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Chapter 1

The Canonical Gaussian
Measure on R"

?(ch:Canonical_Gaussian)?

1 Introduction

The main goal of this book is to study “Gaussian measures,” the simplest ex-
ample of which is the canonical Gaussian measure P,, on R™ where n > 1 is an
arbitrary integer. The measure P,, is defined simply as

P,(4) = /A%(x) dx for all Borel sets A C R",

where 7, denotes the standard normal density function on R", viz.,

o—llzl?/2

Yn(T) = T [z € R™). (1.1)[gamma_n|

The function 7; describes the famous “bell curve,” and ~, looks like a suitable
“rotation” of the curve of y; when n > 1.

We frequently drop the subscript n from P,, when it is clear which dimension
we are in.

Throughout, we consider the probability space (Q2,F,P), where we have
dropped the subscript n from P,,, and

Q:=R", and F:=B(R"),

where B(R™) denotes the Borel subsets of R™.

Recall that measurable functions f : R® — R are random variables, and
measurable functions F' : R®™ — R"™ can be regarded as random vectors. Through-
out this book, we designate by Z = (Z7,..., Z,) the random vector

Zi(x) ==, forallz € R" and 1 < j < n. (1.2)[z]

3



4 CHAPTER 1. THE CANONICAL GAUSSIAN MEASURE ON RY

Thus, Z always denotes a random vector of n i.i.d. standard normal random
variables on our probability space. In particular,

P,(A) =P{Z € A} for all Borel sets A C R™.

We also let E := E,, denote the expectation operator for P = P,,, which allows
us to write integrals, using shorthand, as

B2 = | FaPlan) = [ fapn(an

One of the elementary, though useful, properties of the measure P,, is that
its “tails” are vanishingly small.

(lem:tails) Lemma 1.1. Ast — oo,

2 1
PlreR": |lof > t) = 200 _jn-2g/2

277T(n/2) ’
where T'(v fo Lexp(—t) dt is the gamma function evaluated at v > 0.
Proof. Define
S, = |Z|* = 222 for all n > 1. (1.3)[5n]

Because S, has a x?2 distribution,

P{x € R": |z|| > t} = P{S, > t*}

S T
27727 (n/2)

for all ¢ > 0. Now apply I’'Hopital’s rule of calculus. O

The following large-deviations estimate is one of the ready consequences of
Lemma 1.1: For every n > 1,

. 1 n 1
tliglot—zlogP{xelR Dl >ty = =3, (1.5)[eq:LD]

Of course, (1.5) is a weaker statement than Lemma 1.1. But it has the ad-
vantage of being “dimension independent.” Dimension independence properties
play a prominent role in the analysis of Gaussian measures. Here, for exam-
ple, (1.5) teaches us that the tails of P, behave roughly as do the tails of P
regardless of the value of n > 1.

Still, many of the more interesting properties of P,, are radically different
from those of P; when n is large. In low dimensions—say n = 1,2,3—one can
visualize the probability density function -y, from (1.1). Based on that, or other
methods, one knows that in low dimensions most of the mass of P,, concentrates
near the origin. For example, an inspection of the standard normal table reveals
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that more than 68.26% of the total mass of P; is within one unit of the origin;
see Figure 1.1.

In higher dimensions, however, the structure of P,, can be quite different. For
example, let us first recall the random variable S,, from (1.3). Then, apply the
weak law of large numbers XXX to deduce that S,,/n converges in probability
to one, as n — oco.! Stated in other words,

lim P {x eR": (1—-e)n/? < |z < (1 +e)n1/2} =1, (1.6) [pom: ol

n—oo

for every ¢ > 0. The proof of (1.6) is short and can be reproduced right
here: Recall that E denotes the expectation operator for P := P,,, and let
Var be the corresponding variance operator. Since S, has a x? distribution
with n degrees of freedom, simple computations show that E(S,) = n and
Var(S,,) = 2n; see Problem 2 below. Therefore, Chebyshev’s inequality yields
P{|S, — E(S,)| > en} < 2¢e72n~1. Equivalently,

PleeR: (1-9"2n"? <z < (1427} > 1~ nlgg (1.7) via]
Thus we see that, when n is large, the measure P,, concentrates much of its
total mass near the boundary of the centered ball of radius n'/2, very far from
the origin. A more careful examination shows that, in fact, very little of the
total mass of P,, is elsewhere when n is large. The following theorem makes this
statement much more precise. Theorem 1.2 is a simple consequence of a remark-
able property of Gaussian measures that is known commonly as concentration
of measure XXX. We will discuss this topic in more detail in due time.

(th:CoM:n) Theorem 1.2. For every € > 0,

P {a: eER™: (1—en'?2 < |z <1+ s)nl/Q} >1—92 ", (1.8)[coM:n]

n(z) Theorem 1.2 does not

04 merely improve the crude

. bound (1.7). Rather, it

03 describes an entirely new

0.2 phenomenon in high di-

mensions. To wit, let us

0.1 consider the measure P,

0 z when n = 30,000. When

4 e = 0, the left-hand side
Figure 1.1. Area over [—1,1] under the normal curve. f)f (1_'8). is equal to 0 But
(£ig:N(0,1)) if € is increased slightly,
say to e = 0.01, then the left-hand side of (1.8) increases to a probability > 0.9,

whereas (1.7) reports a mere probability lower bound of 1/3.

Proof. The result follows from a standard large-deviations argument that we
reproduce next.

n the present setting, it does not make sense to discuss almost-sure convergence since
the underlying probability space is (R™, B(R"),Py).
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Since Sy, := Y"1 | Z2 has a x2 distribution, its moment generating function

is
B = (1-2X) "2 for —oo < A < 12, (1.9) [mgf : chi2]
and Eexp(AS,,) = co when A\ > /2. See Problem 2 below.
We use the preceding as follows: For all ¢ > 0 and X € (0, 1/2),
P {a: eR”: ||z > nl/zt} =P {eAS" > e)‘"tQ}

< (1 _ 2)\)7n/2ef)\nt2’

thanks to (1.9) and Chebyshev’s inequality. The left-hand side is independent
of A € (0,1/2). Therefore, we may optimize the right-hand side over A € (0,1/2)
to find that

1
P {x eR": ||z > nl/zt} <expq —n sup [)\t2 + —log(1 — 2)\)]
0<ALY/2 2

= exp {2 [1* — 1 - 2log1] . (1.10) [eqsvailiiog]

In particular, if ¢ > 1, then it follows easily that the exponent of the right-most
exponential in (1.10) is strictly positive, whence we have exponential decay of
the probability as n — oo. This exponential decay is sharp; see Problem 3
below.

In any case, because logt < t — 1 when ¢ > 1, it follows from (1.10) that

PloeR": |z > n/2t} <=1, (1.11) [BooBooBound]

The special choice t = 1 + ¢ yields (1.8) when ¢ > 1.
When ¢t < 1, we may argue similarly and write

P {rc eR™: ||z < nl/%} —P {e*”n > C*W"‘} for all A > 0

1
< exp {n iup0 [)\t2 + 5 log(1 + 2)\)} }
>

= exp{—g [t2 —-1- 2logt} } .
Since —2logt > 2(1 —t) + (1 — t)? when t < 1, it follows that

P {a: ER™: |z < n1/2t} <exp {—g [(2— 14201 —t)+(1— t)ﬂ}
< e—n(l—t)z.

Set t =1 — ¢ and combine with (1.11) to complete the proof. O

The preceding discussion shows that P{||Z|| ~ n'/?} is extremely close to one
when n is large; that is, with very high probability, Z lies close to the boundary
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of the centered sphere of radius n'/2. Of course, the latter is the sphere in

the ¢?-norm, and it is worthwhile to consider how close Z lies to spheres in
¢P-norm instead, where p # 2. This problem too follows from the same analysis
as above. In fact, another appeal to the weak law of large numbers shows that
for all € > 0,

P{A—mn'? <12, < A+ pn'/P} =1 asnoo,  (112)[1g)

for all p € [1,00), where p, := E(|Z1]P), and || - ||, denotes the ¢P-norm on R";
that is, ||z||, :== (31, |2:|P)Y/P for all z € R™.

These results suggest that the n-dimensional Gauss space (R, B(R™),P,,)
has unexpected geometry when n > 1.

Interestingly enough, the analogue of (1.12) in the case that p = oo has
a still different form. In this case, one is examining the maximum of n i.i.d.
unbounded random variables. Naturally the maximum grows as n — oo. The
following anticipates the rate of growth, which turns out to be only logarithmic.
See also Problem 18.

(pr :max) Proposition 1.3. Let M,, denote either maxi<i<n | Z;| or maxigicn Z;. Then,

E(M,) = +/2logn + o(1) as n — 0o.

We will see later on (see XXX) that, in part because of Proposition 1.3,
there exists a finite constant ¢ > 0 such that

P, {(1 —e)y/2logn < M, < (1+ 5)\/210gn} >1- 2e_652(10g")2, (1.13) 7CoM:max?

simultaneously for all integers n > 2 and real numbers € € (0,1). Thus, the
measure P,, concentrates on ¢*°-balls of radius y/2logn as n — oc.

Before we prove Proposition 1.3, let us mention only that it is possible to
evaluate E(M,,) much more precisely than was done in Proposition 1.3; see
Problem 19 below. However, Proposition 1.3 is strong enough for our present
needs.

Proof of Proposition 1.3. Throughout the proof, define

M, := max |Z;| and M, := max Z,.

1<j<n 1<j<n

Since M, < M, < M, it suffices to study E(M,) for an upper bound and
E(M,,) for a lower bound. We begin with the former.

For all ¢t > 0, the event {M,, > t} is equivalent to the event that some |Z;]
exceeds t. Therefore, a simple union bound and Lemma 1.1 together yield a
finite constant A such that

P{M, >t} < ZP{‘Z” >t} =nP{|Zy| > t} < Ant e V)2,

=1
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valid uniformly for all n > 1, and for all sufficiently large ¢ > 1. We will use this
bound when nexp(—t2/2) < 1; that is, when t > \/2Iogn. For smaller values
of t, an upper bound of one is frequently a better choice. Thus, we write

B (11, :/ P{max Z > t} at
0

1<ign

o0

< \/210gn+An/ t=1e=t/2 4

V2logn
=+/2logn + o(1) as n — 0o.

This proves the upper bound.
The lower bound is also simple to establish. First, let us choose and fix an
€ > 0 and then note that

E(M,) > [M,; M, > v/2logn —¢]
(114 om0 as

We plan to prove that

\/lognP{Mn<\/2logn—€}—>0 as n — 00. (1.15)[goal:LB:M_n]

Indeed, (1.15) and (1.14) together imply that, as n — oo,

B(M,) > [v2logn <] (1—0(1>)

Viogn
= /2logn —e+ o(1).

