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Two Problems:

1. An extinction problem for interacting diffusions
2. Optimal regularity of stochastic PDEs

» Part of a big-picture analysis of intermittency & sensitivity of
complex systems

» Connections to topics such as metastability & phase transition
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Large-scale structure of galaxies
S. F. Shandarin and Ya B. Zeldovich, Rev. Modern Phys. (1989)
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» duy = Auydby, where by = 1([0, t]) denotes 1-D Brownian motion
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» du; = Auydby, where by = n([0, t]) denotes 1-D Brownian motion
» The solution is the exponential martingale, us := e

Abi—(22t/2)
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A simple model for intermittency

[(x) = guy(x) + Aug(x)me, uo(x) = 1]

(Zeldovich-Ruzmaikin-Sokoloff, 1990)

» du; = Auydby, where by = n([0, t]) denotes 1-D Brownian motion
» The solution is the exponential martingale, us := e*?t —*1/2)

» uy > 0as A — o0
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A simple model for intermittency

[(x) = guy(x) + Aug(x)me, uo(x) = 1]

(Zeldovich-Ruzmaikin-Sokoloff, 1990)

v

duy = Augdby, where by = ([0, t]) denotes 1-D Brownian motion
Abg—(A2t/2)

v

The solution is the exponential martingale, u; := e

v

u — 0as A — 0
E(uf) = exp {42t} — oo (fast!) as A — oo

v
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A SHE simulation [u(x)

1

sy (x) + Aur(x)ne(x),
up(x) = sin(mrx), 0 < x < 1; uy(0) = us(1) = 0.]

A = 0 (left; us(x) = sin(mx) exp(—7*t/2)) and A = 0.1 (right)

D. Khoshnevisan (U. Utah)

Dissipation and High Disorder

March 6, 2015

5/18



A simulation [t1(x) = %u;’(x) + Aug(x)ne(x),

up(x) = sin(mrx), 0 < x < 1; ue(0) = ug(1) = 0.]
A =2 (left) and A = 6 (right)

var't; from O to 0.1 [scaled] varx; from 0o 1 [scaled]
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» dug(x) = (Agaug)(x)dt + Aug(x)dBy(x), x € Z9, 1 > 0
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» dug(x) = (Agaug)(x)dt + Aug(x)dBy(x), x € Z9, 1 > 0

» Solution exists and is unique if up € L°(Z4) [Shiga—Shimizu, 1980]

«0>» «(Fr «Z» «E>» = A



Carmona-Molchanov Theory

> dulx) = (Agauy)(x)dt + Aug(x)dByi(x), x € Z4, 1 > 0
» Solution exists and is unique if uy € L>®(Z4) [Shiga-Shimizu, 1980]

Theorem (R. Carmona- S. Molchanov, 1994)

Consider, say, up(x) = 1. Then:
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» Solution exists and is unique if uy € L>®(Z4) [Shiga-Shimizu, 1980]

Theorem (R. Carmona- S. Molchanov, 1994)

Consider, say, up(x) = 1. Then:
> = limy_. t ! log |[ut(x)|| ey exists and is finite Yk > 1.
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Carmona-Molchanov Theory

> dulx) = (Agauy)(x)dt + Aug(x)dByi(x), x € Z4, 1 > 0
» Solution exists and is unique if uy € L>®(Z4) [Shiga-Shimizu, 1980]

Theorem (R. Carmona- S. Molchanov, 1994)

Consider, say, up(x) = 1. Then:

» 7= limy_o t ! log [lut(x)|| ey exists and is finite Vk > 1.
» If d = 1,2, then 7, > 0.
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Carmona-Molchanov Theory

> dulx) = (Agauy)(x)dt + Aug(x)dByi(x), x € Z4, 1 > 0
» Solution exists and is unique if uy € L>®(Z4) [Shiga-Shimizu, 1980]
Theorem (R. Carmona- S. Molchanov, 1994)

Consider, say, up(x) = 1. Then:

> 7k = lim,oo t 1 log |ue(x)|| ) exists and is finite Yk > 1.
» Ifd =1,2, then 7, > 0.
» Ifd > 3, then 3k(A) such that 7, > 0 iff k > E(A).
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Carmona-Molchanov Theory

> dulx) = (Agauy)(x)dt + Aug(x)dByi(x), x € Z4, 1 > 0
» Solution exists and is unique if uy € L>®(Z4) [Shiga-Shimizu, 1980]

Theorem (R. Carmona- S. Molchanov, 1994)

Consider, say, up(x) = 1. Then:

Ve = limy_o t 71 log |us(x)| 1ep) exists and is finite Vk > 1.
Ifd =1,2 then 9y > 0.

