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Chapter 1

Background Material

1. Basic Brownian Motion

Definition 1.1. A one-dimensional Brownian motion B := {By}4>¢ started
at zero is a stochastic process with the following properties:

e By =0;
e t+— B, is continuous with probability one;
e Biis— By =N(0,s) for all s >0 and t > 0;
® Bis — By is independent of {B,},c[ for all £ > 0.
A one-dimensional Brownian motion B starting at x € R is defined by

B, := W; + x, where W is a one-dimensional Brownian motion started at
zero. Note that z could in principle be a random variable independent of

{Bt}t>o0-

We recall some basic facts about one-dimensional Brownian motion B:
(1) B exists (Wiener);
(2) t +— B is nowhere differentiable a.s.;
(3) t — B is a Gaussian process with mean function EB; := EBj and
E(BsB;) = min(s,t);
(4) t — By is a martingale. That is,
E(Bt+s |cgsB) =B; as.,

where FB .= {#P} .5 is the Brownian filtration. That is:

(a) Set .Z to be the o-algebra generated by B; for all s € [0,1];
(b) define .%; to be the P-completion of .7;

(c) set FP = Ngo1.Fs.

1



2 1. Background Material

(5) t — By is a strong Markov process. That is, whenever T is a
stopping time with respect to .# 2, the “post-T process” {Bi+17 —
Bi}i>0 is a Brownian motion independent of the o-algebra ﬁf ,
where

Fp={Ae FE . An{T <t} e FP for all t > 0},

and .ZB := ;507 is the underlying o-algebra in our probability
space.

Exercise 1.2 (Kolmogorov zero-one for Brownian motion). For each ¢ > 0
define .7 to be the o-algebra generated by {B,}u>t. Let .J = Ny.%; this
is the socalled tail o-algebra for Brownian motion. Prove that .7 is trivial.
That is, P(A) =0or 1 forall A e 7.

Exercise 1.3 (Blumenthal’s zero-one for Brownian motion). Prove that
Fo = Ny>0F is trivial. That is, P(A) =0 or 1 for all A € .%,. (Hint: You
can prove this directly. Alternatively, prove first that ¢ — tB(1/t) defines a
Brownian motion also, and then appeal to the Kolmogorov zero-one law.)

2. General Brownian Motion

There are occasions where we need a slightly more general definition of
Brownian motion. Let (2,.%4,P) denote a complete probability space.
Suppose F := {F}+>0 is a filtration that satisfies the “usual hypothesis.”

That is,

1) Each % is a sub-o-algebra of .Z;

2) Fs C Fif s <t

3) % is P-complete for all ¢ > 0; and

4) Z is “right continuous.” That is, .#; = Ngs¢Fs for all t > 0.

(
(
(
(

Recall that if (S,.7) is a measure space, then an S-valued random vari-
able X : 0 — S is just a measurable function. And an S-valued stochastic
process [or sometimes just a process| is a family X := {X;}+>0 of S-valued
random variables, one for every ¢ > 0. And an S-valued process X is adapted
[to Z] if X; is F-measurable for every ¢ > 0.

Definition 2.1. Let B := {B;}+>0 denote an real-valued stochastic process.
Then we say that B is a Brownian motion, started at x € R, with respect
to the filtration % if:

(1) BO = T;
(2) Biys — Bs = N(0,t) for all ¢ > 0 and s > 0;
(3) B is adapted to .%; and
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(4) Bits — Bs is independent of .Z.

Exercise 2.2. Prove that if B is a Brownian motion with respect to some
filtration %, then B is also a Brownian motion with respect to its own
filtration .ZB.

Exercise 2.3. Let B denote a Brownian motion. Suppose {¥4;}:>0 is a
filtration that is independent of .#5. [That is, whenever A; € 4, and
Ay € FB for some s,t > 0, then P(4; N Ag) = P(A1)P(Az2).] Let #; denote

the P-completion of .Zf V%, and define .%; := Ng>4.%s. Then prove that B
is a Brownian motion with respect to . := {.%; }1>0.

Definition 2.4. Let B := { B;}:>0 denote an R?-valued stochastic process.
We say that B is a d-dimensional Brownian motion with respect to a given
filtration .7 := {%; };>0 when the coordinate processes B!, ..., B® are i.i.d.
one-dimensional Brownian motions with respect to .%.

Let #B := {#P},>0 denote the natural filtration of d-dimensional Br-
ownian motion B. Then the preceding discussion shows that B! [say] is a
one-dimensional Brownian motion with respect to .#B. And more gener-
ally, (B',...,B") is n-dimensional Brownian motion with respect to .#B
for every fixed integer n € {1,...,d}.

3. More Abstract State Spaces

3.1. Brownian Motion as a Random Variable. Recall that a set S is a
Banach space if it is a complete normed linear space in norm ||-||s. Consider
d-dimensional Brownian motion B := {Bi}c[p,1) Tun for one unit of time,
and started at z € R% One can think of B as a random element of S for
various choices of S. Here are some natural choices of S. We will need the
following technical result.

Lemma 3.1. If X is an S-valued random variable, then | X||s is an R -
valued random variable.

Proof. By a monotone class argument it is enough to prove that A :=
{||X]| < A} is measurable for all A > 0. But A is the inverse image of the
open ball in S, about the origin of S, of radius A\. The lemma follows. [J

Now let us consider some examples.

Example 3.2. Let S := C(]0, 1], R%) denote the collection of all continuous
functions mapping [0,1] into R%. Then S is a Banach space with norm
[ flle(o,1),re) = SuPgeg | f(x)]. Thus, we can think of B as a random variable

with values in the Banach space C([0,1],R9). O
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Example 3.3. Let S := LP([0,1],R%) denote the collection of all Borel-
measurable functions that map [0, 1] to R¢ with 1 £l (j0,1),R#) < 00, Where
p € [1,00) and ||fll oo mey = (fy [F(E)[Pdt)/P, as usual. If we identify
functions that are equal almost everywhere, then the resulting quotient space
£P([0,1] ,RY) is a Banach space. Because C([0,1],R%) c £P([0,1],R%), it
follows then that [the equivalence class of] B is in £P([0,1],R%). Here is a
more useful and slightly stronger result: Because ¢t — By(w) is continuous
for all w, it follows that (w,t) — By(w) is measurable. Thanks to Fubini’s
theorem, ||B|1n(0,1],re) is a real-valued random variable and

1 1
B (11 0 m0) = [ BQBIP) dt=c, [ 072 < oc,

This proves that B € LP([0,1],R%) a.s., which readily implies that the
equivalence class of B is in £P([0,1],R%) a.s. O

Example 3.4. We can also consider d-dimensional Brownian motion B :=
{B:}+>0 indexed by all nonnegative times. Define C(R; ,R?) to be the
collection of all continuous functions from R, to R? This is a Banach
space with norm,

> 1 flleo,e,me)
f b= 2k HBY
I hemme = 2 2 T

Other Banach spaces can be considered as well. O

2. Regularity of Processes. Let S be a Banach space, and suppose
X :={X;}4er is an S-valued process, where I is now some compact upright
cube []7_,[a;,b;] in R". When is X in C(I,S)? [The Banach space of
space of all continuous functions mapping I into .S, endowed with the norm
1fllcr,s) = supger ()]s ]

Ordinarily we understand X via its finite-dimensional distributions. These
are the collection of all probabilities,

P{Xy, € E1,..., Xy, € Ex},

as k varies over positive integers, t1,...,t vary over I, and FE1,..., E} vary
over Borel subsets of S. Suppose X is a priori in C(I,S). Define U to be
an independent random variable, chosen uniformly at random from I, and
set Yy = Xylyysy + (1 + Xy)1y—y. Because X is continuous, Y is not.
But Y has the same finite-dimensional distributions as X. This suggests
that we cannot hope, in general, to prove that X is in C(I,S) using only
the finite-dimensional distributions of X. Our strategy will be to prove that
in many cases X has a continuous “modification.”
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Definition 3.5. An S-valued process {Y;}ier is a modification of X if
P{X; =Y} =1foralltel.

Note that whenever Y is a modification of X, it has the same finite-
dimensional distributions as X.

Theorem 3.6 (Kolmogorov Continuity Theorem). Suppose X := {X;}er
is an S-valued process, as above, where I is a fized compact upright cube in
R™. Suppose there exist constants c,e > 0 and p > 1 such that

(3.1) E (| Xt — X,|[%) <t —s|"* forall s,t €I

Then X has a modification Y that is continuous. In fact,

Y, - Y.
E| sup M < oo provided that 0 < g < E
s,tel: |t - S|q p
s#t

Proof. Because the form of (3.1) does not change after we apply an affine
transformation to I, we can assume without loss of generality that I =
[0,1]™.

Also, because all Euclidean norms are equivalent, we may assume with-
out loss of generality that [¢| := > "_, [¢/| denotes the ¢-norm on R".

For every integer m > 1, let D,, denote the collection all points ¢t € [
whose coordinates each have the form 72~ for some integer j € {0,...,2™}.
Clearly, |Dy,| = (2™ + 1), where |- --| denotes cardinality. The collection
D := Uy_1 Dy, is the set of all “dyadic rationals” in I, and is manifestly
countable and also dense [in [].

If s,t € Dand |s—t| < 27™, then we can find sequences t,,, t;11, ... and
Sms Sm+1,- .. such that: (a) t;,s; € D; for all j > m; (b) |tm — sm| =27
and (c) |tj11 — tj] = |sj41 — 84| = 277 for all j > m; and lim, o t, = t as
well as lim,,—, Sp = s. By the triangle inequality,

o0
X, — X.|lg < 2 Xy — X e
X — Xalls <2 Jnax - [1X = Xollg

J=m |u7v|:2’j

Therefore,
o0
E SUI;) X — Xsls SQZE max || Xy, — Xylg

S,te ’U,,UGDJ' ]
|s—t| <24 lu—v[=277

Jj=m
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There are (27 4+ 1)"-many points in D;, and for each such point u, there are
at most 2n points v € D; such that |u — v| = 277. Therefore,

Ef max [1Xo— X5 | < DD E(I1Xu— Xll%)

WED;:
|uu_z;‘:2J,] U,UEDJ'Z )
|lu—v|=277
< (2n)(27 + 1) e (279)""°
< Ky 2706

This and Jensen’s inequality together implies that

o0
E Sup X — Xlls | < KMPY 27040 < Ko 2707
S,te -

e
|s—t|<27¢ !

<K' _ 27tep

C7n7p76

By the monotone convergence theorem,

El sup [[Xi—Xills | <KL, 27

s,teD: arpe
|s—t|<2—¢
To finish we note that
X, — X >
Bl op B Xells ) oShomp | G x - xs
s,teD: |t - 3|q —0 s,teD:
S;ﬁt - 2_£S|87t|§2_[_1
oo
< Ké,n,p,e Z 2511*(@&)6/277
=0

and this is finite if ¢ € [0, ¢/p). To finish, we set Y; := limg . sep Xs. O

Example 3.7. Let B denote d-dimensional Brownian motion. We know
that E(||B; — Bs||?) = d|t — s|. General facts about Gaussian processes tell
us that for all p > 2 there exists a constant ¢, such that E(||B; — Bs||P) =
cplt — s\p/ 2. Therefore, we can apply the Kolmogorov continuity theorem
with n =1, I := [a,b], and p > 2 arbitrarily large, and deduce that

B, - B
N

s,t€la,b]: ’t - S’q
s#t

< oo forall ¢ge€0,1/2).
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That is, there exists a random variable V, ;, € L'(P) [in particular, Vap < 00
a.s.] such that if ¢ € [0,1/2) is held fixed, then outside a single null set,

| By — Bs|| < Vapls —t|? forall s,t € [a,b].

In the language of classical analysis, Brownian motion is a.s. Holder con-
tinuous of any order ¢ < 1/2. The following exercise shows that B is not
Hélder continuous of order g = 1/2. O

Exercise 3.8. Show that for all A > 0,

-n 2m—1
; {ogjn%%i‘_l |Bj1)/2n = Bjjan | < A2 /2} = (1=P{|2||>Ap* 1,

where Z is a d-vector of i.i.d. standard normal random variables. Conclude
from this that with probability one, sup ||B; — Bs||/|t — s|'/? = oo, where
the supremum is taken over all unequal s,t € [a,b].

Example 3.9. Let B denote d-dimensional Brownian motion, and H, the
collection of all functions f : R, — R% with || f|| H, (R, ,RY) < 00, where

Il o e
\|f||Hq(R+,Rd);:ZQk< NLECIRY

— L+ 1 Wl a2, o, R4

Here ¢ > 0, and

1F(E) = f()
f = sup ——m— —.
” HHq([O’k]’Rd) s,te[0,k]: |t_8|q
s#t

It is easy to see that H,(R4 ,R%) is a Banach space, and the preceding
shows that B € H, (R4 ,R?) as., as long as ¢ € (0,1/2). The preceeding
shows that with probability one, B is not an element of H; /o(Ry ,RY. O

4. Continuous Martingales

Suppose .% is a filtration that satisfies the usual hypotheses. Recall that a
real-valued process M := {M;}>0 is a martingale if:

(1) M is adapted [to .Z];
(2) M; € LY(P) for all t > 0; and
(3) P{E(Mi45|%#:) = M} =1 for all s,¢t > 0.
Recall that M is [left- or right-] continuous if t — M(w) is [left- or right-]

continuous for every (sometimes almost every) w € Q. Furthermore, M is
p-times integrable [square integrable if p = 2] if E(|M;|P) < oo for all ¢ > 0.

Recall that an [0, co]-valued random variable T is a stopping time if

{Ir<t}e % forallt>0.
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[In the general theory of processes, stopping times are sometimes also called
“optional times.”]

If T is a stopping time, then we define
Fr={Aec Fy: AN{T <t} € F for every t > 0}.

Lemma 4.1. T is Fp-measurable. Moreover, if X is a left- or right-
continuous adapted process, then Xrp is Fp-measurable.

Finally, let us recall three fundamental theorems of martingale theory.

Theorem 4.2 (Doob’s optional stopping theorem). If M is a [left- or
right-] continuous martingale, then for all finite stopping times T, MT :=
{Mnt}i>0 is a [left- or right-] continuous martingale. In particular,

E(Miar) = E(My) for all t > 0.

Theorem 4.3 (Doob’s weak maximal inequality). Suppose M is a [left- or
right-] continuous martingale. Consider the event A that Supgefo, [ Ms| = A,
where t > 0 and X\ > 0 are fized and nonrandom. Then AP(A) < E(|M|; A).

Theorem 4.4 (Doob’s strong maximal inequality). Suppose M is a [left-
or right-] continuous martingale. Then for allt > 0 and p € [1,00),

E( sup [MP | < ¢"E(|MP),
s€[0,t]

where p~! 4+ ¢~ = 1.

All three are proved by first using the fact that {M;}icr is a discrete-
parameter martingale whenever F is a finite subset of R4. And then using
continuity and a sequence of F’s that exhaust R. The following is another
result from martingale theory. I will prove it, since its proof is slightly
different from the argument described just now.

Theorem 4.5 (Doob’s martingale convergence theorem). If M is a [left-
or right-] continuous martingale that is bounded in L'(P), then My, :=
limy oo My exists almost surely, and E(|Mx|) < co.

Proof. Thanks to Fatou’s lemma, it suffices to prove that M., exists a.s.
Because {M;}ez, is a discrete-parameter martingale that is bounded in
L'(P), the discrete-parameter martingale convergence theorem implies that
MZ = limy_o.tez, My exists a.s. For every fixed s > 0, the process
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t — My, s— M is a continuous martingale that is bounded in L!(P). [The fil-
tration is the one generated by the process, for instance.] Therefore, Doob’s
maximal inequality (Theorem 4.3) implies that for all A\, 7", s > 0,

A 2 4C
P{ sup ’Mt-&-s - Ms| > 2} < XE(‘MT+S - Ms’) < 77
te[0,7)
where C' := sup,, E(|M,|). We can pick s € Z so large that P{|M;— M| >
A/2} < AL This and the monotone convergence theorem together imply
that

4C+1
(4.1) P {sup | M, — M| > )\} < Lk

v>Ss A
Let s — oo in Z4, and then A — oo—in this order—to conclude that
limy, o0 M, = My, almost surely. Ul

Exercise 4.6. Suppose M is a [left- or right-] continuous martingale that is
bounded in LP(P) for some p € (1,00). Prove that My := lim;_. M; exists
a.s. and in LP(P). Prove that in addition, P{M; = E(M« | %)} = 1 for all
t > 0. (Hint: For the last part use the conditional Jensen’s inequality: That
is the fact that conditional expectations are contractions on LP(P). That is,

IEZ D)oy < 1 Z1leep)-)

5. Ito Integrals

Now we wish to construct integrals of the form [ G dB, where {Gi}s>0 is
a “nice” stochastic process, and B is a one-dimensional Brownian motion
with respect to a filtration .# that satisfies the usual hypotheses.

