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Hausdorff Measure and Dimension

If Ac RY and s > 0 then

n=1 n=1

HS(A) = inf{ §(2rn)S :AC G B(Xn,m), 0 <r, < e}.
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Hausdorff Measure and Dimension

If Ac RY and s > 0 then

o0

HS(A) = inf{ Z (2r)°: AC fj B(Xn,m), 0 <r, < e}.

n=1 n=1

Definition (Hausdorff, 1919)

The s-dimensional Hausdorff measure of A is

HE(A) 1= limHE(A).

Spherical measure (Besicovitch)
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Hausdorff Measure and Dimension

Theorem (Hausdorff, 1919)

For all s > 0, the restriction of HS to Borel sets in RY is a measure.
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Hausdorff Measure and Dimension

Theorem (Hausdorff, 1919)

For all s > 0, the restriction of HS to Borel sets in RY is a measure.

Definition (“Hausdorff Dimension”; Hausdorff, 1919)

dim, A=sup{s: H®(A) = oo} =inf{s > 0: H%(A) = 0}.
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Hausdorff Measure and Dimension

Definition (s-dimensional energy of 1 € Z(A); M. Riesz)

[ #(dx) p(dy)
I (1) -—/ TRyl
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Hausdorff Measure and Dimension

Definition (s-dimensional energy of 1 € Z(A); M. Riesz)

= [[ SOy [[og, x —y [ (o) n(ay).

X —yls
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Hausdorff Measure and Dimension

Definition (s-dimensional energy of 1 € Z(A); M. Riesz)

o= [ PRI 1 = [[log, =y i@ ().

Definition (s-dimensional capacity of A; C. Gauss, M. Riesz)

il
Cs(A) := Leing(A) Is(u)] , infg:=o00, 1/00:=0.
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Hausdorff Measure and Dimension

Definition (s-dimensional energy of 1 € Z(A); M. Riesz)

o= [ PRI 1 = [[log, =y i@ ().

Definition (s-dimensional capacity of A; C. Gauss, M. Riesz)

il
Cs(A) := Leing(A) Is(u)] , infg:=o00, 1/00:=0.

Men are liars. We'll lie about lying if we have to. I'm an algebra liar. | figure two good lies make a positive.
—Tim Allen
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Hausdorff Measure and Dimension

Theorem (Frostman, 1935)

dim,A=sup{s >0: %s(A) >0} =inf{s >0: %(A)=0}.
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Hausdorff Measure and Dimension

Theorem (Frostman, 1935)

dim,A=sup{s >0: %s(A) >0} =inf{s >0: %(A)=0}.

If 3 € 2(A) and s > 0 such that
Is(u) = [f |x —y|7S u(dx) p(dy) < oo then dim, A > s.
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Hausdorff Measure and Dimension

Theorem (Frostman, 1935)

dim,A=sup{s >0: %s(A) >0} =inf{s >0: %(A)=0}.

If 3 € 2(A) and s > 0 such that
Is(u) = [f |x —y|7S u(dx) p(dy) < oo then dim, A > s.
Formally, ¢s(A) := 1ifs <O0.
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Hausdorff Measure and Dimension

Ifx €[0,1] thenx =32, x;37J where x; € {0,1,2} [ignore triadic
rationals].
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Hausdorff Measure and Dimension

Ifx €[0,1] then x = 32, 371 where x; € {0,1,2} [ignore triadic
rationals].

Then dim, C = logz 2 where C = {x € [0,1] : x; =0 or 2}.
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Hausdorff Measure and Dimension

Ifx €[0,1] then x = 32, 371 where x; € {0,1,2} [ignore triadic
rationals].

Then dim, C = logz 2 where C = {x € [0,1] : x; =0 or 2}.

Proof of upper bound: Cover C with 2" intervals of length 2/3".
= H5.,(C) <2" x (2°3™"™) — 0if s > log; 2.

= dim, C <log; 2.
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Hausdorff Measure and Dimension

Proof of Lower Bound:
Let X1,Xp,... beiid. P{X; =0} =P{X; =2} =1/2.
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Hausdorff Measure and Dimension

Proof of Lower Bound:
Let X1,Xp,... beiid. P{X; =0} =P{X; =2} =1/2.

