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Brownian Sheet

{B(s,t)}st>0 = Brownian sheet in RY [Ron Pyke]
two-parameter Gaussian proc. with i.i.d. coord fncs
Cov(B(s,t), B(u,v)) =min(s,u)min(t,v).

Continuous paths [ ]

s+— B(s,e)=aBMinC|0,1]

s— e *B(s,e?*)aBMin C[0,1]

t — e 'B(e,e?) Malliavin's process (Ornstein—Uhlenbeck proc.
on C[0,1]; inv meas = Wiener) [Paul-André Meyer]
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[Brownian sheet]

. ]
[Ron Pyke and Paul-André Meyer, 1971 Oberwolfach]
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Random Walker’s View (d = 1 say)

Invariance

Xi,j IId, EX”‘ =0, VarXid- =1.

1
Sn(S,t) = - Xiyj 0<s,t <1,
n 1<i<ns 1<) <nt

Theorem (Pyke)

Sn = Brownian sheet on [0, 1]2.
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Coin Tosser’s View (d = 1 say)

First Goal: Adding Dynamics

Given a probab meas v find a nice station MP with inv meas v
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Given a probab meas v find a nice station MP with inv meas v
() Rate-one PP with jump times T1, T, ...
O Select Z(0) ~ v indep of PP
O Z(t)=2Z(0)forallt € [0,Ty)
) Z(T1) =id copy of Z(0) ~ v
O Z(t)=2(Ty)forallt € [T1,Ty)
) Z(T,) =id copy of Z(T,) etc
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Coin Tosser’s View (d = 1 say)

Second Goal: Invariance

v a probab meas on R

[xv(dx) =0and [x2v(dx) =1 say

X1(t), X2(t), . .. iid station MP with invariant meas v as before
Sn(t) := Xq(t) +---+ Xp(t) for t > 0.

Theorem (Kh., Levin, Méndez, 2006)
1 —t 2t
\/ﬁsn(t)=>e B(s,e )

“=" means weak conv in space D([0,1] , D[0,1]) ~ D([0, 1]?) (Bickel
and Wichura) ;
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References

The model is due to Benjamini, Haggstrom, Peres, and Steif
(2003); they ascribe a version to Malliavin

> Rusakov (1995) a preliminary version for a related model
Conjecture of Benjamini, Haggstrom, Peres, and Steif (2003)
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Exceptional Slices

Setd = 1. Att =1, the slice along s € [1,2] does not hit O
[B(s,1) # 0], but there can 3s € [1,2] such that B(s,1) = 0.
dim,, of these slices =1/2 (Lévy)
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Exceptional Slices

Example (Fukushima, 1984)

Setd = 1. Att =1, the slice along s € [1,2] does not hit O
[B(s,1) # 0], but there can 3s € [1,2] such that B(s,1) = 0.
dim,, of these slices =1/2 (Lévy)

Theorem (Penrose, 1990)

Setd = 1. Every slice along s € [1,2] hits 0 at some time t € [1, 2]
[B(s,t) = 0] with pos. probab.
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Exceptional Slices

... Still more interesting when d > 1.

Theorem (Orey and Pruitt, 1973; Fukushima, 1984)

J(s,t) €[1,2]2 > B(s,t)=0iffd < 3.
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Exceptional Slices

Theorem (2006)

F C[1,2] compact, non-random.

P{Hs €F: B(s,t)=0forsomet e [1,2]} >0 & %g-_2/2(F)>0.
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Exceptional Slices

Theorem (2006)

F C[1,2] compact, non-random.

P{Hs €F: B(s,t)=0forsomet e [1,2]} >0 & %g-_2/2(F)>0.