Definition 5.1. A process G := {G}}+>0 is said to be progressively measur-
able, if the map Q2 x [0,t] 3 (w, s) — Gs(w) is F x B([0, t])-measurable for
every t > 0. Here and throughout, “%(A)” denotes the Borel subsets of A.

For the most part, we consider the case that G is real-valued. But
we note in passing that the G¢’s could be S-valued for any measure space
(S,7).

Progressively measurable processes are always adapted, but the converse
is false. [Such strange cases usually appear as counterexamples in a standard
discussion of the Fubini—-Tonelli theorem.]

The following three exercises motivate why we define processes in this
way. We will use them without further mention. So it is important to learn
their content well.
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Exercise 5.2. Suppose G is progressively measurable and T is a finite stop-
ping time. Prove that {Giar}i>0 is then progressively measurable. In par-
ticular, show that G is an .%p-measurable random variable.

Exercise 5.3. Suppose ¢ : Ry x R — R, is Borel measurable. Then
prove that whenever G is real-valued and progressively meaurable, then
fooo ¢(s,Gs)ds is a random variable with values in [0, o0].

Exercise 5.4. Prove that if G is adapted and left-continuous [or right-
continuous|, then G is progressively measurable. We are tacitly assuming
that G is S-valued for a topological space S.

Our immediate goal is to construct—in four steps—a useful theory of
stochastic integration that allows us to define the stochastic integral-process
t— fot G dB for all progressively measurable real-valued processes G that
satisfy the following condition:

¢
(5.1) E (/ ]GS\2d3> < oo forallt>0.
0

Step 1. We say that G is simple if G(w,s) = X(w)1jp)(s) for 0 < a <
b < oo and s > 0, and a random variable X € L?(P) that is .%,-measurable.
Clearly, such G’s are progressively measurable and satisfy (5.1). We define

t
/ GdB := X - (Bynt — Bant) for all ¢t > 0.
0

You should check directly that ¢ — fg (G dB is a continuous square-integrable
martingale that has mean zero and variance (b At — a A t)E(X?). We sum-
marize this as follows: For all ¢ > 0,

E(/OtGdB> =0 and
(5.2) E ( /OtGdB 2) :E</Ot|Gs|2ds).

Finite [where the number is nonrandom] linear combinations of simple pro-
cesses are called elementary, and the collection of all such processes is de-
noted by &. When G € & we can write G = G! + --- + G* when the
G9’s are simple and have disjoint support. Evidently, elements of & are
progressively measurable. Moreover, G € & satisfies (5.1) if and only
if each G* does. Thus, in the case that G satisfies (5.1) we can define
JyGdB =Y, [[GIdB.

It can be shown that this is a well-defined continuous square-integrable
martingale; for well-definedness one proceeds as one does for its counterpart
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for Lebesgue integrals. Also, E fg G dB = 0, and since the G7’s have disjoint
supports, we can conclude that the variance formula (5.2) holds also when
G is elementary. Let us emphasize also that the process t — fg GdB is
progressively measurable (why?).

Step 2. Now we construct the stochastic integral in the case that the inte-
grand G is bounded, continuous, and adapted [in particular, progressively
measurable as well].

Define

G? = Z G]/Qn 1[j2_n,(j+1)2_")(t) for all ¢ Z 0.
0<5<t2n -1

Then, sup,c(o4 |G5 —Gt| — 0 a.s. asn — oco. By the dominated convergence
theorem,

t
(5.3) lim E (/ Gn =GP ds> 0.
n—oo 0

Because G" € &, each fg G™ dB defines a continuous martingale that satis-
fies the “It6 isometry” (5.2). That isometry and (5.3) together show that

t t 2
IMEwaw&/mw>ﬂ.
m,n—o0 0 0

Because fg G™—@G") dB is a continuous square-integrable martingale, Doob’s

maximal inequality (p. 8) asserts that
ﬁ%w/mw)

(sup / G"dB — / G"dB ><4E<
0<u<t

and this goes to zero as m,n — oco. We can use a subsequence to conclude
that I; := lim, fot G"dB exists a.s., and is a continuous adapted pro-

cess. Because conditional expectations are contractions on L?(P), {I;}+>0
is also a mean-zero martingale, and E(I?) = fo |Gs|?ds). Now define

fo G dB := I to construct fo G dB as a continuous adapted martingale that
has mean zero and satisfies the It6 isometry (5.2).

Step 3. Next suppose G is a bounded and progressively-measurable process.

For every integer n > 1, G} = n ftt_(l /n) G5 ds defines an adapted,
bounded, and continuous process. By the Lebesgue differentiation theorem,
lim,, o G} = G for all but a Lebesgue-null set of ¢’s. Boundedness implies
that these G™’s satisfy (5.3) [dominated convergence theorem.] Another ap-
plication of the It isometry [via Cauchy sequences| constructs f(f G dB as
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a continuous martingale with mean zero that satisfies the It6 isometry.

Step 4. If G is a nonnegative progressively-measurable process that satisfies
(5.1), then G? := G5 A n defines a bounded and progressively-measurable
process. Condition (5.1) and the dominated convergence theorem together
imply that G™ satisfies (5.3). And hence we obtain the stochastic inte-
gral f(f G dB as a continuous martingale with mean zero that satisfies the
It6 isometry. Finally, if G is progressively measurable and satisfies (5.1),
then Gf := G4,V 0 and G; := —(0 V —Gy) are nonnegative progres-
sively measurable process, each of which satisfies (5.1). Define f(f GdB =
fg GTdB — fg G~ dB; this defines a continuous martingale with mean zero
that satisfies the It6 isometry. O

Let us end this discussion with a simple though important property of
stochastic integrals. Suppose T is a stopping time. Then, whenever G is
progressively measurable and satisfies (5.1),

TNt t
(5.4) / GdB = / GlprdB  forallt >0,
0 0

almost surely. Indeed, we may note first that 1j ) is progressively measur-
able and satisfies (5.1). Therefore, all items in the previous formula are well
defined.

In order to prove (5.4), it suffices to consider only the case that G is
a simple process. That is, G¢(w) = X (w)1},4)(t) where X € L*(P) is -
measurable. But in that case (5.4) holds vacuously.

6. Localization

It turns out that (5.1) is not the correct integrability condition that guar-
antess that a progressively-measurable process is be a good integrator for
B. This idea leads us to “localization.”

Definition 6.1. An adapted process M := {M;};>0 is a local martingale if
we can find a sequence of stopping times 17 < T < ... with following two
properties:

(1) limg o0 T = o0 a.s.; and
(2) t — Myt, defines a martingale for all & > 1.

Any such sequence {T}}1>1 is called a localizing sequence.

Every [right-] continuous local martingale is manifestly a [right-] contin-
uous martingale. In fact, if M is a [right-] continuous martingale then so is
{Mir1}e>0 for every finite stopping time [the optional stopping theorem].
The converse need not be true because M; need not be integrable for all
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t > 0. Later on we will see natural examples of local martingales that are
not martingales; see, for example, Exercise 2.9 on page 23.

Exercise 6.2. Prove that: (a) On one hand there is no unique localizing
sequence; and yet (b) on the other hand, the following defines a canonical
choice: Ty, :=1inf{s > 0: |M,| > k}, where inf @ := o0, as usual.

Exercise 6.3. Prove that if M is a local martingale and sup, E(|M;|P) < oo
for some p € (1,00), then M is a martingale. In particular, bounded local
martingales are martingales.

Now suppose that G is progressively measurable and satisfies the follow-
ing [much| weaker version of (5.1):

t
(6.1) P{/ ]GS]2d5<oo}:1 for all t > 0.
0

Define
/ G, dr
0

Ty ::inf{s>0:

where inf @ := co. Evidently, 77 <15 < --- and limg_,oo T = 00. If £ — G}
is [a.s.] right-continuous and adapted, then the T}’s are easily seen to be
stopping times. In fact, these T}’s are always stopping times [assuming only
progressive measurability]. But this is a deep theorem of G. Hunt that is
too hard to prove here, and I will not reproduce the proof here. [For our
purposes, you can think of G as being right-continuous adapted, in which
case you can prove directly that T} is a stopping time for each k.]

> k} for all integers k > 1,

Because t +— GF := GiaTy, is progressively measurable, the It6 integral

process t +— fg G* dB is well defined as a continuous martingale. I claim
that the following holds: With probability one,

t t
(6.2) / G*dB = / G*ldB whenever 0 < t < T*.
0 0

But this is not hard because: (a) t — 1 pxy(t) is right-continuous and
adapted (and hence progressively measurable); and (b) with probability one,

tAT),
/0 (GF -G dB = / — G 1 1ny dB,

which is zero almost surely. [This last identity is a consequence of (5.4).]
Equation (6.2) allows us to define, unambiguously, f(f G dB as fg G*dB on
{t < T*}. Because T}, — 00 a.s., this defines the entire process t fg GdB
as a continuous adapted process. Because fOtAT’“ GdB = fot GFdB, t —
fg G dB is a local martingale (why?).

We summarize our findings.
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Theorem 6.4. Suppose G is progressively measurable. If G satisfies (5.1),
then t — ngdB 1§ a continuous square-integrable martingale with mean
zero, and satisfies the It isometry (5.2). If G satisfies (6.1), then t —
ngdB is a continuous local martingale such that whenever {T;}i>1 s a
localizing sequence for it,

tATE
E</ GdB)zO for allt >0, and
0

AT 2 AT
E / GdB| | =E (/ |G(s)[? ds> for all t > 0.
0 0

If F and G are progressively measurable and satisfy (6.1), then for all t > 0
and o, B € R,

t ¢ t
/(aF—i—,@G)dB—a/ FdB—i—ﬁ/ GdB a.s.
0 0 0

Convention: It is frequently more convenient to write fg GsdBs in place
of fg G dB, and f: G dBs in place of fg G141 (s) dBs. The meanings are
synonymous. In particular, f: GdB = fot GdB - [; GdB. O

7. The Case of Several Dimensions

Now let us consider the more general case that B := {B;};>0 denotes a
d-dimensional Brownian motion with respect to a filtration .% that satisfies
the usual hypotheses.

Let G := {G¢}+>0 be a matrix-valued progressively-measurable process
with respect to .#. To be concrete, we suppose that Gy(w) € (R™)% ie., G
takes values in the space of (n x d)-dimensional matrices with real entries.
Then we define fg G dB—w by w—as follows:

(/;GdB)i (w) := (}il /Ot GMdBk) (w) foralli=1,...,n.



Chapter 2

Ito’s Formula

1. The Basic Formula

Let B denote d-dimensional Brownian motion with respect to a filtration .#
that satisfies the usual hypotheses.

Theorem 1.1 (It6). Choose and fix a bounded domain D C RY. Suppose
By is in the interior of D, x — f(t,x) € C*(D), and t — f(t,x) is C .
Then outside a single null set the following holds:

f(t7Bt)_f(OaBO)

(1.1) :/Ot(vf)(S7Bs)st—|-/0t(Lf)(s,Bs)ds (0<t<Tp),

where V := (0f/0x1,...,0f/0x4) denotes the usual gradient operator act-
ing on the spatial variable z, (Lf)(s,z) = (0f/0t)(s,z) + 3(Af)(s, ),
where (Af)(s,z) := 2?21(82f/8x?)(s,3:) denotes the [spatial] Laplacian,
and Tp :=inf{s >0: B; € D}.

Remark 1.2. Note that

¢ d of '
— 4 J
| V)55, > / (s pyasL

Proof. I will prove the result in the case that d = 1 and f does not depend
on time. The general case is derived by similar means, but uses a multidi-
mensional Taylor expansion in place of the univariate one. Our goal is to

15
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prove that for all ¢ < Tp,

12 BB = [ FE)aB g [ 1B

We will tacitly use the fact that Tp < oo a.s. (why?).

First we consider the case that f is bounded and has at least 3 bounded
derivatives on all of R.

Choose and fix an integer n > 1 and a number ¢ > 0, and define s7 :=
tj/2". We write f(t,B;) as a telescoping sum and rearrange as follows:

f(Bt) — f(Bo)
- 5 [i(mn)s(m)]

0<j<27—1
= > AR (Ba)+ Y M;)?’"f"(Bs;z)Jr > Rjn
0<j<27—1 0<j<27—1 0<j<27—1
where
(AB)jn = BS?H - Bs;h

and |R;jn| < 3[f" |l - [(AB);nl>. Because (AB)j, = N(0,27"),

(1.3) E Z IRj.| | < const-27"/2
0<j<2n-1

Thus, the third term in the expansion of f(B;) — f(Bp) goes to zero in
L'(P)—and hence in probability—as n — oco. The first term converges to
fg f'(Bs)dBs a.s.— hence in probability—as n — oo [the construction of
the It6 integral]. We claim that

t
(1.4) > (AB), ["(Bs) — / f"(By)ds in probability.
0<j<2n—1 0

This proves that in the case that f and its first three derivatives are bounded
and continuous, (1.1) holds a.s. for each ¢ > 0. Because all quantities in (1.1)
are continuous functions of ¢, it follows that (1.1) holds for all ¢ > 0 outside
a single null set (why?).
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To prove (1.4) let @,, denote the quantity on the left-hand side,and @
the one on the right-hand side. We can write

Qn—Q=1T,+1T5, where
Ti= Y (B [(AB)in - 2*"} , and

0<j<2n—1

t
Ty:=2"" Z f”(BS;,z) —/0 f"(Bs)ds.

0<j<27—1

Now T5 — 0 a.s., and hence in probability, by the theory of Riemann sums.
As for T1 we may note that: (a) 27" is the expectation of (AB)in; and (b)
the summands in T are independent. Therefore,

B(T?) < const - [|f"[% - Y E[(AB),] = const-27".
0<j<2n—1

This proves that when f € CZ(R) (1.2) holds for all ¢ > 0. By localization,
the general case follows once we derive (1.2) for f € CZ(R) and all ¢ > 0.
[Indeed we could consider the first time |f(Bs)|+ |f'(Bs)|+|f" (Bs)| exceeds
k.] In that case, define f. := f * ¢ where ¢, denotes the density of N(0,e€).
Itd’s formula (1.1) is valid if we replace f by f. because the latter is in
Cy°(R). By Fejer’s theorem, fe(B;) — fe(Bo) — f(Bt) — f(Bo) a.s. as € | 0.
Also, by the dominated convergence theorem, [J f.(Bs)ds — [ f(Bs)ds
a.s. as € | 0. Finally, note that by the It6 isometry (p. 10),

E (‘ / (B~ F(BY) 4B, ) (| B — F(BY) 1s).

And this tends to zero, as € | 0, by the dominated convergence theorem.
This completes the proof. O

[t6’s formula has many nice consequences. Here are a few examples.

Example 1.3 (Wiener’s formula; d = 1). We can apply the preceding form
of the Ito formula with f(¢t,z) = zg(t)—for g € C*(R)—and V; :=t. In
this case we obtain

¢

g(t)B; — g(0) By :/0 g(s) st—I-/O g (s)Bsds.

Thus, in this special case the chain rule of ordinary calculus applies. U

Example 1.4 (d = 1). In most cases, the rules of ordinary calculus do not
hold for It6 integrals. For example, apply Ito’s formula to f(z) = 22 to find
that

t
Bf—Bg+2/ BdB +t.
0
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If f had finite variation, then the theory of Stieldjes integrals implies that
fA=f2+2 fg fdf. The extra t factor in the preceding It6 formula comes
from the fact that Brownian motion does not have finite variation, and the
It6 integral is not a random Stieldjes integral [nor is it the Lebesgue integral,
for that matter]. O

Recall that when d = 1 and By = 0, the process t — B? — t is a mean-
zero martingale. The preceding tells us what that martingale is [namely,
twice the Ito integral fot BdB.] You might know also that exp(AB; — 3tA?)
defines a mean-one martingale, as long as A is fixed. In order to identify that
martingale we need a better It6 formula, which I leave for you to explore.