If d > 3, then 3k(A) such that y, > 0 iff k > k(A).

v > 0 Vk > K iff k— vy is strictly increasing on [K , co).
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Carmona-Molchanov Theory

> dulx) = (Agauy)(x)dt + Aug(x)dByi(x), x € Z4, 1 > 0
» Solution exists and is unique if uy € L>®(Z4) [Shiga-Shimizu, 1980]

Theorem (R. Carmona- S. Molchanov, 1994)

Consider, say, up(x) = 1. Then:

Ve = limy_o t 71 log |us(x)| 1ep) exists and is finite Vk > 1.
Ifd =1,2 then 9y > 0.

If d > 3, then 3k(A) such that y, > 0 iff k > k(A).

v > 0 Vk > K iff k+— v, is strictly increasing on [K , co).

vV vy VvYyYy

» e, If A,d > 1 then many of the moments do not grow fast.
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» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(uy(x))dBy(x),
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» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(us(x))dBy(x),

where:
» t>0,xeZd;
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» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(u¢(x))dB¢(x), where:
» t>0 xeZ

» up(x) = cpdo(x) Vx € Z9, where ¢y > 0;
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» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(us(x))dBy(x),

where:
» t>0,xeZs

> ug(x) = coolx) Vx € Z9, where co > 0;

» o0:R — R Lipschitz continuous nonrandom function;
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» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(ug(x))dBe(x), where:

t>0xeZ%

up(x) = coplx) Vx € Z9, where cg > 0;

o0 : R — R Lipschitz continuous nonrandom function;

G= generator of a rate-1, finite-range, mean-0 random walk on Z¢;
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Interacting Diffusions

» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(ug(x))dBe(x), where:

t>0xecZ%

up(x) = cobo(x) Vx € Z4, where cq > 0;

o0 : R — R Lipschitz continuous nonrandom function;

G= generator of a rate-1, finite-range, mean-0 random walk on Z¢;
A > 0 [coupling constant, level of the noise, ...];
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Interacting Diffusions

» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(ug(x))dBe(x), where:

t>0xecZ%

up(x) = cobo(x) Vx € Z4, where cq > 0;

o0 : R — R Lipschitz continuous nonrandom function;

G= generator of a rate-1, finite-range, mean-0 random walk on Z¢;
A > 0 [coupling constant, level of the noise, ...];

3 a solution and is unique [Shiga and Shimizu, 1980].
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Interacting Diffusions

» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(ug(x))dBe(x), where:

t>0xecZ%

up(x) = cobo(x) Vx € Z4, where cq > 0;

o0 : R — R Lipschitz continuous nonrandom function;

G= generator of a rate-1, finite-range, mean-0 random walk on Z¢;
A > 0 [coupling constant, level of the noise, ...];

3 a solution and is unique [Shiga and Shimizu, 1980].

Assume that 0(0) = 0 and inf|,.¢ |0(z)/z] > 0.
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Interacting Diffusions

» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(ug(x))dBe(x), where:

t>0xecZ%
up(x) = cobo(x) Vx € Z4, where cq > 0;
o0 : R — R Lipschitz continuous nonrandom function;
G= generator of a rate-1, finite-range, mean-0 random walk on Z¢;
A > 0 [coupling constant, level of the noise, ...];
3 a solution and is unique [Shiga and Shimizu, 1980].
Assume that 0(0) = 0 and inf|,.o |0(z)/z| > 0.
» Corollary: uy(x) > 0 as. Vi > 0,x € Z¢ [Georgiou et al, 2014; Shiga,
1992];
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Interacting Diffusions

» Now consider interacting diffusions of the following type:

duy(x) = (Guy)(x) + Ao(ug(x))dBe(x), where:

t>0xecZ%
up(x) = cobo(x) Vx € Z4, where cq > 0;
o0 : R — R Lipschitz continuous nonrandom function;
G= generator of a rate-1, finite-range, mean-0 random walk on Z¢;
A > 0 [coupling constant, level of the noise, ...];
3 a solution and is unique [Shiga and Shimizu, 1980].
Assume that 0(0) = 0 and inf|,.o |0(z)/z| > 0.
» Corollary: uy(x) > 0 as. Vt > 0,x € Z¢ [Georgiou et al, 2014; Shiga,
1992];
» Corollary: “Moment intermittency” [Foondun-K, 2009].

vVVYy VvV VvV VvV VY

D. Khoshnevisan (U. Utah) Dissipation and High Disorder March 6, 2015 8/18



» Let {X{}t>0 denote the G-random walk.
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» Let {X{}+>0 denote the G-random walk.

