Davar Khoshnevisan
(joint work with Yimin Xiao)

Department of Mathematics

University of Utah
http://www.math.utah.edu/"davar

Le Touquet, France

Tuesday, June 6-10, 2011

U
UNIVERSITY

OFUTAH

«Or «Fr « = E A



» {WI(t)}i>0 := d-dimensional Brownian motion
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» {WI(t)}>0 := d-dimensional Brownian motion
» Question: What is

[dim,, (W(E) N F)|l joorp) -

where E C [0,00) and F ¢ R?
(We learned this from Y. Peres ~ 1999)
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» {WI(t)}>0 := d-dimensional Brownian motion
» Question: What is

[dim,, (W(E) N F)|l joorp) -

where E C [0,00) and F ¢ R?
(We learned this from Y. Peres ~ 1999)
» Some earlier results:
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» {WI(t)}>0 := d-dimensional Brownian motion
» Question: What is

[dim,, (W(E) N F)|l joorp) -

where E C [0,00) and F ¢ R?
(We learned this from Y. Peres ~ 1999)
» Some earlier results:
» dim, WI[0,1] = d A 2 (Lévy, 1953; Taylor, 1953)
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» {WI(t)}>0 := d-dimensional Brownian motion
» Question: What is

[dim,, (W(E) N F)|l joorp) -

where E C [0,00) and F ¢ R?
(We learned this from Y. Peres ~ 1999)
» Some earlier results:
» dim, W[0,1] = d A 2 (Lévy, 1953; Taylor, 1953)
» dim, W(E) = d A2dim, E (McKean, 1955; Blumenthal-Getoor,
1960)
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Brownian motion & fractals

» {WI(t)}>0 := d-dimensional Brownian motion
» Question: What is

”dimu (W(E) N F)“LOO(P) ’

where E C [0,00) and F ¢ R?
(We learned this from VY. Peres ~ 1999)
» Some earlier results:
» dim, W[0,1] = d A2 (Lévy, 1953; Taylor, 1953)
» dim, W(E) = d A 2dim,, E (McKean, 1955; Blumenthal-Getoor,
1960)

» Kaufman’s uniform dimension theorem (1969): If d > 2, the a.s.

dim, W(E) = 2dim, E for all Borel sets E C [0, c0). U
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Brownian motion & fractals

» {WI(t)}>0 := d-dimensional Brownian motion
» Question: What is

Hdimu (W(E) N F)“LOQ(P) ’

where E C [0,00) and F ¢ R?
(We learned this from Y. Peres =~ 1999)
» Some earlier results:
» dim, W[0,1] = d A2 (Lévy, 1953; Taylor, 1953)
» dim, W(E) = d A 2dim,, E (McKean, 1955; Blumenthal-Getoor,
1960)

» Kaufman’s uniform dimension theorem (1969): If d > 2, the as.
dim, W(E) = 2dim, E for all Borel sets E C [0, 00). U

» Much more (1970+) v
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> | dimy, (W(E) N F)| o) =7
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> || dimy (W(E) N F)| o) =?
» First When is W(E)N F = & as.?
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> || dimy (W(E) N F)| L) =?
» First When is W(E)N F = & as.?
» Answer (Doob, 1984): Iff E x F has zero thermal capacity; i.e.,

there exists an open set R, x RS 0D2Ex Fanda
supertemperature f, defined on O, such that E x F C {f = co}.
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LU
Brownian motion & thermal capacity S

v

I dim, (W(E) N F)l[=(p) =?
First: When is W(E)N F = & as.?

Answer (Doob, 1984): Iff E x F has zero thermal capacity; i.e.
there exists an open set R, x R 5 02 E x F and a
supertemperature f, defined on O, such that E x F C {f = co}.

v

v

v

Equivalently, ¥ compactly-supported probab. meas. ;1 on E x F,

o~ Ix=y|2/2lt=s])
|| S pdsax ndeay) -

(K-Xiao, 2011; Watson, 1974, 1977)
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» Let ¥ := R, x R? [space-time], metrized by the parabolic metric

olls, y);(t,x) = [t —s["2V |x — y]|.
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» Let ¥ := R, x R? [space-time], metrized by the parabolic metric

olls,y);(t,x) = [t —s["2V |x — y]|.

» Let dim,(A; o) denote Hausdorff dimension for all A C X.
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» Let ¥ := R, x R? [space-time], metrized by the parabolic metric

olls,y);(t,x) = [t —s["2V |x — y]|.

