Lecture 2
The Range of a Lévy Process

Davar Khoshnevisan

Department of Mathematics
University of Utah
http://www.math.utah.edu/ davar

Summer School on Lévy Processes: Theory and Applications
August 9-12, 2007
Sandbjerg Manor, Denmark

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 1/19



|
Recap

1. Suppose 3C > 0 such that Ve > 0 3 and b-adic cubes F;, F, ...
with diamF; < e and F C U, F; such that Y%, |[diamFj[* < C.
Thendim, F <s.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 2/19



|
Recap

1. Suppose 3C > 0 such that Ve > 0 3 and b-adic cubes F;, F, ...
with diamF; < e and F C U, F; such that Y%, |[diamFj[* < C.
Thendim, F <s.

2. Suppose Ju € Z(F) such that Is(u) < oo, where

//M\X yP

Thendim, F > s.
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Goal

» Find a formula for dim,, X([0, 1]), dim,, X(R..), dim,, X([0, 1]), etc.,
where X is a Lévy process.
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where X is a Lévy process.
» Two issues:

1. A lower bound
2. An upper bound
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Goal

» Find a formula for dim,, X([0, 1]), dim,, X(R..), dim,, X([0, 1]), etc.,
where X is a Lévy process.
» Two issues:

1. A lower bound
2. An upper bound

3. We will handles these matters in reverse order.
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N
Potential measures

» X :=a Lévy process in RY.
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Potential measures

» X :=a Lévy process in RY.
» For all Borel sets A C R define

U(A) = /0 “P{X(s) € Ale S ds.
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Potential measures

» X :=a Lévy process in RY.
» For all Borel sets A C R define

U(A) = /0 “P{X(s) € Ale S ds.

» ( := independent mean-one exponential.
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N
Potential measures

v

X := a Lévy process in RY.
For all Borel sets A C RY define

v

U(A) = /0 “P{X(s) € Ale S ds.

v

¢ := independent mean-one exponential.
P{¢ > s} = exp(—s).

v

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 4/19



N
Potential measures

v

X := a Lévy process in RY.
For all Borel sets A C RY define

v

U(A) = /0 “P{X(s) € Ale S ds.

v

¢ := independent mean-one exponential.
P{¢ > s} = exp(—s).
U(A) = E | J§ 14(X(s)) ds] .

v

v
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N
Potential measures

v

X := a Lévy process in RY.
For all Borel sets A C RY define

v

U(A) = /0 TP {X(s) € A} &S .

v

¢ := independent mean-one exponential.
P{¢ > s} = exp(—s).
U(A) = E | J§ 14(X(s)) ds] .

U is a Borel probability measure on RY.

v

v

v
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-
A hitting bound

For all a € R? and ¢ > 0 define

d
B(a,e)::ﬂ{xeRd: aj—eng<aj+e}.
j=1
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-
A hitting bound

For all a € R? and ¢ > 0 define

d
B(a,e) = ﬂ{XERd: aj—eng<aj+6}‘
j=1
Lemma
Forallac R? ande > 0,
U(B(a,2¢))
<O\ =)
P{X(s) € B(a,¢) forsome s < (} < U(B0.0))
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-
A hitting bound

» Proof: Let T denote the first hitting time of B(a, ¢).
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-
A hitting bound

» Proof: Let T denote the first hitting time of B(a, ¢).
» By the strong Markov property,

U(B(0,€))P{¢ > T}
—E (/OOO 150.0(X(s+ T) = X(T))e N ds; T < oo> :

since P{¢ > T} =E[e"T; T < .
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A hitting bound

» Proof: Let T denote the first hitting time of B(a, ¢).
» By the strong Markov property,

U(B(0,€))P{¢ > T}
—E (/OOO 150.0(X(s+ T) = X(T))e N ds; T < oo> :

since P{( > T} =E[e"T; T < o]
» |[X(T)—al<eas.on{T < oco}.
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-
A hitting bound

v

Proof: Let T denote the first hitting time of B(a, ¢).
By the strong Markov property,

v

U(B(0,€))P{¢ > T}
=E (/OOO 150.0(X(s+ T) = X(T))e N ds; T < oo> :
since P{¢ > T} =E[e"T; T < .

