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A zero-one law

» Let X := a Lévy process in RY; characteristic exponent .
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N
A zero-one law

» Let X := a Lévy process in RY; characteristic exponent .
» Question: When is my(X(R4)) > 0?

Proposition
my(X(R4)) is a.s. a constant.

Proof: If my(X(R4)) > 0 with positive probab., then 3k > 1 such that
my(X([0, k))) > 0 with positive probab.
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A zero-one law

» Let X := a Lévy process in RY; characteristic exponent .
» Question: When is my(X(R4)) > 0?

Proposition

my(X(R4)) is a.s. a constant.

Proof: If my(X(R4)) > 0 with positive probab., then 3k > 1 such that
mq(X([0, k))) > 0 with positive probab. But my(X([0, k))),

mq(X([k ,2k))), etc. are i.i.d.
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A zero-one law

» Let X := a Lévy process in RY; characteristic exponent .
» Question: When is my(X(R4)) > 0?

Proposition

my(X(R4)) is a.s. a constant.

Proof: If my(X(R4)) > 0 with positive probab., then 3k > 1 such that
mq(X([0, k))) > 0 with positive probab. But my(X([0, k))),
my(X([k,2k))), etc. are i.i.d.The Borel-Cantelli lemma

= my(X(Ry)) > Emy(X(0,k)) a.s.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 4 Sandbjerg Manor, 2007 2/17



N
A zero-one law

» Let X := a Lévy process in RY; characteristic exponent .
» Question: When is my(X(R4)) > 0?

Proposition
my(X(R4)) is a.s. a constant.

Proof: If my(X(R4)) > 0 with positive probab., then 3k > 1 such that
mq(X([0, k))) > 0 with positive probab. But my(X([0, k))),
my(X([k,2k))), etc. are i.i.d.The Borel-Cantelli lemma

= mg(X(Ry)) > Emy(X(0, k)) a.s. Therefore,

my(X(R+)) = E[mg (X(Ry))]. ®
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N
A zero-one law

Let ¢ be an independent mean-one exponential random variable.

Corollary
mqy(X(R4)) > 0 < P{mq(X([0,(])) > 0} > 0.
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A zero-one law
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Corollary
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» Recall: U(A) := [;" P{X(s) € A}e~Sds.
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A zero-one law

Let ¢ be an independent mean-one exponential random variable.

Corollary
mqy(X(R4)) > 0 < P{mq(X([0,(])) > 0} > 0.

» Recall: U(A) := [;" P{X(s) € A}e~Sds.

» Recall: P{X([0,¢])NB(x,r)) # 2} < U(B(x,2r))/U(B(0,r)).
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N
A zero-one law

Let ¢ be an independent mean-one exponential random variable.

Corollary
mqy(X(R4)) > 0 < P{mq(X([0,(])) > 0} > 0.

» Recall: U(A) := [;" P{X(s) € A}e~Sds.
» Recall: P{X([0,¢])NB(x,r)) # 2} < U(B(x,2r))/U(B(0,r)).
» Integrate [dx] via Tonelli:

crd
L PAX(0. DN BLx. 1) # 2} o < (s
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A zero-one law

» X([0,¢]) N B(x,r)) # @ iff x € X([0,])".
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A zero-one law

» X([0,¢])N B(x,r)) # @ iff x € X([0,(])".
» Therefore,

£ [ma (000 < iy
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N
A zero-one law

» X([0,¢])N B(x,r)) # @ iff x € X([0,(])".
» Therefore,

d
E|mq(X(10,¢]))] < U(g(gr))
» Similarly, .
Cor

U(B(0,2r) = E[ma(X((0,4")
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N
A zero-one law

v

X([0,¢])NB(x,r)) # @ iff x € X([0,])".
Therefore,

v

E|ma(X([0.¢]))] < U(;;g",))

v

Similarly,
Cgl'd

U(B(0,2r) = E[ma(X((0,4")
mg(X([0,¢])") | mg(X([0,(])) since X is cadlag.

v

D. Khoshnevisan (Salt Lake City, Utah) Lecture 4 Sandbjerg Manor, 2007 4/17



|
The range

Proposition
TFAE:
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The range
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The range

Proposition
TFAE:
1. mg(X(R.)) > 0.
2. supg.,.1 U(B(0,r))/r? < .
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The range
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The range

Proposition
TFAE:
1. mg(X(R.)) > 0.
2. supg.,.1 U(B(0,r))/r? < .
3. liminf,_o U(B(0,r))/r? < cc.
4. SUPg<r<1SUPycpa U(B(X, ,-))/rd < 0.