» Heat kernel p¢(x) := P{X; = x} [t > 0,x € Z9].
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» Let {X{}+>0 denote the G-random walk.
» Heat kernel p¢(x) := P{X; = x} [t > 0,x € Z9].

» If A = 0 then uy(x) = cop¢(—x) [Kolmogorov, Fokker-Planck].
Therefore, local dissipation/extinction: limy_, ., us(x) = 0.
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Local Dissipation/Extinction
duy(x) = (Gu)(x) + Ao(us(x))dBy(x) uo(x) = cobol(x)

» Let {X{}t~0 denote the G-random walk.
» Heat kernel p¢(x) := P{X; = x} [t > 0,x € Z9].

» If A = 0 then u¢(x) = cop¢(—x) [Kolmogorov, Fokker-Planck].

Therefore, local dissipation/extinction: lim¢_,, u(x) = 0.
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Local Dissipation/Extinction
dut(x) = (Gue)(x) + Ao(u(x))dBi(x) uo(x) = cobo(x)

» Let {X{}t>0 denote the G-random walk.

» Heat kernel py(x) := P{X; = x} [t > 0,x € Z9].

» If A = 0 then u¢(x) = cop¢(—x) [Kolmogorov, Fokker-Planck].
Therefore, local dissipation/extinction: limy_,q, u(x) = 0.

> Theorem (Carmona-Koralov—Molchanov, 2001;
Carmona-Molchanov, 1994; Cranston—-Mountford-Shiga, 2002;
Shiga, 1992)

d>1=34 >0: A > XA = lim¢, ux) =0 a.s. [fast!] Vx € VA
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» Let {X{}t>0 denote the G-random walk.

» Heat kernel py(x) := P{X; = x} [t > 0,x € Z9].
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> Theorem (Carmona-Koralov—Molchanov, 2001;
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Local Dissipation/Extinction
dut(x) = (Gue)(x) + Ao(u(x))dBi(x) uo(x) = cobo(x)

» Let {X{}t>0 denote the G-random walk.

» Heat kernel py(x) := P{X; = x} [t > 0,x € Z9].

» If A = 0 then u¢(x) = cop¢(—x) [Kolmogorov, Fokker-Planck].
Therefore, local dissipation/extinction: limy_,q, u(x) = 0.

> Theorem (Carmona-Koralov—Molchanov, 2001;
Carmona-Molchanov, 1994; Cranston—-Mountford-Shiga, 2002;
Shiga, 1992)

d>1=3 >0: A> A = limi,e usx) = 0 as. [fastl] Vx € Z4.

» Theorem (Georgiou-Joseph-K-Shiu, 2014)
d>3=34>0: 0<A <A = lim¢ o SUPeza Ut(x) = 0 as.
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Local Dissipation/Extinction
dut(x) = (Gue)(x) + Ao(u(x))dBi(x) uo(x) = cobo(x)

» Let {X{}t>0 denote the G-random walk.

» Heat kernel py(x) := P{X; = x} [t > 0,x € Z9].

» If A = 0 then u¢(x) = cop¢(—x) [Kolmogorov, Fokker-Planck].
Therefore, local dissipation/extinction: limy_,q, u(x) = 0.

> Theorem (Carmona-Koralov—Molchanov, 2001;
Carmona-Molchanov, 1994; Cranston—-Mountford-Shiga, 2002;
Shiga, 1992)

d>1=3 >0: A> A = limi,e usx) = 0 as. [fastl] Vx € Z4.
» Theorem (Georgiou-Joseph-K-Shiu, 2014)
d>3=34>0: 0<A <A = lim¢ o SUPeza Ut(x) = 0 as.