Exercise 1.5 (Important). Suppose V is a nondecreasing, progressively-
measurable stochastic process with values in R. Then for all f(t,z)—
continuously differentiable in time and twice continuously differentiable in
space—we have the a.s. identity,

f(Ve, Bt) = f(Vo, Bo)

t t 1 t
= [wnwe By« [@nmpyavies e

where V and A act on the z variable, and 0, := 0/0t.

Example 1.6 (McKean’s exponential martingale; d = 1). We apply the
preceding form of the Ité formula to f(t,z) := exp(Ar — A\?t/2). Note that
Ouf = Nf, 02, f = N2f, and O,f = —%/\Qf. Because %8§xf + o f =0, we
have .
ABi—(A21/2) _ ABo _ )\/ AB-(s/2) 4
0

In particular, exp(AB; — (A\?t/2)) defines a martingale with mean e=*?0. [

Example 1.7 (Bessel processes). Let B denote a d-dimensional Brownian
motion started at x # 0, and define R to be its radial part; i.e.,

R; :=||B:|| forallt>0.

The process R := {R;}>0 is clearly progressively measurable, and in fact,
continuous and adapted. Let f(2) := ||z|| = (27 + - -+ + 22)/? and note that
(V)(2) = z/||z|| and (Af)(2) = (d—1)/||z]|, as long as z # 0. 1td’s formula
then implies that

"B d—1 [ ds
Ro=lol+ [ Bap+ T [ 8 wtngas0 <<

where Tp := inf{s > 0 : B; = 0}. In the next section we will see that Tp = oo
a.s. when d > 2. The process R := {R;};>0 is real-valued, and called the
Bessel process with dimension d. The terminology will be justified next. [
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Example 1.8. Example 1.7 can be generalized in several ways. Here is an
one that turns out to be interesting. Suppose B is d-dimensional Brownian
motion started at  # 0, Ry := ||B||, and h is C? on (0,00). Define
f(2) := h(||z]|) for all z € R%. Then,

<Vf><z>=z”||(z'|’f”) and  (Af)(2) = (LH)(|2I).

provided that z # 0. Here, L is the “d-dimensional Bessel operator,”

(Lh)(r) = % B )+ B'(r) for v > 0.

Our discussion is one way to make precise the assertion that “L is the radial
part of A.” It6’s formula tells us that

t 1/ 1 t
h(Rs)Bsst+2 / (Lh)(Rs) ds,
0

(1.5) h(Ry) :h(x)+/0 i

for t € [0,Tp]. We will return to this example soon. ]

Exercise 1.9 (Bessel-squared processes). Given a d-dimensional Brownian
motion B, define S; := ||B¢|?, and prove that for all h € C?*(Ry) the
following holds a.s.: For all ¢ > 0,

t
h(St) = h(So) +/ (Gh)(Ss) ds + local martingale,
0

where (Gh)(r) := 2rh”(r) + dh/(r). Identify the local martingale explicitly
as a stochastic integral. The process S := {S;}+>¢ is called a Bessel-squared
process of dimension d.

Exercise 1.10 (The Stratanovich integral). Suppose f: R — R is contin-
uously differentiable.

(1) Verify that for all ¢ > 0 fixed, the following occurs uniformly for all
r€[0,t]: Asn — oo,

P T 1 T
Z f (Br,.) [B(j+1)/n - Bj/n] —>/ f(Bs)dBs + 2/ f'(Bs)ds,
0<j<nr 0 0
where 7, 1= %—i— (2n)~1 is the midpoint of [j/n, (+1)/n]. The re-
sulting “midpoint-rule integral” is sometimes written as fg f(B)oB,
and referred to as the Stratanovich integral of f o B.
(2) Verify that f(B;) = f(Bo) + fg 1'(Bs) 0Bs, provided that f €
C?(R); that is the fundamental theorem of calculus holds for the
Stratanovich integral.
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(3) More generally, suppose 6;, = A(j + 1)/n + (1 — X)j/n where
A € ]0,1] is fixed. Then prove that if f is C? then as n — oo, t
> j<nt £ (Bo; )AB(j+1)/m—Bj/n} converges in L?(P) to a continuous
adapted process t — fot f(Bs) 0xBs. Describe this integral.

2. Applications of Optional Stopping

We can couple the 1t6 calculus with the optional stopping theorem (p. 8),
and obtain striking results. Below are some examples. But first, let me recall
the principle of optional stopping in the least possible technical setting.

Example 2.1 (Gambler’s ruin; d = 1). Suppose By = 0, and define T" to be
the first time Brownian motion exists [—a , b], where a, b > 0 are nonrandom
quantities. I will assume that you know the fact that T' < co a.s.

Because T' A n is a bounded stopping time for every n > 0, and since B
is a martingale with mean zero, EBpp, = EBy = 0. Because sup,, | Bran| <
max(a,b), the dominated convergence theorem and the continuity of B to-
gether imply that EBy = 0. But By is a simple random variable [in the sense
of integration theory|: It takes the value —a with probability P{Br = —a};
and it takes on the value b with probability 1 — P{T = —a}. We can solve
to see that 0 = —aP{Br = —a} 4+ b(1 — P{Br = —a}). It follows from this
that

b

P {B hits —a before b} = P

We can also find ET easily: Since B} —t is mean-zero martingale, EB%, =
E(T'An). Asn 1 oo, E(TAn) T E(T) by the monotone convergence theorem.
Since sup,, |Bran|* < oo, E(BZ,,) converges to E(B2). Because By is a
simple random variable,

b a
2y _ 2 2
E(Br) =a L

Consequently, E(T") = ab. O

= ab.

Example 2.2 (A formula of Lévy; d = 1). Suppose By := y, and let o
denote the first exit time of the interval [x — a,z + a], where a > 0 and
r—a<y<z+ a What is the distribution of 7

In order to answer this question consider f(¢,z) := e *g(z) where A > 0
and g € C?(R). Itd’s formula implies that

M g(By) — g(Bo) = /O Mgl (B dB. + /0 s @g”(Bs) - Ag(BJ) ds.
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If g solves the eigenvalue problem ¢g" = 2\g on [z — a,x + a], then

tAo
e (B,, ) — g(Bo) = / ¢ (By) dB,.
0

By the optional stopping theorem, the right-hand side is a continuous mean-
zero martingale. Hence, as long as By = y, we have

E [e’A(tA")g(BtM)} = g(y).

The aforementioned eigenvalue problem does not have a unique solution.
But suppose g were a solution that is bounded on [z — a,z 4 a]. In that
case we can let t — oo and preserve the previous formula in the limit; i.e.,

E[e™79(B,)] = 9.

The function g(z) = cosh((z — x)v/2\)/ cosh(av2X) is a bounded solution
to the eigenvalue problem with g(z + a) = g(B,) = 1. Therefore, we obtain
the elegant formula, due to Paul Lévy:

h((y — 2
B (e_xo By = y) _ cosh((y —2)v2h)
cosh(av2\)
This describes the “Laplace transform” of T,. O

Exercise 2.3. Prove that if 7, := inf{s > 0: By = —a or b}, then

cosh ((b —a) /\/2>
cosh ((b +a) )\/2)

E (e—mw for all A > 0.

By =0) =

In particular, conclude that Eexp(—AT,) = exp(—|z|v2A) for all z € R,
where T, :=inf{s > 0: B; = z}.

Exercise 2.4 (Brownian motion with drift). Define Y; := B; + ut, where B
is linear Brownian motion started at z € R, and u € R is fixed. The proces
Y := {Y;}+>0 is sometimes called Brownian motion with drift .

(1) Find an f € C?(R) such that f oY defines a martingale.

(2) Use the preceding to compute the probability that Y hits —a before
b, where 0 < a,b.

(3) Compute the probability that there exists no time ¢ > 0 at which
B, > b — pt. (Warning: The case g > 0 is rather different from
< 0; why?)
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Example 2.5. The preceding example can be generalized. Let B denote
d-dimensional Brownian motion with By = 0. Consider a bounded closed
set D c R?, with C™ boundary, that contains 0 in its interior. Let Tp :=
inf{s > 0: Bs; ¢ D}. It is not hard to see that T is an a.s.-finite stopping
time. Here is one way to prove this: Since D is bounded, there exists a
[possibly large] constant R > 0 such that D C B(0,R). Therefore, it is
enough to show that Tgry < oo as. But P{||Bi| > R} = P{|B1] >
R/t'/?} — 1 as t — co. Therefore, by the Kolmogorov zero-one law TB(0,R)>
and hence Tp, is finite a.s. (Why?) Consider the Dirichlet problem Ag = Ag
in the interior of D. Since D has a smooth boundary, standard elliptic theory
tells us that this PDE has a unique smooth solution g that is bounded on D
and one on 0D. By the It6 formula (Exercise 1.5), exp(—ATp) f(Biar,) =
f(0)+ a mean-zero martingale. Since f is bounded in D, it follows readily
from this that Eexp(—ATp) = f(0). This is the beginning of deep connection
between PDEs and Brownian motion. U

Exercise 2.6 (The Dirichlet problem). Consider a bounded closed domain
D C R% and suppose there exist f € C%(D) and a bounded F : 9D — R
that satisfy (Af)(z) = 0 for z € int D and f(y) = F(y) for y € ID.
Define T' := inf{s > 0 : B; € 0D} (inf @ := o0), and prove that f(z) =
E[F(Br)| By = z] for all z € D, where B denotes d-dimensional Brownian
motion.

Exercise 2.7 (An eigenvalue problem). Consider a bounded domain D C
R?, and suppose there exist f € C?(D) and a bounded F : 9D — R that
satisfy the following boundary value [eigenvalue] problem for some A > 0:
(Af)(z) = 2Af(z) for all x € D and f(x) = F(z) for all z € 9D. Let
T :=inf{s > 0: By € 0D} (inf@ := o0) for a d-dimensional Brownian
motion B, and prove that:

(1) M; := e XD £(B,,7) defines a bounded martingale; and

(2) f(x) = E[e™ F(Br)|By = 7] for all x € D. Thus, the boundary
function F' determines f everywhere.

Example 2.8 (d > 3). Let B denote a d-dimensional Brownian motion
started at x # 0, and Ry := || Bt|| is the correponding Bessel process (Exam-
ple 1.7). According to Example 1.8, for all f € C?(0,0),

PR~ ) = 5

where (Lf)(r) = f"(r) + (d — 1)f'(r)/r. Note that if we set f(r) := r2~%,
then Lf =0, and therefore,

|B¢]|>~ = ||=]|>~¢ + local martingale for ¢ < Tp.

t
/ (Lf)(Rs)ds + local martingale for ¢t < Ty,
0
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Let T, := inf{s > 0 : Ry = r} for r > 0, and note that as long as
p > |lz|| > r >0, || Biar,az, I*~% = ||lz]|*~?+ a mean-zero martingale and
supy || Biar, AT, || < 0o. The optional stopping theorem tells us that

B (I1Br,az, 1P%) = ll2]*~.

But || By, a1, ||*~¢ is a simple random variable: It is equal to r?~% with proba-
bility P{T}. < T,}, and p?>~% with probability 1 —P{T, < T,}. Consequently,

][>~ = p*~¢

P{T, <T,} = .

r2—d _ p

In particular, if we let p 1 oo, we obtain the following: P{7, < oo} =
(r/]|z]))4=2 (why?). Let r | 0 to deduce that Tp = oo a.s. (why?). O

Exercise 2.9 (d > 3). Define X; := ||B;]|>~¢ where B is d-dimensional
Brownian motion and d > 3. Prove that X := {X;}:>0 is a local martingale,
but not a martingale. (Hint: Try proving that the expectation of X; is finite
but vanishes as t — 00.)

Exercise 2.10 (d = 2). Suppose B is planar Brownian motion started at
x # 0. Prove that whenever p > ||z|| > r > 0,

(el — n(1/p)
PAT < T} = (/) — (1 /p)

Conclude from this that Ty = oo a.s.

Exercise 2.11 (d > 2). Suppose B is Brownian motion started at an ar-
bitrary point € RY. Prove that P{B; = y for some t > 0} = 0, for all
y € R4,

Exercise 2.12. Prove that if B is d-dimensional Brownian motion, then
limy_, || Bt]| = o0 a.s. That is, B is transient in dimensions greater than
or equal to three. Also, prove that if d = 2, then {t > 0: ||B|| < €} is a.s.
unbounded for all nonrandom ¢ > 0. That is, planar Brownian motion is
neighborhood recurrent (though not recurrent, since T := 00).

Exercise 2.13 (Hard). Improve the last assertion to the following: With
probability one, planar Brownian motion defines a space-filling curve whose
image has zero planar Lebesgue measure. That is, with probability one, the
closure of B(R, ) is all of R?, but the 2-dimensional Lebesgue measure of
B(R4) is zero. This is due to Paul Lévy.
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3. A Glimpse at Harmonic Functions

The theory of harmonic functions has intimate connections with that of
Brownian motion. We scratch the surface by mentioning three facts in this
regard.

Definition 3.1. Let D be a domain in R¢. We say that f : D — R is
harmonic in D if Af = 0on D, where A := Z?Zl 8% denotes the Laplacian.
Proposition 3.2 (Doob, Dynkin). Suppose f is harmonic in D C R%. Let
B be d-dimensional Brownian motion, and define Tp := inf{s > 0: Bs &
D}. Then, {f(Bt)}ejo,rp) 15 a local martingale.

Proof. We apply It6’s formula to find that
t
f(Bt) = f(By) —|—/ (Vf)(Bs)dBs provided that 0 <t < Tp.
0

The proposition follows. ([l

Proposition 3.3 (Gauss). If f is harmonic on a domain D C R%, then for
all open balls U(z) that are centered at z and lie in the interior int(D) of D,

f(z) = / fly)ym(dy) for all z € int(D),
U (z)

where m denotes the uniform distribution on OU (z).

Proof. Let B denote d-dimensional Brownian motion started at z. Define
7 :=inf{s > 0 : Bs € U(z)}, and note that because B has continuous
trajectories, 7 < Tp a.s. Thanks to Proposition 3.2, and by the optional
stopping theorem (p. 8), Ef(Biar) = f(2) for all t > 0. Because f is C?
on U(z), it is bounded there. Consequently, Ef(B;) = f(z). It remains
to prove that the distribution of B; is m. We may observe the following
two facts: (a) There is only one uniform probability measure on U (z); and
(b) for all (d x d) rotation matrices O, t — z + ©(B; — z) is a a Brownian
motion that starts at z. Consequently, the distribution of B; is the uniform
measure on U (z). O

Proposition 3.4 (Liouville). If f is a bounded harmonic function on RY,
then f is a constant.

Proof. We know from Proposition 3.2 that t — f(B;) is a local martingale.
Because f is bounded, it follows that f o B is in fact a bounded martin-
gale; see, Exercise 6.3 on page 13, for instance. Thanks to the martingale
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convergence theorem (page 8), Z := limy_, f(B;) exists a.s. and in LP(P)
for all p € [1,00). Moreover, P{f(B;) = E(Z| %)} = 1 for all t > 0.
But according to the Kolmogorov zero-one, Z is a constant. This shows
that f(Bj) is a.s. constant. But given an arbitrary z € R% and ¢ > 0,
P{||B1 — z|| < €} > 0. Therefore, |f(z) — Z| < € with positive probability.
Because Z is a constant and = and € are arbitrary, this proves that f(x) = Z
for all 2 € R, O






Chapter 8

Martingale Calculus

1. Introduction

Let M := {M;}+>0 denote a continuous martingale with respect to a filtra-
tion .# = {F:}+>0. Presently, we aim to mimic the work of Chapter 1,
and construct stochastic integrals of the form fg G dM for a suitably-large
family of processes G. Throughout we assume that % satisfies the usual
hypotheses. In the beginning portions of the construction, we assume also
that X is square integrable; that is, E(|M;|?) < oo for all ¢ > 0.