Since ¢ is arbitrary, it follows that E(M,,) > v/2logn + o(1), which completes
the proof. It remains to verify (1.15).
Since 1 — a < exp(—a) for all a € R, it follows from independence that

P{ut < oo} = (1P {2 > V)
< exp (—nP {Zl > M—e}).

According to Lemma 1.1, as n — oo,

2
e = /2 4 0o(1)
Pz > V2logn— e} = 5" exp (=1/210gn)
1 ogn — e onvrloan exp (€ ogn
Because exp(ey/2log n) grows faster than any given power of log n, the preceding
probability must exceed n~*(logn)? for all n sufficiently large.? In particular,
(1.16) implies that, as n — oo,

1
P{M, < \2logn — e} <e 02’ — o (F) . (1.17) [eqrunder H]
ogn

20f course, the same sentence continues to hold if we replace (logn)? by (logn)P for an
arbitrary p > 0. We need only to choose p > 1—here, p = 2—in order to ensure the final
identity in (1.17).

(1.16)[eq:P 0w 08
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This verifies (1.15), and completes the proof of the proposition. O

2 The Projective CLT

The following projective central limit theorem is a different way to say that a
Gaussian vector in R™ lies very close to the £2-sphere of radius n'/2.

{pr:ProjCLT) Proposition 2.1. Choose and fix an integer k > 1 and a bounded and contin-

uous function f : R¥ — R. Let p, denote the uniform measure on \/nS"'.
Then, as n — oo,

/ flzr, .. zp) pn(dey - - -day,) — flzr, ... zk) Pr(dey - - - day).
g1 R

Proposition 2.1 is a rigorous way to say that, when n > 1, the canonical
Gaussian measure on R" is very close to the uniform distribution on the ball
V18"~ of radius n'/? in R™.

Proof. By the weak law of large numbers XXX,

1/2
1z) _

NG

1 n
— E ZJ2 —1 in probability as n — oo.
n

j=1

Therefore, for every integer k > 1,

Zy ... 2
Wﬁ(zh,..,zk) as n — oo, (1.18)[peL1]

where “=” denotes weak convergence in R¥. Now the distribution of the ran-
dom vector v/n Z/||Z|| is rotationally invariant—see (1.1)—and supported on
V/n8$" 1. Consequently, a classical fact about the uniqueness of Haar mea-
sures (see XXX) implies that the uniform measure p,, coincides with the law of
VvnZ/||Z||. In other words, the proposition is just a paraphrase of the already-
proved assertion (1.18). O

3 Anderson’s Shifted-Ball Inequality

One of the defining features of P,, is that it is “unimodal.” This property is
sometimes called Anderson’s theorem, which is in fact a theorem of convex anal-
ysis; see Anderson XXX. When n = 1, “unimodality” refers to the celebrated
bell-shaped curve of 7;, and can be seen for example in Figure 1.1 on page
5. There are similar, also visual, ways to think about “unimodality” in higher
dimensions.

Anderson’s theorem has many deep applications in probability theory, as
well as multivariate statistics, which originally was one of the main motivations



10 CHAPTER 1. THE CANONICAL GAUSSIAN MEASURE ON RY

for Anderson’s work. We will see some of these applications later on. For now
we contend ourselves with a statement and proof.

The proof of Anderson’s theorem requires some notions from convex analysis,
which we develop first.

Recall that a set E C R™ is convez if for all z,y € E the line segment Ty
that joins z and y lies entirely in E. Equivalently put, E is convex if and only
if e+ (1—XNye Eforall z,y € Eand X € [0,1]. See Figure 1.2.

E

Figure 1.2. A bounded, convex set E C R?: Ty C E Vz,y € E.
(fig:Cvx:Set)

One can check, using only first principles, that a set £ C R"™ is convex if
and only if

E=)XE+(1-)\NE for all A € [0, 1], (1.19)[eq:EEE]|
where aA + B denotes the Minkowski sum of aA and B for all a, 5 € R and
A, B C R™. That is,

aA+ B :={ax+PBy: x€ A,y € B}.

See Problem 12.
Convex sets are measurable sets as the following result shows.

(pr:convpbm:meas) pr.onogition 3.1. Every convex set E C R™ is Lebesque measurable.

Proposition 3.1 will be established en route the proof of Anderson’s inequal-
ity. In order to state Anderson’s inequality, we need to recall two standard
definitions.

Definition 3.2. A set £ € R" is symmetric if E = —E.

Definition 3.3. If f : R® — R is a measurable function, then its level set at
level r € R is defined as f~1[r,00) :={x € R": f(z) > r} :={f > r}. We say
f is symmetric if f(x) = f(—z) for all z € R™, or equivalently if all of its level
sets are symmetric.

We can finally state Anderson’s theorem.

(th:Anderson) Theorem 3.4 (Anderson’s inequality). Let f € L*(R™) be a non-negative sym-
metric function that has convex level sets. Then,

| ta=war> [ fa-a

for all symmetric conver sets E C R™, every y € R", and all A € [0,1].
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The proof will take up the remainder of this chapter. For now, let us remark
briefly on how the Anderson inequality can be used to analyse the Gaussian
measure P,,.

Recall v, from (1.1), and note that for every r > 0, the level set

Y, 00) = {CE eR™: ||zl < \/210gr+n10g(27r)}

is a closed, whence convex and symmetric, ball in R™. Therefore, we can apply
Anderson’s inequality with A = 0 to immediately deduce the “unimodality” of
P,, in the sense of the following result.

{co:Anderson) Corollary 3.5 (Unimodality of P,,). For all symmetric conver sets E C R",
0< A<, andy € R, P, (E + A\y) =2 Po(E +vy). In particular,

sup P, (E+y) =P, (E).
yER™

It is important to emphasize the remarkable fact that Corollary 3.5 is a
“dimension-free theorem.” Here is a typical consequence: P{||Z —a| < r} is
maximized at a = 0 for all » > 0. For this reason, Corollary 3.5 is sometimes
referred to as a “shifted-ball inequality.”

One can easily generalize the preceding example with a little extra effort.
Let us first note that if M is an n X n positive-semidefinite matrix, then
E :={zx € R": 2’Mxz < r} is a symmetric convex set for every real num-
ber r > 0 (it is an ellipsoid).? Equivalently, E is the event—in our probability
space (R™, B(R™),P,)—that Z'MZ < r. Therefore, Anderson’s shifted-ball
inequality implies that

P{Z—-pw)M(Z—-p)<r}<P{ZMZ<r} VYr>0andpcR"

This inequality has applications in multivariate statistics; see, for example, the
final section of Anderson XXX. We will see other interesting examples of An-
derson’s inequality later on.

The proof of Anderson’s inequality takes up the rest of this section and is
divided into four parts. The first three parts are self-contained and establish a
series of ancillary results. Some readers may wish to accept the statements of the
first three parts on faith, and then proceed directly to the proof of Anderson’s
inequality in the fourth part.

83.1 Part 1. Measurability of Convex Sets

Here we prove Proposition 3.1. But first let us mention the following example.

Ezample 3.6. Suppose n > 2 and F = B(0,1) U F, where B(0,1) is the usual
notation for the Euclidean ball of radius one about 0 € R™, and F C 9B(0,1).
The set E is convex, but it is not Borel measurable unless F' is. Still, F is always
Lebesgue measurable, in this case because F' is Lebesgue null in R™.

3We frequently identify the elements of R™ with column vectors. In this way, we see that
a quantity such as 2’ Mz is a scalar for all z € R™ and all n x n matrices M.
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This example shows that, in general, one cannot hope to replace the Lebesgue
measurability of convex sets by their Borel measurability.

Proof of Proposition 3.1. We will prove the following: Every bounded convez
set is measurable.

This does the job since whenever E is convex and n > 1, EN B(0,n) is
a bounded convex set, which is measurable by the above. Therefore, £ =
U ,EN B(0,n) is also measurable.

The closure OF of OF is manifestly closed; therefore, it is measurable. We
will prove that |[OE| = 0. This shows that the difference between E and the
open set E is a subset of a null set, whence F is Lebesgue measurable. There
are many proofs of this fact. Here is an elegant one, due to Lang XXX.

Define

M:={BeB[R"): |BNIE|< (1-37")|B|}.

Then M is clearly a monotone class; that is, M is closed under countable,
increasing unions and also closed under countable, decreasing intersections. We
plan to prove that every upright rectangle, that is every nonempty set of of
the form T[] ,(a;,b;], is in M. If this were so, then Sierpinski’s monotone
class theorem would imply that M = B(R™). That would show, in turn, that
|OE| = |0ENOE| < (1 —37")|0E|, which proves the claim.

Choose and fix a rectangle B := H?Zl(ai,bi], where a; < b; for all 1 <
i < m. Subdivide each 1-dimensional interval (a;,b;] into 3 equal-sized parts:
(a;,a; +1;), (a; + 7i,a; + 2r;], and (a; + 2r; , a; + 3r;] where r; := (b; — a;)/3.
We can write B as a disjoint union of 3" equal-sized rectangles, each of which
has the form ]\, (a; + ¢;ri,a; + (1 + ¢;)r;] where ¢; € {0,1,2}. Call these
rectangles By, ..., B3n.

Direct inspection shows that, be-
cause F is assumed to be convex, there
must exist an integer 1 < L < 3"
such that E N By, = @. For other-
wise the middle rectangle [T, (a; +
r; ,a; + 2r;] would have to lie entirely
in the interior E° and intersect OF
at the same time; this would contra-

ag + 27rg

az + 72

(fig:Cvx:Set:1)

aj +r1 ajy +2rp

Figure 1.3. A subdivison of B. The region
above the curved line belongs to the convex
set E. The smaller, darker, checked boxes are
those boxes in B that do not intersect OE.

the same measure. Therefore,

dict the existence of a supporting hy-
perplane at every point of JE which
is a defining feature of convexity (see
Figure 1.3). Let us fix the integer L
alluded to here. Since the B;’s are
translates of one another they have

[BNOE|< S |B|=IB|-|Bil=(1-3")|Bl

1<5<3"
J#L

This proves that every rectangle B is in M, whence completes the proof. O
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83.2 Part 2. The Brunn—Minkowski Inequality

In this subsection we state and prove the Brunn—Minkowski inequality. That
inequality XXX is a classical result from convex analysis, and has profound
connections to several other areas of research.