X =
j

X;
3— eC “uniform(C) distribution” (Cantor, Lebesgue)

uMg
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Hausdorff Measure and Dimension

Proof of Lower Bound:
Let X1,Xp,... beiid. P{X; =0} =P{X; =2} =1/2.

X =
j

X;
3— eC “uniform(C) distribution” (Cantor, Lebesgue)

uMg

Is(12) //“ () y,s —E|X — Y| X andY iid copies
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Hausdorff Measure and Dimension

Proof of Lower Bound:
Let X1,Xp,... beiid. P{X; =0} =P{X; =2} =1/2.

X =
j

X;
3— eC “uniform(C) distribution” (Cantor, Lebesgue)

uMg

(1) = //de o ) _E[X—Y|* XandY iid copies

< 3NS
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Hausdorff Measure and Dimension

Proof of Lower Bound:
Let X1,Xp,... beiid. P{X; =0} =P{X; =2} =1/2.

X =
j

X;
3— eC “uniform(C) distribution” (Cantor, Lebesgue)

uMg

(1) = //de o ) _E[X—Y|* XandY iid copies

< E3M, N:=min{n:X, #Y,} =Geom(1/2).
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Hausdorff Measure and Dimension

Proof of Lower Bound:
Let X1,Xp,... beiid. P{X; =0} =P{X; =2} =1/2.

X =
j

X;
3— eC “uniform(C) distribution” (Cantor, Lebesgue)

uMg

(1) = //de o ) _E[X—Y|* XandY iid copies
< E3M, N:=min{n:X, #Y,} =Geom(1/2).

= ls(p) < oo if s < logs 2.

D. Khoshnevisan (Salt Lake City, Utah) ICSAA, Seattle '06 7123



Sierpinski’s Triangle A
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Sierpinski’s Triangle A
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Sierpinski’s Triangle A
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Sierpinski’s Triangle A
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Sierpinski’s Triangle A

Exercise
Compute dim, A
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0,2]; i.e.,
 Eexp(i€ - Xa(t)) = exp(—t|¢|*/2) for all ¢ € RY;
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0,2]; i.e.,
 Eexp(i€ - Xa(t)) = exp(—t|¢|*/2) for all ¢ € RY;
» {Xa(t +35) — Xa(S) }>o is independent of {X,(u)}o<u<s:
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0,2]; i.e.,
 Eexp(i€ - Xa(t)) = exp(—t|¢|*/2) for all ¢ € RY;
» {Xa(t +35) — Xa(S) }>o is independent of {X,(u)}o<u<s:
O {Xa(t +5) — X4(8) }t=0 has the same f.d.d.'s are {X,(u)}y>0;
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0,2]; i.e.,
 Eexp(i€ - Xa(t)) = exp(—t|¢|*/2) for all ¢ € RY;
» {Xa(t +35) — Xa(S) }>o is independent of {X,(u)}o<u<s:
O {Xa(t +5) — X4(8) }t=0 has the same f.d.d.'s are {X,(u)}y>0;
» P{|Xa(t) —Xa(s)| > €} —0ast — s forall e > 0;
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0,2]; i.e.,
E exp(i€ - Xa(t)) = exp(—t|¢|*/2) for all ¢ € RY;
{Xa(t +8) — X4(S) }t>0 is independent of {X,(u)}o<u<s;
{Xa(t +5) — Xa(S) }t=0 has the same f.d.d.'s are {X,(u)}y>0;
P{|Xa(t) — Xa(s)| > €} — 0ast — s forall e > 0;

t — X,(t) can be—and will be—assumed to be right-continuous
with left-limits everywhere [discontinuities of the first kind only];
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0,2]; i.e.,
E exp(i€ - Xa(t)) = exp(—t|¢|*/2) for all ¢ € RY;
{Xa(t +8) — X4(S) }t>0 is independent of {X,(u)}o<u<s;
{Xa(t +5) — Xa(S) }t=0 has the same f.d.d.'s are {X,(u)}y>0;
P{|Xa(t) — Xa(s)| > €} — 0ast — s forall e > 0;

t — X,(t) can be—and will be—assumed to be right-continuous
with left-limits everywhere [discontinuities of the first kind only];

X is pure-jump (Lévy, It0) if « < 2; BM is o = 2 (Wiener).
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0,2]; i.e.,
E exp(i€ - Xa(t)) = exp(—t|¢|*/2) for all ¢ € RY;
{Xa(t +8) — X4(S) }t>0 is independent of {X,(u)}o<u<s;
{Xa(t +5) — Xa(S) }t=0 has the same f.d.d.'s are {X,(u)}y>0;
P{|Xa(t) — Xa(s)| > €} — 0ast — s forall e > 0;

t — X,(t) can be—and will be—assumed to be right-continuous
with left-limits everywhere [discontinuities of the first kind only];

X is pure-jump (Léwvy, It0) if & < 2; BM is a = 2 (Wiener).
a has to be in (0, 2] (Herzog, Bochner, Lévy).
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0, 2].
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0, 2].

