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The Fourier transform on L'(RY)

» If f € L'(RY), then its Fourier transform is

(F1)(E) = }(E) = /Rd e f(x)dx V¢ e RY.
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The Fourier transform on L'(RY)

» If f € L'(RY), then its Fourier transform is
(FH(€) = HE) = /Rd X f(x)dx Ve e RY.

» The inversion theorem: If f,7 € L'(RY), then a.e.,

In particular, f has a uniformly continuous “version.”
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» If f € L'(RY), then its Fourier transform is
(FH(€) = HE) = /Rd X f(x)dx Ve e RY.

» The inversion theorem: If f,7 € L'(RY), then a.e.,

1 —ix-£F
= f .
f(x) @n)? /Rde (&) d¢
In particular, f has a uniformly continuous “version.”

> (€)= [ra exp(ix - €) u(dx) for all finite Borel measures x on RY.
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The Fourier transform on L'(RY)

» If f € L'(RY), then its Fourier transform is
(FH(€) = HE) = /Rd X f(x)dx Ve e RY.

» The inversion theorem: If f,7 € L'(RY), then a.e.,

1 —ix-£F
= f .
f(x) @n)? /Rde (&) d¢
In particular, f has a uniformly continuous “version.”

> (€)= [ra exp(ix - €) u(dx) for all finite Borel measures x on RY.
> Parseval’s identity: [ f(x) u(dx) = [ f(€)p(€) dE.
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The Fourier transform on L'(RY)

» Define for all r > 0 and x € RY,

d 1 — cos(2rx))

Or(x): H 27rx?

J=1 ))
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The Fourier transform on L'(RY)

» Define for all r > 0 and x € RY,

d 1 — cos(2rx))

Or(x): H 27rx?

J=1 ))

» ¢, € L'(RY),, and

s =11(1- 5

J=1
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The Fourier transform on L'(RY)

» Define for all r > 0 and x € RY,

d 1 — cos(2rx))

or(x): H 27rx?

j=1 ]
» ¢, € L'(RY),, and
NPT 15\ *
@ =11 (1-%)

> £EB0,r) = |§|<r = ¢ =277
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The Fourier transform on L'(RY)

» Define for all r > 0 and x € RY,

d 1 — cos(2rx))

or(x): H 27rx?

j=1 ]
» ¢, € L'(RY),, and
NPT 15\ *
@ =11 (1-%)

> £€B0,r) = |4l <r = ¢(&) =27
> 1B(0,r)(f) < 2d¢A5r(§)-
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The Fourier transform on L'(RY)

>

>

» Therefore,

P{ZeB(0,r)} < 2dE(<?5r(Z)>
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The Fourier transform on L'(RY)

>

>

» Therefore,
P{ZeB(0,r)} < 2dE(<?5r(Z)>
_ od /R dr(2) (o)

D. Khoshnevisan (Salt Lake City, Utah) Lecture 3 Sandbjerg Manor, 2007 4/15



|
The Fourier transform on L'(RY)

>

>

» Therefore,

P{Z e B(0,r)}
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The Fourier transform on L'(RY)

»
» Therefore,

UB0.9) < 2°[" [ s(0)e O dee ot
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The Fourier transform on L'(RY)

»
» Therefore,

UB0.9) < 2°[" [ s(0)e O dee ot
_ o [ 0(©) /Ooe—f{1+\"(€)}dtd5

o o)

#(€)
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»
» Therefore,
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»
» Therefore,

UB0.9) < 2°[" [ s(0)e O dee ot
_ o [ 0(©) /Ooe—f{1+\"(€)}dtd5

Zd/ @R (g ) 9

#(€)

» (1 —cosz)/z? < ¢i/(1+ z2). Therefore,

U(B(0,¢)) < /Rd lm de == e, W(e).
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The Fourier transform on L' (RY)

> exp(—(k/e) Ly |zj]) < exp(—(k/€)z]])
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The Fourier transform on L' (RY)

> exp(—(k/e) Ly |zj]) < exp(—(k/€)z]])
<1p(2) +e7 k.
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The Fourier transform on L' (RY)

> exp(—(k/e) Ly |zj]) < exp(—(k/€)z]])
<1p(2) +e7 k.

1y "
15(0,¢)(2) = exp —a5 Y 1z | —exp (—e‘ + )
=1
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The Fourier transform on L' (RY)

> exp(—(k/e) Ly |zj]) < exp(—(k/€)z]])
<1p(2) +e7 k.

1y "
15(0,¢)(2) = exp —a5 Y 1z | —exp (—e‘ + )
=1

> U(B(0,€)) = E [y exp (—ﬁ):jdﬂ |X/(3)|) e Sds—exp(—e 7).
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The Fourier transform on L' (RY)

» Let Cy,...,Cy denote d independent Cauchy random variables,
independent of X, and C := (Cy,..., Cy).
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The Fourier transform on L' (RY)

» Let Cy,...,Cy denote d independent Cauchy random variables,
independent of X, and C := (Cy,..., Cy).