We say that G is simple if there exist a < b—both > 0—such that
(L.1) Gi(w) = X(w)1[p) (1),
for all (w,t) € @ x R, and X is in L?(P) and .%,-measurable. In this case
we define fot G dM, as in Chapter 1, viz.,

t
(1.2) / GdM = X (Myny, — Mipg) -
0

Clearly, t — fg G dM is a continuous martingale with

E(/OtGdM>:0 and E(

though the second moment could, in principle, be infinity. In the case that
M := B is Brownian motion, the L?-computation was simplified by the fact
that Biap — Bing is independent of X. And this was the starting point of
the stochastic calculus of B. In the present, more general, case we need to
inspect the second moment more carefully.

t 2
/ GdM‘ ) :E<X2]MtAb—Mt/\a\2)a
0
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2. Stochastic Integrals against Continuous local Martingales

2.1. The Square-Integrable Case. Throughout this subsection, M is
assumed to be a square integrable continuous martingale with respect to ..
In several spots we refer to the following, which is the result of a simple
computation: Almost surely,

(2.1) E(|Mt—Ms|2 ‘ﬂ) —B(M2—M?|Z,) forallt>s>0.

Step 1. If Gi(w) = X(w)1[yp(t) for a bounded .#;-measurable random
variable X, then we define

t
/ GdM =X (Mt/\b - Mt/\a) for all ¢ > 0.
0

Clearly, t — fg G dM is a continuous square-integrable martingale with
mean zero. Moreover. E(| fg G dM|?) = E(X?|Mipnp — Mypal?).

Step 2. For all £ > 0, let &; denote the collection of all finite [the number
being nonrandom)] linear combination of bounded simple processes G of the
form X (w)1(4)(t) where X is #,-measurable and |G| </ a.s.

Any G € & can be written as G = G! + --- + G*, where the Gk’s are
simple processes—uniformly bounded by ¢ in absolute value—and GG} = 0
for all s,t > 0, provided that ¢ # j. Given this representation, we can define
fg GdM := Z?:l fg G7dM. This is well defined, and in fact defines a

continuous square-integrable martingale with mean zero. In addition,

E(/UtGdM2> :jZ;E</OthdM2>

k
2
- ZE (XJ2 | My, — Mipa, | ) ,
j=1
where G{ = Xjli, p,) P{IX;| < £} =1, and X is #,;-measurable. With-
out loss of generality we may assume also that a; < b; < ajy1, else we can
reorder the G7’s suitably.

By (2.1),
¢ 2 2 k
) . 2 o 2
(| oo ) <[, 2;p (8038,

where || - - - || Lo (p) denotes the essential supremum with respect to P.

The conditional Jensen inequality implies that E(M?|.%s) > M2 as.
provided that t > s > 0. [Le., M? is a submartingale in the same sense as
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the discrete-parameter theory.] Consequently, ¢ — E(M}?) is nondecreasing,

and hence
t
E / GdM
0
<|sw G| -BO).
s€[0,¢] Loo(P)

Thanks to this, and Doob’ inequality, for all ¢ > 0,

r 2
[ >§4
0

Step 2. If GG is a continuous adapted process, then we can apply standard
arguments from integration theory and find G', G2, ... € & such that

2 2
) < || sup |Gy E (MtZAbk - MtQ/\al)
s€[0,¢] Lo (P)

2

-B(M7).
L>(P)

sup |Gs|
s€[0,t]

(2.2) E ( sup

rel0,t]

lim
n—oo

sup |G — Gj
s€[0,p]

=0 forall pe(0,00).

Loe(P)

The preceding shows that fg GdM = lim, . fg G"dM. Since L*(P)-
limits of martingales are themselves martingales, it follows that ¢ — f(f GdM
is a mean-zero martingale. Thanks to (2.2), it is also continuous since it is
the uniform-on-compact limit of continuous processes. Finally, ¢ — fot GdM
satisfies (2.2). We define [ GdM := [} GdM — [} GdM = [} 1}, G dM.

Step 3. Suppose M is a continuous martingale [.#] that is a.s. bounded in
absolute value by a nonrandom constant ¢, and define

t
(2.3) (M) = M? — MZ — 2/ MdM  for all t > 0.
0

The process (M) is called the quadratic variation of M.
Note that for all ¢ > 0,

2
> (Mgsym — Mym)

0<j<nt—1

Yo My Mgy — M) + My — Mg

0<j<nt—1
t

— _2/ G"dM + M? — M + €,(t) as.,
0

where len(t” < SUPy,ve0,t]: ju—v|<1/n |Mu - MU| = p’ﬂ(t)’ and

Gi= ) Myl m(s)-

0<j<nt—1
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Note that each G™ is in &, and |G? — M| < py(t), uniformly for all s € [0, ¢].
Because the G™’s, and M, are all uniformly bounded by ¢ is modulus, and
since M is a.s. continuous, it follows that [|G" — M||pecpy — 0 as n — oo.
This proves that for all t > 0,

2
(2.4) sup (M), — Z (Mj1y/n — Mj/)"| = 0 as n — oo,
uel0,t] 0<j<nu—1

where convergence takes place in L?(P). Because the sum is a nondecreasing
[random] function on w, it follows that uw — (M), is nondecreasing a.s.
Moreover, (2.3) shows that u — (M), is continuous and adapted, as well.

If ¢ > s > 0, then (2.3) shows that (M);— (M), = M?—~M2+2 [* M dM,
and hence by the martingale property, and thanks to (2.1), whenever ¢ >
s >0,

(25)  E((M - M) | Z) =E(M)i— (M), | ) as.
Finally, suppose G € &; as well, so that G; = Zj 1 Xjlia;p,)(t), where

|X;| < ¢, each X is .#, -measurable, and the [a;,b;)’s are dlSJOlIlt. We can
retrace our steps in Step 2, and find that

E( / 2) ZE( (Mg, — Mo, )

Equivalently,

o of[fo) (o).

Step 4. If M is a continuous martingale that is square integrable, then
consider the stopping times T} := inf{s > 0 : |M;| > k} and martingales
M = Miar,. The quadratic variation (MTk) of M7Tr satisfies

(M Ty, / M dM™ + M7, — Mg .

The construction of the stochastic integral [Step 2] shows that fg M7TedMTe =
fg M7Te+r dMTw+1 for all t € [0,T}]. Thus, we can define fg MdM =

fg M7k dM™x for all t € [0,T}] and k > 1. This defines ¢ — ngdM as a
continuous local martingale. Furthermore, the preceding and (2.3) together
show that (M7x), = (MTk+1), for all t € [0,T}]. Thus, there exists a contin-
uous nondecreasing adapted process ¢t — (M );—the quadratic variation of
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M—that satisfies (2.3) and (2.5). Another approximation argument—very
much like Steps 3-4 in Chapter 1—shows that we can define ¢t — fg GdM
as a continuous square-integrable martingale as long as G is a progressively
measurable process that satisfies E( fg |G|? d(M)) < co. Moreover, the “Ito
isometry” (2.6) continues to hold in that case.

We summarize our findings.

Theorem 2.1. If M is a continuous square-integrable martingale with re-
spect to %, then there exists a continuous adapted mondecreasing process
(M)—the quadratic variation of M —that satisfies (2.3) and (2.5). More-
over, if G is progressively measurable and E(fg |G|? d(M)) < oo for allt >0,
then t — fg G dM can be defined as a continuous square-integrable martin-
gale that satisfies the Ité isometry (2.6). Finally, if G and F are two such
processes and a,b € R, then fg(aF +bG)dM = afot FdM + bfot G dM for
allt >0, a.s.

2.2. The General Case. If M is a continuous local martingale then it
still has a quadratic variation (M) that is defined in Step 4 by localization.

If G is progressively measurable, then we can construct the stochastic
integral ¢ — f(f GG dM as a continuous local martingale, provided that

t
P{/ |Gs|2d<M>s<oo}:1 for all t > 0.
0

Moreover, (2.3) holds [also by localization]. We omit the details.

Exercise 2.2. Check that if B is a Brownian motion, then (B); = t. Now
(2.3) should seem familiar.

Exercise 2.3. Suppose M is a continuous local martingale [.%]. Prove that
(2.4) is valid, with convergence taking place in probability. If E(|M;|?) < co
for all ¢t > 0, then prove that the said convergence holds also in L?(P).

Exercise 2.4. Suppose M is a continuous local martingale [.%]. Prove that
if M has a.s.-finite variation, then M; = My a.s. Use this to prove that
if M is a continuous [local] martingale with My = 0, then there always
exist unique continuous adapted nondecreasing processes A := {A;};>¢ and
A = {A;}4>0 such that t — M? — A; and t — exp(AM; — A\2A;/2) are [local]
martingales and Ag := 0. Identify A; and Ay for all ¢ > 0.

Exercise 2.5 (Important). Suppose M is a continuous square-integrable
local martingale %] and G is progressively measurable and fg |Gs|?d(M)s <
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oo a.s. for all ¢ > 0. Prove that for all stopping times T,

TAt t
P {/ GdM = / Gl rydM for all t > 0} =
0 0

3. Itd’s Formula

Theorem 3.1. Let M denote a continuous local martingale. Suppose V is
an adapted nondecreasing process and f = f(t,x) is C in the t variable
and C? in the = variable. Then a.s.,

f(Ve, My) = f(Vo, Mo)

Lof
o ot

Lorf
o, 022

tof

— (Vo , M) dV + N

(VS,M)dM+ (Vs, M) d(M)s.

The proof is modeled after that of the It6 formula for Brownian motion.
So I will discuss only the novel differences.

Sketch of proof. We consider only that case that f depends on the x vari-
able, for simplicity. Thus, [t6’s formula becomes

(3.1) f(My) — f(My) = /f s)dMg + = /f” d(M)s,.

Let Ty denote the first time ¢ > 0 when |f(M)| + |f/(My)| + | f"(My)| +
| M| + |(M)¢| exceeds the integer k& > 0. We need only prove (3.1) for all
t € [0,73). Thanks to Step 4 (p. 30), [I"™* GdM = [ G1jq,)dM. Con-
sequently, it suffices to derive (3.1), for all ¢ > 0, in the case that M, (M),
f, f', and f” are all bounded. In that case, the proof of (3.1) is very close
to its Brownian-motion analogue. We need only add the following result:
ZO<]<nt 1 f( ]/n){<M>(j+1)/n - <M>j/n} - fot f"(Ms) d{M)s, uniformly
on t-compacts, in probability. When f” = constant, this is contained in
(2.4). The general case follows by a similar argument used to derive the
latter fact. O

4. Examples, Extensions, and Refinements

4.1. Brownian Motion. Let M; := B; be a linear Brownian motion with
respect to .#. Then, B; — By is independent of .%¢ and has variance t — s.
That is, E((B; — Bs)?|.#s) = t — s, whence we can choose (B); :=t. Thus,
the It6 isometry (2.6) is nothing but the It6 isometry (5.2) on page 10.

The following shows that the preceding constant-quadratic variation cal-
culus is strictly a Brownian-motion story.
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Theorem 4.1 (Lévy). If M is a continuous local martingale [.F| with
(M) :=t, then M is a Brownian motion.

Proof. Without loss of generality we may assume that My = 0, else we
consider M; — My in place of M; everywhere.

First let us prove that M is necessarily a square-integrable martingale.
Since (M) = t, it follows from our construction of quadratic variation that
(MT), = t\T for all stopping times T, where M, := M;,7. Thus, whenever
{T\.}k>1 is a localizing sequence, E(| M, |?) = E(tAT)) < t. Fatou’s lemma
then implies that M; € L*(P) for all ¢ > 0, and limy, M7, = M; in L*(P).
Because L2-limits of martingales are themselves martingales, this proves
that M is a square-integrable martingale, as asserted.

An application of It&’s formula then shows that for all fixed constants

A€eR,
)\2 t )\2
exp <>\Mt - 2t> =14+ )\/ exp <)\Ms — 2s> dM;.
0

In other words, if &; defines the left-most quantity, then it satisfies & = 1+
A fg &s dM,, which in formal notation, reduces to the “stochastic differential
equation,” dé; = A&; dM; subject to &y = 1.

Let {T}}?2, denote a localizing sequence for &. We apply the optional
stopping to the preceding and then appeal to Fatou’s lemma to find that
Eé < 1 for all ¢t > 0. This proves that exp(AM;) is integrable for all
t >0 and A € R. Since A € R is arbitrary, exp(AM;) is square-integrable.
Consequently, & is a mean-one continuous martingale for any and every
A € R. This implies then that E(& |#s) = &s whenever t > s > 0.
Equivalently,

E (eA(Mt_MS) ’ﬁs) — e N2 s for t > s> 0.

It follows that M — Mj is independent of %4 and is N(0,t—s). The theorem
follows readily from this and the definition of Brownian motion. O

Theorem 4.2 (Dambis, Dubins-Schwarz). Suppose M is a continuous local
martingale with My := 0 and (M) := co. Define

7(t) :=1inf{s > 0: (M)s >t} forallt>0.
Then, By := My defines a Brownian motion in the filtration F o1 :=
{Zr 0.

Proof. By the optional stopping theorem, B defines a continuous local
martingale in % o 7. Since its quadratic variation is t at time ¢, Lévy’s
theorem (Theorem 4.1) completes the proof. O
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4.2. 1t6 Integrals. Let M; := fg G dN, where N is a continuous square-
integrable martingale [.%], and G is progressively measurable and satisfies
E(f(f |Gs|? d(N)s) < oo a.s. for all t > 0. We know that M is a continuous
square-integrable martingale. Let us apply the It isometry (2.6) with G
replaced by G1jg 7—for a stopping time T—to conclude that

TNt
E(|Mrpe?) =E </ ]G3\2d<N>s> for all stopping times 7.
0

Because M? — (M), is a continuous martingale, it follows that

TAt
E <<M>T/\t - / |G| d<N>3) =0 for all stopping times 7.
0

We apply this with T being the first time ¢ > 0 that (M); is at least
fg!Gslsz\f)S + ¢, where € > 0 is fixed. This proves that 7' = oo a.s.,
whence (M), < fot |Gs|? d({N), for all t > 0, a.s. By symmetry,

</ GdN> /|G ?d(N)s for all t >0, a.s.

By localization the preceding holds also when N is a continuous local mart-
ingale and fot |Gs|?d{N)s < oo as. for all t > 0 (why?). In that case,
however, M is only a local martingale.

If H is progressively measurable, then fg H2d(M)s = fot H2G2d(N)s.
If this is finite a.s. for all ¢ > 0, then I claim that

t t
/HdM:/HGdN.
0 0

It suffice to prove this when G and H are bounded simple processes. But in
that case this identity is nearly a tautology.

4.3. Mutual Variation. If M and N are two continuous local martingales
[#], then so are M 4+ N and M — N. By the definition of quadratic variation
(or Tto’s formula), (M; + Ny)? — (Mg + No)? = (M + N); + local martingale
and (M; — Ni)? — (Mo — No)? = (M — N); + local martingale. We can take
the difference to find that

1
(4.1)  MyN; — MoNy — 1 ((M + N); — (M — N);) = local martingale.

Define the mutual variation between N and M to be the process (N, M),
where
(M + N)y— (M — N);

<N,M>t:<M,N>t2: 4

Exercise 4.3. Check that:
(1) (M, M), = (M); and



4. Examples, Extensions, and Refinements 35

(2) (M £ N)p = (M) + (N)¢ £2(M,N)y.
The following shows that (4.1) characterizes mutual variation.

Lemma 4.4. If M;N; — MyNy = A¢ + local martingale for a continuous
adapted A of a.s.-finite variation such that Ag =0, then Ay =0 a.s. for all
t>0.

Proof. Suppose MyN; — MyNy = A} + local martingale as well, where A’ is
a continuous adapted process of a.s.-finite variation, and A = 0 a.s. It then
follows that X; := A; — A} is a local martingale that starts at zero, and has
finite variation a.s. A real-variable argument then shows that

Z (X(j+1)/n — Xj/n)2 — 0 a.s.asn — oo.

0<j<nt—1

Consequently, (X); = 0 a.s., and hence X? is a local martingale with X2 = 0.

