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gn = y(s1) + · · ·+ y(sn)

= ∑
a∈Z

`a
n y(a),

where

`a
n :=

n

∑
j=0

1{sj = a} = local time of s

If s ∈ Dom(stable α) with α ∈ (1 ,2], then ∃ CLT for g ⇒

G(t) :=
Z ∞

−∞
La

t dBa,

L = local time of a stable α; B = indept 2-sided BM
(Kesten and Spitzer, 1979)



gn = y(s1) + · · ·+ y(sn)

= ∑
a∈Z

`a
n y(a),

where

`a
n :=

n

∑
j=0

1{sj = a} = local time of s

If s ∈ Dom(stable α) with α ∈ (1 ,2], then ∃ CLT for g ⇒

G(t) :=
Z ∞

−∞
La

t dBa,

L = local time of a stable α; B = indept 2-sided BM
(Kesten and Spitzer, 1979)



gn = y(s1) + · · ·+ y(sn)

= ∑
a∈Z

`a
n y(a),

where

`a
n :=

n

∑
j=0

1{sj = a} = local time of s

If s ∈ Dom(stable α) with α ∈ (1 ,2], then ∃ CLT for g ⇒

G(t) :=
Z ∞

−∞
La

t dBa,

L = local time of a stable α; B = indept 2-sided BM
(Kesten and Spitzer, 1979)



gn = y(s1) + · · ·+ y(sn)

= ∑
a∈Z

`a
n y(a),

where

`a
n :=

n

∑
j=0

1{sj = a} = local time of s

If s ∈ Dom(stable α) with α ∈ (1 ,2], then ∃ CLT for g ⇒

G(t) :=
Z ∞

−∞
La

t dBa,

L = local time of a stable α; B = indept 2-sided BM
(Kesten and Spitzer, 1979)



gn = y(s1) + · · ·+ y(sn)

= ∑
a∈Z

`a
n y(a),

where

`a
n :=

n

∑
j=0

1{sj = a} = local time of s

If s ∈ Dom(stable α) with α ∈ (1 ,2], then ∃ CLT for g ⇒

G(t) :=
Z ∞

−∞
La

t dBa,

L = local time of a stable α;

B = indept 2-sided BM
(Kesten and Spitzer, 1979)



gn = y(s1) + · · ·+ y(sn)

= ∑
a∈Z

`a
n y(a),

where

`a
n :=

n

∑
j=0

1{sj = a} = local time of s

If s ∈ Dom(stable α) with α ∈ (1 ,2], then ∃ CLT for g ⇒

G(t) :=
Z ∞

−∞
La

t dBa,

L = local time of a stable α; B = indept 2-sided BM
(Kesten and Spitzer, 1979)



An iterated logarithm law

Theorem (Kh–Lewis, 1998)
∃c ∈ (0 ,∞) s.t.

lim sup
t→∞

(
ln ln t

t

)1−1/(2α) G(t)
(ln ln t)3/2

= c a.s.

I “Anamolous diffusion”
I Moderate deviations (Csaki, Révész, and Shi, 2001;

Fleischmann, Mörters, Wachtel, 2006) — renormalization
group ideas

I Interest here: A Borel–Cantelli lemma
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Positive quadrant dependence

I U and V are positive quadrant dependent (PQD) if

P{U > a , V > b} ≥ P{U > a} P{V > b},

for all a,b ∈ R (Lehmann, 1966).

Proposition (Kh–Lewis, 1998)
Suppose {Zk}∞k=1 are pairwise PQD with bounded second
moments. Then, lim supk→∞ Zk ≥ 0 a.s., provided that:

I ∑∞k=1 P{Zk ≥ 0} =∞; and
I there exists an integer sequence n1,n2, . . .↗∞ s.t.

∑
1≤j<k≤n`

Cov(Zj ,Zk ) = o

∣∣∣∣∣ n`

∑
k=1

P{Zk ≥ 0}
∣∣∣∣∣
2
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Hausdorff measure

I Given a set A ⊂ Rm and ε,s > 0,

H ε
s (A) := inf

 ∞
∑
i=1

|Ai |s : A ⊆
∞[

j=1

Aj , sup
k≥1

|Ak | ≤ ε

 .

The s-dimensional Hausdorff content [measure] of A is

Hs(A) := lim
ε↘0

H ε
s (A).

I (Hausdorff) The restriction of Hs to Borel sets is a
measure.

I If s = m, then that restriction is Lebesgue’s measure,
provided that we choose the diameter “| · · · |” correctly.
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Hausdorff dimension

I (Hausdorff) There exists a “critical” number, dimH A, such
that

s < dimH A ⇒ Hs(A) =∞,
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I dimH A = the “Hausdorff dimension” of A.
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McKean’s theorem

I Let {X (t)}t≥0 denote a symmetric stable process, with
index α ∈ (0 ,2 ], with values in Rm.

I (Kakutani, 1944; McKean, 1955) If E ⊂ Rm is nonrandom
and compact, then

hitX (E) := P{X (t) ∈ E for some t ≥ 0} > 0

⇔ Capm−α(E) > 0.

I (Taylor, 1966):

I If dimH E > m− α, then hitX (E) > 0;
I If dimH E < m− α, then hitX (E) = 0.

I m− 2 ≤m− α < m (!)
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Additive stable processes

I X1, . . . ,Xn = independent stable-α processes; all in Rm

I “Additive stable process”

X(~t ) := X1(t1) + · · ·+ Xn(tn) ∀~t ∈ Rn
+.

I (Fitzsimmons and Salisbury, 1989; Hirsch and Song, 1999;
Kh., 2002) For all nonrandom compact E ⊂ Rm,

hitX(E) > 0 ⇔ Capm−αn(E) > 0.

I (Kh., 2002):

I If dimH E > m− αn, then hitX(E) > 0;
I If dimH E < m− αn, then hitX(E) = 0.
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Lévy processes

I X = Lévy process in Rm with exponent
E exp(iξ ·X (t)) = exp(−tΨ(ξ)).

I (Taylor, 1952; McKean, 1956; Blumenthal and Getoor,
1960; Pruitt, 1969; Fristedt, 1974; . . . )
What is dimH X (R+)?

I (Kh., Xiao, and Zhong, 2003) dimH X (R+) is a.s. equal to

sup
{

s ∈ (0 ,d) :
Z

ξ∈Rm
Re

(
1

1 + Ψ(ξ)

)
dξ

|ξ|m−s <∞
}

.

I Let Y (t) := X (t)−X ′(t), where X ′ is an independent copy
of X [symmetrization]. Then, dimH Y (R+) ≤ dimH X (R+)
a.s. Rigorizes an observation of Kesten (1969).
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