Proof: We just proved that 1, 2, and 3 are equivalent.
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The range

Proposition
TFAE:
1. mg(X(R.)) > 0.
2. supg.,.1 U(B(0,r))/r? < .
3. liminf,_o U(B(0,r))/r? < cc.
4. SUPg<r<1SUPycpa U(B(X, ,-))/rd < 0.

Proof: We just proved that 1, 2, and 3 are equivalent.Clearly 4=-2.
Because U(B(x,r))/U(B(0,2r)) <P{---} <1,2=4.
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|
The range

Proposition
TFAE:
1. mg(X(R.)) > 0.
2. supg.,.1 U(B(0,r))/r? < .
3. liminf,_o U(B(0,r))/r? < cc.
4. SUPg<r<1SUPycpa U(B(X, ,-))/rd < 0.

Proof: We just proved that 1, 2, and 3 are equivalent.Clearly 4=-2.
Because U(B(x,r))/U(B(0,2r)) <P{---} <1,2=4.1

Note Bene
U(B(x,r)) < U(B(0,2r)).
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Absolute continuity

Proposition
TFAE:
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TFAE:
1. mg(X(R.)) > 0.
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Absolute continuity

Proposition
TFAE:
1. mg(X(Ry)) > 0.
2. U(dx) = u(x)dx and sup, u(x) < oo.
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Absolute continuity
Proposition
TFAE:

1. mg(X(Ry)) > 0.
2. U(dx) = u(x)dx and sup, u(x) < oo.

Proof: 2= U(B(0,r)) < cr9. Therefore, 2 = 1 by the previous result.
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Absolute continuity

Proposition
TFAE:
1. ma(X(R,)) >
2. U(dx) = u(x)dx and sup,, u(x) < oo.

Proof: 2= U(B(0,r)) < cr?. Therefore, 2 = 1 by the previous result.
Now assume 1 holds. Let 6,(y) := 1g(0,(¥)/Ma(B(0,r)).
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Absolute continuity

Proposition
TFAE:
1. mg(X(Ry)) > 0.
2. U(dx) = u(x)dx and sup, u(x) < oo.
Proof: 2= U(B(0,r)) < cr9. Therefore, 2 = 1 by the previous result.

Now assume 1 holds. Let 6,(y) := 1p(0,(¥)/Mq(B(0,r)). Clearly,
Vf:RY — R, Borel meas.,

/(f*cS, YU = /f U(B ))))dz
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Absolute continuity

Proposition
TFAE:
1. mg(X(Ry)) > 0.
2. U(dx) = u(x)dx and sup, u(x) < oo.
Proof: 2= U(B(0,r)) < cr9. Therefore, 2 = 1 by the previous result.

Now assume 1 holds. Let 6,(y) := 1p(0,(¥)/Mq(B(0,r)). Clearly,
Vf:RY — R, Borel meas.,

/(f*é,)du - /f(z)m

< /f dz>< (2 2r))

N
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Absolute continuity

Proposition
TFAE:
1. mg(X(Ry)) > 0.
2. U(dx) = u(x)dx and sup, u(x) < oo.
Proof: 2= U(B(0,r)) < cr9. Therefore, 2 = 1 by the previous result.

Now assume 1 holds. Let 6,(y) := 1p(0,(¥)/Mq(B(0,r)). Clearly,
Vf:RY — R, Borel meas.,

/(f*é,)du - /f(z)U(B())dz

4(B(0,r))

. U(B(0,2n)
< /f(z)dz (B 1)
< C/f(z)dz
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|
Absolute continuity

If fis also lower semicontinuous, then by Fatou’s lemma,

/fdug c/f(z)dz.
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|
Absolute continuity

If fis also lower semicontinuous, then by Fatou’s lemma,
/fdug c/f(z)dz.

Thus, for all closed A C RY, U(A) < cmy(A). This proves that
U(dx) = u(x)dx with supu < c. i
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Fourier analysis

Theorem (Kesten)
mg¢(X(Ry)) > 0 iffx := Re(1 + W)~1 € L'(RY).
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(a) k =Rel. (b) 0 < k(z) < 1.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 4 Sandbjerg Manor, 2007 8/17



|
Fourier analysis

Theorem (Kesten)
mg¢(X(Ry)) > 0 iffx := Re(1 + W)~1 € L'(RY).