Thus, we can find a localizing sequence T} < T» < --- of stopping times with
limy, Ty, = oo such that E(| X7, ¢|?) = 0. But then Doob’s inequality implies
that X; =0 a.s. O

Here is an important consequence.

Lemma 4.5. If B := (B',...,B%) is a d-dimensional Brownian motion,
then (B',B7); =0 fori # j.

Proof. Let .% := %8 denote the Brownian filtration. Note that if i # j,
then B’ and B’ are independent one-dimensional Brownian motions. By
Lemma 4.4, it suffices to prove that Bng defines a martingale with respect
to .Z B, as long as i # j.

Choose and fix t > s > 0. We can write BIB/ = (B! — B!)(BJ —
Bl) + Bng + BIBi — Bng to deduce from the Markov property that
E(BiB! |.ZB) = BiBl. Therefore, BIB] defines a martingale. O

Theorem 4.6 (Itd’s Formula). Let M',..., M? denote d > 2 continuous
local martingales [F]. Then, for all f € C*2(R?,R),

f(Mtl,...,Mf)—f(Mg,...,Mg)
:]Zd;/ot(ajf) (MQ,...,Mf) dMI

+%ZZ(3%JC) <M§,...,M§l) d (M, M) .

1<i,j<d
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Proof. The theorem holds by definition when d = 2 and f(z,y) = zy. By
induction the result follows in the case that d > 2 and f(z1,...,24) = zig(y)
for g € C2(R%"! R), where y is the same as the vector = except it is missing
the ith coordinate. In particular, the theorem holds for all polynomials
f:R?—= R. Let K denote a fixed compact subset of R?, and let 7' denote
the first time that at least one of the M7’s exits K. The Stone-Weierstrass
theorem shows that we can find polynomials that approximate f uniformly
well on K. This proves that the theorem holds for all f € C?(R?,R) for all
t € [0,T]. Since K is arbitrary, the result hold for all ¢ > 0. O
Proposition 4.7. Let M and N denote continuous local martingales [F]
and assume that G and H are progressively measurable processes such that
fg G?d(M) and fot H?d(N) are finite a.s. for all t > 0. Then, the mutual
variation between fOtGdM and fOtHdN is fg GsHsd(M ,N)s.

Y

Proof. By symmetry, we need only consider the case that H;, = 1. Also,
localization reduces the problem to the case that M and N are bounded and
G is simple and bounded.

If ¢c>b > a, then
E(NcMy | Fa) = E ({Ne — No} My | Fo) + E(NoMyy | Fa) = E(N, My | F),
since E(N. — Ny |-%,) = 0 by the martingale property. Consequently,
E(NeMy [Fa) = NaMa +E (M, N)y — (M, N)a| Fa) -

From this it follows that whenever s <r <r +¢€ < t,

E (NG My | Fs) =E(G AN My + (N, M)prc — (N, M)} | F).
We also have E(N.G, M, | %) = E(G,N, M, |Z). Therefore,

E (NG {Myye — My} | F) = E(G- {(N, M)yqe — (N, M), } | F5).

Because the process G of the proposition is bounded and simple, it has the
form G.{M,. — M,} for a bounded .%,-measurable random variable G,.
The preceding proves

E(Nt~/0tGdM |<§Z> :E</OtGd<M,N> ‘ﬂ)

whence the result. O

Exercise 4.8 (Kunita-Watanabe). Prove that under the conditions of Propo-

sition 4.7,
t
/\G 2a >s'/ HP d(N),s
0
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(Hint: To begin, compute (M +AN); — (M +AN), fort > s > 0and A € R,
and optimize over \.)

4.4. Semimartingales. A continuous [local] semimartingale [F] X is a
process that can be written as X; = M; + As, where M is a continuous
[local] martingale and A is a continuous adapted process that has finite
variation a.s., and Ag := 0. It is an elementary real-variable consequence of
finite variation (plus continuity) that for all £ > 0,

2
sup E (A(j+1)/n — Aj/n) —0 asn— o0, a.s.
r€l0:t] o< j<nr—1

Equation (2.4) and localization together prove that for all ¢ > 0,

sup Z (X(j+1)/n — Xj/n)2 — (M),| — 0 in probability, as n — oc.
rel0t] {o<j<nr—1
Thus, we define the quadratic variation (X) of X as (X); := (M);. Also,
fg GdX = fot GdM + fg G dA, provided that both integrals make sense;
i.e., that G is progressively measurable and fg |G|?d(M) < oo a.s. for all
t > 0. With these conventions in mind, one checks readily that Itd’s formula
(Theorem 3.1) extends to the following: for all continuous adapted processes
V of bounded variation,

fVe, Xi) = f(Vo,, Xo)

-/ (0 (Vs X)X,
0

t 1 t
(4.2) +/0 (8tf)(%,Xs)d%+2/0 (O f) (Vs , Xs) d(X)s

t

:/t(axf)(‘é,Xs)dMs"‘/ (amf)(‘/saXs)dAs
0 0

t 1 t
+ [@nex)avi+ 5 [ @ x)amm..

4.5. Bessel Processes. Let B denote a d-dimensional Brownian motion
started at « # 0, and define R; := || B:|| to be the corresponding Bessel
process in dimension d. In Example 1.7 (p. 18) we saw that

d t nJj t
Bs . d—1 ds
4.3 Ry = —dBJ + —— —
(43) twwﬁé& 5 [

for all t € [0,Tp] where Ty is the first hitting time of zero by R. In fact,
To = oo a.s.; see Example 2.8 and Exercise 2.10 on page 22. Thus, (4.3)
holds for all ¢ > 0, a.s., and R is a local semimartingale whose quadratic
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variation is the same as the quadratic variation of the stochastic integral. If
i # j, then the mutual variation between [) B{R;'dB] and [j BiR;' dB:
is zero (Lemma 4.5). Consequently,

</ dBJ>

Lévy’s theorem proves then that

d—1 [tds
R, = Wi+ —— | =
t H£U||+ t+ 9 /0 RS,

where W is a linear Brownian motion with respect to .% that starts at zero.
Moreover, by It6’s formula,

h(Ry) :h(x)—l—/o h’(Rs)dRer;/o W' (Ry) d(R),

t d—1 t h ; 1 t
— h() +/ 1 (Ry) AW, + / () g5+ / 1"(Ry)ds.
0 2 o Rs 2 Jo

This identifies the stochastic integral of (1.5) (p. 19) as a stochastic integral
against a one-dimensional Brownian motion.

5. Tanaka’s Formula

Let X = M + V be a continuous local semimartingale: M is a continu-
ous local martingale [#]; and V is a continuous adapted process of finite
variation. By It6’s formula (4.2),

f(Xy) = f(Xo) /f dM+/f s)dVs + = /f”

for all £ > 0. We can try to extend this by asking what happens if p = f”
exists as a signed measure. This means that for all ¢ € C° (R),1

[fwﬁwwwz/f¢wmw

Integration by parts shows that if f € C?(R), then the preceding holds with
w(dt) = f”(t) dt. But the preceding can make sense when f” does not exist
as a function. A notable example is provided by the function f(z) = |z|.
Clearly, f'(z) = sign(x) for all x # 0.

In order to find f” we compute for ¢ € C°(R),

| #@lalde= ["a @@+ (o) d.

IThe subscript “c” refers to “compact support.”
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We integrate this by parts to find that
| #@alar == [ (@) - ¢'(=2) do = 2000),

That is, if f(z) := |z|, then f” = 20y in the sense of distributions.

Let us first consider the special case that M, A; := fg d|Vs|, and (M)
are bounded processes, so that M is also a bounded continuous martingale.
Let ¢, denote the N(0,¢) density. Then f. := f*x¢p. € C°(R), fl = f* .
and f!' = f x ¢!. Therefore, by Itd’s formula,

t t
fo(Xi—a) = £.(Xo—a) = /0 f1(X, - a)dM, + /0 J1(X, — a)av,

t
+ ;/0 (X5 —a)d(M)s.

Because f is continuous, Fejér’s theorem tells us that fe(z) — f(z) = |z
as € | 0, for all z € R. Thus, the left-hand side of the preceding display
converges to | X; — a| — | Xy — a] a.s., and the convergence holds uniformly
for t-compacts.

Since fl(x) = (f' * ¢¢)(x), a direct computation shows that f/(x) =
sign(z)P{|N(0,¢€)| < |z|}, and hence also that f/(z) = twice density of
IN(0,€)| at x. If we define sign(0) := 0, then it follows also that f/ — sign
as € | 0, boundedly and pointwise.

([

(5.1)

Now we return to the stochastic integral and compute:
2)
. 2
=K (/ ‘fe’(XS —a) — sign(X; — a)‘ d(M>5>
0
—0 ase] O,

a)dM, — / sign(Xs — a) dM;

thanks to the dominated convergence theorem. Moreover, by Doob’s in-
equality, this holds uniformly for ¢t-compacts, as well. Similarly, the bound-
edness of the total variation A of V implies that

sup / fAXs—a)dVs — / sign(Xs — a) dVj
re(0,t]

Therefore, there exists a continuous adapted process {L{(X)}>o—one for
every a € R—such that

2
>—>O as e | 0.

t
(5.2) | Xt —al=1]Xo—al+ / sign(Xs —a)dXs + L(X) forall t > 0.
0
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[Recall that fg HdX = fg HdM + fg H dV'.] Moreover, for all t > 0,

(5.3) lim sup

=0 in L*P).
€l0 refo,

1 " 1 a
3 | #x = aaan, -z

Because f/(x) > 0 for all z, t — L¢(X) is nondecreasing. Finally, note that
foral0 <wu <wvandd >0,

/ FU(Xs = a)1yx,—q)>s1 (M)

v e IXemal2/(29
= const - / 61#1{|X‘9—a\>6} d<M>s

o—8%/(20)
< constW ((M)y — (M)y) ,

and this converges to zero uniformly over all such choices of v and v. Con-
sequently,

lim sup
€l0 o<u<v<t

;/u” F(Xs = a)yx,—aj<sy A{M)s = (Lg(X) — Ly(X))| =0,

in L?(P). This completes our proof of the following in the case that X, M,
A, and (M) are bounded; the general case follows from localization.

Theorem 5.1 (Tanaka). Choose and fiz a € R, and let X be a continuous
local semimartingale [F]. There exists a continuous adapted process t +—
L¢(X) that is nondecreasing, grows only on the level set {t > 0: X; = a},
and solves (5.2).

Remark 5.2. Equation (5.2) is called Tanaka’s formula. O

The process ¢t — L{(X) is called the local time of X at a, since it is a
natural measure of how much time X spends at level a.

Exercise 5.3. Prove that if B is linear Brownian motion with By = 0, then
|B;| — LY(B) is a Brownian motion.

The next exercise has deep consequences in Markov-process theory.

Exercise 5.4 (Wang). Suppose f is C!, and f” = y, in the sense of distri-
butions, where  is a o-finite Borel measure on R. Prove then that there
exists a nondecreasing continuous and adapted process I* := {I'};>( that
grows only on the support of u and solves

F(X0) — f(Xo) = / (' o X)dX + II"
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Exercise 5.5. Prove that if f” exists almost everywhere, then f(B;) =
f(By) +f0 f’oB)dB+2f0f/' ) ds.

Next we choose a modification of local times that have improved measure-
theoretic properties.

Theorem 5.6 (Occupation density formula). There exists a measurable map
(t,a,w)— LX) (w) such that

(5.4) P {ﬁf(X) = L} (X) for allt > O} =1 forallaecR.

Moreover, for all nonnegative measurable functions ¢ : R — R,
t o]
p {/ O(Xs)d(X)s = / ¢(a)Lf(X)da for allt > 0} =1.
0 —0o0

Remark 5.7. This is called the occupation density formula for historical
reasons: Consider the case that M = B is linear Brownian motion. In that

case we obtain
t
/ 14(Bs)ds = / L{ da.
0 A

The left-hand side defines a measure called the occupation density, and we
find that local time is the Radon—Nikodym density of the occupation density
of Brownian motion. ([

Proof. If T is a stopping time and X/ := X7x¢, then
P{L{(XT)=L{p(X) forallt>0}=1 foralacR.

Therefore, localization shows us that we can assume without loss of general-
ity that M, (M), and A; := fot d|V|s are all bounded. We have derived (5.3)
under the boundedness assumptions of the present proof. By the Borel-
Cantelli lemma there exists a nonrandom sequence €(1) > €(2) > ---—
decreasing to zero—such that

{khm 2/ D Yd(M)s = L{(X) for alltZO}zl for all a € R.
Define
(5.6) LX) = limsup = / f” ) d(M)s,
k—o0

to readily obtain (5.4). Let I' denote the [random)] collection of all points a €
R for which the limsup in (5.6) is in fact a limit. Because (5.6) asserts that
P{a ¢ T'} = 0 for all a € R, Tonelli’s theorem shows that the expectation
of the Lebesgue measure of I' is zero. It follows immediately that, with
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probability one, I' has zero Lebesgue measure. Therefore, for all nonrandom
¢ € C°(R), the following holds a.s.:

lim ;/—Z/o f!(k)(Xs —a)p(a)d(M),da = /Oo L¢(X)¢(a) da.

k—o00 —00

The integrand on the left-hand side is (fe”(k) * ¢)(Xs). By Fejer’s theorem,
this converges to 2¢(X,) uniformly in s as k T oo. This completes the
proof. O

Our next goal is to derive good conditions that guarantee that (t,a) —
L$(X) can be chosen to be a continuous process as well (after possibly
making a modification). The following is a first step toward that goal.

Lemma 5.8. Choose and fix s € R. Then,

t
P{/O 1ix,—ay {{M)s =0 for all t > 0} = 1.

Proof. Thanks to (5.2), ¥; := |X; — a| defines a semimartingale, and by
Ito’s formula, Y,? = Y + 2 f(f Y dY + (Y);. This and (5.2) together yield

(X; —a)® = (X0 — a)?
t t t
:2/ (Xs—a)dXS—i—Q/ X, — df de;(X)—i-/ 1 x.zay (M)
0 0 0

Because local time grows on {s: X, = a}, we have fot | Xs —aldL2(X) =0
a.s., whence
t

t
(X;—a)’ — (Xo—a)? = 2/0 (X, —a)dX, +/0 Lix, 2y A(M)s.

By It6’s formula (4.2), the preceding is also equal to 2 fg(Xs —a)dXs+ (M),
since the quadratic variation of Xy —a is (M). Comparing terms, we obtain

t
P{/o 1{X5_a}d<M>S:0}:1 for all t > 0.

Consequently, fg 1ix,—a) d(M)s = 0 for all rational t’s a.s., and hence we
obtain the result by continuity. (Il

Proposition 5.9. The process I has a continuous modification J, where

t
I ::/ sign(Xs — a) dM;.
0

If, in addition, we have

t
(5.7) P{/ 1x,—qydVs =0 for allt > 0 andaeR}—l.
0
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then (t,a) — fg sign(Xs)dXs has a continuous modification.

Proof. By localization we may, and will, assume that M, (M), and A; :=
f[f d|Vs| are bounded.

Given three real numbers a < b and x,
sign(z — a) — sign(z — b)|> = 41 (4 4(2) + 1144y (2).
Consider the following square-integrable martingale:
Dy =18 - 1D,

Lemma 5.8, and the occupation density formula (Theorem 5.6) together
show that

t b
(5.8) (D), = 4 / Laex,cpy d(M), = 4 / L}(X)dz as.
0 a

It6's formula implies that (D;)* = 4 [/(Ds)?dDs + 6 [1(Ds)?d(D)s. Let
{T}}72, localize D to find that

ATy,
E (|Dt/\Tk|4> =6E (/ D? d<D>s> < 6E ( sup D?. (D>t>
0 SSt/\Tk

<6,|E ( sup D§> -E ((D)?) < const - \/E <|Dt/\Tk‘4> -E((D)?),

SSt/\Tk

thanks to Doob’s maximal inequality. Solve for the fourth moment, let
k T oo, and appeal to Fatou’s lemma to find that

b b
E ( sup |DS\4) < const-E [(Dﬁ] = const / / E(L;(X)LY (X)) dz dw,
s€[0,t] a Ja

by (5.8). Consequently,

E ( sup |DS\4> < const - (b — a)?supE (|L] (X)]?) .
s€[0,t] z

The Kolmogorov continuity theorem (p. 5) proves that I has a continu-
ous modification as soon as we prove that the second moment of L} (X) is
bounded in z. But the Tanaka formula (5.2) implies that L7 (X) is at most
| Xt — Xo|+ |I7|, which is bounded by const + |I7|. Hence, it suffices to prove
that E(|I7]?) is bounded in 2. We note further that |I7| is bounded above
by

t
+ < / sign(Xs — z) dM,|+A;.