Theorem (McKean, 1955)

For all A ¢ RY compact,

P {X.([1,2]) NA# &} > 0iff €4 _,(A) > 0.
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Stable Processes

Let X, be a symmetric stable process in RY with index o € (0, 2].

Theorem (McKean, 1955)

For all A ¢ RY compact,

P {X.([1,2]) NA# &} > 0iff €4 _,(A) > 0.

References:
[Probab] Kakutani (1944), Dvoretzky, Erdés, and Kakutani (1950).
[Analysis] Nevanlinna (1936), Noshiro (1948), Ninomiya (1953).
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Stable Processes

McKean: A is hit by X,, iff €4_,(A) >0
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Stable Processes

McKean: A is hit by X,, iff €4_,(A) >0
Frostman: d — dim,, A is the critical « such that ¢ _,(A) > 0.
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Stable Processes

McKean: A is hit by X, iff €4_,(A) >0
Frostman: d — dim,, A is the critical « such that ¢ _,(A) > 0.

Corollary (Taylor, 1966)

If dim, A > d — 2 then

dim, A =inf{a € (0,2]: P{X.([1,2])NA £} >0}.
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Stable Processes

McKean: A is hit by X, iff €4_,(A) >0
Frostman: d — dim,, A is the critical « such that ¢ _,(A) > 0.

Corollary (Taylor, 1966)

If dim, A > d — 2 then

dim, A =inf{a € (0,2]: P{X.([1,2])NA £} >0}.

What if « < d —2? 4 answer by Peres (1996, 1998) in terms of fractal
percolation.
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Stable Processes

McKean: A is hit by X, iff €4_,(A) >0
Frostman: d — dim,, A is the critical « such that ¢ _,(A) > 0.

Corollary (Taylor, 1966)
If dim, A > d — 2 then

dim, A =inf{a € (0,2]: P{X.([1,2])NA £} >0}.

What if « < d —2? 4 answer by Peres (1996, 1998) in terms of fractal
percolation. For processes one can use ideas of Evans (1987a,b),
Fitzsimmons and Salisbury (1989), Ren (1990), Hirsch and Song
(1994, 1995a-d), Hirsch (1995), ....
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Stable Processes

McKean: A is hit by X, iff €4_,(A) >0
Frostman: d — dim,, A is the critical « such that ¢ _,(A) > 0.

Corollary (Taylor, 1966)
If dim, A > d — 2 then

dim, A =inf{a € (0,2]: P{X.([1,2])NA £} >0}.

What if « < d —2? 4 answer by Peres (1996, 1998) in terms of fractal
percolation. For processes one can use ideas of Evans (1987a,b),
Fitzsimmons and Salisbury (1989), Ren (1990), Hirsch and Song
(1994, 1995a-d), Hirsch (1995), .... d a simple answer.
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Additive Stable Processes

Let Xq, X5, ... be i.i.d. symmetric stable processes in RY, all with the
same stability index « € (0, 2], and form the (N ,d) random field,

XN@(t) = Xl(tl) SFooc +XN(tN) fort = (tl,. oc ,tN) S R'J\Ir
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Additive Stable Processes

Let Xq, X5, ... be i.i.d. symmetric stable processes in RY, all with the
same stability index « € (0, 2], and form the (N ,d) random field,

XN@(t) = Xl(tl) SFooc +XN(tN) fort = (tl,. oc ,tN) S R'J\lr

Theorem (Hirsch and Song, 1995; Kh. 2002)
Let A C RY be compact and nonrandom. Then,

P {xNﬂ (R[ﬁ) NA # @} >0 & Gy_na(A) > 0.
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A Connection to Harmonic Analysis

If s € (0,d) then the Fourier transform (a la Schwartz) of |x|~S is
c|x[s~9. “Therefore,’

