehold. Perusal of brochures 
might give some compensation for lack of royal roads. 

Having this limited aim in mind, the prerequisities were kept very low. As a 
general rule, geometry is emphasized over algebra. Thus, for instance, nothing 
is used from abstract algebra. This had to be compensated by using more 
results from topology and complex variables than is customary in introductory 
algebraic geometry texts. Still, aside from some harder results used in occa­
sional examples, only basic notions and theorems are required. 

Throughout the history of algebraic geometry the emphasis constantly 
shifted between the algebraic and the geometric sides. The first major step was 
a detailed study of algebraic curves by Riemann. He approached the subject 
from geometry and analysis, and gave a quite satisfactory structure theory. 
Subsequently the German school, headed by Max Noether, introduced algebra 
to the subject and problems arising from algebraic geometry substantially 
influenced the development of commutative algebra, especially the works of 
Emmy Noether and Krull. 

During the same period the Italian school of Castelnuovo, Enriques, and 
Severi investigated the geometry of algebraic surfaces and achieved a satisfac­
tory structure theory. Their work, however, lacked the Hilbertian rigor, and 
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therefore started to fall into disrepute. When the students tried their hands at 
studying algebraic threefolds, their conclusions were frequently false and none 
of the proofs of the deep results stood up to even their own standards. 

Several attempts were made to place algebraic geometry on solid founda­
tions. After substantial achievements of van der Waerden, this was accom­
plished by Weil and Zariski through a systematic use of commutative algebra. 
A good indication of this style is the two-volume treatise, Commutative algebra, 
by Zariski and Samuel, which grew out of an attempt to write an introductory 
chapter to a planned algebraic geometry book. 

The approach via commutative algebra was further developed by Nagata, 
and it culminated in the unfinished magnum opus, Eléments de géométrie 
algébrique by Grothendieck. In his treatment, commutative algebra and alge­
braic number theory became special cases of algebraic geometry. A spectacular 
success of this point of view is Faltings' proof of the Mordell conjecture. 

By the end of the sixties, the foundational work was mostly done and 
attention turned toward more classical problems. First the theory of curves and 
surfaces was redone and completed. A structure theory of threefolds seemed, 
however, intractable. 

In 1972 Iitaka proposed some bold and interesting conjectures concerning 
higher-dimensional varieties. Along that path Ueno produced in 1977 the first 
structure theorem about threefolds. It was clear, however, that the scope of 
their approach was limited. One major stumbling block was the lack of a good 
analog of the so-called minimal models of surfaces. 

The major breakthrough came in 1980. Mori introduced several new ideas 
and accomplished the first major step toward proving the existence of minimal 
models. At the same time Reid defined and investigated minimal models 
(assuming their existence) and pointed out various ways of using them. Since 
then algebraic threefolds have been investigated intensively and recently these 
efforts resulted in the proof of several deep structure theorems. 

The aim of this article is to give an accessible outline of these results. 
Chapters 2-5 provide a short introduction to algebraic geometry. Chapter 6 

discusses the topology of algebraic varieties from the point of view of Mori's 
theory. Classically, one attempted to study a variety by studying its codi-
mension-one subvarieties. A fundamental observation of Mori's theory is that 
one should investigate the one-dimensional subvarieties as well. This turns out 
to be related to some simple topological properties of algebraic varieties. After 
some further introductory material, Chapter 8 gives a general discussion of the 
basic strategy and aim of the structure theory. Chapter 9 outHnes how most of 
this program can be accomplished for surfaces. Chapter 10 is devoted to Mori's 
seminal paper. These results are sufficient to complete the structure theory of 
surfaces, but they provide only the first step in general. In dimension three, 
Mori's program leads to the study of certain singular varieties. His results are 
reworked in this more general context in Chapter 11. The last remaining step, 
the Flip Theorem, is discussed in Chapter 12, and the last chapter is devoted to 
further results. 