» le, Local dissipation is generic [also Greven-den Hollander, 2007]
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» Consider the total mass process m(1), where

xezd

m) = Juelpze = 3 Judo)l = 3 wilx)

xezd

[t = 0.
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» Consider the total mass process m(1), where

xezd

mi(A) = ullprze = Y | Jurdx)] = > uilx)

» Fact 1. mo(A) = co > 0.

xezd

[t > 0.
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» Consider the total mass process m(1), where

xezd

mi(A) = ullprze = Y | Jurdx)] = > uilx)

» Fact 1. mo(A) = co > 0.

[t > 0]
xeZd

» Fact 2. m(}) is a nonnegative, mean-cy, continuous martingale

[Spitzer, 1980; Dawson—Perkins, 2012]. Here is the proof:
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Global Dissipation/Extinction
duy(x) = (Gu)(x) + Ao(us(x))dBy(x) uo(x) = cobol(x)

» Consider the total mass process m(A), where

mi(A) = Jullpze = Y | Jud)] = > wlx) [t > 0]

xeZd xezd

» Fact 1. mg(A) = ¢p > 0.
» Fact 2. m(}) is a nonnegative, mean-cy, continuous martingale
[Spitzer, 1980; Dawson—Perkins, 2012]. Here is the proof:
» Apply Duhamel’s pepl [Shiga and Shimizu, 1980]:

uilx) = copy(- ”Z/ pe-sly - x)olus(y)) dBi(y).
yezd
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Global Dissipation/Extinction
duy(x) = (Gu)(x) + Ao(us(x))dBy(x) uo(x) = cobol(x)

» Consider the total mass process m(A), where

my(A) = gy = ) o)l = Y S wlx) [t >0,

xeZd xeZd

» Fact 1. mg(A) = ¢p > 0.
» Fact 2. m(}) is a nonnegative, mean-cy, continuous martingale
[Spitzer, 1980; Dawson—Perkins, 2012]. Here is the proof:
» Apply Duhamel’s pcpl [Shiga and Shimizu, 1980]:

us(x) = coprl—x) + 1 Y / Pt—s(y — x)0(us(y)) dBs(y).
vezd 70

» Therefore, my(X) = ¢ + A 7[0 o(us) - dBs.
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Global Dissipation/Extinction
duy(x) = (Gu)(x) + Ao(us(x))dBy(x) uo(x) = cobol(x)

» Consider the total mass process m(A), where

my(A) = gy = ) o)l = Y S wlx) [t >0,

xeZd xeZd

» Fact 1. mg(A) = ¢p > 0.
» Fact 2. m(}) is a nonnegative, mean-cy, continuous martingale
[Spitzer, 1980; Dawson—Perkins, 2012]. Here is the proof:
» Apply Duhamel’s pcpl [Shiga and Shimizu, 1980]:

uilx) = copy(~ msztsy ©olus(v)) dByly).

ygzd
» Therefore, my(A) = g + A fo - dBs.
» Therefore, my,(A) := limy_, m1()h> eXISts a.s. and is finite a.s.
[Doob’s MCT]
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> Theorem (Chen-Cranston-K-Kim, 2015)
» Ifd =1,2 then m,(A) = 0 as.
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> Theorem (Chen-Cranston-K-Kim, 2015)
» Ifd =1,2 then m,(A) = 0 as.
» Ifd>3t enEI)L = Acld) €

(0, c0) such that:
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> Theorem (Chen-Cranston-K-Kim, 2015)
» Ifd =1,2 then m,(A) = 0 as.

» Ifd > 3 then 3. = A.(d) € (0, c0) such that:
> IfA > A, then m(A) = 0 as.
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> Theorem (Chen-Cranston-K-Kim, 2015)
» Ifd =1,2 then m,(A) = 0 as.

» Ifd > 3 then 3. = A.(d) € (0, c0) such that:
> If A > A, then my(A) = 0 as.

> If0 < A < A, then m,(A) > 0 with positive probab. [“system
survival” a la Liggett, 1985]
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Global Dissipation/Extinction
duy(x) = (Guy)(x) + Ao(u(x))dBy(x) uo(x) = cobo(x) my(A) := D rezd W(x)

> Theorem (Chen-Cranston-K-Kim, 2015)

» Ifd =1,2 then my(A) =0 as.
» If d > 3 then JA. = A.(d) € (0, o) such that:
> If A > A, then my(A) =0 a.s.
» If0 < A < A, then m(A) > 0 with positive probab. [‘system
survival” a la Liggett, 1985]