IX(T)—al <eas.on{T < oo}.
By the triangle inequality,

v

\4

U(B(0,e))P{¢ > T}

<E < / 0015(3.26)(X(s+ T)e tNds; T < oo> .
0 :
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-
A hitting bound

Therefore,

<E /TOO 15(a.2¢)(X(8))e° ds) .
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-
A hitting bound

Therefore,
U(B(0, ))P{C > T}
<& ([ atmaa(X(se *ds).

This is < U(B(a,2¢)). R
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-
A hitting bound

» Recall that N,(X([0, f])) denotes the number of dyadic cubes of
side 27" the intersect X([0, {]).
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-
A hitting bound

» Recall that N,(X([0, f])) denotes the number of dyadic cubes of
side 27" the intersect X([0, {]).

» By the lemma,
1

—n+1
E(Na(X([0,¢]))) < U(B(0.2 ) B(avzz;)e% U(B(a,2-"1)),

where 2, := all dyadic cubes.
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-
A hitting bound

» Recall that N,(X([0, f])) denotes the number of dyadic cubes of
side 27" the intersect X([0, {]).

» By the lemma,

1

UB(0,2 1) U(B(a,27"t1),

B(a,2=")e 2y

E(Na(X([0,¢]))) <

where 2, := all dyadic cubes.
» Now ZB(a,Z*”)e@n U(B(a,2*”)) =1.
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-
A hitting bound

v

Recall that N,(X([0, f])) denotes the number of dyadic cubes of
side 27" the intersect X([0, {]).

By the lemma,

v

1

UB(0,2 1) U(B(a,27"t1),

B(a,2=")e 2y

E(Na(X([0,¢]))) <

where 2, := all dyadic cubes.
Now Y.(42-n)eg, U(B(a,27")) = 1.
What about ¥ (4 2-me g, U(B(a,27"1))?

v

v
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A hitting bound

» Yellow = B(a,27"); a dyadic ball.
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-
A hitting bound

» Yellow = B(a,27"); a dyadic ball.
» Red = B(a,2="").
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-
A hitting bound

» Yellow = B(a,27"); a dyadic ball.
» Red = B(a,2="").
» Blue + yellow = 39 dyadic balls of radius 2" each.

N—_— ——
Clique
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-
A hitting bound

\4

Yellow = B(a,27"); a dyadic ball.
Red = B(a,27"").
Blue + yellow = 39 dyadic balls of radius 2-" each.
Cli
ique

Each | € 2, is in at most 59 cliques.

v

v

v
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-
A hitting bound

\4

Yellow = B(a,27"); a dyadic ball.

Red = B(a,27"").

Blue + yellow = 39 dyadic balls of radius 2-" each.
Clique

Each | € 2, is in at most 59 cliques.

> Ypa2-meg, U(B(a,27"1)) <59 ey U(I) =5°.

v

v

v
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-
A hitting bound

» Thus,

5d
E(Nx(X([0,¢]))) < U(B(0,2-)
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-
A hitting bound

» Thus, d
E(NA(X([0,¢]))) < U(B(sz—n))'

> Na(X([0,C])) = Nn(X([0,1])) on {¢ > 1}.
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A hitting bound

» Thus, d
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A hitting bound

» Thus, d
E(Na(X([0,¢]))) < U(B(s,z—n))'

> Na(X([0,C)) = Na(X([0, 1)) on {¢ > 1}.
> = E(Na(X([0.]))) > e TE(Na(X([0, 1]))).

Lemma
E[Na(X([0,1]))] < 5%/U(B(0,27")).

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 10/19



-
A hitting bound

» Thus, d
E(Na(X([0,¢]))) < U(B(s,z—n))'

> Na(X([0,C)) = Na(X([0, 1)) on {¢ > 1}.
> = E(Na(X([0.]))) > e TE(Na(X([0, 1]))).

Lemma
E[Na(X([0,1]))] < 5%/U(B(0,27")).

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 10/19



-
A hitting bound

» Thus, d
E(Na(X([0,¢]))) < U(B(s,z—n))'

> Na(X([0,C)) = Na(X([0, 1)) on {¢ > 1}.
> = E(Na(X([0.]))) > e TE(Na(X([0, 1]))).

Lemma

E [Na(X([0,1]))] < 5%/U(B(0,27")).