Example
SetF :=W~1({0})N[1,2], where W is an independent 1-D BM. Then,

P{Hsewfl({o}): B(S,t):OforsometE[l,Z]} >0 & d=1,2.
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Exceptional Slices

Corollary (Penrose, 1990)

Whend € {2,3},

dim,{s€[1,2]: B(s,t) =0forsomet € [1,2]}:2—%.

dim, < 0= @.
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Exceptional Slices

Corollary (Penrose, 1990)

Whend € {2,3},

dim, {s€[1,2]: B(s,t) =0forsomet [1,2]}:2—%.

dim, <0=@. [Leb {---} =0]

Theorem (Rosen, 1984)
When d € {2,3},

dim,B71({0}) =2 — %.

Marstrand (1954)
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A Uniform Result

Theorem (2006)

When d € {23}, outside one null set:

dim, (B_l({O}) N({s} x (0,oo))> =0 foralls>0.
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A Uniform Result

Theorem (2006)

When d € {23}, outside one null set:

dim, (B_l({O}) N({s} x (0,00))) =0 foralls>0.

A “cat scan” will destroy all fine features of the level-sets.
False when d = 1: dim, --- = 1/2 Vs (Penrose, 1990)

Open Pbm: d € {2,3}: 3s 3B~ 1({0})n({s} x (0,00)) is
uncountable.
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Proof of Main Theorem

Goal:

Theorem (2006)
F C[1,2] compact, non-random.

P{as €F: B(s,t)=0forsomet e [1,2]} >0 & Gg_z)2(F) > 0.
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Proof of Main Theorem

Goal:

Theorem (2006)
F C[1,2] compact, non-random.

P{Hs €F: B(s,t)=0forsomet e [1,2]} >0 < %g_z)2(F)>0.

Theorem (1999)
F,G C [1,2] compact, nonrandom.

P {B—l({O})m(F X G) % @} >0 & Gy(F xG) > 0.

: ey
Conijecture of Kahane (1983-1985??) N =
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Proof of Main Theorem
Continued

Goal [Projection theorem for capacities]:
¢s(F x[0,1)) >0 iff %s_1(F)>0.

[A much more general fact holds.]
> [0,1) ~T.
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Proof of Main Theorem
Continued

Goal [Projection theorem for capacities]:
¢s(F x[0,1)) >0 iff %s_1(F)>0.

[A much more general fact holds.]
> [0,1) ~T.
> Al e P(F)>6s_1(F) =1/ls_1(p). Also with € - - -

D. Khoshnevisan (Salt Lake City, Utah) ICSAA, Seattle '06 15/23



Proof of Main Theorem
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Proof of Main Theorem
Continued

> Any z € R x T can be writtenas z = (z',z"),z’ e Rand z” € T.

> Ifa,b € R x T then 75(b) := a + b (addition mod one in the second
coord)

O Ta(F xT)=(a'+F) xT.

> Let e .7 denote the “equil meas” on F x T. Then, eg, o5 tisa
probab meas on 73(F x T) = (a’ + F) x T.

O epy7 and eg 1 o 7, 1 have the same s-energy.

> @p 4T = €7 0T, ©if @’ = 0. (equil meas is unique).
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Proof of Main Theorem
Conclusion

Let X bearvonF x T with Z(X) = egyT.
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Proof of Main Theorem
Conclusion

Let X bearvonF x T with Z(X) = egyT.
If a’ = 0 then £(X) = Z(7a(X)); i.e., (X', X") ~ (X" ,@" + X").

X" ~ Haar(T).

€r ><T(A X B)

= s(F X T) <61 (F).

D. Khoshnevisan (Salt Lake City, Utah)

= P{X'eA X" eB}
_ /P{X’eA,X"+a”eB}da”
L

= E[Haar(B—X"); X' € A]
= Haar(B)P{X' € A}
= u(A)Haar(B) we Z(F).

The other bound is easy.
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Self-Intersecting Slices

> A given slice has self-intersections iff d < 3 (Dvoretzky et al, 1950)
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Self-Intersecting Slices

> A given slice has self-intersections iff d < 3 (Dvoretzky et al, 1950)

» There are self-intersecting slices iff d < 5 (Fukushima, 1984;
Lyons, 1986)
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Self-Intersecting Slices

Theorem (2006)
Fix F C [1,2] compact nonrandom.