» Agrees, in principle, with the high-vs-low disorder regimes of
random polymers [Ph. Carmona and Hu, 2006].
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Global Dissipation/Extinction
dui(x) = (Guy)(x) + Ao(u(x))dBi(x) uo(x) = cobo(x) my(A) i= 3, cza t(x)

> Theorem (Chen-Cranston-K-Kim, 2015)

» Ifd =1,2 then my(A) =0 as.
» If d > 3 then JA. = A.(d) € (0, o) such that:
> If A > A, then my(A) =0 a.s.
» If0 < A < A, then m(A) > 0 with positive probab. [‘system
survival” a la Liggett, 1985]

» Agrees, in principle, with the high-vs-low disorder regimes of

random polymers [Ph. Carmona and Hu, 2006].

» Implies delocalization when d > 3 and A < Ac.
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Global Dissipation/Extinction
dui(x) = (Guy)(x) + Ao(u(x))dBi(x) up(x) = codp(x) my(A) = ZIEZd u(x)

> Theorem (Chen-Cranston-K-Kim, 2015)

» Ifd =1,2 then my(A) =0 as.
» If d > 3 then JA. = A.(d) € (0, o) such that:
> If A > A, then my(A) =0 a.s.
» If0 < A < A, then m(A) > 0 with positive probab. [‘system
survival” a la Liggett, 1985]

» Agrees, in principle, with the high-vs-low disorder regimes of
random polymers [Ph. Carmona and Hu, 2006].

» Implies delocalization when d > 3 and A < A.

> A = Ac is open.
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Global Dissipation/Extinction
dui(x) = (Guy)(x) + Ao(u(x))dBi(x) uo(x) = cobo(x) my(A) i= 3, cza t(x)

> Theorem (Chen-Cranston-K-Kim, 2015)

» Ifd =1,2 then my(A) =0 as.
» If d > 3 then JA. = A.(d) € (0, o) such that:
> If A > A, then my(A) =0 a.s.
» If0 < A < A, then m(A) > 0 with positive probab. [‘system
survival” a la Liggett, 1985]

» Agrees, in principle, with the high-vs-low disorder regimes of
random polymers [Ph. Carmona and Hu, 2006].

» Implies delocalization when d > 3 and A < A.
> A = Ac is open.

» Is there a second phase point? [Probably not].
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» Emulate/translate a low-moment idea from additive interacting
particle systems and/or semilinear SPDEs [Liggett, 1985;
Mueller-Tribe, 2004].
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» Emulate/translate a low-moment idea from additive interacting

particle systems and/or semilinear SPDEs [Liggett, 1985;
Mueller-Tribe, 2004].

» Choose and fix an arbitrary n € (0,1)—say n = /2.
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Sketch of the Proof

duy(x) = (Guy)(x) + Ao(u(x))dBy(x) uo(x) = cobolx)  mylA) = 35 cza uelx)

» Emulate/translate a low-moment idea from additive interacting
particle systems and/or semilinear SPDEs [Liggett, 1985;
Mueller-Tribe, 2004].

» Choose and fix an arbitrary n € (0,1)—say n = /2.
> f(t) := E(y/m¢(A))
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» Emulate/translate a low-moment idea from additive interacting
particle systems and/or semilinear SPDEs [Liggett, 1985;
Mueller-Tribe, 2004].

» Choose and fix an arbitrary n € (0,1)—say n = /2.
> f(t) = E(v/m(a))
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Sketch of the Proof

duy(x) = (Guy)(x) + Ao(u(x))dBi(x) up(x) = cobo(x) mi(A) i= ) cza ur(x)

» Emulate/translate a low-moment idea from additive interacting

particle systems and/or semilinear SPDEs [Liggett, 1985;
Mueller-Tribe, 2004].

» Choose and fix an arbitrary n € (0,1)—say n = /2.
» f(t) := E(n/m¢(A)) satisfies the diff. inequality,

_ _ 2
1)< —a sup f(1) expg vK*/t)
Kela,bf] K

where a,b,a,y € (0, c0) are not germaine to the discussion.
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Sketch of the Proof

duy(x) = (Guy)(x) + Ao(u(x))dBi(x) up(x) = cobo(x) mi(A) i= ) cza ur(x)

» Emulate/translate a low-moment idea from additive interacting
particle systems and/or semilinear SPDEs [Liggett, 1985;
Mueller-Tribe, 2004].

» Choose and fix an arbitrary n € (0,1)—say n = /2.