Since this article is aimed at a general readership, I saw no point in giving 
references to technical research papers. Instead I provide a short annotated 
bibliography at the end which should satisfy the needs of most readers. 
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Part of this article was written while I enjoyed the hospitality of École 
Polytechnique. Financial support was also provided by the National Science 
Foundation (DMS-8503734). 

A prehminary version of this article was circulated in the fall of 1986. 
Several mistakes, inaccuracies and misprints were called to my attention by R. 
Friedman, L. Lempert, K. Matsuki, T. Oda, M. Reid, H. Rossi, Y. Shimizu, 
and G. Tian. H. Clemens and S. Mori pointed out several conceptual problems 
in the presentation which led to substantial revisions. I am very grateful for all 
their attention and help. 

2. What is algebraic geometry? 
2.1. STARTING POINT. After Descartes introduced coordinates on the plane, 

it became clear that simple and much studied geometric objects (e.g., lines and 
conies) can be defined by simple polynomial equations (linear, resp. quadratic). 
This suggests that as a next step one could try to study curves defined by 
higher-degree polynomials. Already Newton studied plane cubics in depth. 
Two problems, however, tended to make results cumbersome. The first one is 
the missing infinity. Two different lines mostly intersect in a point, but 
sometimes they are parallel. It turns out to be very convenient to claim that 
they intersect at infinity. This leads to the introduction of the projective plane 
RP2 . The other problem is apparent already with one-variable polynomials: 
the roots of a decent-looking polynomial can be lurking in the complex plane 
far away from the reals. Even when the real picture seems good, the explana­
tion of certain phenomena might be seen only by studying them over C: For 
example, why does the Taylor series of (1 + JC2)"1 refuse to converge every­
where? Therefore we replace R by C and get CP2. There is no reason to stop 
with dimension 2 and so we introduce: 

2.2. DEFINITION of CPn. As a point set this consists of (n + l)-tuples 
(x0:. ..:xn) such that (x0:...:xn) and (Xx0:... :Xxn) are identified for 
O ^ A e C W e exclude (0: . . . :0). 

Let Ut = {(x0:... :xn) e CPn | JC, # 0}. The map <j>t: Cn -* CP" given by 
O i , ...,)>„)-> (JY- . . . : jy.i:y i +v • • • yn)

 m a P s c"onto utin a 1 : 1 w a y - S i n c e 

(0 : . . . :0) is not in CPW, the Ut cover it, and using the usual topology of Cw, the 
maps <t>i put a topology on CP". It is easy to see that CPn becomes a real 
2n-dimensional compact manifold. Despite this we shall count complex dimen­
sions and say that Cn and CP" are «-dimensional. The usual notion of 
dimension will be referred to as real or topological dimension. This is twice the 
complex dimension. 

2.3. DEFINITION OF ALGEBRAIC VARIETIES. We want to consider subsets of 
CPW that can be defined by polynomial equations. An arbitrary polynomial 
f(x0,..., xn) would not do, because f(x0,..., xn) and f(Xx0,..., Xxn) need 
not be both zero. However, if ƒ is homogeneous of degree m, then 
f(Xx0, . . . , Xxn) = Xmf(x09..., xn) and the set of zeroes of ƒ in CPM makes 
sense. Therefore we say that a subset V c CPn is a projective algebraic variety 
if there are homogeneous polynomials f l 9 . . . , fk such that V = {(x) G 
CP" | fi(x) = • • • = fk(x) = 0}. One can easily see that the intersection or 
union of two projective algebraic varieties is again projective algebraic. 
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The difference of two projective varieties is not projective usually; these are 
called quasiprojective varieties. 