» Let dim,(A; o) denote Hausdorff dimension for all A C X.
» (Taylor—Watson, 1985)
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Hausdorff dimension in space-time

» Let ¥:= R, x R [space-time]., metrized by the parabolic metric
alls, y);(t,x)) == [t = 5[V |x = y]|.

» Let dim,(A; o) denote Hausdorff dimension for all A C %.
» (Taylor—Watson, 1985)
» If dim,(E x F;0) > d, then W(E) N F + @& w.p.p.
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Hausdorff dimension in space-time

» Let ¥:= R, x R [space-time]., metrized by the parabolic metric
alls, y);(t,x)) == [t = 5[V |x = y]|.

» Let dim,(A; o) denote Hausdorff dimension for all A C %.
» (Taylor—Watson, 1985)

» If dim,(E x F;Q) > d, then W(E)N F + & w.p.p.
» If dim,(E x F;0) < d, the W(E)n F = & as.
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If d > 2, then |[dim, (W(E) N F)|| ) = (dim,(E x F;0) —d), .
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If d > 2, then |[dim, (W(E) N F)|| ) = (dim,(E x F;0) —d), .

» dim,(E x F;0) — d is the slack in the Taylor-Watson condition
(codimension?)
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If d > 2, then |[dim, (W(E) N F)|| ) = (dim,(E x F;0) —d), .

» dim,(E x F;0) — d is the slack in the Taylor-Watson condition
(codimension?)

» Theorem false for d = 1; eg, E:=1[0,1], F:= {0}.
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If d > 2, then |[dim, (W(E) N F)|| ) = (dim,(E x F;0) —d), .

» dim,(E x F;0) — d is the slack in the Taylor-Watson condition
(codimension?)

» Theorem false for d = 1; eg, E:=1[0,1], F:= {0}.
» Then, dim,(W(E)N F) =0, dim,(E x F;0) —1=1.
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[dim,, (W(E) N F)| joop) = sup {B > O;ieMllr}fExF) &pln) < oo} .

where

e—Ix—yl2/2]t-s|)
& dsd dtdy).
ﬁ(ll /j ]t —5|1/2 ]X yllg Il( S X)ll( y)
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» W(E)nF = W(E N WL(F)).
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> W(E)NF = WIE N W-F)).
» Therefore, dim, (W(E) N F) = 2dim,(E n WL(F)).
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» WE)NF = WENWYF)).

» Therefore, dim, (W(E) N F) = 2dim,(E N WL(F)).

» Let X, := an independent symmetric a-stable Lévy process with
a € (0,1). A bound:

I
—_—
P{X[0,1]N[t—r?,t+r? @t < const- 2179,
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Proof when d > 2
| dimy, (W(E) 0 F)]| e, = (dim, (E x F;0) - d).

» WE)NF = WENWYF)).

» Therefore, dim, (W(E) N F) = 2dim,(E N W~L(F)).

» Let X, := an independent symmetric a-stable Lévy process with
€ (0,1). A bound:

/

—_——
P{X[0,1N [t —r?, t+r?] + & <const- A%,
J
d
» A 2nd bound: P4 W(l)n B(x,r) + @ + < const - r9.
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Proof when d > 2
| dimy, (W(E) N F)||oop) = (dimy (E x F;0) — d)

» WE)NF = WENWYF)).

» Therefore, dim, (W(E) N F) = 2dim,(E N W~L(F)).

» Let X, := an independent symmetric a-stable Lévy process with
€ (0,1). A bound:

/

—_—N———
P1X[0,1Nn[t—r? t+r? 4@ <const- 2177,

J
—
» A 2nd bound: P{ W(I)n B(x,r) + @ } < const - rq.

» PIInW )N X[0,1] + @] < const- @217, fsRsiny
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» Cover E x F with “parabolic balls” {E; x F; };
[t —r?, t+r? x Blx,r).

j=1

of the form
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» Cover E x F with “parabolic balls” {E; x F;}{2; of the form
[t —r?, t+r? x Blx,r).
» P/ENWYF)N X,[0,1] + @} is at most

ZP{EHW )N Xa[0,1] + 2}
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» Cover E x F with “parabolic balls” {E; x F;}{2; of the form
[t —r?, t+r? x Blx,r).
» P/ENW™YF)N X,[0,1] + @} is at most