This will give an upper bound for dim,, X([0, 1]), and another upper
bound for dim,, X ([0, 1]).
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|
Potential indices

» indU := limsup,_,qlog U(B(0,¢))/loge.
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Potential indices

» indU := limsup,_,qlog U(B(0,¢))/loge.

» indU :=liminf._glog U(B(0,€))/loge.
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|
Potential indices

» indU := limsup,_,qlog U(B(0,¢))/loge.
» indU :=liminf._glog U(B(0,€))/loge.

> U(B(0,¢€)) > endU+o(t) for infinitely many e small.
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|
Potential indices

v

indU := limsup,_,qlog U(B(0,¢))/loge.

v

indU := liminf._qlog U(B(0,¢))/loge.

> U(B(0,¢€)) > endU+o(t) for infinitely many e small.
> U(B(0,€)) > endU+o(M) for all ¢ small.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 11/19



|
Potential indices

» E[Na(X([0,1]))] < 5%/ U(B(0,2-")) < 2nindU+o(1) gventually.
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|
Potential indices

> E[NA(X([0,1]))] < 5%/ U(B(0,2-")) < 2nindU+o(1) eventually.
1. s>MndU = ¥,P{NA(X([0,1])) = 27} < oo,
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Potential indices

» E[N,(X([0,1]))] < 5%/ U(B(0,2-")) < 2nndU+o(1) "eventually.

1. s >indU = ¥,P{Na(X([0,1])) > 2"} < occ.
2. dim,X([0,1]) <indU a.s.
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» E[N,(X([0,1]))] < 5%/ U(B(0,2-")) < 2nndU+o(1) "eventually.
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2. dim,X([0,1]) <indU a.s.
» E[Nn(X([0,1]))] < 5%/U(B(0,27")) < 2nindU+o(1) j g,
1. s>indU = Np(X([0,1])) <2™ .0, a.s.
2. dim, X([0,1]) <indU a.s.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 12/19



|
Potential indices

» E[N,(X([0,1]))] < 5%/ U(B(0,2-")) < 2nndU+o(1) "eventually.

1. s >indU = ¥,P{Na(X([0,1])) > 2"} < occ.
2. dim,X([0,1]) <indU a.s.

» E[Na(X([0,1]))] <5%/U(B(0,27")) < 2nindU+o(1) [j o,
1. s>indU = Np(X([0,1])) <2™ .0, a.s.
2. dim, X([0,1]) <indU a.s.

» Both bounds are sharp.
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|
Theorems of Pruitt and Taylor

Theorem o o
A.s.:dim, X([0,1]) =indU and dim,,X([0,1]) = indU.
Derivation of the formula for dim,,:
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Theorems of Pruitt and Taylor

Theorem o o
A.s.:dim, X([0,1]) =indU and dim,,X([0,1]) = indU.
Derivation of the formula for dim,,:
» For dim,: Enough to derive dim,, X([0,1]) > indU.
> Let u(A) := fg 1a(X(s)) ds
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|
Theorems of Pruitt and Taylor

Theorem o o
A.s.:dim, X([0,1]) =indU and dim,,X([0,1]) = indU.
Derivation of the formula for dim,,:

» For dim,: Enough to derive dim,, X([0,1]) > indU.

> Let u(A) := fg 1a(X(s)) ds

> Strategy: Is(p) = [ X — y|7° p(ax) p(dy) < .
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|
Theorems of Pruitt and Taylor

> s(p) = fo Jo [X(u) = X(v)| S dua.
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Theorems of Pruitt and Taylor

> s(p) = fo Jo [X(u) = X(v)| S dua.
> Ells(1)] =2 fg E (IX(v)|~°) au.
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|
Theorems of Pruitt and Taylor

> ls(u) = Jg Jo IX(u) = X(v)| S duav.

> Ells(u)] =2 g E (IX(u)|~*) du.

» If s <indU, then f01 P{|X(u)| < €} du = O(e®). Therefore, for all
0<s<t<indU,

1 1 00
/OE(\X(u)rS) du — /O/O P {|X(u)|~S > A} dAdlu

14/19
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Theorems of Pruitt and Taylor

> ls(u) = Jg Jo IX(u) = X(v)| S duav.

> Ells(u)] =2 g E (IX(u)|~*) du.