Of special interest are the varieties of the form V O Ut where V is projective. 
With the notation of 2.2, if V is defined by equations /x(x) = • • • = fk(x) = 0 
then $l\V) c Cn is defined by equations fj(yl9..., yi91, yi+l9..., yn) = 0, 
j = 1 , . . . , k. Such subsets of Cn are called affine varieties. The projective 
variety V can be thought of as being patched together from the affine varieties 

vn ut. 
2.4. DEFINITION. Algebraic geometry is the branch of mathematics that 

studies algebraic varieties. 
2.5. CONCEPTUAL PROBLEMS. It is not clear that it is reasonable to study 

algebraic varieties. The forced union of algebra and geometry might be a bad 
match. There are three basic questions that have to be answered satisfactorily 
in order to believe that we are after something interesting. 

(i) What is the relationship between the variety and its equations? Com­
pletely different equations might define the same variety! 

(ii) Why is the definition so global? Maybe we should work locally on CPn\ 
(iii) Are we doing intrinsic or extrinsic geometry? Why do we rely so much 

on the ambient space CP"? 
The rest of this chapter will be devoted to answering these questions. 

Answer to Problem (i) 

2.6. It is easier to study the affine case, i.e., varieties in Cn. As an illustration 
we consider the case of plane curves. Let H = {(x, y) e C 2 | h(x, y) = 0}, 
F = {(x, J ; ) G C 2 | / ( X , y) = 0}. We are interested in deciding when H c F. 

Let h = Ylhi be its decomposition into irreducible factors and Ht = {(x, y) 
G C 2 | ht{x, y) = 0}. Clearly H = \JHt and thus we have to study the 
conditions Ht c F. Let g be one of the /i/s, and G the corresponding curve. 

2.7. PROPOSITION. Let g, ƒ e C[x, y] and assume that g is irreducible. Let G, 
F be the corresponding curves. Then G a F iff g divides f. 

PROOF. In general this requires a little field theory, but the case g = x2 + y2 

— 1 gives a good illustration. First suppose that ƒ has rational coefficients and 
pick any transcendental number, say e. Pick e' such that g{e9e') = 0, i.e., e' 
= v l — e2.1 claim that f(e, e') = 0 iff g divides ƒ. We divide ƒ by g to get 

f(x> y) = (y2 + x2 ~ l)v(x, y) + yp{x) + q(x). 

If ƒ(>, e') = 0 then efp(e) + q(e) = 0. Substituting e' = V̂ l - e2 and getting 
rid of the square root gives 

{l-e*)p\e) = q\e). 

Since ƒ has rational coefficients so does p and q9 hence the above gives a 
polynomial identity for e, which is impossible unless the two sides are equal: 

(1 - x*)p*{x) = q\x). 

This is impossible since 1 - x2 is not a square, so p and q are identically zero. 
That is what we wanted. 
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If ƒ has nonrational coefficients, then instead of e we have to pick some 
e 0 e C that cannot satisfy any polynomial equation with the coefficients of ƒ. 
The existence of e0 follows easily from the fact that C is uncountable. This 
proves 2.7. 

Going back to h and ƒ we see that ht divides ƒ for every /, so h divides ƒ k . 
This implies that H c F iff h divides some power of ƒ. 

In general one has the following fundamental result: 

2.8. HILBERT'S NULLSTELLENSATZ. Let V a Cn be defined by the polynomials 
gx(x) = • • • = gk(x) = 0, and let ƒ be an arbitrary polynomial in n variables. 
Then f vanishes identically on V iff there exists a positive natural number m and 
polynomials h ; such that fm = h1g1 4- • • • + hkgk. 

In short, a polynomial vanishes on an algebraic variety only if it has a clear 
algebraic reason to do so. Similarly the equality or containment of two 
varieties is equivalent to the obvious algebraic conditions. 

Answer to Problem (ii) 
2.9. In order to get a more local definition one could consider subsets of CPn 

that are locally the zero sets of polynomials. This class is however too big; any 
open subset of CPW is in it. It is reasonable to restrict to closed subsets. One 
can further attempt to make it more local by considering power series instead 
of polynomials. This leads to the following definition. 