Exercise A
(a) k =Rel. (b) 0 < k(z) < 1.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 4 Sandbjerg Manor, 2007 8/17



|
Fourier analysis

Theorem (Kesten)
mg¢(X(Ry)) > 0 iffx := Re(1 + W)~1 € L'(RY).

Exercise A
(a) k =Rel. (b) 0 < k(z) < 1.

Proof: 6,(y) :=1p(0,r)(¥)/ma(B(0,r)).
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Fourier analysis

Theorem (Kesten)
mg¢(X(Ry)) > 0 iffx := Re(1 + W)~1 € L'(RY).

Exercise A
(a) k =Rel. (b) 0 < k(z) < 1.

Proof: 6:(y) = 15(0.)(¥)/ Ma(B(0. 7).

0 r) /5,dU
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Fourier analysis

Theorem (Kesten)
mg¢(X(Ry)) > 0 iffx := Re(1 + W)~1 € L'(RY).
Exercise A
(a) k =Rel. (b) 0 < k(z) < 1.
Proof: 3,(y) := 10,07 (¥)/ma(B(0, r))-
real

uBo,n) _ (5Bt
SO / 5, dU = / 5r(&)0(€) de
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Fourier analysis

Theorem (Kesten)
mg¢(X(Ry)) > 0 iffx := Re(1 + W)~1 € L'(RY).

Exercise A
(a) k =Rel. (b) 0 < k(z) < 1.

Proof: 6:(y) = 15(0.)(¥)/ Ma(B(0. 7).

real
uBo,n) _ (5Bt
SO / 5, dU = / 5r(&)0(€) de
/ 5r(€)R(€) de
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Fourier analysis

Theorem (Kesten)
mg¢(X(Ry)) > 0 iffx := Re(1 + W)~1 € L'(RY).

Exercise A
(@) k =ReU. (b) 0 < k(z) <1.
Proof: 8:(y) = 1g(0,)(¥)/ma(B(0, ).
real

uBo,n) _ (5Bt
SO / 5, dU = / 5r(&)0(€) de

[3@nierde < [ nie)ae.
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Fourier analysis

Theorem (Kesten)
mg¢(X(Ry)) > 0 iffx := Re(1 + W)~1 € L'(RY).

Exercise A
(a) k =Rel. (b) 0 < k(z) < 1.

Proof: 6:(y) = 15(0.)(¥)/ Ma(B(0. 7).

real
uBo,n) _ (5Bt
SO / 5, dU = / 5r(&)0(€) de

= [8n(e)d < [ n(e) k.

- k€ L'(RY) = my(X(Ry)) > 0.
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Fourier analysis
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Fourier analysis

If mg(X(R4)) > 0, then

» U(B(y,r))
/ (6, %3)dU = / ) B0 Y
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Fourier analysis

If mg(X(R4)) > 0, then

% U(B(y.r))
/(5,*5,)dU = /5r(Y)ndey

IN
(9}
»
=c
©
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Fourier analysis

If mg(X(R4)) > 0, then

/(5, +3)dU = /5,(y)n‘7153(y’r)) dy
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Fourier analysis

If mg(X(R4)) > 0, then

/(5, +3)dU = /5,(y)n‘7153(y’r)) dy

(B(0.7)
(Bly.r))
< osup a5y | SN
= c.
By Plancherel,
s = [ [se)| iy de
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Fourier analysis

If mg(X(R4)) > 0, then

/(5, +3)dU = /5,(y)n‘7153(y’r)) dy

By Plancherel,

LHS:/
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|
Fourier analysis

If mg(X(R4)) > 0, then

/(5,*5,)dU . /&(y)Ud(B(y’r))dy

my(B(0,r))
U(B(y.,r))
< CSyl:IP d(B(O,r))/ér(y)dy
= c.
By Plancherel,
s = [ [ ey de = [ [0 nieae

This > (14+0(1)) [k(§)dEasr |0 .l
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Polar sets

Question
Given a set F C R, whenis P{X([0,1])NF # @} > 0?
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Polar sets

Question
Given a set F C R, whenis P{X([0,1])NF # @} > 0?

» A sufficient condition (F compact): Define Vf : R — R, meas.,

J(F) = /O T HX(t))e ! .
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Polar sets

Question
Given a set F C R, whenis P{X([0,1])NF # @} > 0?