0

t t
/ sign(Xs — z) dM; / sign(Xs — z) dV;
0 0
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Because A is bounded, it suffices to prove that the second moment of the
stochastic integral is bounded in z. But that follows readily because the qua-
dratic variation of that integral is at most (M), which is bounded uniformly
in z.

Now let us assume (5.7) holds, and define Jf := f(f sign(Xs — a) dVs.
That is, for each a € R fixed, the following holds a.s.:

t t t
i =/ Lix,>a} dVs —/ Lix.<apdVs = 2/ Lix,>ap dVs = Vi,
0 0 0

By localization we may assume that A; := fg d|Vs| is bounded. But then
it is clear from the dominated convergence theorem and (5.7) that the final
integral is continuous in a, for all £ > 0, outside a single null set. This proves
the theorem since [} sign(Xs — a)dX, = If + J¢ by definition. O

We finally arrive at the main result of this section.

Theorem 5.10. If (5.7) holds, then there exist a continuous process (t ,a) —
L{(X) such that

p {Eg(X) = LX) = LUX) for all t > o} =1 foralacR.

Proof. Let Qf denote the continuous modification of the map (¢,a) —
fg sign(Xs — a) dX§, and define

L{(X) = |Xi —a| — | X0 — a] - Q1.

The result follows from Tanaka’s formula (5.2) and Proposition 5.9. O

Because L(X), L(X), and L(X) are modifications of one another, we
can justifiably discard the first two and use the better-behaved L(X) as our
choice of local times. Thus, from now on we always mean L(X) to be a
continuous modification of local times. [If L(X) is not continuous then it is

replaced by L(X), and the “bar” is removed from the L by a slight abuse of
notation.]

Exercise 5.11. Prove that L{ also satisfies
t
1
(M, — a)+ = (M; — a)+ —I—/ 1{M5>a} dM; + iL?,
0

and

t
1
(Mt - a)_ = (Mt — a)_ —/ 1{Ms§a} dM, + iL?.
0



6. The Zero-Set of Brownian Motion 45

Exercise 5.12 (Burkholder). Let M denote a continuous local martingale.
Show that if (M); € L¥(P) for an integer k > 1, then M; € L?*(P). Do this
by proving that there exists a constant cj such that for all £k > 1 and ¢ > 0,

E | sup M| < cE [(M)ﬂ.
s€[0,¢]

6. The Zero-Set of Brownian Motion

Now we apply the preceding local-time theory to describe the “fractal” struc-
ture of the level sets of a Brownian motion B. Without loss of too much
generality we may assume that By, and because of the strong Markov prop-
erty we can reduce attention to the zero set

B0} :={s>0: B, =0}.

Let us begin with a simple result on the geometry of B~1{0}. More
advanced results will follow after we develop some notions from geometric
measure theory in the next subsection.

Proposition 6.1. With probability one, B~*{0} is closed and Lebesgue-null,
as well as nowhere dense in itself.

Proof. The first two statements are easier to prove: B~1{0} is [a.s.] closed
because it is the inverse image of a closed set under a map that is [a.s.]
continuous. [To be perfectly honest, this statement requires that the as-
sumed fact that the underlying probability measure is complete.] Also, by
the Tonelli theorem,

E </OOO 15-140)(5) ds) =E (/OOO 1{0}(Bs)ds> = /OOO P{B, =0}ds = 0.

It remains to prove that B~1{0} is nowhere dense. But this follows from the
fact that the complement of B~1{0} in R is a countable union of intervals
a.s. [This follows from the fact that B is never a constant a.s., which holds
in turn because B is a.s. nowhere differentiable.] (]

6.1. Hausdorff Measure and Dimension. Let G be a subset of R, and
consider a real number s > 0. For all € > 0 define H{(G) = inf Y22, 73,
where the infimum is taken over all left-closed, right-open intervals I; of the
form [a,a +rj), where: (i) Uj2,1; O G and (ii) sup;r; < e. The {I;}32,’s
are various covers of G. And as we decrease €, we are considering fewer and
fewer such covers. Therefore, the following exists as an increasing limit:

Hs(G) = hl%l H(G).
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This defines a set function Hs on all subsets of R4. The following is non-
trivial, but we will not prove it here.

Theorem 6.2 (Hausdorff). The restriction of Hs to Borel subsets of Ry
defines a Borel measure on Ry.

From now on Hg will denote the restriction of that quantity to Borel
subsets of Ry; then, H; is called the s-dimensional Hausdorff measure.
When s = 1, H, and the Lebesgue measure on R agree. [It suffices to
check that they agree on intervals, but that is easy.] We will use, without
proof, the fact that Hs(G) = sup Hs(K), where the supremum is taken over
all compact sets K C G with H(K) < oo.

If Hs(G) < oo for some Borel set G C Ry, then HS(G) < 2H4(G) for
all small ¢ > 0. Hence, for all left-closed right-open cover Iy, Is,... of G
such that sup; |I;| < e, we have » 22, |I;]* < 2H,(G) < oo. If, in addition,
sup; |I;] < e, then \Ij\SH < e5|Ij|8 for s,6 > 0. Consequently, we can
optimize to deduce that H,ys(G) < 2e7H4(G) for all € > 0. That is,

Hs(G) <o = Hs46(G) =0 for all § > 0.
Similarly, one proves that
Hs(G) >0 = Hs_s(G) =00 forall § > 0.

Therefore, there is a unique critical number s > 0 such that H;(G) = 0
if t > s and Hi(G) = oo if t < s. This critical s is called the Hausdorff
dimension of G. The preceding can be encapsulated, in symbols, as follows:

dim, G :=inf{s > 0: Hs(G) = 0}
=sup{s > 0: Hs(G) = 0},

where sup @ := 0. Because H; is the Lebesgue measure, we find that 0 <
dim, G < 1; this is clear when G is bounded, and the general case follows
from approximation of Hausdorff measure of G by Hs(K), where K C G
has finite measure. And one can construct examples of sets G C R whose
Hausdorff dimension is any given number in [0,1]. One can prove that

dim,, U G, = supdimy G,.

n=1 n>1

The utility of this is best seen as follows: If dim, (G N [—n,n]) = s for all
n > 1, then dim, G = s. Our goal is to prove

Theorem 6.3 (Lévy). With probability one, dim, B~1{0} = 1/2.
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6.2. Upper Bounds. Suppose that there exists a sequence of €’s—tending
downward to zero—for which we could find a left-closed right-open cover
I, I, ... of G such that |I;] < e for all j, and 3 72, [I;|* < C < co. Then it
follows easily from the definition of Hausdorff measure that H(G) < C <
oo. Thus, we find that dim,; G <'s.

Example 6.4 (The Cantor set). The Cantor set on [0, 1] is obtained iter-
atively as follows: Define Cyp :=[0,1], Cy :=[0,1/3]U[2/3,1], ... . Having
defined C; D Cy D --- D Cp_1, we find that C,,_; is comprised of 2"~ ! in-
tervals of length 37! each. Subdivide each interval into three equal parts;
jettison the middle one; and combine the rest to form C,,. Since the C’s
are decreasing closed sets in [0, , 1], the Heine—Borel property of the real line
tells us that C' := N2, C), is a nonvoid compact subset of [0, 1]. The set C'is
the socalled [ternary] Cantor set. Since C' C C,, for all n > 1, the Lebesgue
measure of C'is at most that of C,,; the latter is equal to 2™ -37". Therefore,
C' is Lebesgue null. Moreover, the intervals that comprise C), form a closed
cover of C with length < ¢ := 37". We can extend them a little on the
right-end to obtain left-closed, right-open intervals. Then, using more or
less clear notation we have Zj ri = 2".37"%. Therefore, we can choose s
to be logz(2) to find that Hiag,(2)(C) < 1. Consequently, dim,, C' < logs(2).
The inequality is in fact a famous identity due to Hausdorff. U

Proof of Theorem 6.3: Upper Bound. We will prove that the Haus-
dorff dimension of B~1{0} N [r, R) is at most 1/2 regardless of the values of
r < R. Elementary considerations then show from this that dim, B~1{0} <
1/2 a.s. To simplify the notation, I work with the case that [r, R) =[1,2).
It is not too hard to adapt the argument and derive the general case from
this.

Consider I, ..., I, where I; := [(j—1)/m,j/m) for j = m+1,...,2m.
If Bil{O}ﬁIj # &, then we use I; as a cover. Else, we do not. Consequently,

2m
Hy/™ (BH0}N1,2) < Z m”*Li1,nB-1{0}£0}-
j=m+1
Take expectations to find that
2m
E [H;/m (B0} n [1,2))] < Y mP{;nB 0} # 2}.
j=m+1

The probabilities are not hard to find. Indeed, by the Markov property,
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where Ty denotes the first hitting time of zero. The probability density under
the integral is easy to write down because B(;_1)/,, = N(0, (j—1)/m). Thus,
by symmetry,

P {1;,n B Y0} # o} :2/Ooofm(x)P{To g% ‘Bo :x} dz,

fm(x) = \/m P <‘2<j2f11>> '

Over the range of j’s, m/(j — 1) < 1. Therefore, f,,(z) < (2m)~/2, and
hence

» o\ 1/2 oo 1
P{IjﬁB {0}#®}<<> / P{To<m‘30:x}dl‘,
T 0

where

The conditional probability that Ty < 1/m given By = x > 0 is the same
as the conditional probability that the probability that Brownian motion,
started at zero, exceeds x by time 1/m. By the reflection principle,

1
P{TOS‘BOZQJ}:P sup Bs>«x :P{|Bl/m|>$}-

m s€[0,1/m)]
Therefore, P{I; N B~1{0} # @} < const - E(|By,,|) = const - m~1/2, and
hence

2m
B [HY™ (B7H0} N1 [1,2))] < const- > m™ /) < const - m /2,
Jj=m+1

In particular, we set s := 1/2 to find that
sup E [H};;n (BH{o}n[1 ,2))} < 0.
m>1

By Fatou’s lemma, the expectation of H;/o(B~1{0} N [1,2)) is finite. This
shows that H, /o(B~'{0}N[1,2)) is finite a.s., and thus we obtain the desired
bound, dim,; B~1{0} N [1,2) < 1/2 a.s. O

6.3. Lower Bounds. The method of the previous section does not have
a lower-bound counterpart because in the case of the lower bound we need
to consider all possible coverings [and not just hand-picked ones]. Thus, we
need a new idea for this second half. The surprising answer comes from
another part of mathematics (potential theory) altogether.
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Proposition 6.5 (Frostman). If G be a measurable set in R, then dim, G
is at least s > 0, provided that there exists a nontrivial finite measure p on
G [i.e., u(G®) = 0] such that

¢ = supsup PETFD

z€R >0 €°

Proof. For all ¢ > 0 and all left-closed, right-open covers Iy, Is,... of G
such that sup; [I;| < ¢, and 372, [I;]° > ¢! > ey m(Iy) = c”l. We can
take the infimum over all such covers and let ¢ tend to zero to find that

Hs(G) > c 1> 0. O

Proof of Theorem 6.3: Lower Bound. Define i by
w([a, b)) = Ly(B) — Lo(B),

where LY(B) is Brownian local time at zero. Thanks to Tanaka’s formula
(Theorem 5.1),

pu(la ;b)) < By = Bal + 18y — fal,

where 3 := fot sign(Bs) dBs. The process § is a Brownian motion, as can
be seen from its quadratic variation. Since B and (8 are Holder continuous
of any order a < 1/2, it follows that

P {sup supw < oo} =1 foral a<1/2.
zeR €>0 €

Therefore, Frostman’s Proposition 6.5 would complete the proof provided
that we could prove that ([0, T]) is positive and finite a.s. for some constant
T > 0. It turns out that this statement is true for all 7" > 0.

By Tanaka’s formula, E ([0, T]) = E(|Br|) < co. Therefore, u([0,7]) <
oo a.s. for all T > 0. For positivity we first recall that by the occupation
density formula and the continuity of local times,

T

o1
:U'([OaT]) - L%(B) = lim — 1{0<Bs<€} ds.
el0 € Jg

Therefore, scaling properties of B imply that u([0,7]) has the same distri-
bution as T/2u([0,1]). Thus,

P{u([0,T]) > 0} = P {u([0,1]) > 0}.

Let T | 0 and appeal to the Blumenthal zero-one law to deduce that the
left-hand side is zero or one. Since E u([0,1]) = E|B;| > 0, it follows that
P{u([0,T]) > 0} =1 for all T"> 0. This completes the proof. O
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Exercise 6.6. Prove that dim, C' > logs(2) for the Cantor set C' by con-
structing an appropriate Frostman measure p on C. (Hint: Stat by studying
carefully the distribution function of the uniform distribution on Cy,.)



Chapter 4

One-Dimensional
Stochastic Differential
Equations

1. Fundamental Notions
2. Equations with Lipschitz Coefficients

Suppose o and b are real-valued Lipschitz continuous functions on R. We
wish to solve the following for a continuous and adapted process X, where
x is nonrandom:

(2.1) dX; = o(Xy)dB; subject to Xy = x.

[The same procedure works if  is independent of B, but then we will require
X to be continuous and adapted with respect to {o(z) V % }.]

Interpretation:
t
(2.2) Xi==x +/ o0(Xs)dBs.
0

We proceed with a fixed-point argument.
Define Xt(o) := z, and then iteratively define

t
(2.3) XM =g +/ o(X{" D) dB;,
0

valid for all n > 1. The following will help us control the size of Xt(n).
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Lemma 2.1 (Gronwall’s lemma). Let f1, fa,... be a sequence of nondecreas-
ing real-valued functions on [0,T]. Suppose there exist o, 3 > 0 such that
for allt € [0,T] and n > 2,

(2.4) fn(t) <a+ ﬂ/ot fn—1(s)ds.

Then,

1+8)"1+t)"
n!

(2.5) fa(t) < aelt + fit)  forallte[0,T].

Proof. Clearly, (2.5) is valid for n = 1. The lemma is then proved by
applying a simple induction argument. (]

Theorem 2.2 (It6). Suppose o is Lipschitz continuous. Then, (2.1) has a
unique adapted solution that is a.s. continuous.

Proof. Because o is Lipschitz, |o(z)| < |0(0)| 4+ Lip,|z|. Consequently,
2
E <‘X§” - x) ) = |o(2)]t < 2t {|o(0)[2 + 2Lip2} .

We have appealed to the inequality (a + b)? < 2(a? + b?). This and Doob’s
inequality together prove that sup,<, | X 8(1)| is square integrable for all t > 0.

By Doob’s maximal inequality,

t 2
B ( S —X§"1>2> <4E ( / o(X() — o(x (-2 ds) |
0

0<s<t

Let fy,(t) denote the left-hand side. Since o is Lipschitz continuous, we have
shown that f,,(t) < 4Lip?2 fg frn—1(s) ds. Gronwall’s lemma then implies that

(2.6) fu(t) < (14 4Lip2)" (1 +t)»

for some constant ¢ > 0. [The last bound uses Stirling’s formula, as well.]
This makes sense provided that fi(t) < oo for all . But our choice of X©)

guarantess that Xt(l) =z + o(z) By, whence fi(t) < oo.

The preceding display tell us that S°°° | f,(t)|"/? < oo, and hence it
follows that there exists a process { Xs}s>0 such that for all t > 0,

() <ch@)27,

n!

nloo

(2.7) sup ‘XS(") ~X,|™%0  as. and in L2(P).