,u / s—d |~5(4)(2
b/ 1t t)[ dt.
// y|s o [ EC)

RY xRd
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A Connection to Harmonic Analysis

If s € (0,d) then the Fourier transform (a la Schwartz) of |x|~S is
c|x[s~9. “Therefore,’

,u / s—d |~5(4)(2
b/ 1t t)[ dt.
// y|s o [ EC)

RY xRd

=

1 N
3 _ ~ e (2
C4-Na(A) >0 & “pe ZA): » <1+ |t|“> |a(t)] dt < oco.
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A Connection to Harmonic Analysis

If s € (0,d) then the Fourier transform (a la Schwartz) of |x|~S is
c|x[s~9. “Therefore,’

:u / s—d |~(+)(2
—C t t)|” dt.
// y|3 Rd ‘ | ’/"L( )‘

RY xRd

=

1 N
3 _ PN
C4-Na(A) >0 & “pe ZA): » <1+ |t|“> |f2(t)|” dt < oo.

This can be improved generically.
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A More Generic Variation

Additive Lévy Processes

X1, X, ... Lévy processes in RY;
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A More Generic Variation

Additive Lévy Processes

X1, X, ... Lévy processes in RY;
E exp(i¢ - Xj(t)) = exp(—tW¥j());
Vi, ..., ¥y :RY = C, “neg. def” (Schoenberg)
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A More Generic Variation

Additive Lévy Processes

X1, X, ... Lévy processes in RY;
E exp(i¢ - Xj(t)) = exp(—tW¥j());
Vi, ..., ¥y :RY = C, “neg. def” (Schoenberg)

X(t) = Xl(tl) qF ©0° aF XN (tN) “ALP”
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A More Generic Variation
Additive Lévy Processes

Theorem (Kh. and Xiao, 2006)

X (RY) & A can have positive Leb. meas. iff 3 € 2(A) such that

/Rd r! (1+\U(t ) 7i(t)[? dt < oo.
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A More Generic Variation
Additive Lévy Processes

Theorem (Kh. and Xiao, 2006)

X (RY) & A can have positive Leb. meas. iff 3 € 2(A) such that

/Rd r! (1+\|; (t) ) |ﬁ(t)|2 dt < oo.

Improves older versions (Orey, 1967; Kesten, 1969; Hawkes,
1984; Kh., Xiao, and Zhong, 2003).
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A More Generic Variation
Additive Lévy Processes

Theorem (Kh. and Xiao, 2006)

X (RY) & A can have positive Leb. meas. iff 3 € 2(A) such that

/Rd r! (1+\|; (t) ) |ﬁ(t)|2 dt < oo.

Improves older versions (Orey, 1967; Kesten, 1969; Hawkes,
1984; Kh., Xiao, and Zhong, 2003).

Proof is very long.
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A More Generic Variation

Additive Lévy Processes

Let X be an ALP (Vq,...,Vy)and Y an indept M-parameter add.
stable a. Then:

o X(RY) @ Y (RY) is the range of the (N + M ,d) ALP

Z(t®s):=X({t)+Y(s) forteRY,seRY.
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A More Generic Variation

Additive Lévy Processes

Let X be an ALP (Vq,...,Vy)and Y an indept M-parameter add.
stable a. Then:

o X(RY) @ Y (RY) is the range of the (N + M ,d) ALP
Z(t®s):=X({t)+Y(s) forteRY,seRY.

o “Conditional on X(RM) = A’ X(RY) & Y (RY) =A@ Y (RY).
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A More Generic Variation
Additive Lévy Processes

Let X be an ALP (Vq,...,Vy)and Y an indept M-parameter add.
stable a. Then:

X(RY) @ Y (RM) is the range of the (N + M ,d) ALP
Z(t®s):=X({t)+Y(s) forteRY,seRY.

“Conditional on X(RM) = A’ X(RY) @ Y (RY) =A@ Y (RY).

Corollary (Kh. and Xiao, 2006)

A 1 dt
: Ny _ :
d|mHX(R+)_sup{s>0. /RdelRe<1+\IJj(t)) RS <oo}.
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A More Generic Variation

Additive Lévy Processes

References: Taylor (1952/53), McKean (1959), Blumenthal and
Getoor (1960, 1961), Pruitt (1969), Fristedt (1974), Kh., Xiao, and
Zhong (2003), Kh. and Xiao (2006).
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The One-Parameter Case

Let X be a Lévy process in RY. Then (Kh., Xiao, and Zhong, 2003)

: 1 dt
dlmHX(R+)_sup{s>0. /RdRe<1+\U(t)) T[S <oo}.