> Eexp(i¢ - C) = exp(— X2, §]).
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The Fourier transform on L' (RY)

» Let Cy,...,Cy denote d independent Cauchy random variables,
independent of X, and C := (Cy,..., Cy).

> Eexp(i¢ - C) = exp(— X2, §]).
> Eexp(iAX(t)- C) = Eexp(—AXZ, [Xi(1)]).
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The Fourier transform on L' (RY)

v

Let Cy4,..., C4 denote d independent Cauchy random variables,
independent of X, and C := (Cy,..., Cy).

Eexp(i¢ - C) = exp(— L4 [])-

Eexp(iAX(t)- C) = Eexp(—A L [X(1))).

Eexp(iAX(t)- C) = Eexp(—tV(A\C))

v

v

v
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The Fourier transform on L' (RY)

» Let Cy,...,Cy denote d independent Cauchy random variables,
independent of X, and C := (Cy,..., Cy).

> Eexp(i¢ - C) = exp(— X2, §]).
> Eexp(iAX(t)- C) = Eexp(—AXZ, [Xi(1)]).
» Eexp(iAX(t)- C) = Eexp(—tW()\C))

— 7 [ e YOO /T (1 + €7) .
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The Fourier transform on L' (RY)

» Let Cy,...,Cy denote d independent Cauchy random variables,
independent of X, and C := (Cy,..., Cy).

» Eexp(i§-C) = eXp(—Z,dﬂ 1€1)-

> Eexp(iAX(t)- C) = Eexp(—AXZ, [Xi(1)]).
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Let Cy4,..., C4 denote d independent Cauchy random variables,
independent of X, and C := (Cy,..., Cy).
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The Fourier transform on L' (RY)

>

»

Let Cy4,..., C4 denote d independent Cauchy random variables,
independent of X, and C := (Cy,..., Cy).

Eexp(i¢ - C) = exp(— X1, [¢]).

Eexp(iAX(t)- C) = Eexp(—=A XL, [X;(1)])-

Eexp(iAX(t)- C) = Eexp(—tV(AC))

=7 [ge e WO/ TIL (1 + €7) dt.

U(B(0, €)) > E [ exp (— 5 Xy 1X/(1)]) &' dt — exp (—e 1))

> dW(e' %) —exp (—e 1)

Corollary

indU = limsup,_,

log W(e)
loge

indU = liminf, o %
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Fourier-analytic dimension formulas

Theorem (Kh-Xiao, 2007)

Almost surely,
. . log Wi(e)
dim, X([0,1]) = |II;11_!(I)’]f loge
- L log W(e)
dim,X([0,1]) = Ilr?jéjp oge
where

[ R o 1
W(e)._/F‘dH7_1(1+§j?)d§, (z)._Re<1 )
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Example: Brownian motion

Example
If X := BM(RY), then dim, X([0,1]) = dim,X([0,1]) = d A2 as.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 3 Sandbjerg Manor, 2007 9/15



|
Example: Brownian motion

Example
If X := BM(RY), then dim, X([0,1]) = dim,X([0,1]) = d A2 as.
> W(E) = A2|£[[2. WLOG A = 1 [usually 1/2].
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Example: Brownian motion

Example
If X := BM(RY), then dim, X([0,1]) = dim,X([0,1]) = d A2 as.

» W() = A2||€]|2. WLOG A = 1 [usually 1/2].
» Goal: W(e) = e(@2)+o(1),
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Example: Brownian motion

Example

If X := BM(RY), then dim, X([0,1]) = dim,X([0,1]) = d A2 as.
> W(£) = A2||¢][2. WLOG A = 1 [usually 1/2].
» Goal: W(e) = e(@"2)+o(1),
> r(z) =Re(1+|z]?)~" = (1+]z]*)~".
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Example: Brownian motion

Example

If X := BM(RY), then dim,, X([0,1]) = dimX([0,1]) =d A2 as.
V() = N2||€]]2. WLOG A = 1 [usually 1/2].

Goal: W(e) = el@r2)+o(1),

k(z)=Re(1+z?)~ = (1 +]1z|)~".

As e\, 0,

_ r(2/€)
W(e) = /Rd 07,1+ 22) dz

vV vyVvVvyy
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Example: Brownian motion

> If |z|oo > 1,then 1+ ||z/€||? < ||2||?/€2. Therefore,

T, =
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Example: Brownian motion

» But

v ord-tar € gt 1
T = ar+ 2/ rd=3dr.
/o 1+ (r/e)2 /o “Je
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Example: Brownian motion

» But
/1rd_1drV/Erd1 dr+62/1 rd=3 ar
o 1+(r/e)2 " Jo ¢ ’

» Therefore, one can check that

ey g if d >3,
/O1r+(r/€r)2x e2log(1/e) ifd=2,
€ ifd=1.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 3 Sandbjerg Manor, 2007 11/15



|
Example: Brownian motion

» But
/1rd_1drV/Erd1 dr+62/1 rd=3 ar
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» Therefore, one can check that

ey g if d >3,
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Example: Brownian motion

» But
/1rd_1drV/Erd1 dr+62/1 rd=3 ar
o 1+(r/e)2 " Jo ¢ '

» Therefore, one can check that

C ey e ifd >3,
/O1r+(r/€r)2x 2log(1/e) ifd=2,
€ ifd=1.