» A sufficient condition (F compact): Define Vf : R — R, meas.,
J(f) = / (X())e ! dt.
0

> ExJ(f) = [2°E[f(X(t) + x)]e .
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N
Polar sets

Question
Given a set F C RY, when is P{X([0,1])N F # @} > 0?

» A sufficient condition (F compact): Define Vf : R — R, meas.,
J(f) = / (X())e ! dt.
0

> ExJ(f) = [2°E[f(X(t) + x)]e .
> Prny(A) = Jro Px(A) dX; Em,(Z) = fra Ex(Z) dx.
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Polar sets

Question

Given a set F C RY, when is P{X([0,1])N F # @} > 0?
» A sufficient condition (F compact): Define Vf : R — R, meas.,

J(F) = /O T HX(1)e ! dt.

v

ExJ(f) = o E[f(X(t) + x)]e~ ! at.
Pmd(A) = fRd Px(A) dx; Emd(Z) = fRd Ex(Z) dx.
EmyJ(f) = Jpo f(x) Ox=1

v

v
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Polar sets
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N
Polar sets

>
>

» Second morﬁent:
Em, [UF] = 2 [ [ & B, IAX(S)AX(D)] ds

7
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» Second morﬁent:
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N
Polar sets

>
>

» Second moment:

Em, [F] = 2 / e S, [MX()f(X(1)] dsdt
=7

7 = E/ s) + x)f(X(1) + x) dx
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N
Polar sets

>
>

» Second moment:

En, (] = 2 [ e En, [f(X(s))f(X(t»] dsdt

7 = E/ s) + X)F(X(t) + x)dx

_ /R ) f(z)E[f(X( ) — X(s) + 2)] dz
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Polar sets

>
>

» Second moment:

Em, [UF] = 2 [ [ & B, IAX(S)AX(D)] ds

7 = E/ (X(s) + x)F(X ().x)dx
_ /R I@E|f(X(1) = X(s)+ 2)| 0z
/R JRE[H(X(t—9)+2| dz.
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N
Polar sets

>
>

» Second moment:

Em, [UF] = 2 [ [ & B, IAX(S)AX(D)] ds

7 = E/ (X(s) + x)F(X ().x)dx
_ /R I@E|f(X(1) = X(s)+ 2)| 0z
/R JRE[H(X(t—9)+2| dz.

2/ / “SE[f(X(t— 5) + 2| dt s
:/OOOE[f(X(u)+z)}e*“du.
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N
Polar sets

>

>

» Second moment: If f € L1 (R?) N L2 (RY), then

Em, [J(F?] = /R 1(2) < / OOE[f(X(u)+z)}e“du> dz

0
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» Second moment: If f € L1 (R?) N L2 (RY), then

Em, [J(F?] = /R 1(2) < / OOE[f(X(u)+z)}e“du> dz
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Polar sets

>

>

» Second mor.nent: If f € L1 (RY) N L2 (RY), then
Em, [J(F?] = /R 1(2) < /0 OOE[f(X(u)+z)}e“du> dz

= | f@)U=N(2)dz
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Polar sets

>

>

» Second moment: If f € L1 (R?) N L2 (RY), then

Em, [J(F?] = /R 1(2) < / OOE[f(X(u)+z)}e“du> dz

0

= F{a’f(z)(U*f)(z)dz
= L k(e ae

(2m)? Jre
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» Second mor.nent: If f € L1 (RY) N L2 (RY), then
Em, [J(f)'z] _ /R (2) < /0 OOE[f(X(u)+z)}eudu> dz
_ f( )(U  f)(2) dz

(O)Pr(€) d&:= &.(f).
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Second moment: If f € L} (R?) N L2 (RY), then

Em, [J(F?] = /R 1(2) < /OOOE[f(X(qu)}e“du) dz
_ /Rdf(z)(U*f)(z)dz
= )RR de= 4.

(2m)? Jre

v

EmyJ(f) < /Emy[J(F)2] P, {J() > O}.
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Second moment: If f € L} (R?) N L2 (RY), then

Em, [J(F?] = /R 1(2) < /OOOE[f(X(qu)}e“du) dz
_ /Rdf(z)(U*f)(z)dz
= )RR de= 4.