In order to partially motivate what is to come, define

B.:={z eR": |lz| <7} (1.20)[def :B_r]

to be the closed ball of radius r > 0 about the origin.

The e-enlargement of a compact set A C
R™ is defined as the set A+ B, = A+ eBy;
see Figure 1.4. The Brunn—-Minkowski in-
equality is one of the many ways in which
we can describe how the volume A relates
to the volume of the perturbed set A + B
when ¢ > 0 is small. See Problem 14 for a
sampler.

More generally still, one can consider two
compact sets A, B C R™ and ask about the
relation between the volume of A and the Figure 1.4. The c-enlargement, A +
volume of the perturbed set A 4.8, .0 £:2) eB1, of the inner square A.

It is easy to see that if A and % are compact, then so is A + B, since the
latter is clearly bounded and closed. In particular, A + B is measurable. The
Brunn—Minkowski inequality relates the Lebesgue measure of the Minkowski
sum A + B to those of A and B.

A+eB;

(th:BrunaMinkousks) Theorem 3.7 (The Brunn—Minkowski Inequality). For all compact sets A, B C

R",
We can replace A by aA and B by (1 — a)B, where 0 < o < 1, and recast
the Brunn—Minkowski inequality in the following equivalent form:

|OéA + (1 — Oz)B|1/n 2 a|A|1/" + (1 — Oé)|B|1/n7 (1.21)‘eq:BrunnMink:bis

for all compact sets A, B C R™ and « € [0, 1]. Among other things, this formu-
lation suggests the existence of deeper connections to convex analysis because
if A and B are convex sets, then so is «A + (1 — a)B for all « € [0, 1]. Problem
13 contains a small generalization of (1.21).

Proof. The proof is elementary but tricky. In order to clarify the underlying
ideas, we will divide it up into 3 small steps.
Step 1. Say that K C R™ is a rectangle when K has the form,

K=[x1,21+ k] X X [2g,2n + kn],

for some x := (z1,...,z,) € R" and kq,...,k, > 0. We refer to the point x as
the lower corner of K, and k := (ki ,...,ky) as the length of K.
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In this first step we verify the theorem in the case that A and B are rectangles
with respective lengths a and b. In this case, we can see that A+ B is an rectangle
of side length a +b. The Brunn—Minkowski inequality, in this case, follows from
the following application of Jensen’s inequality [the arithmetic—geometric mean
inequality):

n 1/n n 1/n n n

a; bl 1 a; 1 bi

(E‘“*bi) +<£[1“i+bi> gn;(aiﬂLbi)—i_n;(aieri)
=1

Step 2. Now we consider the case that A and B are interior-disjoint [or “ID”]
finite unions of rectangles.

For every compact set K let us write KT := {r € K : 1 > 0} and K~ :=
{re K: z; <0}

Now we apply a so-called “Hadwiger-Ohmann cut”: Notice that if we trans-
late A and/or B, then we do not alter |A + B|, |A|, or |B|. Therefore, after
we translate the sets suitably, we can always ensure that: (a) A* and BT are
rectangles; (b) A~ and B~ are ID unions of rectangles; and (c)

AT _ BT
Al 1Bl

With this choice in mind, we find that
A+ B| > |47+ BY| 147+ B7| > (|47 + |BF) " 4147 + BT,

thanks to Step 1 and the fact that AT + B7 is disjoint from A~ 4+ B~. Now,

. VN B\ "
+11/n +11/n _ + & _ + ‘ ‘
(irprm i pm) =1 (1 P ) =1 (1 )

whence
|B|1/n

‘A|1/n

Now split up, after possibly also translating, A~ into A=* and B~ into B—*
such that:

1. A—¥ are interior disjoint;

2. B~ are interior disjoint; and

3. |ATF|/[AT| = |B=/IB7].
Thus, we can apply the preceding to A~ and B~ in place of A and B in order
to see that

|A+B|>A+|<1+ > +|A” +B7|.

Bl/n n 3 |B|1/n n L L
|A+B|>|A+|(1+|All/n) +]A 7+|(1+|A|1/n) +|A™" + BT 7|
| ‘l/n

B
_ + —=
- (|A |+|A |) <1+ |A|1/n

) +|ATT + B,
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And now continue to split and translate A=~ and B~ 7, etc. In this way we
obtain a countable sequence Ay := At, A, := A>F, ..., By := Bt, B :=
B, ...of ID rectangles such that:

1. U2, B; = B [after translation];

2. U324, = A [after translation]; and

3. |A + B| is bounded below by

> |B|1/n n |B|1/n n . n
Z|Aj| (1+ A ) = |Al( 1+ A ) = (|A|1/ —|—|B|1/n) )
=0

This proves the result in the case that A and B are ID unions of rectangles.

Step 3. Every compact set can be written as an countable union of ID rectangles.
In other words, we can find A', A2,... and B', B%,... such that:

1. Every A7 and B* is a finite union of ID rectangles;

2. A7 C A7*! and B* C B**! for all j,k > 1; and

3. A= U;?';lAj and B = U;‘;lBj.
By the previous step,

|A+ B|Y™ > |A™ + B™|V"™ > |A™ Y 4+ | BTV for all m > 1.

Let m T co and appeal to the inner continuity of Lebesgue measure in order to
deduce the theorem in its full generality. O

§3.3 Part 3. Change of Variables

In the second part of the proof we develop an elementary fact from integration
theory.
Let A C R"™ be a Borel set, and g : A — R a Borel-measurable function.

Definition 3.8. The distribution function of g is the function G : [0, 00) — R,
defined as

G(r):=|g7'[r,0)| :={z € A: g(x) 2r}| = |{g=r}| forallr>0.

This is standard notation in classical analysis, and should not be mistaken
with the closely-related definition of cumulative distribution functions in prob-
ability and statistics. In any case, the following ought to be familiar.

{pr:ChangeotVar) py. o osition 3.9 (Change of Variables Formula). For every Borel measurable

function F : Ry — Ry,

/AF(g(a:))da: _ —/OOO F(r) dG(r).

If, in addition, A is compact and F' is absolutely continuous, then

/A Fllg(x)) do = /0 T PG dr.
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Proof. First consider the case that F' = 1, ;) for some b > a > 0. In that case,

AmFMd@ﬂzéwﬂ—ém)

=—|{ze€eAd: a<g(zr)<b}
:—AF@@M%

This proves our formula when F' is a simple function. By linearity, it holds also
when F' is an elementary function. The general form of the first assertion of the
proposition follows from this and Lebesgue’s dominated convergence theorem.

The second follows from the first and integration by parts for Stieldjes integrals.
O

83.4 Part 4. The Proof of Anderson’s Inequality

Recall f, E, A, and y from Theorem 3.4. Let us define a new number a € [0, 1]
by « := (14 A\)/2. The number « is chosen so that

ay + (1 —a)(~y) = Ay.

Since F is convex, we have E = aE+ (1—«)E. Therefore, the preceding display
implies that
(E+XAy) 2a(E+y)+(1—a)(E—y).

And because the intersection of two convex sets is a convex set, we may infer
that

(E+Xy)N f1r,0)
Da[(E4+y)nfr,0)]+(1—a)[(E—y)nfr,0)].

Now we apply the Brunn-Minkowski inequality (Theorem 3.7), in the form
(1.21), in order to see that

(B +My)n 2 00) "
> a|(E+y) N r,00) "+ (1 —a) |(E—y)n fr,00) "

Since F is symmetric, E —y = —(F + y). Because of this identity and the fact
that f has symmetric level sets, it follows that

(E=y)nfl[r,00)=—[(E+y)nf o).

Therefore,
(B +9)0 1, 00)[Y" = |(B = y)n 4, 00) Y7
whence

Hy(r) = [(E+Xy) 0 7, 00)| > [(E+y) 0 f 7 r, 00)| == Hi(r).
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Now two applications of the change of variables formula [Proposition 3.9] yield
the following;:

/E Fa + Ay da — /E f@ +y)de = /E A [ s

- /OOO rdHA(T)wL/OOOTdHl(r)

. /Ooo [Hy(r) — Hy(r)] dr > 0.

This completes the proof of Anderson’s inequality for —y, which completes the
proof overall since y was arbitrary. O

4 Gaussian Random Vectors

In the first three sections of this chapter we worked exclusively with the stan-
dard Gaussian distribution on R™, but as most readers are aware, there is an
entire family of Gaussian distributions on R”, indexed by their mean vectors
and covariance matrices. Rather than continue this discussion in this way, it
turns out to be convenient to begin with a slightly different characterization:
A random vector is Gaussian iff all linear combinations of its entries are real
Gaussian random variables. For the formal definition let (2, F, Q) be a general
probability space, and recall the following.

Definition 4.1. A random n-vector X = (X3,...,X,,) in (Q,F, Q) is Gaussian
if ¢’ X has a normal distribution for every non-random n-vector a.

General theory ensures that we can always assume that Q@ = R™, F = B(R"),
and Q = P, which we will do from now on without further mention in order
to save on the typography.

If X is a Gaussian random vector in R™ and a € R" is fixed, then a’X has
a one-dimensional Gaussian distribution, and hence has finite moments of all
orders. Let p and T' respectively denote the mean vector and the covariance
matrix of X; that is,

M = E(Xi), FiJ = COV(Xi ,X]‘),

where the expectation and covariance are computed with respect to the measure
P. Tt is often convenient to write this in vector form as

p=EX), T=E[X-uwX-pn,

where we regard X and p as n x 1 vectors.

It is easy to see that if X = (Xy,...,X,,) is Gaussian with mean g and
covariance T', then a’ X is necessarily distributed as N(a'p, a’T'a). In particular,
the characteristic function of X is described by

E [emlx} = exp (ia'u — %Q'Fa) for all a € R™. (1.22) [cnf:Gauss|
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Definition 4.2. Let X be a Gaussian random vector in R™ with mean p and
covariance matrix I'. The distribution of X is then called a multivariate normal
distribution on R™ and is denoted by N, (u,T).

When TI' is non singular we can invert the Fourier transform to find that
the probability density function of X at any point € R" is the following (see
Problem 7):

1

-1
px(x) = @n )72 det T1/2 exp{—3(@—p)T =z —p}. (1.23)[pat: Gauss|

The identity (1.1) for v; corresponds to the special case where p is the zero
vector and I' the identity matrix.

When T is singular, the distribution of X is singular with respect to the
Lebesgue measure on R", and hence does not have a density.

Ezample 4.3. Suppose n = 2 and W has a N(0, 1) distribution on the line [which
you might recall is denoted by P1]. Then, the distribution of X = (W, W) is
concentrated on the diagonal {(z,z) : = € R} of R%. Since the diagonal has
zero Lebesgue measure, it follows that the distribution of X is singular with
respect to the Lebesgue measure on R2.