» Therefore, T, = e(@2)+o(1),
» Therefore, W(e) = e(@"2)+o(1),
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Example: Brownian motion

> But 1 d—1 1
re=tdr € a1 2/ d-3
_ = r ar r ar.
/o 15 (r/e)2 /o e
» Therefore, one can check that
2 .
1 ord-ldr < ta=s,
/O mm € |Og(1/€) !fd:27
€ ifd=1.

v

Therefore, T, = e(@2)+o(1),
Therefore, W(e) = e(d12)+0(1),
Therefore, dim,, X([0,1]) = dim,,X([0,1]) = (d A 2) a.s.

\4

v
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Example: Subordinators

\4

X := 1-D nondecreasing Lévy process.
Eexp(—AX(t)) = exp(—td(N)) Vi, A > 0.
Let C := independent Cauchy:

e 100 E[ef)\X(t)}

- E [emcxu)}

~ e—t\ll(z)\)
- 7/00 1+z2

v

v

v

Integrate [e~!dt] =

1 W(1/A)
1+<D()\) s
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Example: Subordinators

Example (Horowitz, Pruitt—Taylor, Bertoin)
X := subordinator with Laplace exponent ¢; a.s.:

. . logd())
dim, X([0,1]) = “,\riglf og X’
— o log ®(\)
dim, X([0,1]) = I|&njolip og )
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Example: Subordinators

Example (Horowitz, Pruitt—Taylor, Bertoin)
X := subordinator with Laplace exponent ¢; a.s.:

. . logd())
dim, X([0,1]) = “,\nl!)rlf og X’
— o log ®(\)
dim, X([0,1]) = I|&njolip og )

Fact (Maisonneuve)
The zero-set of a rather general Markov process can be identified with

the range of a subordinator; @ is often fairly explicit.
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Problems

1. X := anisotropic stable process, index a € (0,2]: V(&) = A2]|€]|e.
WLOG X = 1. Prove: dim, X([0,1]) =dim,X([0,1]) = (d A a) a.s.
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1. X := an isotropic stable process, index a € (0,2]: W(&) = A2||&]|°.
WLOG X = 1. Prove: dim, X([0, 1]) = dim,,X([0,1]) = (d A a) a.s.

2. A classical fact: Given any Lévy process X with characteristic
exponent W, [W(&)| = O(||€]|?). Let X(t) = B(t) + Y(t), where B :=
a nondegenerate BM(R?), and Y is an independent pure-jump
Lévy process. Use the preceding fact, without proof, to deduce
that dim, X([0, 1]) > dim,, Y([0,1]) and
dim,, X([0,1]) > dim,, Y([0,1] a.s.
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3. Let X and X’ denote two i.i.d. Lévy processes in R?, and define
Y(t) := X(t) — X'(t) to be the symmetrization of X.
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Problems

1. X := an isotropic stable process, index a € (0,2]: W(&) = A2||&]|°.
WLOG X = 1. Prove: dim, X([0, 1]) = dim,,X([0,1]) = (d A a) a.s.

2. A classical fact: Given any Lévy process X with characteristic
exponent W, [W(&)| = O(||€]|?). Let X(t) = B(t) + Y(t), where B :=
a nondegenerate BM(R?), and Y is an independent pure-jump
Lévy process. Use the preceding fact, without proof, to deduce
that dim, X([0, 1]) > dim,, Y([0,1]) and
dim,, X([0,1]) > dim,, Y([0,1] a.s.

3. Let X and X’ denote two i.i.d. Lévy processes in R?, and define
Y(t) := X(t) — X'(t) to be the symmetrization of X.
3.1 Prove that Y is a Lévy process.

3.2 Prove that dim Y([0, 1]) < dim X([0, 1]) a.s., where dim stands for
either dim,, or dim,,.
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More advanced problems

1. Suppose B is a one-dimensional Brownian motion, and Y is an
independent one-dimensional symmetric stable process with
index a € (0,2).
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1.1 Prove that X(f) := (B(t), Y(t)) defines a two-dimensional Lévy
process.
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More advanced problems

1. Suppose B is a one-dimensional Brownian motion, and Y is an
independent one-dimensional symmetric stable process with
index a € (0,2).

1.1 Prove that X(f) := (B(t), Y(t)) defines a two-dimensional Lévy
process.
1.2 Prove that if o € (1,2), then a < dim,, X([0,1]) < 2.

2. Suppose X is a Lévy process with W(¢) = [|£]|*+°() as ||£]| — oc.
Then, prove that dim,, X ([0, 1]) and dim, X ([0, 1]) are both d A «
a.s.
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