(2m)? Jre

v

EmyJ(f) < /Emy[J(F)2] P, {J() > O}.
> Pm {J(f) >0} > 1/&(F).
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» Let F" := r-enlargement of F; Z,¢(G) := probab. densities on G.
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» Let F" := r-enlargement of F; Z,¢(G) := probab. densities on G.
» fe Pa(FT), J(f) >0 = X(t) € F" for some t > 0.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 4 Sandbjerg Manor, 2007 13/17



N
Polar sets

v

Let F" := r-enlargement of F; Z5:(G) := probab. densities on G.
fe Pa(F), J(f) >0 = X(t) € F" for some t > 0.
Pmg{X(t) € F" for some t > 0} > 1/infrc 5, (Fry Ex(f).

v

v
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Let F" := r-enlargement of F; Z5:(G) := probab. densities on G.
fe Pa(F), J(f) >0 = X(t) € F" for some t > 0.

Pmg{X(t) € F" for some t > 0} > 1/infrc 5, (Fry Ex(f).

we P(F)=f=puxé € Pac(F") and &.(f) < & (p).

v

v

v
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Pmg{X(t) € F" for some t > 0} > 1/infrc 5, (Fry Ex(f).
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Let F" := r-enlargement of F; Z5:(G) := probab. densities on G.
fe Pa(F), J(f) >0 = X(t) € F" for some t > 0.
Pmg{X(t) € F" for some t > 0} > 1/infrc 5, (Fry Ex(f).
we P(F)=f=puxé € Pac(F") and &.(f) < & (p).
Pmg{X(t) € F" forsome t > 0} > 1/inf,.c () &(12)
:= Cap,.(F).

v

v

v

v
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» But LHS is
/RdP{erX(t) € F’ for some t > 0} dx
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» But LHS is
/RdP{erX(t) € F’ for some t > 0} dx

- /de{x € X(Ry)S F'} dx
— E[my (X(Ry)© F7)]
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/RdP{erX(t) € F’ for some t > 0} dx
:/RdP{XGX(m)@Ff} dx
— E [my (X(RY) & F)]
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» But LHS is
/RdP{erX(t) € F’ for some t > 0} dx
:/RdP{XGX(m)@Ff} dx
— E [my (X(RY) & F)]
(& (X0 )

» E[my(X(Ry)) S F] = Jge Px{X(t) € F for some t > 0} dx.
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>

» But LHS is
/RdP{erX(t) € F’ for some t > 0} dx
:/de{xe)((m)@Ff} dx
=E[mg (X(Ry) & F")]
(& (X0 )

» E[my(X(Ry)) S F] = Jge Px{X(t) € F for some t > 0} dx.
» If my(F) =0, then

/d P.{X(t) € F for some t > 0} dx > Cap,(F).
R
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» Exercise: Use Fubini to prove that, always,

/Rd P, {X(t) € F for some t > 0} dx > my(F).
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In the next lecture:

1. Cap,(F) =0= Jga Px{X(t) € F for some t > 0} dx = 0.
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In the next lecture:

1. Cap,(F) =0= Jga Px{X(t) € F for some t > 0} dx = 0.

2. Under mild regularity conditions, “[gs Px{ - - - }dx” can be replaced
by “P{---}”
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In the next lecture:

1. Cap,(F) =0= Jga Px{X(t) € F for some t > 0} dx = 0.

2. Under mild regularity conditions, “[gs Px{ - - - }dx” can be replaced
by “P{---}”
3. Examples.
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Problems

Suppose P{X(s) € A} = [, ps(x) dx.

1. Then prove that U(dx)/dx := u(x) = [5° ps(x)e° ds.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 4 Sandbjerg Manor, 2007 17/17



|
Problems

Suppose P{X(s) € A} = [, ps(x) dx.

1. Then prove that U(dx)/dx := u(x) = [5° ps(x)e° ds.

2. Prove that ps € L2(RY) Vs > 0 iff [rs e75FeV(O) d¢ < 0o V€ € R In
this case, (s, x) — ps(X) is uniformly continuous on [e, 1/¢] x RY,
Ve > 0.
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Problems

Suppose P{X(s) € A} = [, ps(x) dx.

1. Then prove that U(dx)/dx := u(x) = [5° ps(x)e° ds.

2. Prove that ps € L2(RY) Vs > 0 iff [rs e75FeV(O) d¢ < 0o V€ € R In
this case, (s, x) — ps(X) is uniformly continuous on [e, 1/¢] x RY,
Ve > 0.

3. Suppose ps € L?(R?) Vs > 0 and X is symmetric . Prove
that u(x) < u(0) for all x € R9. Thus, sup u < oo iff u(0) < co. Use
this to prove that if X is isotropic stable(«), then my(X(R4)) > 0 iff
a > d. Use Kesten'’s theorem for an alternative derivation.
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