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The stochastic heat equation

» The archetypal equation

%u(t,x) = k(Au)(t,x)+o(u(t,x))w(t,x):

» x>0 fixed
» W = space-time white noise [f > 0, x € RY]
» o globally Lipschitz [say!]
» Typically d =1
» Important examples that arise:
» o(u) =1 [heat flow with random external environment]
» o(u) = Au [Kinetically-growing random surfaces & the
parabolic Anderson model]
» o(u) = A/u[The Brownian density process] ...

» Existence/uniqueness? Properties? ... [technicall




Discrete random walks
» Let {Sp}%_, be a random walk on Z9 with Sy := 0
» Transition matrix P:
Px7y = P(Sn+1 :y ‘Sn:X)

= P(Spi1—Sh=y—x|Sn=x)

= P{Si=y—x}.
» Generator L:

Lxy:=Pxy—Iy lly="1g4,X)

» |dentify functions with vectors, so that

(P(X):= ), Pxyf(y), [=Ef(Si+x)]
yezd

(Lf)(x) := Z Lyyf(y) [=Ef(Si+x)—1f(x)] ...
yezd




Discrete random walks

> Note (P?)y,, = P% , satisfies

FEJ/ = 2: F%QZFEJ

zezZd
= P(Spi2=y|Sn=x)
= P{S;=y—x}

» Chapman-Kolmogorov
» More generally, (P¥),,, = Py, satisfies

P)’jvy =P{Sk=y—x}
» Because vectors « functions,

(PH(x) = Y Piyf(y) [=EA(Sk+x)
yezd




An example
The discrete Laplacian
» S = simple walk on Z9:
» Pyy=(2d)'if |x—y|1=1;else Py, =0
> LX-,}’ = (20’)71 if|x=yl1=1; Lyx=—1;else, Lx,y =0
» Therefore,

1 Xyl =1,
XA, where Ayy,=4(-2d ifx=y,

0 otherwise.

» A := the discrete Laplacian on Z¢
» E.g.,,whend=1:

(Af)(x) = ZAwf(y):f(x—1)+f(x+1)—2f(x)
yel

= [f(x+1)—f(x)] = [f(x) = f(x=1)] = F/(x = 1)

f/(x) f(x—1)




An example

The discrete Laplacian

» In general:
(AN = ), {fn-fx)}
yez9:
y—x[l1=1

d
_ Z {F(x +ex) + F(x —ex) —2f(x)}
=1

0°f
; (‘”k)
» Good exercise: Prove
(f,AF) =Y 20 [(X)(Af)(x) <0 Vie Ez(Zd)

Q




More on the exercise

» The random-walk viewpoint is powerful; e.g., let us prove
(f,Lf) <0 for all f € £2(Z9)

» — (f,Pf) < (f,f)
» But |Ihs| < ||f|| x || Pf|| [Cauchy—Schwarz]
» And P is a contraction on ¢2(29), viz.:

IPAR = ¥ (EASi+x)P< ¥ E(IAS+x)P)

xezd xezd

= EY [f(Si+x)P= Y [P =]l

xezd yezd




Duhamel’s principle
» Let’s solve the discrete heat equation:

Unt1(X) = Un(X) = (LUn)(x)  + 0 (Un(X)) Fn(x)

(Pun)(x)—un(x) external force

» If a solution 3, then it is unique, and

Uni1(Xx) = Z Pxyun(y) + o (Un(x))Fn(X)
yczd

- Z Pxy ( Z Py,zun—1(z)+G(Un—1(Y))Fn—1(}/)>

yezd zeZd
+0(Un(x ))Fn( )
= Y Peotun1(2)+ Y Peyo(un1(¥))Fa1(y)

zczd yeZd

+ ) Py Y)Faly) [P7=1]

yezd




Duhamel’s principle

» Continued [t 1(X) = ¥ c70 PeyUn(y) + 0 (Un(X)) Fa(X)]:

Unpr(x) = ) Pioun 1(2)+ Z Y, P yo(Unik(¥))Fak(y)

zezd k=0yczd

= Y Pouna(2)+ Z Y Py o(unk(¥)Fak(y)
zezd k=0yczd

= Y Pl uns(z)+ Z Y, Py o(unk(¥))Fnk(y) -
zczd k=0yczd

= Y Pilw(2)+ Z Y Peyo(unk(¥)Fak(¥)
zezd k=0yezd

- (P”“u) )+ Z Y Py o (uk(y)Fi(y).