» If s <indU, then f01 P{|X(u)| < €} du = O(e®). Therefore, for all
0<s<t<indU,

1 1 00
/OE(\X(u)rS) du — /O/O P {|X(u)|~S > A} dAdlu

o r1
< 1+/ / P{IX(w) < A~*} dud
1 0

14/19
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|
Theorems of Pruitt and Taylor

> o) = Jo Jo IX(u) = X(v)|~®dudv.
> Ells(1)] =2 fg E (IX(v)|~°) au.
» If s <indU, then f01 P{|X(u)| < €} du = O(e®). Therefore, for all

0<s<t<indU,

]
/0 E(IX(u)|~°) du

D. Khoshnevisan (Salt Lake City, Utah)

_ /01/000P{|X(u)|3>)\} dAdu
< 1+/1°O/01 P{\X(u)| gx1/3} dudA

< 1+C/°Oxf/SdA<oo.
1
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|
Theorems of Pruitt and Taylor

> Is(p) =[5 Jo IX(u) = X(v)| S dudv.
> Ells(1)] =2 fg E (IX(v)|~°) au.

» If s <indU, then f01 P{|X(u)| < €} du = O(e®). Therefore, for all
0<s<t<indU,

! -s b -s
/OE(\X(U)| )du = /O/O P {|X(u)|~S > A} dAdlu
< 1+/100/01P{\X(u)| gx1/3} dudA

< 1+C/°Oxf/SdA<oo.
1

» . E[ls(1)] < oo whenever 0 < s < indU.
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Theorems of Pruitt and Taylor

> Is(p) =[5 Jo IX(u) = X(v)| S dudv.
> Ells(1)] =2 fg E (IX(v)|~°) au.

» If s <indU, then f01 P{|X(u)| < €} du = O(e®). Therefore, for all
0<s<t<indU,

! -s b -s
/OE(\X(U)| )du = /O/O P {|X(u)|~S > A} dAdlu
< 1+/100/01P{\X(u)| gx1/3} dudA

< 1+C/°Oxf/SdA<oo.
1

» . E[ls(1)] < oo whenever 0 < s < indU.
> . dim, X([0,1]) > indU. =

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 14/19



|
The Minkowski dimension

Need an analogue of Frostman’s theorem.

Theorem (Hu and Taylor)

Suppose F C R? is bounded measurable, and 3 probability measure 1.
on F and s > 0 such that

Iimi(r)1f€13/ 1{|x — y| < €} () p(dy) < oo,

Then, dim ,F > s.
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The Minkowski dimension

Need an analogue of Frostman’s theorem.

Theorem (Hu and Taylor)

Suppose F C R? is bounded measurable, and 3 probability measure 1.
on F and s > 0 such that

Iimi(r)1f€13/ 1{|x — y| < €} () p(dy) < oo,

Then, dim ,F > s.
Proof: If 2, := dyadic cubes, then (why?),

J[1{ix=r1=27"Vd} (o) u(ay)
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The Minkowski dimension

Need an analogue of Frostman’s theorem.

Theorem (Hu and Taylor)

Suppose F C R? is bounded measurable, and 3 probability measure 1.
on F and s > 0 such that

|imi9f;/ 1{|x — y| < €} () p(dy) < oo,

Then, dim ,F > s.
Proof: If 2, := dyadic cubes, then (why?),

J[1{ix=v1=2Vd} uax)u(ay)
> Y (u()PUH{INF # 2}

1€Zn
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The Minkowski dimension

Need an analogue of Frostman’s theorem.

Theorem (Hu and Taylor)

Suppose F C R? is bounded measurable, and 3 probability measure 1.
on F and s > 0 such that

|imi9f;/ 1{|x — y| < €} () p(dy) < oo,

Then, dim ,F > s.
Proof: If 2, := dyadic cubes, then (why?),

J[1{ix=r1=27"Vd} (o) u(ay)

> NE1{INF 5
_IGZ%IM()I {n #Q}_Nn(,_-)
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The Minkowski dimension

Need an analogue of Frostman’s theorem.

Theorem (Hu and Taylor)

Suppose F C R? is bounded measurable, and 3 probability measure 1.
on F and s > 0 such that

|imi9f;/ 1{|x — y| < €} () p(dy) < oo,

Then, dim ,F > s.
Proof: If 2, := dyadic cubes, then (why?),

J[1{ix=r1=27"Vd} (o) u(ay)

> NE1{INF 5
_IGZ%IM()I {n #Q}_Nn(,_-)

Therefore, Ny(F) > c2™ i.o. B
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End of proof (dim,,)

Now we prove that dim,, X ([0, 1]) > indU a.s., and finish the proof of
the theorem.