2.10. DEFINITION. A subset V c CPW is called an analytic subvariety if each 
point p of V has a neighborhood Bp such that V n Bp = {(x) e Bp \ fx(x) = 
• • • = fk(x) = 0} for some analytic functions f defined on Bp. (If Bp is small, 
then it is contained in some Ui, =* Cn, so it makes sense to talk about analytic 
functions on Bp.) 

It is clear that every algebraic variety is an analytic variety. It is quite a 
miracle that the converse is also true: 

2.11. THEOREM OF CHOW. Let V O CP" be a closed analytic subvariety. Then 
Vis algebraic, i.e., can be globally defined by polynomials. 

PROOF. We shall give a proof for V c CP2; the general case can be treated 
similarly. First we need some results about the local structure of analytic 
subvarieties of C2. The crux is the following: 

2.12. WEIERSTRASS PREPARATION THEOREM. Let f(x, y) be a holomorphic 
function around the origin. Assume that f (0,0) = 0 and f(0, y) # 0. Then there 
are power series b^x),..., bk(x) and u(x, y) such that u(0,0) # 0 and 

f(x, y) = {yk + bx(x)yk-1 + • • • +bk(x))u(x, y). 

PROOF. Since /(O, y) is not identically zero, there is a small e such that 
f(0, y) # 0 for \y\ = e, and hence for some S > 0 we have f(x, y) =£ 0 if 
|>>| = e, |x| < 8. For fixed x let rx(x),...,rk(x) be the roots of f(x, •) = 0 
inside the disc of radius e (a priori k might depend on x). By the residue 
theorem 



216 JANOS KOLLAR 

If \x\ < 8 then the right-hand side gives a holomorphic function of x. In 
particular for m = 0, we get that k is independent of x. Let ax(x) , . . . , ok(x) 
be the elementary symmetric polynomials in the ^(JC)'S. These are polynomials 
in the sums of powers, hence holomorphic in x. 

Now by construction f(x9y) and yk - o1(x)yk~1 + • • • +(-l)kok(x) 
vanish on exactly the same set, hence their quotient u(x, y) is holomorphic 
and nonzero. This completes the proof. 

As a consequence we can describe the local structure of analytic subsets of 
C2: 

2.13. PROPOSITION. Let V be an analytic subvariety in the neighborhood of the 
origin of C2. Then V = U U Wy where U is a finite set and W = {(x, y) e 
C21 g(x9 y) = 0} is the zero set of one power series. 

PROOF. Let V be defined by fx = • • • = fm = 0. By a suitable change of 
coordinates one can assume that none of the / / s is identically zero on the 
j>-axis. By 2.12 each f. can be written as 

fi(x9y) = gi(x9y)ui(x9y)9 

where gt is a polynomial in y whose coefficients are power series in x. Since 
«,.(0,0) # 0, we have V = {(x, y) e C21 gx = • • • = gm = 0}, at least near the 
origin. 

Now let g12 be the g.c.d. of gx and g2 (as polynomials in y), and let 
Si = ^* * £i2 0 = 1> 2). Clearly we can write 

{(*, y) I gi = Si = 0} = {(*, ƒ ) I g12 = 0} U {(*, y)\hl = h2 = 0). 

I claim that the last set is finite. Indeed for any fixed x consider the resultant 
of hx(x, y) and h2(x, y). This is a certain polynomial in the coefficients of the 
/i/s, hence it varies holomorphically with x. Since hx and h2 are coprime, the 
resultant is not identically zero. Thus it has only finitely many zeroes near the 
origin. For each of these zeroes hx and h2 have only finitely many common 
roots. These are all the solutions of hx = h2 = 0. 

Now let g123 be the g.c.d. of g12 and g3, — Eventually we get that one can 
take g to be the g.c.d. of gl9..., gm. This completes the proof. 

2.14. It is of interest to see to what extent g is unique. Let g = hx • • • hs be 
its decomposition into irreducible factors. If ht(0,0) # 0, then since ht has no 
zeroes near the origin, it can be discarded. It is also clear that a factor should 
occur only once. This shows that one can choose a defining equation g such 
that for the irreducible decomposition g = hx • • • ht there are no multiple 
factors and ^,(0,0) = 0. The previous proof shows that this g is unique 
(although of course it depends on the choice of the local coordinates). 