ZP{EOW )N Xa[0,1] + 2}

miu

UNIVERSITY
OFUTAH

«0>» «(Fr «Z» «E>» = A



» Cover E x F with “parabolic balls” {E; x F;}{2; of the form
[t —r?, t+r? x Blx,r).
» P/ENW™YF)N X,[0,1] + @} is at most

ZP{EOW )N Xa[0,1] + 2}

< CZ }dlamg F)|d+2(1 a)

j=1
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» Cover E x F with “parabolic balls” {E; x F;}{2; of the form
[t —r?, t+r? x Blx,r).
» P/ENW™YF)N X,[0,1] + @} is at most

ZP{EOW )N Xa[0,1] + 2}

< CZ }dlamg F)|d+2(1 a)

j=1

» . PIENW HF)NX,[0,1] + @} < CHyuon—a)(E x F;0).
(Vitali covering) )
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» Therefore, dim,(E x F;0) < d + 2(1 — a) implies

ENWYF)NXJ0,1] =2 as.
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» Therefore, dim,(E x F;0) < d + 2(1 — a) implies

ENWYF)NXJ0,1]=2 as.

» Theorem of McKean (1955) implies dim, (E N W™L(F)) <1 —a.

miu

UNIVERSITY
OF UTAH

«0>» «(Fr «Z» «E>» = A



» Therefore, dim,(E x F;0) < d + 2(1 — a) implies

ENWYF)NXJ0,1]=2 as.

» Theorem of McKean (1955) implies dim, (E N W™L(F)) <1 —a.
» Therefore,

dim, (En WY(F)) < 1 (dim(E x F;0) —d), .
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» Therefore, dim,(E x F;0) < d + 2(1 — a) implies

ENWYF)NXJ0,1]=2 as.

» Theorem of McKean (1955) implies dim, (E N W™L(F)) <1 —a.

» Therefore,

dim, (E N WY(F)) < L(dim,(E x F;0) —d),

» Kaufman’s theorem:

dim, (W(E)n F) < (dim,(E x F;0) —d),
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» Theorem: E N W~(F)N X,[0,1] +# @ with pos. probab. if

e~ lx= y||2/2|t s|)
peM E F) // 5] (d2)+(1—a) pldsdy) p(dtdx) < oo
1(E %

d+2ﬂ —a))
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» Theorem: E N W~1(F) N X,[0,1] + @ with pos. probab. if

e—lx= y||2/2|t —s|)
peny| E F) // 5] @i Aldsdy)pldtdx) <oo
1 (E x

d+2(1 —a))

> J(B) < const-olls,y);(t,x))P.
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» Theorem: E N W~1(F) N X,[0,1] + @ with pos. probab. if

e—lx= y||2/2|t —s|)
peny| E F) // 5] @i Aldsdy)pldtdx) <oo
1 (E x

d+2(1 —a))

> J(B) < const-olls, y); (t,x))P.
» [/ J(d+2(1 —a))d(z x p) < const x Riesz energy of p in
dimension d + 2(1 — a).
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Proof when d > 2
dim, (W(E) N F) = dim,,(E x F;0) — d

» Theorem: E N W~1(F)N X,[0,1] # @ with pos. probab. if

[x—y|?/(2]t-s|) iy e
t .
ﬂEMlExF//It_S|d/2 (5 Y) ( X)<oo

d+2 (1-a))

> J(B) < const - (s, y); (t,x)) P,
» [[§(d+2(1 —a))d(p x p) < const x Riesz energy of u in

dimension d + 2(1 — «).
» If dim,(E x F;0) > d +2(1 —a) then ENW™YF)N X,[0,1] + @
w.p.p.
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Proof when d > 2
dim, (W(E) N F) = dim,,(E x F;0) — d

» Theorem: E N W~1(F)N X,[0,1] # @ with pos. probab. if

[x—y|?/(2]t-s|) iy e
t .
ﬂEMlExF//|t_S|d/2 (5 Y) ( X)<oo

d+2 (1-a))

v

J(B) < const-alls, y); (t,x)) .

[ §(d+2(1 —a))d(p x p) < const x Riesz energy of u in
dimension d + 2(1 — «).

v

» If dim,(E x F;0) > d +2(1 —a) then ENW™YF)N X,[0,1] + @
W.p.p.

» McKean’s theorem (1955):
| dimy, (E 0 W F)) || o) > 3{dimy,(E x F;0) —d . Y
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» Actually showed: "d > 1,

|dim, (E N W_I(F))HLOO(P) - %{ dimy, (E > F30) = d} '

+
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» Actually showed: "d > 1,

[dim, (E 0 W) gy = 3 dim, (E x Fi) - d} .