» f(t) := E(n/m¢(A)) satisfies the diff. inequality,

f(t) — exp(—yK?/t)

f(t) < —a sup c

Kela,bt]

forall t > 1,

where a,b,a,y € (0, c0) are not germaine to the discussion.
» Conclude that

exp (—qt'’® ifd=1,
iy <p. | OP(=a)
exp (—rvlogt) ifd=2.
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> It follows that

E < mt()L)>

{exp <_Bt1/3) itd =1,

exp (-CylIogt) ifd=2.



» It follows that

E( mfw)gA-{

exp (—Bt!/3)

ifd=1,
exp (-Cy/logt) ifd=2.
» t+— \/my(A) is a continuous super martingale.
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» It follows that

_Rt1/3 ifd =1

e (Vi) < . [PPLBY)id-t
exp (-Cy/logt) ifd=2.

» t— \/my(A) is a continuous super martingale.

» Use Doob’s max. inequality & the Borel-Cantelli lemma to
deduce that, with probability one,

—Et3 ifd=1,
mi <o [00E)

exp (—Fylogt) ifd=2.
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Sketch of the Proof

duy(x) = (Guy)(x) + Ao(u(x))dBi(x) up(x) = cobo(x) mi(A) i= ) cza ur(x)

» [t follows that

—— exp (—Bt!) ifd=1,
E( mtw) =4 {exp(—cx/log f) ifd=2.

» t+— /my(A) is a continuous super martingale.
» Use Doob’s max. inequality & the Borel-Cantelli lemma to
deduce that, with probability one,

exp (—Et!3) ifd=1,
exp (—Fylogt) ifd=2.

» In particular, m.,(A) = 0 as. when d =1, 2.

my(A) < D- ‘[
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Sketch of the Proof

duy(x) = (Gug)(x) + Ao(u(x))dBy(x) up(x) = cobo(x) my(A) i= 3, cza w(x)

» [t follows that

E(\/M) SA.{exp(JSt“) ifd=1,

exp (—=Cy/logt) ifd=2.

» t+— /my(A) is a continuous super martingale.
» Use Doob’s max. inequality & the Borel-Cantelli lemma to
deduce that, with probability one,

exp (—Et!3) ifd=1,
exp (—Fylogt) ifd=2.
In particular, my(A) = 0 as. when d = 1, 2.

Are there good lower bound? We can only prove that Vd > 1 and
A >0, E/my(A) > G-exp(—Ht) as t — oo as.
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» Next we prove the existence of a unique phase point.
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» Next we prove the existence of a unique phase point.
» One can apply a comparison theorem

[Cox-Fleischmann-Greven, 1996] to deduce that if t > 0 and
A > >0, then Ee ™M) > Ee~mi),
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» Next we prove the existence of a unique phase point
» One can apply a comparison theorem

[Cox-Fleischmann-Greven, 1996] to deduce that if t > 0 and
%> >0, then Ee™™®* > Ee~mil),

» Send t — oo to see that if A > A > 0, then Ee~ —Meo () > Ee~ Mo (A)
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Sketch of the Proof

duy(x) = (Gug)(x) + Ao(u(x))dBy(x) up(x) = cobo(x) my(A) i= 3, cza w(x)

» Next we prove the existence of a unique phase point.

» One can apply a comparison theorem
[Cox— Flelschmann—Greven 1996] to deduce that if f > 0 and
A > A >0, then Ee ™ > Ee-milt

» Send t — oo to see that if A > A > 0, then Ee™ Moo, ) > BEe M),

» Therefore,

Ao = inf {A>0: my ) =0as.}

sup {A >0: Be MW 1}

I

I

inf {2 > 0: Be™™% — 1]

=0< A <
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> Orurlx) = uy(x) + Ao(u(x))&(x)

[£ = space-time white noise]
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» Opuy(x) = uy(x) + Ao(u(x))&(x)

[£ = space-time white noise]

«0>» «(Fr «Z» «E>» = A

» t >0, xeR, uy € L*R) nonrandom, 6(0) =0, 0: R - R
Lipschitz and inf, |o(x)/x| > 0, A > 0.



» Orut(x) = uy(x) + Ao(us(x))&(x) [€ = space-time white noise]

» t >0, xeR, uy € L*°(R) nonrandom, 6(0) =0, 0: R - R
Lipschitz and inf, |o(x)/x| > 0, A > 0.