Next we derive a more global version of 2.13: 

2.15. PROPOSITION. Let D c C be a connected open subset and V c D X C 
be a closed analytic subset without isolated points. Assume that the projection p: 
V -* D is proper. Then there is a unique power series without multiple f actors 

g-y' + a^y*-1* . . . +ak(x) 

such that V = {(x, y)<= DXC\ g(x, y) = 0}. 
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PROOF. For each u e V we pick the unique local defining equation gv as in 
2.14. For each x e D let (x,bx(x)X..., (x,bk(x)) be the points of V above x 
(with multiplicities dictated by the gv

9s). As in 2.12 we see that k is locally 
constant, hence constant since D is connected. Similarly we see that the 
elementary symmetric polynomials of the ft/s are locally holomorphic, giving 
g(jc, y). Uniqueness is again clear. 

2.16. Now we are ready to prove the theorem of Chow. 
By 2.13 one can write V = U U W, where U is locally finite (therefore finite) 

and W is locally defined by one equation. All we have to do is to show that W 
is algebraic. 

On CP2 we choose coordinates (z0:zl:z1\ and we can assume that (0:1:0) 
£ W. Our strategy is the following. Let p: CP2 - (0:1:0) -> CP1 be the 
projection (z0:21:z2) -> (z0:z2). 

z0 = 0 / \z2 = 0 

w 

(0:0:1)/ 1(1:0:0) 

ÏP 

(o!i) a**) 

FIGURE 1 

On U2 = CP2 - (z2 = 0) we have the coordinate chart y = z1/z2, x = 
z0/z2, and /? corresponds to the projection (JC, j>) -» x. Since TT is compact, p 
is proper on W, and therefore on f/2 n W. Hence by 2.15 we get that U2 O W 
can be defined by a unique equation yk + a1(x)yk~l + • • • = 0 , where the ^ 
are holomorphic in x. Our aim is to prove that the at are in fact polynomials 
in x. This follows once we know that they don't grow too fast as x ~> oo. 

To see this we look at the other chart UQ = CP2 - (z0 = 0) with coordinates 
u = zx/z0, v = z2/zQ. Here /> is the projection (w, y) -^ y. Therefore U0n W 
can be defined by an equation of the form um + bl(v)um~1 + •• • = 0 . 

On f/02 = U0C\ U2 we have two equations of W O £/02: one coming from t/0, 
the other form U2. By uniqueness these two equations agree, and this allows us 
to understand the behavior of at as x -> oo. 

Using w = y/x, v = 1/x, the second equation becomes (y/x)m + 
b1(l/x)(y/x)m~1 + • • • = 0 . This is not of the form we expect, but we can 
multiply through by xm (which is nowhere zero on U02) to get ym + 
xbl(l/x)ym~l + • • • = 0 . This must be the same as our original equation 
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yk + a1(x)yk~l + • • • = 0 . Hence k = m and 

tf ,-(.*) = x ' è ^ l / x ) . 

^.(l/jc) is holomorphic near oo, therefore at grows at most as x'; hence at is a 
polynomial of degree at most i. 

Therefore the homogeneous polynomial defining W is given by 

g(z09 zl9 z2) = z™ + z2al(z0/z2)z?1-1 + • • • + z2
nam(zQ/z2). 

This completes the proof. 
We proved in fact a bit more: 

2.17. COROLLARY. Let W c CP2 be a closed analytic subvariety without 
isolated points. Then W can be defined by one polynomial equation. 

The preceding results can be used to obtain some further nice connections 
between geometry and algebra. 

2.18. DEFINITION. An algebraic variety is called irreducible if it cannot be 
written as the union of two proper closed sub varieties. It is quite clear that CP" 
is irreducible. 