“Hendricks’s index”
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The One-Parameter Case

Let X be a Lévy process in RY. Then (Kh., Xiao, and Zhong, 2003)

: 1 dt
dlmHX(R+)_sup{s>0. /RdRe<1+\U(t)) T[S <oo}.

“Hendricks’s index”
Also,

o
dimHX(R+):sup{a>O: Iimigfrla/ P{IX(s)| Sr}esds:o}.
r— 0

“Pruitt’s index”
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The One-Parameter Case

Define

[ s/ ) 1
W(r):= /Rd |_|jd:l(l+xj2) dx where k(t):=Re <1+\U(t))'

Theorem (Kh. and Xiao, 2006)

: . logW(r)
dlmHX(R+)_I|r:1anf T
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The One-Parameter Case

Define

[ s/ ) 1
W(r):= /Rd |_|jd:l(l+xj2) dx where k(t):=Re <1+\U(t))'

Theorem (Kh. and Xiao, 2006)

: . logW(r)
dlmHX(R+)_I|r:1anf T

limsup = dim, X(R) (Kh. Xiao, 2006)
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The One-Parameter Case

Define

[ s/ ) 1
W(r):= /Rd |_|jd:l(l+xj2) dx where k(t):=Re <1+\U(t))'

Theorem (Kh. and Xiao, 2006)

: . logW(r)
dlmHX(R+)_I|r:1anf T

limsup = dim, X(R) (Kh. Xiao, 2006)
Open Problem: What if X is ALP?
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Derivation of the Dimension Formula

FT.. (F1)(2) = [re €77F(x)dx
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Derivation of the Dimension Formula

FT.. (F1)(2) = [re €77F(x)dx

d 1 —cos(2rx)
)= "%me
= j

O ¢r >0, [ga ¢r(x)dx < oo
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Derivation of the Dimension Formula

FT.. (F1)(2) = [re €77F(x)dx

d 1 —cos(2rx)

Or (X) = jl:ll 27_”.Xj2

O ¢r >0, [ga ¢r(x)dx < oo
o (Fér)(2) =MLy (1 —[z]/(2r)))*
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d 1 —cos(2rx)

Or (X) = jl:ll 27_”.Xj2

O ¢r >0, [ga ¢r(x)dx < oo
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Derivation of the Dimension Formula

FT.. (F1)(2) = [re €77F(x)dx

d 1 —cos(2rx)
)= "%me
= j

O ¢r >0, [ga ¢r(x)dx < oo

> (Fe)(2) = ML (L~ Iz]/@r))*
P 0< For <1

' z€B(0,r)=1—(2r)%z|>1
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O ¢r >0, [ga ¢r(x)dx < oo

> (Fe)(2) = ML (L~ Iz]/@r))*
P 0< For <1

' z€B(0,r)=1—(2r)%z|>1

D. Khoshnevisan (Salt Lake City, Utah) ICSAA, Seattle '06 20/23



Derivation of the Dimension Formula

FT.. (F1)(2) = [re €77F(x)dx

d 1 — cos(2rx;
6 (%)= T 27m521)
j=1 j
O ¢r >0, [ga ¢r(x)dx < oo
> (Fr)(z) = rljdzl(l —lzl/(2r))*
»0< For <1
' 2€B(0,r) = 1—(2r)z| > 5 = 1go,n(2) <29 (Fér)(2)
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Derivation of the Dimension Formula
Upper Bound

P{IX(s)| <r} <29E [(F¢r)(X(s))]
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Derivation of the Dimension Formula
Upper Bound

P{IX(s)| <1} < 29E [(F b )(X(S))] _2d/¢ £)e V@ de
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Derivation of the Dimension Formula
Upper Bound