0<s<t




2. Equations with Lipschitz Coefficients 53
Evidently, X is adapted, and

2
E| sup
0<s<t

(2.8) < 4E </Ot ‘U(Xy)) ~ o(Xy)

/ o(XMYydB, — / o(X,)dB,
0 0

2
du)

<4Lip? t E ( sup ‘Xs{”) _ X,
0<s<t

By (2.6) and Minkowski’s inequality,

9 1/2 00
(e (g e - [) | < 2o
j=n

0<s<t
< comst - | f1(¢)[/227/2

(2.9)

This defines a summable series [in n|. Therefore,

/ o(XMydB, — / o(X,)dB,
0 0

nToo

(2.10) sup “20 as. and in L*(P).

0<s<t

Therefore, (2.3) implies that (2.1) has a continuous adapted solution X. To
finish, suppose (2.1) has two continuous adapted solutions X and Y. Then,

B sup 1= vi?) < an ((['1o06) - o) du

0<s<t
t
< ALip’E </ | X, — Yo |? du>
0

Call the left-hand side f(¢) to deduce that f(¢) < const - fg f(s)ds. Thanks
to Gronwall’s lemma, f(t) < ¢f/n!- f(t) for a constant ¢; and arbitrary
integers n > 1. Let n — oo to deduce that f(¢) = 0 for all ¢. O

(2.11)

Exercise 2.3. Prove directly that sup,, E(supy<; 1X§”)|2) < oo for all t > 0.

Exercise 2.4 (Important). Let B denote d-dimensional Brownian motion.
Suppose b : R — R? and o : R¥ — RF*? are nonrandom Lipschitz func-
tions. Prove that there exists a unique adapted and continuous solution to
the SDE dX; = o(Xy)dB; + b(Xy)dt, subject to Xy = z for a nonrandom
x € R*. This equation is interpreted as follows:

(2.12) Xy =+ /ta(Xs)st + /t b(X,) ds.
0 0
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Exercise 2.5. Interpret dX; = X{* dt, subject to X¢ = 0, as a trivial one-
dimensional SDE. For what values of « does this have a solution for all
t > 07 When is the solution unique? This exercise helps you see why the
assumption of Lipschitz continuity is important. [Hint: Try solutions that
have are powers of v(t — ¢)* for various positive constants ¢ and v.

3. Lévy’s Identity in Law

Let B denote linear Brownian motion with By := 0, and consider the non-
decreasing continuous adapted process S defined by

Sy := sup Bs forall t > 0.
s€[0,t]

Theorem 3.1 (Lévy). As processes, (S;,S; — By) and (LY(B),|By|) have
the same finite-dimensional distributions.

Remark 3.2. Choose and fix a ¢ > 0. The classical reflection principle
tells us that the random variables S; and |B;| have the same distibution.
Because of this and Theorem 3.1, we can conclude that LY(B) and |B;| have
the same distribution as well. That is,

oNY? 2,
P {L?(B) <z} = (mﬁ) /0 eV /(N gy,

But of course Theorem 3.1 implies much more than this sort of statement
about fixed times. (|

Proof. Let g : Ry x R — R be C* in each variable (say), and consider
the SDE

Q(Vt 7Xt) _9(070)

t
:_/0 (029) (Vs , X,) B

n / (019) (Va . X.) + (D29) (Ve , X,)] Vs
0

2

where ( is a Brownian motion, V is a nondecreasing adapted process, and X
is an adapted and continuous semimartingale. Because ¢ is smooth in all of
its variables, this SDE can be shown to have a unique strong solution—which
we write as (V', X, f)—and we can write (V' ,X) = F(§) for a nonrandom
function F' that is obtained from the fixed-point proof of the basic theorem
on SDEs.

(3.1) oy f (Drag)(Va ) X.) ds,
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Next we can apply Itd’s formula to find that for all smooth functions
f: Ry xR —=R,

f(Se,Bt) — f(0,0)
1

t ¢ t
:/ (fo)(Ss,Bs)st—F/ (8tf)(SS,Bs)dSS+2/ (Ozzf)(Ss , Bs) ds.
0 0 0
Define f(t,z) := g(t,t — z) and D; := Sy — By to infer from this that
(S, D, B) solves (3.1), and consequently, (S, D) = F(B).
Let ¢; := LY(B) and note from Tanaka’s formula (5.2) on page 39 that

g(&,|Bi]) — g(0,0)

:/0 (&pg)(ﬁmle)Sign(Bs)st+/0 [(B19)(£s , | Bs|) + (9eg) (€5 , | Bs])] des

1 t
+2/ (009)(ls . | By) ds.
0

Now consider the local martingale W; := fg sign(Bs) dBs. Thanks to Lemma
5.8 (p. 42), (W); = t and therefore W is a Brownian motion by Lévy’s
theorem (p. 33). This proves that (¢,|B|, W) solves (3.1), and consequently,
(¢,|B]) = F(W). The theorem follows because the laws of F(W) and F(B)

are the same. O

4. Girsanov’s Counterexample

Suppose a > 0 is a constant, and consider the equation
(4.1) dX; = | X¢|*dB;, subject to Xy = 0.

Obviously X; := 0 is always a strong solution. The following shows that if
we choose « suitably, then there also exist nonzero solutions.

Theorem 4.1 (Girsanov). If a € (0,3), then (4.1) does not have a weakly-
unique solution. Butif o > 1/2 then (4.1) has an a.s.-unique strong solution.

Note that the function o(x) := |z|* is not Lipschitz continuous for any
ae(0,1).

Proof. Consider the process
L dB
ﬂt = / Z.
o |Bsl

This is a well-defined continuous local martingale, since fg ds/|Bs
finite. Indeed,

t ds tds
E /)—E N(0,1)| % -/<oo.
<0 ‘Bs|2a (‘ ( )| ) 0 s

> is a.s.
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Moreover, the quadratic variation of 3 is

tqd
(B): = /0 T

I will show soon that lim; () = 0o a.s. Let us use this to first complete
the proof of the theorem. Then we verify the latter claim to complete the
proof of nonuniqueness.

The theorem of Dambis, Dubins, and Schwarz (p. 33) implies that we
can find a Brownian motion W such that 3,y = Wy, where p(t) denotes the
first instance r > 0 when (3), = t. Because dB; = |B;|~2*dB;, it follows
that dB; = |B[** By = |By|**d(W o (3)):, and therefore Y; := B, solves
dY; = |Y;|?® dW; subject to Yy = 0. Because t — {(f3); is strictly increasing,
and since the zero-set of B has zero Lebesgue measure, it follows that Y # 0.
Therefore, there are non-zero weak solutions to (4.1).

Now we prove the claim that ()s = o0 a.s. Fix ¢ > 0 and note that

(B =t fol | But| 2% du, and by the Brownian scaling property this has the
same distribution as t'=%(/3);. Consequently,

P{<ﬂ>tzA}=P{<ﬂ>1zﬂAa}H1 as £ — 0o,

for all A > 0. That is, (3); — oo in probability, whence it follows that
limsup;_,.{(f)+ = oo a.s. Since () is nondecreasing, this proves that
(B)0 = o0 almost surely. The nonuniqueness portion follows.

For the other half, X; := 0 is always a strong soltuion. We wish to prove
that it is the only one. Suppose there is another strong solutions Z. By
localization, we can assume without loss of generality that |Z;| is uniformly
bounded by a constant; else, we obtain uniqueness up to inf{s > 0: |Z,| >
k} for all £ > 1, and hence the result in the general case.

We know that Z; is a continuous local martingale with (Z); = fg | Z4)?* ds.
Thus, [} |Zs|72*d(Z)s =t < co. According to Tanaka’s formula,

t
(4.2) |Zt|:/ sign(Zs) dZs + LY,
0

where {L{};>¢ denotes the local time of Z at a. The occupation density
formula (p. 41) tells us that f(f | Zs|2*d(Z)s = [ |a|?*L{ da, which we
know is finite a.s. Since a ~ |a| 2% is not integrable, the continuity of
local times implies that LY = 0. Consequently, |Z;| = fg sign(Zs)|Zs|“ dBs
defines a mean-zero square-integrable martingale. Thus, E(|Z;|) = 0, and
uniqueness follows. O
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Exercise 4.2. Suppose b is a Lipschitz function and there exists C' > 0 and
a > 1/2 such that

lo(w) —o(2)] < Clw — z|“.
Then prove that if dX; = o(X;) dB;+b(X;) dt (Xo = x) has a weak solution,
then there is pathwise uniqueness, whence there is a unique strong solution.
[Corollary 5.4 below implies that there is often a weak solution. Other results
of this type also exist.]

5. Weak Solutions and the Martingale Problem

Suppose X is a continuous local semimartingale that satisfies

(5.1) Xi=z+ /Ot o(Xs)dBs + /Ot b(Xs) ds,

where b,0 : R — R are measurable functions, and « € R is nonrandom and
fixed. Such processes are called [td processes. [We are implicitly assuming
that both integrals make sense, and B is of course linear Brownian motion. ]
Define for all f € C?*(R),

(52) M = 50%) = 5000 = [ (Ehex) ds
where
(53) (L)(2) = 30*(2)f"(2) + () (2).

Then according to Itd’s formula, M7 is a continuous local martingale. In
fact, Mtf = f(f o(Xs)f'(Xs)dBs. There is a kind of converse to this, which
we begin to prove.

Lemma 5.1. Suppose X is a continuous adapted [F] process. Then, M/t
is a continuous local martingale for all f € C*(R) if and only if Z; == Xy —
fg b(Xs) ds defines a continuous local martingale with (Z)y = f(f o%(X,)ds.

Proof. First we suppose M/ is a continuous local martingale for all f €
C%(R). Choose f(z) := z, so that (Lf)(z) := 0, to find that Z is a continu-
ous local martingale, and hence X is a continuous local semimartingale.

We choose f(z) := 22, so that (Lf)(z) = 0(2) + 22b(z) and
¢ t
X} = / 0?(Xs)ds + 2/ X dC + a local martingale,
0 0
where Cy := fg b(Xs)ds. By Ito’s formula for semimartingales,

t t t t
2XtCt—2/ XdC+2/ C’dX—Z/ XdC—l—Q/ CdC + aloc. mart.
0 0 0 0
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In fact, the local martingale is 2 fg CdZ. We take the difference of the
previous two displays to find

t t
th —2X,Cy = / 0?(X,)ds — 2/ C dC + a local martingale.
0 0

But classical integration by parts tells us that 2 fg CdC = C?. Conse-
quently, Z? = fo s)ds + a local martingale, and this identifies (Z).
Conversely, suppose Z; := X; — C} is a continuous local martingale
with quadratic variation f(f 02(X,)ds. According to Itd’s formula, & :=
exp{\Z;—$A*(Z);} defines a continuous local martingale for all fixed A € R..
This proves that Mtf is a continuous local martingale for f(z) = exp(\z).

Because exponentials are dense in C?(R) the result follows easily from the
exponential case. O

Lemma 5.2. Suppose X is a continuous adapted [F] process. such that
= X; — fO s)ds defines a continuous local martingale with (Z); =

fg 2(X,)ds. Then we can enlarge the probability space such that on the

enlarged space there exists a Brownian motion B that satisfies (5.1).

Proof. First consider the case that o(z) is never zero. In that case, we can
define By := [ dZ,/o(X). This is a well-defined It6 integral and (B); = t.
Therefore, B is a Brownian motion by Lévy’s theorem (p. 33). Clearly,
dB; = dZ;/o(X;)—equivalently, dZ; = o(X;)dBy, and no enlargement of
the space is necessary.

In the case that o can take on the value of zero, we introduce an in-
dependent Brownian motion {3;}+>0 by enlarging the underlying space—if
needed—and define

t1 t
— {o(Xs)#0}
o= [ ZEERGZ+  Biordn

where 0/0 := 0. Then, B is a continuous local martingale with respect
to the filtration generated by (Z,(3), and (B); = t, whence follows the

Brownian property of B. The fact that o(X;)dB; = dZ; is obvious from
the definitions. O

Now we use our theory of It6 processes, and construct weak solution to
the stochastic differential equation (5.1) under very mild regularity condi-
tions on ¢ and b.

Theorem 5.3. If0,b: R — R are bounded and continuous, then (5.1) has
a weak solution.
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Proof. We need to prove only that there exists a continuous process X
[adapted to a suitable filtration] such that M/ is a continuous local martin-
gale [in that filtration] for all f € C?(R).

If o and b are Lipschitz continuous, then we know that there is in fact a
strong solution X for every Brownian motion B (Theorem 2.2 and Exercise
2.4, pp. 52-53). If o and b are bounded and continuous, then we choose a
sequence of Lipschitz continuous functions {o,,} and {b,} such that o,, — o
and b, — b. Because there exists a constant C' such that |b(z)| + |o(z)| < C
for all z € R, we can even choose the 0,,’s and b,,’s so that |6, (2)|+|bn(2)] <
Cforallm>1and z € R.

Define operators L1, Lo, ... by

(Laf)() = 502 ()" () + bal2)f'(2).

We know already that there exist processes X', X2, ... such that for all
n>1and f € C2(R),

t
Mtf" = f(X{) — f(x) — / (Lnf)(X7)ds is a continuous loc. mart.
0

In fact, we can choose a single Brownian motion B and define X™ as the
[strong] solution to

t t
X'=z +/ on(X2) dBs +/ b (X2 ds.
0 0

2

Because o,

that

is bounded uniformly by C2, Exercise 5.12 on page 45 tells us

E <|Yt” - YS"|4) < const - |t — s]?,

where the constant does not depend on n, ¢, or s, and Y;" := Xﬁ—fg bn(X7) ds.
Kolmogorov’s continuity theorem (p. 5) ensures that for all 7' > 0 there ex-
ists a constant Cp € (0, 00) such that

Yr—-ypr
E sup % <Cr.
o<si<t: [t — s|V/
|s—t|<e
Since b, is bounded this implies that
Xn _ xXn
E sup |5712’ < Ch.
o<si<r: |t — [
[s—t|<e

for a possibly-larger constant C/. € (0, 00). Let Fr(m) denote the collection
of all continuous functions f : [0,7] — R such that f(0) = = and |f(¢) —
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f(s)| < mlt — s|'/> for all s,t € [0,T]. Thanks to Arzéla—Ascoli theorem
Fr(m) is compact in C([0,T]). By Chebyshev’s inequality,

C/
sup P { X7}y ¢ Frlm)} < 8
Let p,, denote the distribution of X", restricted to the time-set [0,7]. The
preceding proves that for all € > 0 there exists a compact K. C C([0,T7]),
such that pn(Kc.) > 1 — € for all n > 1. That is, {p,}52, is a “tight”
family. If all p,,’s supported the same compact set K (say) then the Banach—
Alaoglu theorem implies that there exists a subsequence {n(k)}?° ,—going
to infinity as k — oo—such that () converges weakly to some probability
measure Lo, supported on Kjp.! Tightness is only a small complication
and the same fact remains true (Prohorov’s theorem), as can be seen by
considering pi, (- |K.) instead of u,. Let X denote the process in C([0,T])
whose law is fico-

For all f € C%(R), lim,, .o L f = Lf pointwise and locally boundedly.
Consequently, M /" converges weakly to the continuous local martingale M/
for all f € C?(R). Lemma 5.2 concludes the proof, and shows that there
exists a Brownian motion B—on a possibly enlarged probability space—such
that (X, B) is a weak solution to (5.1). O

Corollary 5.4. Suppose b is Lipschitz continuous and o is Holder-continuous
with exponent o > 1/2. Then (5.1) has a unique strong solution.

Proof. Let b,(z) :=b(2) V(—n) An and 0,(2) := 0(2) V (—n) An. Then b,
and o, are bounded and continuous. Therefore, Theorem 5.3 assures us of
the existence of a weak solution (X", B™) to

(5.4) dX; = 0y (X)) dBy 4 b, (X;) dt subject to Xo = z.

Because b, is Lipschitz and o, is Holder-continuous with index > 1/2, Ex-
ercise 4.2 (p. 57) assures us that there is in fact a unique strong solution
to (5.4). Let X denote the solution and B the Brownian motion. Define
T,, to be the first instance s > 0 at which |o(Xs)| + |b(Xs)| > n. Clearly,
on(Xs) = 0(Xs) and b, (Xs) = b(Xs) for all s < T,. Therefore, strong
uniqueness completes the proof. ([l

1Recall that this means that lim,, fgdun(k) = [gdpc for all continuous and bounded
functions g : C([0,7T]) — R.
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6. Some Interesting Examples

6.1. The Exponential Martingale. Let X denote the unique strong so-
lution to the stochastic differential equation

dX; = \X;dB; subject to Xg = z,
where z > 0 and A € R are constants. Then,

AQ
X =xexp ()\Bt — 2t) .