+

» Kaufman (1972) proved this when d = 1 by direct covering.
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» Actually showed: "d > 1,

[dim, (E 0 W) gy = 3 dim, (E x Fi) - d} .

+

» Kaufman (1972) proved this when d = 1 by direct covering.

» Hawkes (1978) has shown a version of Kaufman’s theorem, valid
for stable subordinators.
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Actually showed: Yd > 1,

\{

[dim, (E 0 W) gy = 3 dim, (E x Fi) - d} .

+

v

Kaufman (1972) proved this when d = 1 by direct covering.

v

Hawkes (1978) has shown a version of Kaufman’s theorem, valid
for stable subordinators.

\{

Hawkes conjectured a formula when W < SS(a). Conjecture is
correct.
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> Let Xl,Xz,

., Xy be N iid. a-stable processes in RY
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» Let X1, X5,..., Xy be N iid. a-stable processes in R
» All independent of each other and the Br. motion W.
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» Let X1, X5,..., Xy be N iid. a-stable processes in R
» All independent of each other and the Br. motion W.
» Additive stable process:

Xolt) i= Xp(tr) +--- + Xnlty) "t RV
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» Let X1, X5,..., Xy be N iid. a-stable processes in R
» All independent of each other and the Br. motion W.
» Additive stable process:

X (t) := Xq(ty) + - + Xn(tn) Yt e Rf.

» Theorem of Hirsch-Song (1994):

p {9@1(;&’) NG+ @} ~0 iff Capy_,n(G)> 0.
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Comments on the case d = 1

v

Let X1, X5,..., Xn be N iid. a-stable processes in R
All independent of each other and the Br. motion W.
Additive stable process:

X (t) = Xq(t1) + -+ + Xn(tn) “t e Ry.

v

v

v

Theorem of Hirsch-Song (1994):
p {9@@{1’) NG+ @} >0 iff Capy_,y(G)> 0.

Frostman’s theorem =

v

dim,G>d —aN = XL,RY)NG+ 2 wpp
dim, G <d—-aN = L,RV)NG=02 as
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Comments on the case d = 1

v

Let X1, X5,..., Xn be N iid. a-stable processes in R
All independent of each other and the Br. motion W.
Additive stable process:

X (t) = Xq(t1) + -+ + Xn(tn) “t e Ry.

v

v

v

Theorem of Hirsch-Song (1994):
p {9ca(RQ’> NG+ @} >0 iff Capy_,y(G)> 0.

Frostman’s theorem =

dim,G>d—-aN = L.RY)NG+2 wpp
dim,G<d—-aN = L,RY)NG=2 as

v

» Computes dim,, G (Taylor, 1961; K, 2001; K-Xiao-Shieh, D00G ™
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» Theorem: If d > aN then W(E)n F N Xa(RY) £ @ wp.p. iff
e MUE x F): 8g_anln) < oo,

where

o e~ Ix=yl?/2|t-s]) ded ded
o = | gy s ldsan
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» Theorem: If d > aN then W(E)n F N Xa(RY) £ @ wp.p. iff
e MUE x F): 8yg_an(nt) < oo,

where

o e~ lx=yl?/2|t-s]) dsd dsd
o = | oy s lasan

» This formula is true in all dimensions d > 1.
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» Theorem: If d > aN then W(E)n F N Xa(RY) £ @ wp.p. iff
e MUE x F): 8yg_an(nt) < oo,

where

o e~ lx=yl?/2|t-s]) dsd dsd
o = | oy s lasan

» This formula is true in all dimensions d > 1.
» This proves that || dim, (W(E) N F)||~p) is the critical B where
&p(p) < oo for some p e My(E x F).
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Comments on the case d = 1

» Theorem: If d > aN then W(E)n F N Lo (RY) + & wp.p. iff
pe Mi(E x F): 8qanlp) < oo,

where

. o Ix—y|2/2]t-s) edullded

» This formula is true in all dimensions d > 1.

» This proves that || dim (W(E) N F)||;p) is the critical § where
&p(p) < oo for some p € My(E x F).

» Open problem: “Why” is it that when d > 2,

.o ) _ H . _ 9
sup {B > gl.gA/;lr}EXF)éog(m < oo} {dim,(E x F;0) —d}.7 U
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