The following are a series of simple, though useful, facts from elementary
probability theory.

(tem:G1) 1 emma 4.4. If X has a N, (u,T) distribution, then AX + b is distributed as
Ny (A +b, AT A’) for every b € R™ and all m x n matrices A.

(1em:62) T ernma 4.5. Suppose X has a N, (u,T) distribution. Choose and fix an integer

1 < K < n, and suppose in addition that I, ...,Ix are K disjoint subsets of
{1,...,n} such that

Cov(X;,X;)=0 whenever i and j lie in distinct I,’s.

Then, {X;}icrys---,{Xi}ticr are independent, each having a multivariate nor-
mal distribution.

{1em:G3) Lemma 4.6. Suppose X has a N,,(0,T") distribution, where I' is symmetric and

non singular. Then T=Y2X has the same distribution N,,(0,1) as Z.

We can frequently use one, or more, of these basic lemmas to study the
general Gaussian distribution on R™ via the canonical Gaussian measure P,,.
Here is a typical example.

(th:Anderson:Gauss) mhoorem 4.7 (Anderson’s Shifted-Ball Inequality). If X has a N,(0,I') dis-
tribution and T is positive definite, then for all convexr symmetric sets F C R"™
and a € R™,

P{X ca+F} <P{X € F}.
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Proof. Since T~1/2X has the same distribution as Z,

P{Xca+F}=P {Z eI~ 1/2q 4 F—1/2F} .

Now I'"*/2F is symmetric and convex because F is. Apply Anderson’s shifted-
ball inequality for P,, [Corollary 3.5] to see that

P{zer2arr12p} <P{zer12r}.
This proves the theorem. O

The following comparison theorem is one of the noteworthy corollaries of the
preceding theorem.

(th:Anderson:Gauss:2) Cgpollary 4.8. Suppose X and Y are respectively distributed as N,(0,Tx) and

N,(0,Ty), where T'x — 'y is positive semidefinite. Then,
P{X e F} <P{Y € F},
for all symmetric, closed convexr sets FF C R™.

Proof. First consider the case that I'x, I'y, and I'x — I'y are positive definite.
Let W be independent of Y and have a N, (0,I'x — I'y) distribution. The
distribution of W has a probability density py, and W +Y is distributed as X,
whence

P(XeF}=P{(W+YeF}= / P{Y € —a+ F}pw(a)da < P{Y € F},
thanks to Theorem 4.7. This proves the theorem in the case that I'x — I'y
is positive definite. If T'y is positive definite but I'x — I'y is only positive
semidefinite, then we define for all 0 < § < e < 1,

X(E):=X+eU, Y(6):=Y+U,

where U is independent of (X ,Y") and has the N,,(0, I) distribution. The respec-
tive distributions of X (e) and Y(d) are N, (0, x(.)) and N, (0,Ty(s)), where
Fx(g) =Ix +¢el and Fy((;) =Ty + 1. Since Fx(g), Fy(5), and Fx(e) — ].—‘y((;)
are positive definite, the portion of the theorem that has been proved so far im-
plies that P{X (¢) € F} < P{Y (9) € F}, for all symmetric convex sets F' C R".
Let € and 6 tend down to zero, all the while ensuring that § < ¢, to deduce the
result from the fact that F is closed [F = F]. O

Ezample 4.9 (Comparison of Moments). Recall that for 1 < p < oo, the fP-norm
of x € R" is

)P i p < oo,
]l :=

maxigi<n || if p=o0.
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It is easy to see that all centered ¢P-balls of the form {x € R"™ : |z||, < t}
are convex and symmetric. Therefore, it follows immediately from Corollary 4.8
that if I'xy — I'y is positive semidefinite, then

P{|X|, >t} >P{|Y], >t  forallt>0and1<p< oo

Multiply both sides by rt"~! and integrate both sides [dt] from ¢ = 0 to t = o
in order to see that

E[HXH;] 2E[HY\|;] forr > 0and 1 < p < oo.

These are examples of moment comparison, and can sometimes be useful in
estimating expectation functionals of X in terms of expectation functionals of
a Gaussian random vector Y with a simpler covariance matrix than that of X.
Similarly, P{|| X +al|, >t} > P{||X]||, >t} foralla € R",¢ >0,and 1 < p < o0
by Theorem 4.7. Therefore,

E (]| X]}) = aien]gn E (|| X +all}) forall 1 < p < ooandr > 0.

This is a nontrivial generalization of the familiar fact that whenn = 1, Var(X) =
inf,er E(|X + al?).

5 The Isserlis Formula

The Isserlis formula XXX, later rediscovered by Wick XXX, is a computation
of the joint product moment m, := E([[\_; X;), where X = (X;,...,X,,) is
distributed as N,,(0,T") for an arbitrary n x n covariance matrix I'. The answer
is found immediately when n is odd: Because X and —X have the same law, it
follows from the parity of n that m, = —m,,, whence m,, = 0 when n is odd.
The Isserlis formula deals with the less elementary case that n is even.

(th:Isserlis) Pheorem 5.1 (Isserlis, 1918). Let X have a N,,(0,T) distribution, where n > 2
is an even integer and I is an n X n covariance matriz. Then,

n/2

i= Jj=

(7:11-~~7in) j=

where 37 ;. ;. denotes the sum over all perfect matchings ((i1,42), ..., (in—1,in))
of pairs in {1,...,n}.

Perfect matchings are matchings or pairings of every element in the set with
exactly one other element. Clearly a perfect matching exists if and only if
the number of elements in the set is even. Note that in using the symbols
((41,42),. .., (in-1,1n)) to denote a perfect matching there are many equiva-
lent symbols that denote the same matching. For example, if n = 4 then
((1,2),(3,4)) is equivalent to ((2,1), (3,4)) which is equivalent to ((3,4), (1,2)),
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etc. Whichever symbol is used the product [[I';,,_, s, is the same. Enumerat-
ing the number of non-equivalent symbols can be done by the following scheme.
Regard any permutation o of {1,...,n} as an ordered list of the elements, and
group the first two elements of the list into a pair, the third and fourth into a
pair, etc. Then equivalent symbols are produced by permuting the n/2 pairs
arbitrarily, and the two elements within each pair can be listed in arbitrary
order. Thus the total number of non-equivalent symbols is

n!
| Z 1= W whenever n > 2 is even. (1.24)

Furthermore, this enumeration scheme allows us to rewrite the Isserlis formula
as

n/2
[Hx] g 3 Ml o (129 mosermn
oell, j=1
where II,, denotes the collection of all n! permutations of {1,...,n}.
Note that the Isserlis formula states that the product moment m,, can be
fully expressed using only the pairwise covariances I'; ; for ¢, = 1,...,n, which

is of course obvious since the covariance matrix uniquely determines the joint
distribution of the X;. The Isserlis formula basically says that the formula for
m, has the simplest possible form that can be described via the I'; ;’s. For
example, it will follow immediately from the Theorem 5.1 that
mo = E(X1X5) =T 9,
mg = E(X1 XoX3Xy) =T12034 + 13024 + 14l 3,
me = E(X1XoX3XuX5X6) =T1 203456+ 12035026+ 12036024

+ T 302456 + 11 3025136 + 11 302613 4

+ 11402356 + 11 a2 5136 + 1 a2 6173 5

+ 115023036 + 1502306 + 15024136

+ T 602305 + 1 602,435 +'1 62 5146,
and so on. The number of individual summands in m,, is, thanks to (1.24),
cn = n!/{2"/2(n/2)!} for every even integer n > 2. In particular, we set X; =
X9 =--- = X, := X to deduce the well-known fact that if X has a standard
normal distribution, then E[X?] = ¢3 = 1, E[X*] = ¢4 = 3, E[X%] = ¢5 = 15,
and in general

n!
n] _ —
E[X" =¢, = 7T (D)1 whenever n > 2 is even.

Theorem 5.1 will be proved using moment generating functions. The proof
hinges on an elementary computation from multivariate calculus. For that let
us introduce some notation.

Define f1,..., fn : R® — R via

fe(t) = (t'F)k:ZtiFkﬂ- fork=1,...,nand t € R".
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(lem:partial:exp) Lemma 5.2. Suppose n > 2. Then, for allt e R" and all1 <L < n

A LTt LTt
ez = e2 T, t 5
TR > I s I s
partial matchings  (,5) k
of {1,..., 0} matched unmatched
where a partial matching of {1,...,L} matches together some of the elements of
the set but can also leave some of the elements unmatched.

Proof. First observe that, for all integers j,k = 1,...,n and for every t € R",

0 0 »
ot fe®) =Tjp =T, and aTkezt Tt — fo(t)ezt' Tt

With these two formulas in mind, we find that
82
Jt10ts

Thus the formula is true for the case ¢ = 2, since the two elements in {1,2} are
either matched or unmatched. Now proceed by induction on ¢, i.e. assume the
statement of the lemma is true for some 2 < £ < n. Then differentiate the right
hand side with respect to tyy; using the product rule. The derivative of the
exponential produces an extra factor of fyy1(t), which is equivalent to taking all
the partial matchings of {1,...,1} in the summation and adding in £+ 1 but not
matching it to anything. Similarly, the derivative of the summation turns the
fr(t) terms into I'y 11 terms, which is equivalent to taking a partial matching
of {1,...,¢}, adding in £+ 1, and matching it to the previously unmatched
number k. Adding these two components of the integration-by-parts formula
produces a summation over all partial matchings of {1,...,¢} with £+ 1 added
onto it and then either matched to an unmatched element or left unmatched.
This generates all partial matchings of {1,...,¢ + 1} in a unique way, which
completes the inductive step and hence the proof. O

3Tt =Ty 5e3' Tt 4 f1 () fo()ezt T = e3'THDy 5 + f1(E) fa(t)).

Once armed with the calculus lemma 5.2 we can easily dispense with the
proof of Theorem 5.1.

Proof of Theorem 5.1. Let us write all n-vectors as column vectors. Then, by
virtue of definition, E[exp(t'X)] = exp(1t'Tt) for all t € R™. Therefore, the
dominated convergence theorem yields the following for all ¢ € R™:

’ an ’ 6" 1,7
Bl x| = 2 plex] 2 e
! ne ot ---ot, Oty -0ty
Set t = 0 in order to see that
E[X X, 0" Ft'Tt
P n = ——————— ¢° .
! t, --- ot o

We may now deduce the Isserlis theorem from Lemma 5.2 because, in that
lemma f;(0) = 0, so the only terms which contribute are those in which every
number is matched. These are exactly the perfect matchings. O
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Problems

1.