See the discussion on page 33.

6.2. The Ornstein—Uhlenbeck Process. Let X denote the unique strong
solution to the Langevin equation

(6.1) dX; =dB; —vX;dt subject to Xy = =z,

where x, v € R are constants and B denotes a linear Brownian motion with
By := 0. Let f denote a C'! nonrandom function. Then, we multiply both
sides of (6.1) by f and “integrate” to find that

/Otf(s) aX, = /Otf(s)st - V/Otf(S)Xsds.

(Why is this correct?) Because f is nonrandom and C*, fot fdX = f(t) X —
f(0)x — f(f f'(s)Xsds. (E.g., see Wiener’s formula in Example 1.3, p. 17.)
Consequently,

FOX= [ 176 = vf(s)] Xods = j0)a+ [ 1a.

We choose any nonrandom C! function f that satisfies f' = v f; e.g., f(t) :=
exp(vt). This choice ensures that the first integral vanishes, and hence

t
(6.2) Xy =e "z + e_”t/ €”®*dBs is the solution to (6.1).
0

Exercise 6.1. Verify that the process X is a Gaussian process. Compute
EX; and Cov(X, , X,1¢), and verify that if h is C?, then

t t
ROt = i)+ [ W) aB+ [ (LR ds
0 0

where (Lh)(z) := 3h"(z) — vah/(z). If 8 > 0, then X is called the [non-
stationary] Ornstein—Uhlenbeck process of parameter (. Finally, check that
if v > 0, then g; = e”tXa(t) — x defines a Brownian motion (in its own
filtration), provided that o(t) := (2v)~'In(1 + 2vt) for all t > 0 if v > 0,
and o(t) :=tif v =0.
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Classically, B; describes the displacement of a (here, one-dimensional)
particle that is subject only to molecular motion. Because || B; — Bs||p2(p) =
|t — s|'/2, Brownian motion is not “differentiable in square mean.” This
observation makes B an undesirable mathematical description for molecular
motion. Ornstein and Uhlenbeck suggested that a better description might
be had if we use B to describe the acceleration of the Brownian particle
[instead of the displacement]. Langevin’s equation is the physical description
of the resulting velocity X; at time ¢.

6.3. The Geometric/Exponential Brownian Motion. Given two con-
stants 4 € R and ¢ > 0, we seek to find the solution to the following SDE:

(63) dXt = /J,Xt dt + O'Xt dBt,

where B denotes linear Brownian motion. The strong solution to this SDE
exists and is unique by Exercise 2.4 (p. 53). It is called the geometric
(sometimes exponential) Brownian motion. In mathematical finance, X
denotes the value of a risky security (such as a stock) at time ¢, and (6.3)
states that dX;/X; = pdt + odBy, or roughly (Xpie — X3)/Xe =~ pe +
0(Biye — By) for small € > 0; i.e., relative changes in the stock price are
governed by the changes in a Brownian motion with drift p and volatility o.

We would like to think of dX;/X; as d(InX;)/d¢t. This is not quite

correct, but motivates the choice of f(z) := Inx, to which we apply 1to’s
formula (for z > 0) and find that for all 0 <t < T := inf{s > 0: X, = 0},
t t 2
dX, 1 [td(X), o2t
n(X¢/Xo) 0 X, 2/0 X2 ut + o5 5

Or equivalently, geometric Brownian motion with parameters p and o is the
process

2
(6.4) X, = Xoexp (t [u - 02} + aBt> ,

for all ¢ < Tp. Note that unless Xy = 0, Xy—as defined by (6.4)—is never
zero, and therefore Ty = oo a.s. Thus, (6.4) holds for all ¢ > 0.

Exercise 6.2. Define x := 02/(2u) if u # 0. Then, prove that f(X;) is a
local martingale, where

B ‘/ﬁ(l—efz/”)} if u#£0,
f(z)_{z if n=0.

Define T, := inf{s > 0 : X; = z} for all z > 0, where inf @ := oo. If
r < Xo < R, then compute P{Tr < T.,}; this is the probability that the
value of our stock reaches the height of R before it plummets down to 7.
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6.4. The Basic Wright—Fisher Model. Suppose that there are many
genes in a given [large] population, and the genes are of two types: Types a
and b. We are interested in the evolution of the fraction X; of genes of type
a at time ¢, as ¢t changes. A simple model for this evolution follows: First,
let us write Xy :=x € (0, 1), where x is a nonrandom constant.

First let us suppose there are no mutations, selections, etc. Then, given
that by time j/n the fraction of a’s is Xj/,, and if there are n ~ oo
genes at any time, then we want the conditional distribution of n.X; 1)/,
given {Xi/n}g:o» to be Bin(n, Xj/,). That is, every gene will be type a
with probability X;,,; else, it will be type b. If n &~ oo, then by the
classical central limit theorem, [Bin(n, X;,,)/n — X;,,] is approximately

N0, X;/n(1 = X;/n)/n) = \/Xj/n(l — X;/,)N(0,1/n), and we have

Xigs/m = Xspn A/ Xifn(1 = Xjn) - Nyjm:

where No, Ny/p; Nojp, ... are iid. N(0,1/n)’s. If B denotes a linear Br-
ownian motion, then we can realize N;/, as B(jy1)/n — Bj/n, whence we are
led to the following: If the population size n is very large, then a reasonable
continuous-time model for the evolution of type-a genes is

(6.5) dX; =/ Xi(1 - X;)dB, subject to Xg = .

[Can you deduce from the preceding story that X is a natural candidate for
a “continuous-time, continuous-state branching process”?]

Exercise 6.3. Define T, := inf{s > 0 : X = z} for all z € [0, 1], where
inf @ := oco. Compute P{T} < Tp}; this is the probability that genes of type
b ultimately die out.

7. Stochastic Flows

Let B denote d-dimensional Brownian motion and consider the unique so-
lution X* to the SDE

t t
(7.1) th:a:—i—/ U(Xf)st—i-/ b(XY)ds forallt >0,
0 0

where o : R¥ — R*® and b : R¥ — R” are Lipschitz continuous and z € R*
is fixed. Note that B is d-dimensional and X?¥ is k-dimensional.

So far we have solved (7.1) for each z. Next we prove that the previous,
viewed as a system of SDEs indexed by z, can be solved simultaneously
for all z and t, and the result is a continuous random function of (z,t). If
we let Y, denote the “simultaneous solution,” then it is easy to see that
P{Y? = XF forallt >0} = 1 for all z € R¥; ie., the Y is a t-uniform
modification of X.
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The process x — Y* is called the stochastic flow associated to the SDE
dXt = O'(Xt) dBt + b(Xt) dt.

Theorem 7.1. There exists a jointly continuous process (x ,t) — Y7 that
solves (7.1) off a null set, simultaneously for all t and x.

Proof. First let X/ denote the solution for each fixed z. For all z,y €
RY define M; : fO o(X*)dBs — fO o(X?)dBg and V; : fO (X¥)ds —
J5b(X¥)ds. Since o is a matrix-valued Lipschitz function,

t t
(M), :/ lo(X) — o(XY)||? ds < const / X = XY ds,
0 0

where we are writing M; := (M} ,..., MF) coordinatewise. Therefore, by
Exercise 5.12 on page 45,
)

t
E [sup ]M5|2"] < const - E <‘/ | X — Xsy]2 ds
0

s€[0,t]
t 2n
B( sup ViP) <E \/ X2 - XY ds
s€[0,¢] 0

t
< const - E <‘/ X7 — XY)? ds
0

Also,

Therefore, the Gronwall lemma (Lemma 2.1) implies that

t
E < sup | X7 — X§|2n) < const {|x —y*" +E ()/ |XT — XY)? ds
0

n
s€[0,t] ) }
By the Kolmogorov continuity theorem (p. 5), there exists for all ¢t > 0
fixed a continuous process R¥ 3 y — Y € C(R*,C([0,t],R*)) such that
P{YY = XY for all s € [0,t]} = 1 [you need to parse this!]. We “let ¢ 1 c0”
by using the Kolmogorov extension theorem of basic probability. This yields
a continuous process (t,y) — Y such that P{Y}Y = X/ for all t > 0} = 1.
Y solves (7.1) for all t > 0, a.s. for each fixed y, simply because X does.
By countable additivity, the same is true simultaneously for all (¢,y) €
R, x QF. But what we just showed actually proves that, after making
further modifications of the terms in (7.1), we can ensure that both sides
of (7.1) are continuous. If two continuous functions agree on rationals they
agree. This proves the result. ([l

< const - |z — y|*".
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Exercise 7.2. The preceding proof shows a little more. Namely, that Y;*
can be chosen so that it is Holder continuous of any index < 1 [in the x
variable]. Prove that if o and b are C*°, then z — Y;* can be chosen to be
C*°. [For simplicity, you may assume that k = d = 1.] Here is a hint. Start
by showing that the following SDE has a solution:

dZF = o/ (XP)Z8 dBy + V(X7 ZF dt.

Then argue that: (a) (t,z) — Z7 has a continuous modification; and (b) Z
is a modification of d X} /dx.

8. The Strong Markov Property

Let 0,b: R — R be two Lipschitz continuous nonrandom functions. Thanks
to Theorem 7.1 we can solve the following simultaneously in all £ > 0 and

z € R:
t

t
(8.1) Xf:er/ J(Xj?)st—i—/ b(X7) ds,
0 0

and moreover (t,z) — X[ is the a.s.-unique continuous [strong] solution.

Next we note that
t+h t+h
(8.2) fon = X[ —|—/ o(XY)dBs +/ b(XY)ds.
t t

This is valid simultaneously for all ¢, h > 0. Therefore, we may replace ¢ by

an a.s.-finite stopping time 7, and define Wy := B,s — B;. By the strong

Markov property of Brownian motion, the process W is a Brownian motion

independent of 7;. Moreover, if Y}, := XT_,, then it is not hard to see that
h h

(83) V= X° +/ o (V) dIV, +/ b(Yy)ds  forall h> 0.

0 0

By uniqueness, the conditional finite-dimensional distributions of the process
{Yi}n>0, given #,, are the same as those of {X,ffx}hzo, where X is an
independent copy of X. More precisely, for all real numbers hy,...,h > 0
and Borel sets A1, ..., A, C RF,

k k
(8.4) P ﬂ {Xﬁhj € A]} Fr| =P ﬂ {th € Aj} | 7
j=1 Jj=1

is a Borel-measurable function of X?. We have proved the following.

Proposition 8.1. If o and b are Lipschitz continuous, then the solution to
(8.1) is a strong Markov process for each x fized.

In fact, the infinite-dimensional process ¢ — X7 —with values in the
Banach space C'(RF, R¥)—is also strong Markov. The proof is the same.
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9. A Comparison Principle

Theorem 9.1 (Yamada, ...). Choose and fix three Lipschitz continuous
functions o, b, and b on R. Suppose x < T, b(z) < b(2) forallz € R, dX; =
o(X¢) dB; + b(X;)dt subject to Xo = z, and dX; = o(X;)dB; + b(X;) dt
subject to Xo = &. Then

P{XtSthoralltZO}zl.

Proof. By localization we may assume without loss of generality that o
is bounded. Else, we prove that Xiar, < Xiar, for all ¢ and k, where Tj,
denotes the first time s such that |o(Xs)| + |o(Xs)| > k.

If we define D; := X; — X;, then by Tanaka’s formula, DT is a semi-
martingale that satisfies

t
1
(D)t = /0 1(p,~0ydDs + §L?,

where LY denotes the local time of D at zero, at time t. See Exercise 5.11
on page 44). Because dD; = {0(X;) — o(Xy) }d By 4+ {b(X;) — b(Xy) } dt,

E[(D)*] =B ( [ 1oy 0K - R ds> 1By,

I claim that L? = 0. In order to prove this let Z; := (D;)T and note that
d(Z)t = Lip,>oplo(X) — o(X¢)|? dt, and hence

>, da b A(Z)s
/ LtaQ_/O AL < const - 1,

—00

thanks to the occupation density formula (p. 41), and the fact that o is
Lipschitz. Since a +— L¢ is continuous and a2 is not integrable near a = 0,
this proves that LY = 0. Consequently,

B (06— 50" =2 ([ oy o0 -
<E (/Ot Lix,> %, [0(Xs) = b(X5)] d$>
< const - E (/Ot (XS —X5)+ ds) ,

since b is Lipschitz continuous. Gronwall’s lemma (p. 51) finishes the proof.
O

8] ds)

Remark 9.2. Closer inspection of the proof reveals that we only require the
following conditions: (i) X and X exist as unique strong solutions to their
respective SDEs; (ii) o is Holder continuous of some order o > 1/2; and (iii)
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at least one of b and b is Lipschitz continuous. [The preceding works if b is;
if b is Lipschitz continuous, then consider (D;)~ in place of (D;)" ] O

10. Bessel Processes

10.1. Bessel-Squared Processes. Consider the SDE
t
(10.1) x® =z + 2/ XD /24B, + 6t,
0

where § € R is fixed and B is linear Brownian motion. According to Corol-
lary 5.4 (p. 60) the preceding SDE has a unique strong solution X ) which
is sometimes called the Bessel-squared process [or squared Bessel process| of
dimension ¢.

We are primarily interested in the case that 6 > 0 and = > 0. First, let
us note that the solution to (10.1) with § = x = 0 is identically zero. This
and the comparison theorem (page 66) together prove that with probability

t(é) > 0 for all t > 0. Therefore we can remove the absolute value in

one, X
(10.1).
We apply Ito’s formula to find that for all C? functions f, and all ¢ > 0,

P = gy +2 CFXO)XO2 4B, + / (LX) ds,
0 0

where

(Lf)(2) = 0f'(2) + 22" (2).

Define 5
vi=1——.
2
Then it is easy to check directly that Lf = 0, where f(z) := 2 if § # 2 and
f(z) == 1Inz if 6 = 2. Consequently, a gambler’s ruin computation shows

that whenever 0 < a <z < b,
b — gV

bIJ_aV

if 6 # 2,
P (X(‘S) hits a before b ‘ Xo(é) = :1:) =

In(b/) 5o

In(b/a)
When § € [0,2) we have v > 0. Thus, we can let a | 0 and then b T co—in
this order—to deduce that X hits zero at some finite time a.s. On the
other hand, a similar analysis shows that for values of § > 2, Xt(é) % 0 for
any t > 0.

Exercise 10.1. Let Ty := inf{s > 0 : XS(O) = 0}, and prove that a.s.,

X =0 for all ¢ > 0.
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Exercise 10.2. Prove that if § > 7, then Xt((;) > Xt(n) for all ¢ > 0, provided
that the inequality holds for ¢ = 0. For a more challenging problem try the
following variant: Suppose X(()‘s) > Xén); then prove that Xt((s) > Xt(”) for all
t>0.

Exercise 10.3. Define Z; := ||W;||*> where W is n-dimensional Brownian
motion (n > 1). Recall (or check) that Z is a Bessel-squared process of
dimension 6 = n. That is, Bessel-squared processes can be obtained as the
modulus-squared of multidimensional Brownian motion when § is a posi-
tive integer. But of course Bessel-squared processes are defined when § is
nonintegral as well.

Exercise 10.4. Prove that P{lim;_, Xt(é) =00} =1 when § > 2, whereas
P{liminf; . Xt(é) =0} = P{limsup,_, Xt(a) =00} =1 when § = 2.

10.2. Bessel Processes. Let X denote the Bessel-squared process of
dimension ¢ > 0 starting from x > 0, and define

d g
R = X

The process R is called the Bessel process of dimension §. According
to Exercise 10.3, R can be realized as the radial part of a d-dimensional
Brownian motion when 0 is a positive integer.

We apply the Ité6 formula to R := f o X with f(z) := z'/? and

deduce that 5 .
-1 d
R® :Rg5)+Bt+/ —
for all t < Tp := inf{s > 0 : O = 0} (inf@ := o0). According to the
preceding subsection Ty = oo when § > 2, but Ty < oo when § € [0,2). In
that case, the preceding SDE has an “explosion” at time Tj.