> u(A) = Jg 1a(X(8)) ds.
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End of proof (dim,,)

Now we prove that dim,, X ([0, 1]) > indU a.s., and finish the proof of
the theorem.

> u(A) = Jg 1a(X(8)) ds.

» E[[1{|x — y| < €} p(adx) p(dy)
<2 [y P{IX(u)| < e} du
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End of proof (dim,,)

Now we prove that dim,, X ([0, 1]) > indU a.s., and finish the proof of
the theorem.

> u(A) = Jg 1a(X(8)) ds.

» E[[1{|x — y| < €} p(adx) p(dy)
<2 [y P{IX(u)| < e} du
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End of proof (dim,,)

Now we prove that dim,, X ([0, 1]) > indU a.s., and finish the proof of
the theorem.

> u(A) = Jg 1a(X(8)) ds.

» E[[1{|x — y| < €} p(adx) p(dy)
<2 [y P{IX(u)| < e} du=2U(B(0¢))
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End of proof (dim,,)

Now we prove that dim,, X ([0, 1]) > indU a.s., and finish the proof of
the theorem.

> u(A) = Jg 1a(X(8)) ds.

> E [ 1{|x — y| < €} p(dx) pu(dy) -
<2 [} P{|X(u)| < €} du=2U(B(0,¢)) < endU+o(1),
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End of proof (dim,,)

Now we prove that dim,, X ([0, 1]) > indU a.s., and finish the proof of
the theorem.

> u(A) = Jg 1a(X(8)) ds.

> E [ 1{|x — y| < €} p(dx) pu(dy) -
<2 [} P{|X(u)| < €} du=2U(B(0,¢)) < endU+o(1),

» - if 0 < s < indU, Fatou’s lemma =

Iimign‘gs/ 1{|x — y| < e} p(dx) u(dy) =0 a.s.
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End of proof (dim,,)

Now we prove that dim,, X ([0, 1]) > indU a.s., and finish the proof of
the theorem.

> w(A) = Jo 1a(X(s)) 0.

> E [ 1{|x — y| < €} p(dx) pu(dy) -
<2 [} P{|X(u)| < €} du=2U(B(0,¢)) < endU+o(1),

» - if 0 < s < indU, Fatou’s lemma =
Iimign‘gs/ 1{|x — y| < e} p(dx) u(dy) =0 a.s.

> As 4 is a probab. meas. on X([0, 1]), the previous theorem implies
that dim, X([0,1]) > indU a.s. &
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Example: Brownian motion

» X = Brownian motion on R?. Note that

1
U(B(0,¢)) — /OP{]X(S)\ge}ds

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 17/19



|
Example: Brownian motion

» X = Brownian motion on R?. Note that

1
U(B(0,¢)) — /OP{]X(S)\ge}ds
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Example: Brownian motion

» X = Brownian motion on R?. Note that

1
U(B(0,¢)) — /OP{]X(S)\ge}ds

. /01P{\X(1)| g\%} ds
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Example: Brownian motion

» X = Brownian motion on R?. Note that

U(B(0,¢)) = /P{yx )| < e} ds
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Example: Brownian motion

» X = Brownian motion on R?. Note that

U(B(0,¢)) = /P{yx )| < e} ds

» |f d =1, then this is of sharp order e.
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Example: Brownian motion

» X = Brownian motion on R?. Note that

U(B(0,¢)) = /P{yx )| < e} ds

)(
C\_. o
7 N
Sl

>
-

Q

&

» |f d =1, then this is of sharp order e.
» If d = 2, then this is of sharp order €2log(1/¢).
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Example: Brownian motion

» X = Brownian motion on R?. Note that

U(B(0,¢)) = /P{yx )| < e} ds
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» |f d =1, then this is of sharp order e.
» If d = 2, then this is of sharp order €2log(1/e).
» If d > 3, then this is of sharp order €2.
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Example: Brownian motion

» X = Brownian motion on R?. Note that

U(B(0,¢)) = /P{yx )| < e} ds

)(
C\_. o
7 N
i

>
-

Q

&

v

If d =1, then this is of sharp order e.