3.

4.

Use Lemma 4.4 to show that if X has a Nn(ux,['x) distribution and Y has
a N,(py,l'y) distribution, with (X ,Y) jointly Gaussian, then X 4+ Y has a
N, (/,Lx + uy, I'sx +T'y + 21—‘X7y) diStI‘ibutiOn, where Fx7y is the matrix

Txy = 5 B[(X = pux)(Y = py) + (Y = py )(X — px)'].

Is I'x,y symmetric and positive semi-definite? Would this result continue to
hold if X and Y were not jointly Gaussian?

. Prove that ||Z||® = Z7 + --- + Z2 has a x2 distribution; that is, show that the

probability density function of ||Z||? is
£ (n=2)/25—x/2

p(z) = S I (n)2) for all z > 0,

and p(z) = 0 otherwise. Also verify that the mean and variance of ||Z||* are n
and 2n, respectively, while the moment generating function of || Z|| is described
by the formula (1.9).

Use (1.4) to prove that

(t2/2)(n72)/267t2/2

T(n/2) forallt > 1 and n > 2.

P{zx e R": |Jz]| >t} >
Conclude from this fact that, for all e > 0 and n > 2,

A(e) = liminf 1 log P {m ER": |lz|| > (1+ s)n1/2} > 0.
n—soco nN

You may use, without proof, the following form of Stirling’s formula for the

gamma function: T'(v) ~ (27 /v)/?(v/e)” as v — oo; see XXX. Compute \(e),

and show that “liminf” is a bona fide limit.

Recall that a collection of random variables {Xt}t;[) is a Brownian motion if

for each collection of disjoint intervals [s;,t;] C R4, ,i = 1,...,n, the random

variables Xy, — X, (i = 1,...,n) are independent, the ith one with a N(0, t; —s;)

distribution. In addition, the sample functions ¢ — X, are continuous with

probability one, and for convenience we may assume that Xo = 0.

(a) Choose and fix an unbounded, non decreasing sequence {my, }n=; of pos-

itive integers, and define ¢; , := i/m, for ¢ = 0,1,..., m,. Compute the
mean and variance of the quadratic variation process,

mn

Vi 1= Z(Xti,n - Xti—l,n)2 (n > 1)'

i=1

(b) Use your answer to preceding part in order to show that V;, — 1 in prob-
ability as n — oo.

(¢) Apply the Borel-Cantelli lemma to prove that lim,—e V, = 1 almost
surely if >->°  (1/mn) < co.

(d) Improve the preceding, using Theorem 1.2 in place of Chebyshev’s inequal-
ity, and deduce the following much stronger theorem, essentially observed
first by Dudley XXX: If limy—o0(mn/logn) = oo, then lim, oo Vi = 1
almost surely.
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5. Let {X:}:>0 denote a Brownian motion, as in Problem 4. Prove that

P{ sup |Xt|<r}=supP{ sup Xt—a|<r} for all r, T > 0,

t€[0,T] a€R t€[0,T]

and, additionally for all real numbers p > 1,

T T
P{/ \Xt|pdt<r}:supP{/ |Xt—a|pdt<r}.
0 acR 0

6. Suppose that the random variables Xo, X1, ..., X, are jointly Gaussian, E(X;) =
0 and Cov(X;,X;) = o(i — j) for all 4,5 = 0,...,n, where g is a function from
{—n,...,n} to [-1,1] such that p(0) = 1.

(a) Prove that E(X; | Xo) = k;Xo for every i = 1,...,n. (Hint: Find k; such
that X; — k;Xo and Xo are independent.)

(b) Compute o2 = Var(X; | Xo) for: =1,...,n. Is o; random?

(¢) Conclude from the previous part that Yi,...,Y, are jointly Gaussian,
where Y; := X; — k;Xo for i = 1,...,n. Compute E(Y;) and Cov(Y;,Y;)
foralli,j=1,...,n.

(d) Prove that, for all A > 0,

P{max |X¢|<)\}<P{max \Yi\<)\}.
1<i<n

1<i<n

(ex:pdf:chf:Gauss) 7. Suppose 4 € R™ and I' is an n x n, strictly positive definite matrix. Then,
prove that the function p, , defined in (1.23) on page 18, is a probability density
function on R™, whose characteristic function is given in (1.22). In the particular
case that n =2, p =0, and

I
r= {p 1] for some p € (—1,1),
show that the expression for the probability density simplifies to the following:

for z := (z1,22) € R2.

P (2) = 1 exp (7‘%% — 2pT1T2 + m%)
X 2m/1 — p? 2(1—p?)

?(pbm:P(X¥<0))? 8. Suppose, as in Problem 7, that (X ,Y") has a N2(0,T) distribution where I'1,; =
22 =1and I'1 2 =21 = p for a fixed number p € (—1,1). Show that

P{XY <0} = % - %arcsinp = %arccos p-

9. Suppose that X = (X1,...,X,) is distributed as N, (u,T’) for some p € R”
and a covariance matrix I' € R™*".
(a) Prove that if " is non singular, then for every k € {1,...,n — 1} and
Le{k+1,...,n} there exist finite constants ci, ..., cx such that

E(XL‘Xl,...,Xk):uL+ClX1+~~~+Cka a.s.

(Hint: Use Lemma 4.6 to reduce the problem to one about i.i.d. Gaussian
random variables.)

(b) Use an approximation argument to remove the restriction on the non-
singularity of I'.
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(c) Prove that Var(Xy | X1,..., Xy) is always non random.
(d) Prove that Var(Xp | X1,...,Xk) < Var(Xp | X1,..., Xk—1).
10. Verify Lemmas 4.4, 4.5, and 4.6 using Fourier analysis.
11. Improve Theorem 3.4 by demonstrating that A — fE f(x — Ay)dz is non in-
creasing on [0, 1].
(pbm:EEE) 12 Verify that a set E C R™ is convex if and only if it satisfies (1.19).
(pbm:Brunn) 13 Prove that |aA + SB[ > alA|Y/™ + B|B|'/™ for all a,3 € R and all compact
sets A, B C R".
(pbm:Minkowski) 14 Recall (1.20). Minkowski XXX has defined the surface area |0A| of set A C R™
as
104] := lim AT EBU 1AL

d
— A B
10 € da' +eBi ’

e=0
and proved that the limit exists whenever A C R" is compact and convex.
Moreover, the limit agrees with the usual notion of surface area. You may use
these facts without proof in the sequel.
(a) Prove that, because B, = rBj, we have |B,;| = r"|Bi| and |[0B,| =
r""10Bi| for every » > 0. (Hint: Start by proving that |rK| = r"|K|
for every closed and bounded set K C R".)
(b) Integrate in spherical coordinates to justify the following:

oo ef'r2/2
1 :/ wn(:c)dx:/ dr/ do ———;
R™ 0 o,  (2m)"/?

whence deduce a formula for |0Bi| in terms of the gamma function.

(¢) Prove that |0B1| = n|Bi|.

(d) Use the Brunn—Minkowski inequality and the previous parts of the problem
in order to derive the isoperimetric inequality for conver bodies: If A is a

compact, convex set and |A| = |Bi], then |0A| > |0B1|. In words, prove
that balls have minimum surface area among all convex bodies of a given
volume.

? . . ?
?(pbm:E(X_n) :general)? 15. Suppose that {Y;}7_; is an arbitrary sequence of standard normal random vari-

ables on (R™,B(R"™),P,) for every n > 1. Verify that, for every real number
p=1
E (lrga<x |Yj\p) < (2logn)*"? + o(1) as n — o0o.
<<n
16. Verify (1.24), and use it to prove that (1.25) is an equivalent formulation of
Theorem 5.1.
17. Use Lemma 5.2 to find an alternative proof of the fact that if X has a N,(0,T")
distribution and n is odd, then E(X; --- X,,) = 0.

The following problems are nontrivial variations of Proposition 1.3, and
should not be missed. From here on, M,, denotes either maxi;<n |Z;| or
maxigj<n Z; for every integer n > 1.

(pbm:1:M_n) 18. Define

(1.26) <]

1 if Mn = maxigi<n Zj7
2 if Mn = mMaxigi<n |ZJ|
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Then, use Lemma 1.1 to prove that, as n — oo,

c
M2 —2logn + loglogn + 2log [ —— | = —2log&
gn + loglogn + g <2ﬁ> g¢<,
where “=" denotes convergence in distribution, and £ has a mean-one expo-
nential distribution. Use this to prove that, as n — oo,

aiy/logn (Mn — \/2logn) + azloglogn + ag = —logé&, (1.27) ?eq:2:M_n?

where a1, a2, and as are numerical constants. Compute these constants.
{pbm:2:M.n) 19 (Problem 18, continued) Check that log € has finite moments of all orders. Then
do the following:
(a) Prove that, as n — oo,

b1 loglogn b 1
E(M,) = /21 —— |5
(M) ogn+ Vlogn + Vlogn to Vlogn

for numerical constants b; and b2, which you should also calculate in terms
of the constant ¢ — see (1.26) — and the moments of log €.
(b) Prove that

Var(M,,) as n — oo,

logn
where ) is a numerical constant. Compute A in terms of ¢ and the moments
of £.
(c) Conclude that E(|M, — v/2logn|?) convergence to zero as n — oo, and
estimate its exact rate of convergence.
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Chapter 2

Calculus in Gauss Space

In this section we develop the basics of calculus on the finite-dimensional Gauss space.
The differences between this calculus and the “regular” calculus that we first learn
(which we call calculus on Lebesgue space) are not that stark. At the end of the
day we still compute integrals and derivatives in the same way, but there are some
modifications that must be taken into account. The most important of these is the
integration-by-parts formula, which must be modified to properly accomodate for the
Gaussian background measure. On a computational level this modification is elemen-
tary. But we shall see that it has far-reaching consequences.

1 The Gradient Operator

The n-dimensional Lebesgue space is the measurable space (E", B(E™))—where E =
[0,1) or E = R—endowed with the Lebesgue measure, and the “calculus of functions”
on Lebesgue space is just “real and harmonic analysis.”