P {as € F : slice along s is self-intersecting} >0 < Cg—s)2(F) > 0.
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Self-Intersecting Slices

Theorem (2006)
Fix F C [1,2] compact nonrandom.

P {Hs € F : slice along s is self-intersecting} >0 < Cg—s)2(F) > 0.

Corollary (Mountford, 1990)

dim,, {s : slice along s is self-intersecting} = 1 A <3 = %) .
+
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A Different Class of Exceptional Slices

Letd > 3; BM is transient
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A Different Class of Exceptional Slices

Letd > 3; BM is transient

- . (logt)/e
R(s) .:|nf{a>0. Iltrﬂéng\B(s,t)]<oo .

1/R(s) := “critical escape rate” at the log level
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A Different Class of Exceptional Slices

Letd > 3; BM is transient

- . (logt)/e
R(s) .:|nf{a>0. Iltrﬂéng\B(s,t)]<oo .

1/R(s) := “critical escape rate” at the log level

Theorem (Dvoretzky and Erdés, 1951)

Foralls > 0,

P{R(s)=d -2} =1.
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A Different Class of Exceptional Slices

Letd >3
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A Different Class of Exceptional Slices

Letd >3

Theorem (2006)

F C[1,2] nonrandom compact. Almost surely:
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A Different Class of Exceptional Slices

Letd >3

Theorem (2006)

F C[1,2] nonrandom compact. Almost surely:
R(s)>d —2—2dim,F foralls € F.
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A Different Class of Exceptional Slices

Letd >3

Theorem (2006)

F C[1,2] nonrandom compact. Almost surely:
R(s)>d —2—2dim,F foralls € F.
If dim,F < (d —2)/2then R(s) =d —2 —2dim, F for somes € F.
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A Different Class of Exceptional Slices

Letd >3

Theorem (2006)

F C[1,2] nonrandom compact. Almost surely:
R(s)>d —2—2dim,F foralls € F.
If dim,F < (d —2)/2then R(s) =d —2 —2dim, F for somes € F.
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A Different Class of Exceptional Slices

Letd >3

Theorem (2006)

F C[1,2] nonrandom compact. Almost surely:
R(s)>d —2—2dim,F foralls € F.
If dim,F < (d —2)/2then R(s) =d —2 —2dim, F for somes € F.

Central Step:

{lnf inf \Bst\<e} 17 2Ke (2) N 1,
seF te[1,2]

where K := Kolmogorov capacitance of F (i.e., max points > ¢ apart
inF)
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An Integral Test

F C[1,2] compact nonrandom.
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An Integral Test

F C[1,2] compact nonrandom.
¥ :(0,00) — (0,00), meas non-decreasing.
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An Integral Test

F C[1,2] compact nonrandom.

¥ :(0,00) — (0,00), meas non-decreasing.

We say that (F , ) € FIN|o if 3 F1,F,...—closed intervals with
rational endpoints—such that:
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An Integral Test

F C[1,2] compact nonrandom.

¥ :(0,00) — (0,00), meas non-decreasing.

We say that (F , ) € FIN|o if 3 F1,F,...—closed intervals with
rational endpoints—such that:

O F=U;2,Fn; and

D. Khoshnevisan (Salt Lake City, Utah) ICSAA, Seattle '06 22/23



An Integral Test

F C[1,2] compact nonrandom.
¥ :(0,00) — (0,00), meas non-decreasing.
We say that (F , ) € FIN|o if 3 F1,F,...—closed intervals with
rational endpoints—such that:
O F =Up2,Fn; and
O Foralln>1,

0 [Kg, (1/9(x)) dx
/1 [J(d—z)/z(x) Al 7<oo
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An Integral Test

F C[1,2] compact nonrandom and ¢ : (0,00) — (0,00), meas
non-decreasing:

1/2 .
inf liminf (@) B(s,t)| = {o, if (F ,4) & FINioc,

seF t—oo oo, otherwise.
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