2.19. PROPOSITION. A plane curve G c CP2 is irreducible iff it can be defined 
by an irreducible equation. 

PROOF. Let g = g0 • • • g ibe the defining equation with no multiple factors. 
G = (gx = 0) U • • • U(g,. = 0) so if i > 2 then G is reducible. Conversely let 
G = G1 U G2. We can clearly assume that Gt has no isolated points. By 2.17 it 
is defined by an equation gt = 0. By 2.7 g{ | g; hence g is reducible. 

2.20. PROPOSITION. An irreducible algebraic variety is connected. 

PROOF. Let Vt be a connected component of V. Vt is clearly a closed analytic 
subvariety of CPn, hence algebraic by 2.11. This contradicts the irreducibility. 

There are two other simple but useful results concerning the topology of 
algebraic varieties. 

2.21. PROPOSITION. Let Ube an irreducible algebraic variety and let V =£ U be 
a closed subvariety. Then U - V is dense in U. 

PROOF. Assume that U is smooth. Then locally U looks like Cn and V is 
defined by equations ƒx = • • • = fk = 0. Cn - ( fx = 0) is smaller than CM -
(A = * ' * = fk~ 0) a n ( i it is clearly dense in Cn. The general case is consider­
ably harder. 

2.22. THEOREM. Let U be an algebraic variety and let Vbe a closed subvariety. 
IfWcz U — V is a closed subvariety, then W, the closure of W in U, is again an 
algebraic variety. 

PROOF. We do the simple case U = CPW, V = (x0 = 0). The general case is 
very similar. We may assume that W is irreducible. U - V = Cn and W is 
defined by equations / ) (x 1 /x 0 , . . . , xn/x0) = 0. If d is large, then xfifj are 
polynomials in x0,...9xn and they are homogeneous. They define a closed 
subvariety W' c CPW such that r n C " = W. In general W' is reducible, 
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but it has an irreducible component PT"_such that W c W". By 2.21, 
W=W" - (x0 = 0) is dense in W". Hence W = W". 

It is important to note that 2.22 is notoriously false for analytic varieties. 
One can try to define analytic varieties that do not a priori sit in CPW, and 

these indeed can be nonalgebraic (see Example 4.8). For simplicity we define 
the manifold case only. 

2.23. DEFINITION. A complex manifold of dimension « is a topological 
manifold M of real dimension In which is covered by coordinate charts 
\MJt = M, and for each chart we fix an injective homeomorphism <j>,: Ut -> Cn 

onto some open subset. A function ƒ on M is said to be holomorphic if ƒ ° <J>7X 

is holomorphic for every i. For this to make good sense we would like that on 
Ut n Uj the notion of holomorphy is the same viewed from Ut or from Uj. 
Therefore we have to impose the assumption that the Qd]1 a r e a ^ holomor­
phic. 

2.24. EXAMPLE. CPn is a complex manifold with the charts given in its 
definition 2.2. 

2.25. EXAMPLE. Let /(x) be holomorphic on Cn. Let F = (f(x) = 0). As­
sume that for every (x) e. F at least one of the partial derivatives df/dxt(x) is 
not zero. If, say, df/dxx(x) ¥= 0, then by the implicit function theorem the 
projection F -> C1"1 : (xl9..., xn) -> (x2,..., xn) is locally a homeomor­
phism near (x). This gives charts on F and one can check that this makes F 
into a complex manifold. 

This guides us in defining the notion of a smooth point for algebraic 
varieties. Since CPW is covered by copies of Cw, it is sufficient to define the 
notion for affine varieties. 

2.26. DEFINITION. Let V c Cn be an algebraic variety and let pGK.We say 
that V is smooth or nonsingular of dimension k at v if there is a Ck c C" 
such that, for a suitable projection p: Cn -* Ck, the map p: F-> Ck is a 
homeomorphism near v. The same will hold then for most choices of Ck and 
p. It is also clear that being smooth is an open condition. Points which are not 
smooth are called singular; they form a closed subset Sing V c V. This subset 
turns out to be algebraic. It is again quite clear that V — Sing F becomes a 
complex manifold with the obvious charts. 