» A unique continuous solution exists [Krylov-Rozovskii, 1977;
Pardoux, 1972/1975; Walsh, 1986]
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Continuous SPDEs

> Orur(x) = uf(x) + Ao(u(x))élx)
» t >0 x€eR, up e L*°R) nonrandom, 6(0) =0, 0 : R - R
Lipschitz and inf, |o(x)/x| > 0, A > 0.

» A unique continuous solution exists [Krylov—Rozovskii, 1977;

Pardoux, 1972/1975; Walsh, 1986]
» Fact. If ug € L'(R) N L*(R) then us € L'(R) a.s. for all t > 0.
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Continuous SPDEs

> Oulx) = uf(x) + Ao(ue(x))&(x)
» t >0, xeR, upe L*R) nonrandom, 6(0) =0, 0: R - R
Lipschitz and inf, |o(x)/x| > 0, A > 0.

» A unique continuous solution exists [Krylov—Rozovskii, 1977;

Pardoux, 1972/1975; Walsh, 1986]
» Fact. If ug € L'(R) N L™(R) then us € L'(R) as. for all t > 0.

> Theorem (Chen-Cranston-K-Kim, 2015)
If up € LY(R) n L®(R) is > 0, then 3A, B € (0, 00) such that a.s,

] u¢(x) dx = / |ug(x)| dx < Ae Bt for all t large.

—00 —00
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Continuous SPDEs

> Oulx) = uf(x) + Ao(ue(x))&(x)
» t >0, xeR, upe L*R) nonrandom, 6(0) =0, 0: R - R
Lipschitz and inf, |o(x)/x| > 0, A > 0.

» A unique continuous solution exists [Krylov—Rozovskii, 1977;

Pardoux, 1972/1975; Walsh, 1986]
» Fact. If ug € L'(R) N L™(R) then us € L'(R) as. for all t > 0.

> Theorem (Chen-Cranston-K-Kim, 2015)
If up € LYR) N L®°(R) is > 0, then 34, B € (0, c0) such that a.s,

] u¢(x) dx = / |ug(x)| dx < Ae Bt for all t large.

—00 —00

» For eq’s on compact sets, |us]|;1 < Ae B! as. ...this is sharp.
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» Orur(x) = uf(x) + Ao(ur(x))&(x)

[as before]



> Jrurlx) = uf(x) + Ao(u(x))&lx)
Pazy, Kato, ...]

[as before]
» Want properties that are conserved over time [Lunardi, 1995;
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» Orur(x) = uf(x) + Ao(ur(x))&(x)

» Want properties that are conserved over time [Lunardi, 1995;
Pazy, Kato, ...]

» E.g, we have already see that

[as before]
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Comments on Optimal Regularity of SPDEs

The L' Case

> Orulx) = uy(x) + Ao(u(x))&(x)

» Want properties that are conserved over time [Lunardi, 1995;

Pazy, Kato, ...]
» E.g., we have already see that
» uyp > 0= us >0Vt >0 as.
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» E.g., we have already see that
» up > 0=u >0Vt>0as.
» up € L'(R)= us € LYR) Vt > 0 as.
» Also, up € L*(R) = u; € L*(R) Vt > 0 a.s. [Dalang—Mueller, 2003]

Theorem (Chen-K-Kim, 2015)
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Comments on Optimal Regularity of SPDEs

The L' Case

> Jruilx) = uf(x) + Ao(uy(x))&(x)
» Want properties that are conserved over time [Lunardi, 1995;
Pazy, Kato, ...]
» E.g., we have already see that
» up > 0=u >0Vt>0as.
» up € L'(R)= us € LYR) Vt > 0 as.
» Also, up € L*(R) = u; € L*(R) Vt > 0 a.s. [Dalang—Mueller, 2003]

Theorem (Chen-K-Kim, 2015)
ug ¢ LYR) = us ¢ LY(R) Vt>0as.
» “Reason” For all g large, if u and v solve our SPDE then

Cov (Jutlpimy . 1Vl imy) < KeP'8gluo, vo) Vi > 0.
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Comments on Optimal Regularity of SPDEs

The L' Case

> Jruilx) = uf(x) + Ao(uy(x))&(x)
» Want properties that are conserved over time [Lunardi, 1995;
Pazy, Kato, ...]
» E.g., we have already see that
» up > 0=u >0Vt>0as.
» up € L'(R)= us € LYR) Vt > 0 as.
» Also, up € L*(R) = u; € L*(R) Vt > 0 a.s. [Dalang—Mueller, 2003]

Theorem (Chen-K-Kim, 2015)
ug ¢ LYR) = us ¢ LY(R) Vt>0as.
» “Reason” For all B large, if u and v solve our SPDE then
Cov ([lullpimy . Ivillimy) < KeP'8glug, vo) ¥t > 0.