The n-dimensional Gauss space is the same measure space (R™, B(R")) as in the
previous paragraph, but is now endowed with the Gauss measure P, in place of the
Lebesgue measure. Since the Gauss space (R", B(R"),P,) is a probability space, we
can—and frequently will—think of a measurable function f : R" — R as a random
variable. Therefore,

P{fe A} =P, {f € A} =P,{z e R": f(x) € A},
E(f)=En(f)=/fdPn=/fdP,
Cov(f,9) = (f »9)2ge) = / fgdPp,

etc. Note, also, that f = f(Z) for all random variables f, where Z is the standard
normal random vector Z(z) := x for all x € R", as before. In particular,

E(f) = En(f) = E[f(2)],
Var(f) = Var[f(Z)], Cov(f,g) = Cov[f(Z),9(Z)],...

and so on, notation being typically obvious from context.
Let 9; := 9/0z; for all 1 < 7 < n. From now on we will use the following.

27
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Definition 1.1. Let C§(P,) denote the collection of all infinitely-differentiable func-
tions f : R™ — R such that f and all of its mixed derivatives of order < k grow more
slowly than [y, (z)]~° for every € > 0. We also define

C3°(Pn) := () Co (P).

It is not hard to see that f € C¥(P,,) if and only if for every e > 0

lim eI f(2) = lim eI (@, - 0, £)(@)] = 0,

llz]| =00 llz]l—o0

forall 1 <41,...,im <nand 1 < m < k (see Problem 4).
We will frequently use the following result without explicit mention.

(lem:Ck_moments) [,ernma 1.2. If f € CE(P,), then
E(|f[") <oo and E (|0 - 0i, f|") < oo,
foralll<p<oo,1<i,...,0m <n, and 1 <m < k.

The proof is relegated to Problem 1.
For every f € C§(P,), define

17125 = / | (@)[2 Po(de) / 1(V£)(@)][? P (da)
E (/") +E(IVFI®)

where V := (91,...,0,) denotes the gradient operator. Notice that || -
fide Hilbertian norm on Cg (P, ) with Hilbertian inner product

(f 91,2 = /fgdP / VF) (Vg)dP,
= E[fg] + E[Vf - Vyg].

We will soon see that Cg(P.,) is not a Hilbert space with the preceding norm and inner
product because it is not complete; that is, there are Cauchy sequences in Cg(P,,) that
fail to converge in C4(Py,). Thus, we are led to the following.

Definition 1.3. The Gaussian Sobolev space D'(P,) is the completion of Cg(P.,)
in the norm || -

In order to understand what the elements of D"(P,,) look like, let us consider a
function f € DV?(P,,). By definition, we can find a sequence f1, fa,... € C&(Py) such
that || fe — f|l1,2 — 0 as £ — oo. Since L*(P,) is complete, we can deduce also that

D;f = Zlim 0j fe exists in L*(P,,) for every 1 < j < n.
— 00
It follows, by virtue of construction, that
Df=Vf  forall feCs(P,).

Therefore, D is an extension of the gradient operator from C§(Py,) to D?(P,,). From
now on, we will almost always write Df in favor of Vf when f € C}(P,). This is
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because Df can make sense even when f is not in Cg(P,,), as we will see in the next
few examples.

In general, we can think of elements of D*?(P,) as functions in L*(P,) that
have one weak derivative in L?(P,). We may refer to the linear operator D as the
Malliavin derivative, and the random variable Df as the [generalized] gradient of f.
We will formalize this notation further at the end of this section. For now, let us note
instead that the standard Sobolev space W?(R™) is obtained in exactly the same
way as D*?(P,) was, but the Lebesgue measure is used in place of P,, everywhere.
Since yn(z) = dPn(x)/dz < 1,' it follows that the Hilbert space D*?(P,) is richer
than the Hilbert space W2(RR"), whence the Malliavin derivative is an extension of
Sobolev’s [generalized] gradient. The extension is strict; see Problem 6.

It is a natural time to produce examples to show that the space D*?(P,,) is strictly
larger than the space Cj(P,) endowed with the norm || - |

1,2

(ex:Smoothing:1) Ezample 1.4 (n = 1). Consider the case n = 1 and let f denote the “tent function,”
f(z) := (1 —|z[)+ on R. We claim that f € D"?(P1)\ C}(P1). Moreover, we claim

fla) = (1= lz])+

Figure 2.1. A tent function.
?(fig:tent)?

the Py-a.s. identity,?
(Df)(x) = —sign(z) L1, (2).
In a sense, this formula is obvious. We propose to derive it rigorously, thus emphasizing

the fact that Df should be regarded as an element of L?(P,,).

Let Y1 € C*°(R) be a symmetric probability density function on R such that
11 = a positive constant on [—1,1], and ¢ = 0 off [-2,2]. For every real number
r > 0, define ¢, (z) := r1 (rz) and fr(x) := (f*vr)(z). Then sup, |fn(z)— f(z)] = 0
as N — oo because f is uniformly continuous. In particular, || fx — fllz2(p,) — 0 as
N — 0. To complete the proof it remains to verify that

h}iinw/|f§v(m)+sign(x)n[,l,u(z)FPn(da;) =0. (2.1)[goalin=1]

'In other words, E(|f|?) < [gn |f(x)|?>da for all f € L2(R™) that are strictly positive on
a set of positive Lebesgue measure.

21t might help to recall that D is defined as an element of the Hilbert space L?(P1) in this
case. Therefore, it does not make sense to try to compute (Df)(x) for all x € R. This issue
arises when one constructs any random variable on any probability space, of course. Also,
note that Pi-a.s. equality is the same thing as Lebesgue-a.e. equality, since the two measures
are mutually absolutely continuous.
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By the dominated convergence theorem and integration by parts,

fu(@) / T k(@ — ) dy

—/0 ¢N(w—y)dy+/71wzv(w—y)dy
—AN($)+BN(I).

We now prove that Ay — 1o, as N — oo in L?(P1); a small adaptation of this
argument will also prove that By — IL[ 1,00 in L?*(P1), from which (2.1) ensues.

By a change of variables, An(z f N(z—1) 11(y) dy. Because 11 is a probability
density function, it follows that AN(m) — Ljo,11(z) as N — oo for Pi-almost all z.
Similarly Bn(z) — 1;_1,9)(2) for Pi-almost all z, and therefore fy(z) = —An(x) +
By(z) — —sign(z)1{_1,1)(z) for Pi-almost all z. Since fy(z) — sign(z)L[_1,1(x) is
bounded uniformly by 2, the dominated convergence theorem implies that the conver-
gence also takes place in L2(P1). This concludes our example.
(ex:Smoothing:2) Ezample 1.5 (n > 2). Let us consider the case that n > 2. In order to produce a
function F € D*?(P,,) \ C§(P,) we use the construction of the previous example and
set

n

H z;) and Uy (x H ~N(zj) forallz € R" and N >

Then the calculations of Example 1.4 also imply that Fiy := F+« ¥y — F as N — o0
in the norm || -+ ||1,2 of D*2(P,), Fx € C}(P,), and F ¢ Cg(P»). Thus, it follows
that F € D“2(P,) \ C§(P»). Furthermore,

(D;F)(w) = —sign(z;) L1 (x;) x [ flae)
1<<n
15

for every 1 < j < n and P,-almost every x € R".

(ex:Lipschitz:D12) Ezample 1.6. The previous two examples are particular cases of a more general family

of examples. Recall that a function f : R™ — R is Lipschitz continuous if there exists
a finite constant K such that

|f(@) = fWI < Kllz—y|  forallz,y e R"
The smallest such constant K is called the Lipschitz constant of f and is denoted by
Lip(f); that is,
. ) —
Lin(f) i sup F@) = 1)
oty llz =l
Let f: R™ — R be a Lipschitz function. According to Rademacher’s theorem XXX,

f is almost everywhere [equivalently, Py-a.s.] differentiable and ||(V f)(z)|| < Lip(f)
a.s. Also note that

|f(@)| < |f(0)] + Lip(f)||=|| for all z € R".

In particular, E(|f|*¥) < oo for all k > 1. A density argument, similar to the one that
appeared in the preceding examples, shows that f € ]Dl’z(Pn) and

[(Df) (@) <Lip(f)  Pi-almost all z.

We will appeal to this fact several times in this book.
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The generalized gradient D follows more or less the same general set of rules as
does the more usual gradient operator V. And it frequently behaves as one expect it
should even when it is understood as the Gaussian extension of V; see Examples 1.4
and 1.5, for instance. The following ought to reinforce this point of view.

(Lem:ChainRule) Lemma 1.7 (Chain Rule). For all ¢ € DV?(P1) and f € DY3(P,,),

Do f) =[(Dy)o fID(f)  as.

Proof. If f and 9 are smooth functions, then the chain rule of calculus ensures that
[8;( o £)l(x) = ¥ (f(2))(0; f)(z) for all z € R™ and 1 < j < n. That is,

D(go f)=V(of)= "o )Vf)=(Dy)(f)D(f),
where D1 refers to the one-dimensional Malliavin derivative of ¢ and D(f) := Df
refers to the n-dimensional Malliavin derivative of f. The general case follows from
the smooth case and a density argument. O
Here is a final example that is worthy of mention.

(ex:DM) Example 1.8. Let M := maxigj<n Z; and note that

1<jsn

M(x) = max x; = ijILQ(j)(x) for P,-almost all z € R",
j=1

where Q(j) denotes the cone of all points z € R" such that z; > max;x; x;. We
can approximate the indicator function of Q(j) by a smooth function to see that
M € D"?(P,) and D;M = 1¢; as. for all 1 < j < n. Let

J(x) := arg max(z).

Clearly, J(z) is defined uniquely for P,-almost every x € R™. For all other values of
z, redefine J(z) := 0 to be concrete. Our computation of D; M equivalently yields

(DM)(x) = ej(q) for P,-almost all z € R", (2.2)[eq: D]
where e, ..., e, denote the standard basis of R".

Let us end this section by introducing a little more notation.

The preceding discussion constructs, for every function f € D*?(P,,), the Malliavin
derivative Df as an R"-valued function with coordinates in L?(P,). We will use the
following natural notations exchangeably:

(D), 5) == [(Df)(@)]; = (Di f) (),

for every f € DV?(P,), z € R™, and 1 < j < n. In this way we may also think of Df
as a scalar-valued element of the real Hilbert space L2 (Pn X Xn), where

Definition 1.9. x, always denotes the counting measure on {1,...,n}.
We see also that the inner product on D*?(P,,) is
<fvg>172 = <f7g>L2(Pn) + <Df7Dg>L2(Pn><xn)
=E(fg)+ E(Df - Dg) for all f,g € D"*(Py).

Definition 1.10. The random variable Df € L2(Pn X Xxn) is called the Malliavin
derivative of the random variable f € D"2(P,,).
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2 Higher-Order Derivatives

One can define higher-order weak derivatives just as easily as we obtained the direc-
tional weak derivatives.