The following result relates the number of defining equations and the 
dimension of an algebraic variety. 

2.27. THEOREM. Let K c C " be an algebraic variety and let f l 9 . . . , fk be 
polynomials. Let W be an irreducible component of V n (f± = • • • = fk = 0). 
Then 

<timW> d i m F - k. 

PROOF. It is clearly sufficient to prove this for k = 1. For simplicity let us 
assume that V is smooth so that we consider the case when ƒ is holomorphic 
on the unit ball of Cm (m = dimF). If (ƒ = 0) is not empty and not 
everything, then by a suitable choice of coordinates ƒ(0) = 0 and ƒ is not 
identically zero on the z1-axis. Thus for a suitable choice of e and 8, ƒ does not 
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vanish for \zx\ = e, \z2\ < S,. . . , \zm\ < 8. The integral 

2vr/y|Zi|==e ƒ 

counts the number of zeroes of ƒ(*, z 2 , . . . , zm) on the disc |z1| < £. It is 
continuous for \z2\ < ô , . . . , \zm\ < S, hence constant. By assumption 
iV(0,..., 0) > 0; therefore the projection of ( ƒ = 0) onto the (z2, • • • > ^W) plane 
is surjective near the origin. Thus dim( ƒ = 0) = m — 1. 

2.28. REMARK, (i) If V is smooth and W c V is an irreducible subvariety 
such that d imW= d i m F - 1, then locally W can be defined by a single 
equation. This is the higher-dimensional analog of 2.13. 

(ii) The previous remark does not hold for V singular (see 4.4). 
(iii) If V is smooth and dim W = dim F - 2, then W might not be definable 

by two equations (see 4.3). 
Answer to Problem (iii) 

2.29. The answer to this is not a nice theorem but rather a conceptual 
understanding. First of all, it is quite possible to build up algebraic geometry 
without any reference to CPW or Cn. The important fact is however that the 
intrinsic and extrinsic geometry of a variety are nearly inextricable. To start 
with first note that CPW is very rigid (a proof will be given in 7.18): 

2.30. PROPOSITION. AutCP" = ?GL(n + 1,C). 

Here AutCPM is the group of 1:1 self-maps of CPn that are given by 
polynomials, or, by a version of Chow's theorem, those that are locally given 
by power series. GL(« + 1,C) operates naturally on (n + l)-tuples, and this 
gives an action on CP". Scalar matrices operate trivially, therefore PGL(« + 1) 
operates on CPW. 

The crux of the matter is that there are no other automorphisms. Therefore, 
for instance, collineation is an abstract property of point sets in CPW! 

More complicated algebraic varieties usually have no automorphisms at all. 
2.31. An even more remarkable fact is that frequently algebraic varieties fit 

into some CP" in a unique way. For instance, if G c CP2 is an irreducible 
curve of degree at least 4, then there is only one way this curve can fit into 
CP2. So manifestly extrinsic properties of points of G such as being an 
inflection point or such as two points having a common tangent Une turn out 
to be intrinsic properties after all. 

The real importance of this principle is that it leads to a "linearization 
process" of algebraic varieties. I will explain it for algebraic curves only. The 
reader not familiar with curves should read §3 first. 

2.32. CHOW COORDINATES OF CURVES. Let C be a smooth projective curve of 
genus g > 2. We distinguish two cases. 

(i) C admits a 2:1 map onto CP1. Such curves are called hyperelliptic. It 
turns out that this map is essentially unique. There are exactly 2 g + 2 points in 
CP1 above which the map is 1:1. These points determine C. Thus we have a 
correspondence 

hyperelliptic curves "i ( sets of 2 g + 2 \ -
t } ** \ • • ™i / / A u t C P 1 . 

of genus g / \ points in CP1 ) / 