P{X(S) < 1} < 2E[(Fo)(X ()] =2 [ dn(©)e ¥ O dg

/mP{]X(s)ISr}e*Sds < 2"/ K(X)¢r (x) dx
0 i

D. Khoshnevisan (Salt Lake City, Utah) ICSAA, Seattle '06 21/23



Derivation of the Dimension Formula
Upper Bound

P{IX(s)| <1} < 29E [(F b )(X(S))] _2d/¢ £)e V@ de

/OOP{]X(S)ISr}e*SdS < 2"/ K(X)¢r (x) dx
0 i+
< 29w(r),

because (1 —cosz)/z? < 2m/(1+ z?).
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Derivation of the Dimension Formula
Lower Bound
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Derivation of the Dimension Formula
Lower Bound

o S(t) = (Su(t),...,Sa(t))
) Sq,...,Sy indept of each other and X
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Derivation of the Dimension Formula
Lower Bound

o S(t) = (Su(t),...,Sa(t))
) Sq,...,Sy indept of each other and X

> Cauchy processes in R, all with the same characteristic function
E[eizsl(t)] = e_t‘z|_
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Derivation of the Dimension Formula
Lower Bound

Efexp{iX(t)- S(\)}] = Elexp{-A 5L, [X;(t)[}]
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Derivation of the Dimension Formula
Lower Bound

Efexp{iX(t)- S(\)}] = Elexp{-A 5L, [X;(t)[}]

e—t\Il()\x)

(1)

i 1
E [eX®-sM] = E [e-t¥(s() :7/ _& T ux
[ } [ ] md JRrd |_|jd:1(1+xj2)
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Derivation of the Dimension Formula
Lower Bound

Efexp{iX(t)- S(\)}] = Elexp{-A 5L, [X;(t)[}]

e—t\Il()\x)

(1)

i 1
E [eX®-sM] = E [e-t¥(s() :7/ _& T ux
[ } [ ] md JRrd |_|jd:1(1+xj2)

= exp{—(k/r) 3L, x|} < 1g(or)(X) + € () (X).
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Derivation of the Dimension Formula
Lower Bound

Efexp{iX(t)- S(\)}] = Elexp{-A 5L, [X;(t)[}]

e—t\Il()\x)

(1)

i 1
E [eX®-sM] = E [e-t¥(s() :7/ _& T ux
[ } [ ] md JRrd |_|jd:1(1+xj2)

= exp{—(k/r) 3L, x|} < 1g(or)(X) + € () (X).
= 1g(o,n)(X) > E[exp{ix - S(k/r)}] — e *1g(g)e(x)
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Derivation of the Dimension Formula
Lower Bound

Efexp{iX(t)- S(\)}] = Elexp{-A 5L, [X;(t)[}]

e—t\Il()\x)

(1)

XS] _ e [atwsoyn] 1 [ e "
o] e o] L [ 0
= exp{—(k/r) 3L, x|} < 1g(or)(X) + € () (X).
= 1g(on(x) = E[exp{ix - S(k/r)}] — e ¥ 1g (g )e(X)
= (1 — e *)1g(on(x) > E[exp{ix - S(k/r)}] —e ¥
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Derivation of the Dimension Formula
Lower Bound

Efexp{iX(t)- S(\)}] = Elexp{-A 5L, [X;(t)[}]

e—t\Il()\x)

(1)

: 1
E [eX®sM] — g [e-t¥O)] = L / g g
|:e :| |:e ] d Rd |_|Jd:1(l +Xj2) X
= exp{—(k/r) 3L, x|} < 1g(or)(X) + € () (X).
= 1g(or)(X) > E[exp{ix - S(k/r)}] — e_le(o,r)c (x)
= (1-e™)1p(op)(x) > Efexp{ix - S(k/r)}] — e ¥
=

(1- e*k)/OOOP{|X(s)\ <rleSds>—e ¥+ WidW(r/k).
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Derivation of the Dimension Formula
Lower Bound

Efexp{iX(t)- S(\)}] = Elexp{-A 5L, [X;(t)[}]

e—t\Il()\x)

(1)

i 1
E [eX®-sM] = E [e-t¥(s() :7/ _& T ux
[ } [ ] md JRrd |_|jd:1(1+xj2)

= exp{—(k/r) 3L, x|} < 1g(or)(X) + € () (X).
= 1g(o,)(X) > E[exp{ix - S(k/r)}] — e *1g(o e (X)
= (1 — e *)1g(on(x) > E[exp{ix - S(k/r)}] —e ¥

=

(1- e*k)/OOOP{|X(s)\ <rleSds>—e ¥+ WidW(r/k).

Set k :=r ¢ to finish.
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