Choose and fix f € C*(R™) and two integers 1 < i,§ < n. The mized derivative of
f in direction (i, j) is the function = — (97, f)(x), where

025 f = 00, = 9;0:f.
The Hessian operator V? is defined as
1 - Oin
vi=1| : - :
hoa o Onam

With this in mind, we can define a Hilbertian inner product (-, )22 via

(f 2 g)an = / fgdP, + / (Vf) - (Vg) Pu(da) + / tr [(V2£)(V?g)] dP,
/f dm+2/8f () Py, (dz)

£y / (973£)(@)(029)(x) P (dz)

i,j=1

(Frghe+ / (V2f) - (V2g) dP,,
= E(f9) +E[Vf Vgl +E[V?f V%]  [f,g9€C3(Pn)],

where K - M denotes the matrix—or Hilbert—Schmidt—inner product,

n
K-M:= > Ki;M,;;=tr(K'M),
i,j=1
for all n x n matrices K and M.
We also obtain the corresponding Hilbertian norm || - ||2,2 where:

3o =12, +Z|I8f\|m(pn)+2| $77 .

i,j=1

= 1£1E 2+ IV £ p, )
=E(A)+EVA?) +EVAP)  [f € C5P));
2

Xa = Xn X Xn denotes the counting measure on {1,--- ,n}z; and

|K|| :=VEK K = zn: K2, = ir(K'K)

i,j=1
denotes the Hilbert—Schmidt norm of any n x n matrix K.

Definition 2.1. The Gaussian Sobolev space D*?(P,,) is the completion of CZ(P,,)
in the norm || - ||z,
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For every f € D*2(P,,) we can find functions fi, f2,... € C3(P,) such that || f, —
fll2,2 = 0 as £ — oo Then D;f and Di]-f = limy— 00 Bf,jf exist in LQ(Pn) for every
1 < i,j < n. Equivalently, Df = limy,o V[ exists in L?(P,, X x») and D*f =
limy— oo V2 exists in L? (Pn % Xﬁ)

Now we extend the definition to derivatives of order greater than two. Choose
and fix an integer k > 2, and as a convenient shorthand introduce the notation [n] =
{1,2,...,n}. As in the usual calculus the kth derivative is described by a k-tensor,

which we recall is a function K : [n]®* — R, where [n]* is the set of vectors (q1, ..., qx)
of k integers in {1,2,...,n}. The 2-tensors are simply n x n matrices and the higher
order ones are their natural generalizations. If ¢ = (q1,...,qx) € [n]", then let

(05 f) () = (Bg, -+ Bq, [)(x)  [f € C*(R™), z € R".

Thus 85 takes k successive derivatives of f in the order specified by the directions
(q1,---,qx). For example, if n = 3 and k = 5 with ¢ = (3,1,2,1,2) then 8(’; computes
the derivative of f in the direction of the second coordinate, then the first, then the
second again, the first again, and finally the third. By equality of mixed partial
derivatives all that matters is the number of times the derivative is taken in each
direction, not the order in which they are taken.

Let V¥ denote the formal k-tensor whose g-th coordinate is 83;. We define a
Hilbertian inner product (-, )5 2 inductively via

Fodin= (a1t / (V*f) - (V*g)dP,,

for all f,g € C&¥(P,), where “” denotes the Hilbert-Schmidt inner product for k-
tensors:
K-M:= > KM,
q€[n]®

for all k-tensors K and M. The corresponding norm is defined via || f||x,2 := (f, f}i/g

Definition 2.2. The Gaussian Sobolev space D*?(P,) is the completion of C%(Py)
in the norm || - ||x2. We also define D>2(P,,) := Ngx1D*2(P,,).

If f € D*?(P,) then we can find a sequence of functions fi, fa,... € C§(P,) such
that ||fe — f|lk,2 — 0 as £ — co. It then follows that

Dif .= Jim Vi f, exists in L* (P, x x2),
— 00

for every 1 < j < k, Where XL = Xn X - X Xn [ — 1 times] denotes the counting
measure on {1,...,n}’. The operator DF is called the kth Malliavin derivative.
It is easy to see that the Gaussian Sobolev spaces are nested; that is,

D*?(P,) c D*""?(P,)  forall 2 <k < .

Also, whenever f € C§(P,), the kth Malliavin derivative of f is just the classically-
defined derivative V¥ f, which is a k-tensor. By equality of mixed partial derivatives
V*f is in fact a symmetric k-tensor, which for a general k-tensor K means that
K, = Ky(g) where ¢ is any permutation of {1,...,k} and 0(q) = (qo(1)s-- -+ do(k))-
That is, K, depends only on the number of times each element in [n] appears in the
gth-coordinate, not the order of the elements in q. Because every polynomial in n
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variables® is in C§°(Py,), it follows immediately that D°?(R™) contains all n-variable
polynomials; and that all Malliavin derivatives acts as one might expect them to. This
last fact will be important for the Wiener chaos decomposition, which is a way to write
a fairly generic random variable as an infinite sum of polynomials, much like a Taylor
series does. If the required sum converges properly then the last fact says that the
Malliavin derivative acts on it as we expect it should.

More generally, we have the following.

?(def:D:k,P)? Definition 2.3. For every integer k > 1 and real p > 1, the Gaussian Sobolev spaces
D*P(P,,) is defined as the completion of the space C§°(Py) in the norm
1/p

LP(Pp XX%h)

k
Ik = 1k = (112, + S ID AP
j=1

Each ]Dk’p(Pn) is a Banach space in the preceding norm. Note that, as usual, these
norms are not induced by an inner product unless p = 2. Furthermore, for each fixed
k the spaces D*? are non-increasing in p.

3 The Adjoint Operator

Recall the canonical Gaussian probability density function 7, := dP,/dz from (1.1).
Since (Djvn)(z) = —z;vn(x), we can apply integration by parts and the product rule
to see that for every f,g € C¢(Pn),

E[D;(f)g] = / (D, 1)(@)g(@)m () da

R™

=_ . f(@)D;j [g9(x)yn(z)] dz

=— | f@)(Dig)(x)Pn(dr) + | [flz)g(z)r; Pr(de),
- -

for 1 < 7 < n. Using the LQ(Pn) inner product notation we can rewrite the latter
identity as the “adjoint relation,”

ED;(f)gl = (Dif:9) 120,y = {f+Ai9) 12p,) = E[fAi(9)], (2.3)[1oP]
where A is the formal adjoint of D; that is,
(Ag)(z) := —(Dg)(z) + zg(x). (2.4)[A:g]
Note that g : R" — R is a real-valued function, but Ag : R" — R", and
(4;9)(x) = =(D;g)(x) + z;9().

Furthermore, (2.4) is defined pointwise whenever g € C&(P.,), but it also makes sense
as an identity in L?(P, X x») if, for example, g € D“?(P,) and = +— zg(z) is in
L2(Py X Xn)-

3A function f : R® — R is a polynomial in n variables if it can be written as a linear
combination of monomials x‘lil o xﬁ”, where each d; is a non-negative integer. The degree of
each monomial is the sum of the exponents appearing in it, and the degree of the polynomial
is the maximum degree of all monomials appearing in it. Thus, for example g(z) = :L"lxg —2x5
is a polynomial of degree 4 in 5 variables.
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Let us pause to emphasize that (2.3) can be stated equivalently as

ElgD(f)] = E[fA(9)], (2.5)[D:delta]

as n-vectors.*

If f € DY2(P,,), then we can always find functions fi, fa,... € C§(P,) such that
Ilfe = flli,2 — 0 as £ — co. Note that

<gll2eayIDfe = Dfll2p, xxn)

< lgllzz,) I fe = f1

H/nggdPnf/ngdPn

(2.6) [p£Dz]

1,2 — O,

as £ — oco. Also,

H / feAgdP, — / fAgdP,,

< |A 2 0 — 2
< || AgllL (anxn)Hf fliz (Pn) (2'7)

< NAgllL2p, xxn) 1 fe = fll12 =0,

whenever g € C3(P,,). We can therefore combine (2.5), (2.6), and (2.7) in order to see
that (2.5) in fact holds for all f € D“?(P,,) and g € C3(P,,).
Finally define

Dom[A] := {g € D"*(P,): Ag € L*(Pn X Xn)} - (2.8) 7Dom: A?

Since C§(P,,) is dense in L*(P,) , we may infer from (2.5) and another density argu-
ment the following.

?(pr:adjoint)? proposition 3.1. The adjoint relation (2.5) is walid for all f € D**(P,) and g €
Dom|[A].

Definition 3.2. The linear operator A is the adjoint operator, and Dom[A4] is called
the domain of the definition—or just domain—of A.

The linear space Dom[A] has a number of nicely-behaved subspaces. The following
records an example of such a subspace.

(pr:Subspace) Proposition 3.3. For every 2 < p < oo,
D"“*(P,) N L”(P,) C Dom[A].

Proof. We apply Holder’s inequality to see that

E (I1Z]*l9(2)]) =/II$|I2[9($)]2Pn(dw) < ollglzree,),

where _y
p— p
e = [E (112177 7)] < .

Therefore, Zg(Z) € L*(P,, X X»), and we may apply (2.4) to find that

Agll 20, xxn) < 1Dl L2e, xxn) + & 2 Ngllr ) < llglliz + ¢y *llgllLe@,) < oo.

This proves that g € Dom[A]. O

¢ =(¢1,...,C¢m) is a random m-vector then E(¢) is the m-vector whose jth coordinate
is E(C])
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Problems

—_

®

10.

Prove Lemma 1.2.
For which values of s € R is m(s) := E(||Z||°) finite? When it is finite, compute
E(||Z]|®) in terms of the gamma function. These constants arose earlier during
the course of the proof of Proposition 3.3.
Let Z : R™ — R"™ denote the usual vector of independent, standard normal
random variables, and define X := ||M Z||®, where M is a nonrandom n X n
matrix and s > 0 is a non random real number. For which values of s and k is
X € D*2(R")?
Prove that f € C§(P,) if and only if f is infinitely differentiable in all of its
variables, and
tim e 17 f@) = tim e 117 (@, - 0, f)(2)] = 0,

||l =00 llz|| =00
forall 1 <i1,...,0m <nand 1 <m < k.
Show directly from integration by parts that the standard Laplace operator

A:=D-D=> 0,

i=1
is not self-adjoint on L?(P,,), even though it is self-adjoint on the Lebesgue space
L*(R™). What is the adjoint of A on L?*(P,,)?
Let C°(R™) denote the collection of all infinitely-differentiable functions of
compact support from R™ to R, and recall that the Sobolev space W2(R")
is the completion of CZ°(R™) in the norm || f||r2@n) 4+ [V fllL2@wn) for every
f € C*(R™). Construct an element of D*?(P,) that is not an element of
Wh2(R™).
Fill in the details of the derivation of the identity (2.2).
Define N := maxig;<n |Z;]. Prove that N € DY?(P,) and evaluate DN.
Suppose n > 2 is an integer. A stochastic process Xi,..., X, is said to be
adapted if X; is measurable with respect to the o-algebra generated by Z1, ..., Z;
for every i = 1,...,n. Given an adapted process X, define a new stochastic
process M — a so-called martingale transform of Z — as follows:

k
My :=0 and My := ZXi_lZ,- fork=2,...,n.
i=2

Suppose X; € D*?(P,,) for every i = 2,...,7n.