» What about optimal reg. in L*°?
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> Orut(x) = uf(x) + Ao(ulx))&r(x)

[as before]



> Oruy(x) = uy(x) + Ao(u(x))&(x)

[as before]
» We just saw that ug € L'(R) iff u; € LY(R) for all t > 0.
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> Oruy(x) = uy(x) + Ao(u(x))&(x)

[as before]
» We just saw that up € L'(R) iff u; € LY(R) for all t > 0.

» That is, the SPDE behaves as its nonrandom counterpart [A = 0].
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Comments on Optimal Regularity of SPDEs

The L Case

v

Orur(x) = uy(x) + Ao(ur(x))&(x)
We just saw that ug € L'(R) iff us € L'(R) for all t > 0.
That is, the SPDE behaves as its nonrandom counterpart [A = 0].

v

v

» The L* analysis is a little different b/c of “chaos.”
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Comments on Optimal Regularity of SPDEs

The L Case

v

Orue(x) = uf(x) + Ao(u(x))&(x)
We just saw that ug € L'(R) iff us € L'(R) for all t > 0.
That is, the SPDE behaves as its nonrandom counterpart [A = 0].

v

v

» The L* analysis is a little different b/c of “chaos.”

v

First, two facts:
Theorem

» (Foondun-K, 2010) If uy is Lipschitz continuous [say] with
compact support, then sup,.p u(x) < oo a.s. for all t > 0.
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Comments on Optimal Regularity of SPDEs

The L Case

v

Orue(x) = uf(x) + Ao(u(x))&(x)
We just saw that ug € L'(R) iff us € L'(R) for all t > 0.
That is, the SPDE behaves as its nonrandom counterpart [A = 0].

v

v

» The L* analysis is a little different b/c of “chaos.”

v

First, two facts:
Theorem

» (Foondun-K, 2010) If ug is Lipschitz continuous [say] with
compact support, then sup,p u(x) < co a.s. for all t > 0.

» (Conus et al, 2013) If inf up(x) > 0 then sup,.g ut(x) = 0o a.s. for
all t > 0.
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» Suppose up(x) = up(—x) Vx € R and uyg is decreasing on [0, co)
with limy o, up(x) = 0.
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with limy_, . tg(x) = 0.

» Suppose up(x) = up(—x) Vx € R and ug is decreasing on [0, co)
» Suppose the following exists in [0, co]:

1
A= lim [ 1og uo(x]|

oo [log x]25
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Comments on Optimal Regularity of SPDEs

The L Case

» Suppose up(x) = up(—x) Vx € R and ug is decreasing on [0, co)
with limy o, up(x) = 0.

» Suppose the following exists in [0, co]:

X —00 [1091]2/3
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» Suppose up(x) = up(—x) Vx € R and ug is decreasing on [0, co)
with limy o, up(x) = 0.

» Suppose the following exists in [0, co]:

X—00 [1091]2/3

> Theorem (Chen-K-Kim, 20??)

» A = 0o iff sup,cp ut(x) < co as. for all t > 0O;
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» Suppose the following exists in [0, co]:

X—00 [1091]2/3

> Theorem (Chen-K-Kim, 20??)
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Comments on Optimal Regularity of SPDEs

The L Case

» Suppose up(x) = up(—x) Vx € R and ug is decreasing on [0, co)
with limy o, up(x) = 0.

» Suppose the following exists in [0, co]:

im [og uo(x)]

A:=1 :
xgl;lo [1091]2/3

> Theorem (Chen-K-Kim, 20??)

» A = 00 iff sup,cp Wi(x) < co as. for all t > 0O;

» A =0 iff supyeg Wlx) = 00 as. for all t > 0;

» 0 < A < oo iffas. 3t € (0,00) such that sup,.g ut(x) < oo for all
0 < t < T and sup,cg ut(x) = 0o for all t > .

D. Khoshnevisan (U. Utah) Dissipation and High Disorder March 6, 2015 18/ 18