If d = 2, then this is of sharp order €2log(1/e).
If d > 3, then this is of sharp order €.

. indU = indU = min(d,2).

\4

v

\4
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Problems

1. Suppose p is a Borel measure on R?, and sup;c4, u(l) = O(27")
for some s > 0. Then, prove that sup,.gs 1t(B(X, €)) = O(€®).
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Problems

1. Suppose p is a Borel measure on R?, and sup;c4, u(l) = O(27")
for some s > 0. Then, prove that sup,.gs 1t(B(X, €)) = O(€®).
2. Let F be a Borel subset of R?, and define the lower Minkowski
dimension of F to be
dim, F = limint 292 Nn(F)

n—oo n

where Nj,(F) denotes the number of dyadic cubes that intersect F.
Prove:
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Problems

1. Suppose p is a Borel measure on R?, and sup;c4, u(l) = O(27")
for some s > 0. Then, prove that sup,.gs 1t(B(X, €)) = O(€®).

2. Let F be a Borel subset of R?, and define the lower Minkowski
dimension of F to be

log, Nin(F)

bl

MMF = liminf

n—oo n

where Nj,(F) denotes the number of dyadic cubes that intersect F.
Prove:

2.1 dim, F < dim F <dim,F.
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Problems

1. Suppose p is a Borel measure on R?, and sup;c4, u(l) = O(27")
for some s > 0. Then, prove that sup,.gs 1t(B(X, €)) = O(€®).

2. Let F be a Borel subset of R?, and define the lower Minkowski
dimension of F to be

dim F :=lim inf 1092 Nn(F)

n—oo n ’

where Nj,(F) denotes the number of dyadic cubes that intersect F.
Prove:

2.1 dim, F <dim F <dim,F.
2.2 dim X([0,1]) = dim, X([0,1]) V Lévy processes X.
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More advanced problems

1. Prove that

P{X(s) € B(a,¢) forsome s < (} >
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More advanced problems

1. Prove that
P{X(s) € B(a,¢) forsome s < (} >
2. Prove that

dim,, X([0, 1])—sup{s>0 / () 9) du<oo}.
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More advanced problems

1. Prove that
P{X(s) € B(a,¢) forsome s < (} >
2. Prove that
dim,, X([0, 1])—sup{s>0 / () 9) du<oo}.
3. Let X := isotropic stable, index « € (0, 2]:

Eexp(i§ - X(t)) = exp(—t||&||*). Prove:
dim, X([0,1]) = dim,, X([0,1]) = min(d, @) a.s.
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More advanced problems

1. Prove that

P{X(s) € B(a,¢) forsome s < (} >

2. Prove that
dim, X([0, 1])—sup{s>0 / ()9 du<oo}.

3. Let X := isotropic stable, index « € (0, 2]:
Eexp(i& - X(t)) = exp(—t||&||*). Prove:
dim, X([0,1]) = dim,, X([0,1]) = min(d, @) a.s.
4. (Hard) Prove that:

D. Khoshnevisan (Salt Lake City, Utah) Lecture 2 Sandbjerg Manor, 2007 19/19



|
More advanced problems

1. Prove that

P{X(s) € B(a,¢) forsome s < (} >

2. Prove that
dim, X([0, 1])—sup{s>0 / ()9 du<oo}.

3. Let X := isotropic stable, index « € (0, 2]:
Eexp(i& - X(t)) = exp(—t||&||*). Prove:
dim, X([0,1]) = dim,, X([0,1]) = min(d, @) a.s.
4. (Hard) Prove that:
4.1 U(B(a,e€)) < U(B(0,26)).
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More advanced problems

1. Prove that

P{X(s) € B(a,¢) forsome s < (} >

2. Prove that
dim, X([0, 1])—sup{s>0 / ()9 du<oo}.

3. Let X := isotropic stable, index « € (0, 2]:
Eexp(i& - X(t)) = exp(—t||&||*). Prove:
dim, X([0,1]) = dim,, X([0,1]) = min(d, @) a.s.
4. (Hard) Prove that:
4.1 U(B(a,e)) < U(B(0,2¢)).
4.2 U(B(0,2¢)) < 169U(B(0,¢)).
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