k=0yeczd




The discrete stochastic heat equation

» Let {Fy(x); n>0, x € Z9) be iid with mean zero, variance
one
[discrete space-time white noise]

> Solve: Upi1(X) — Un(x) = (Lun)(x) 4 o (Un(X)) Fn(x)
» The only possible solution:

Unea(x) = (P™1uo) (x)+ Z Y, P o(u(y))Fu(y)-

k=0yezd

» Solution 3 iff sum converges




The discrete stochastic heat equation

v

[Un1-1(x) = tn(x) = (Lun)(X) + o (Un(X)) Fn(X)]
Suppose |o(u) —o(Vv)| < Cs|u— v| [discrete Lipschitz]
For simplicity, assume (0) = 0 so that

v

v

lo(u)| < Cslu|  foralluez?

v

Suppose uy is bounded: sup, |uy(Z)| := |Up|e <
Theorem: 3! solution & “sharp growth”

v




The discrete stochastic heat equation

A semirigorous justification

» Recall the candidate solution:

Unit(X) = (P"+1Uo> +Z Y PI ko (uk(y))Fu(y)

k=0yczd

E(Jun(0P) < \Uo!2+z L | B (02(w)
< wk+2Y ¥ [P E(uP)
k=0yezd

» Define, for all { € (0,1),
HUHE = SUPpy1 SUPxeza §"E(|un(X)[?):
2 2 2 4 n—k 2 —k
E(Juni () < const- GEulf Y. B [PEA] ¢

k=1 yezd




The discrete stochastic heat equation

A semirigorous justification

> ||ull? == supp 1 SUPyeza EE(|Un(X)?)

» 0< (<1
2 2 $ k 2 k
E(|un+1(x)|> < const+ C(Z,HquZ Z PQAy ‘ 4
k=1yczd
2 2 Luy i |2
= const+ Collul &Y &Y |Pry
j=1 yezd
2 2 Ly i |2
= const+ C2|uB "YU Y P{W‘
j=1 yezd
oo . . 2
i} < const+¢Clul2Y ¢ Y P{,,y]

j=1 yezd




The discrete stochastic heat equation

A semirigorous justification

> E(Jun(X)[?) = O(§ ") it (Y74 LY ez \Pé_y\z <1
» But

¥ |A,° = T Ips=yf= X r{s=y=5]

yezd yezd yezd
_ _ _ pl
= P{§-8=0} =P,

» Therefore,

Yoy

j=0 yeZd

‘ - Z ¢/Py [E(local time of killed walk at 0)]

» Theorem: The upper Liapounov L?-exponent of u satisfies

IiTjgp{E <|un(x)‘2>}1/nS lsup{c <1: CZC Péo < 02




The discrete stochastic heat equation

Iimigp{E(lun(X)z)}L/? [sup{ge (0.1) ng/ }]1

» If |o(2)| > cs|z|, then the preceding can be reversed
[sup « inf; “< C;2” « “> ¢5?].
» In the continuous setting [L = const- A], when o(u) = Au:
» Lieb & Liniger (1963); Kardar, Parisi, & Zhang (1986);
Kardar (1987); Krug & Spohn (1991) ..
» Molchanov (1991); Bertini & Cancrini (1994); Carmona &
Molchanov (1994) ...
[Key words: Anderson model; Anderson localization;
intermittency; . ..]

» In particular, for the linear stochastic heat equation
[o = const], the solution grows subexponentially




The parabolic Anderson model in dimension (1+1)

> Upi1(X) = Un(X) = 2(AUn)(X) +AUn(X)Fn(x) YNn>0,x€Z
» 1 F; = the confluent hypergeometric function of the 1st kind

Corollary
Forallx e,

Iirpfgp{E<|un(x)\2)}1/n: [inf{é €(0.1): 1F <;1 ,C> > C;LQH




The parabolic Anderson model in dimension (1+1)

> Wantyi  OPy, [Py = P(S 5 = 0]]
» Fourier analysis —

o = gl oo (M0

- 7/ (cos)™ dg = ((2/)1u)

> PP =G+ 3)/G+1) = £y UP) = 1Fi(.1:0)