(a) Prove that M is a mean-zero martingale and M; € D*?(P,) for every

i=1,...,n.

(b) Compute DM; for alli=1,...,n.

(The “Divergence Operator” §) If G : R™ — R", then define 0G := A -G =
»_1 AiG;, when possible. Notice that D = — L.
(a) Verify that if G1,...,Gn € C}(P,), then

(6G)(Z) = —(divG)(Z) + Z-G(Z)  P-as.

(b) Define Dom[d] to be the collection of all G : R" — R"™ such that G; €
DY2(P,) forall i = 1,...,n and Z - G(Z) € L*(P,). Prove the following
integration by parts formula,

E[G-(Df)] =E[6(G)f] for all f € D"*(P,) and G € Dom][d].
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(c)

We say that G : R" — R" is adapted when G; is a constant and G;(z)
depends only on (z1,...,z;—1) for all ¢ = 2,...,n. [See also Problem
9.] Prove that, if in addition G € Dom[d], then §(G) is the “discrete It
integral,” §(G) = G - Z. The random variable 6(F') is sometimes called
the Skorohod integral of F' € Dom[d]. And you have just shown that the
Skorohod integral of an adapted process is the same as its It6 integral.
Prove that

D;(6G) = 6(D;G) + G; foralli=1,...,n and G € Dom[d],

where D;(F) = (D;F1,...,D;F,) whenever F' : R" — R" satisfies F; €
DY2(P,) foralli =1,...,n.
Use the preceding formula to prove that E[6(F)] = 0 and

E[§(F)6(G)] = E[FG]+ ) > E[D;(F) - Di(Gy)],

i=1 j=1

for all F,G € Dom[d].
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Chapter 3

Harmonic Analysis

(ch:Harmonic_Analysis)

Recall that if f € L*([0,2n]™), then we can write f as

fle)=@m)™" Y e "]y, (3.1)[F:L]
kezn

where fi := f[o o] e'*® f(z) dz denotes the “kth Fourier coefficient” of f, and conver-
gence holds in L*([0, 27]™); that is, f[o am]n |f(z) — fn(x)|?dz — 0 as N — oo, where
In(@) =32 < exp{ik - 2} fi.

Eq. (3.1) is one of the many possible starting points of the theory of harmonic
analysis in the Lebesgue space [0,27]". In this chapter we develop a parallel theory
for the Gauss space (R", B(R"),P,). Problems 17 through 22 work out the analogous

details for “Poisson” spaces. And other distributional spaces are also possible; see XXX
for more discussion on this topic.

1 Hermite Polynomials in Dimension One

Before we discuss the general n-dimensional case, let us consider the special case that
n = 1. We may observe the following elementary computations:

M(2) = —am(z), (@)= (" =), 1@ =-("-3)n@), et

It follows from these computations, and from induction, that the kth derivative of 1
satisfies
(@)= (D' H(@)n(z)  [k>0,z€R], (3.2) [def :Hernite]
where Hj is a polynomial of degree at most k. Moreover,
Ho(z) =1, Hi(z)=x, Ha(z)=2a"—1,
Hi(z) =2 — 3z, Ha(z)=2a"—62°>+3, etc.

(3.3) easkia

Definition 1.1. Hj, is called the Hermite polynomial of degree k > 0.

Be warned that some authors normalize their Hermite polynomials differently than
has been done here. Therefore, it might help to remember that our Hermite polyno-
mials are monic; this will be explained shortly.

39
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The following basic lemma records some of the salient features of Hermite polyno-
mials.

(lem:Hermite) y i ma 1.2. For all o ERand k € Zy:
(lem:Hermite:1) 4 Hia () = zHy(z) — Hj(%);
(lem:Hermite:2) 2. Hg/ﬁq(l’) = (k+ 1)Hg(x); and
(lem:Hermite:3) 3. Hp(—z) = (—1)ka(x)

This simple lemma teaches us a great deal about Hermite polynomials. For in-
stance, we learn from part 1 and induction that

Hj, is a polynomial of exact degree k for every k > 0,

and the following Rodriguez formula [or reproduction formula] holds:

Hyi1(z) = 2Hi(x) — kHi—1(x) for all k > 0 and z € R. (3.4)[Rodriguez]

Moreover, every Hy, is monic; that is, the coefficient of ¥ in Hy(x) is one for all k > 0.

To observe another interesting property of Hermite polynomials, let us first recall
the adjoint operator A from (2.4) on page 34. Presently, n = 1; therefore, in this
case, A maps a scalar function to a scalar function. Then we can notice that, since
polynomials are in the domain of the definition of A [Chapter 2, Proposition 3.3], parts
1 and 2 of Lemma 1.2 respectively say that:

Hi+1 = AH,, and DHygyr = (k‘ + 1)Hk for all kK > 0. (35)

In other words, we can remember the above as saying that Hj plays the same role in
the Gauss space (R, B(R),P1) as does the monomial z — z* in the Lebesgue space:
DHj1 = (k + 1)Hy, is the Gaussian analogue of the statement that d(z**')/dz =
(k+ 1)17’“. As it turns out the adjoint operator behaves a little like an integral operator,
and the identity AHy, = Hy+1 is the Gaussian analogue of the anti-derivative identity
[ ¥ dx oc 2t valid in Lebesgue space.

Other properties of Hermite polynomials will unfold themselves in due time. For
the time being, let us prove Lemma 1.2.

Proof. We prove part 1 of the lemma by direct computation:

(=D Hi (@)m (@) = 1" (2) [by (3.2)]
- @)
= (- (@) by (3.2)]

= ()" [H@m (@) + He()} @)]

= (-1)" [Hi(x) — zHy(x)] n (@),
where the last line follows from a third appeal to (3.2), together with the fact that
Hy(z) = z. Divide both sides by (—1)**'4;(z) to complete the proof of part 1.

Part 2 is clearly correct when & = 0. We now apply induction: Suppose HJ'-H(x) =

(j + 1)Hj(x) for all 0 < j < k. We plan to prove this for j = k + 1. By part 1
and the induction hypothesis, the Rodriguez formula (3.4) holds. Therefore, we can
differentiate the latter formula in order to find that

Hy1(z) = Hy(x) + zHy(x) — kHy_1(x)
= Hy(x) + kxHy—1(z) — kHy_1(x),
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thanks to a second appeal to the induction hypothesis. Because of Part 1, zHp—1(z) —
Hj,_1(z) = Hi(x). This proves that Hj, 4 (z) = (k + 1)Hy(z), and part 2 follows.

We apply parts 1 and 2 of the lemma, and induction, in order to see that Hj is
odd [and Hj, is even] if and only if k is. This proves part 3. O

The following is the raison d’étre for our study of Hermite polynomials. Specifi-
cally, it states that the sequence {Hy};2 o plays the same sort of harmonic-analyatic
role in the 1-dimensional Gauss space (R,B(R),P1) as do the complex exponentials
in Lebesgue spaces.

(th:Hermite:1) Pheorem 1.3. The normalized Hermite polynomials {Hy /VE} o form a complete,

orthonormal basis for L*(P1).
Before we prove Theorem 1.3 let us mention the following corollary.
(co:Hermite:1) Corollary 1.4. For every f € L*(P1),
— 1 — 1
)= i\ Hi) ey Ho(Z2) = Y S BIfH He  as.
k=0 k=0

To prove this we merely apply Theorem 1.3 and the Riesz—Fischer theorem. Next
is another corollary which also has a probabilistic flavor.

{co:Hermite:Wiener:1) Corollary 1.5 (Wiener XXX). For all f,g € L*(P1),

1 1

kz::k— [fHk)E[gHx] and Cov(f,g) :kz::k— E[fH:) E[gH4].
Proof. Multiply both sides of the first identity of Corollary 1.4 by g(x) and integrate
[dP1] in order to obtain the identity,

(oo}
1
(g, 1) L2(Py) Z]? [ He) L2(P1)<g Hk>L2(P1)
k=0

The exchange of sums and integrals is justified by Fubini’s theorem. The preceding is
another way to say the first result. The second follows from the first and the fact that
H() =1. O

‘We now prove Theorem 1.3.
Proof of Theorem 1.3. Thanks to (3.5) and the fact that A is the adjoint to D,
E(H}) =E[Hy - A(Hi-1)) = E[D(Hy) - Hi—1) = kE [Hi 4]

Since E(H¢) = 1, induction shows that E(HZ) = k! for all integers k > 0
Next we prove that

E(HyHik+e) =0 for integers £ > 0,k > 0
By (3.5),

E(HiHiye) = BE[Hy - A(Hpte-1)] = E[D(Hy)Hyro1] = KE[Hy 1 Hipoa] .



42 CHAPTER 3. HARMONIC ANALYSIS

Now iterate this identity to find that

E(Hka_M) = k'E [H()Hg] = k' /700 Hg(x)vl(x) dx = O7

since Hyy1 = (—1)%“, thanks to (3.2). It follows that { Hy/vk!}72, is an orthonor-
mal sequence of elements of L?(P1).

In order to complete the proof, we need to show the orthonormal basis is complete.
We do this in a standard way. Namely, we suppose that f € L?(P;) is orthogonal in
L?(Py) to Hy, for all k > 0, and then proceed to prove that, as a consequence, f = 0
almost surely [P1].

Part 1 of Lemma 1.2 shows that Hy(z) = 2 — p(z) where p is a polynomial of
degree k — 1 for every k > 1. Consequently, the span of Ho, ..., Hi is the same as the
span of the monomials 1, z, - - - , " for all k > 0. In particular, fix;o f(z)zF~yi (z)dz =0
for all k£ > 0. Multiply both sides by (—it)*/k! and add over all k > 0 in order to see

that
| t@en@d =0 forallte R (3.6) [pre:Hermite]

If the Fourier transform § of a function g € C.(R) is absolutely integrable, then by
the inversion theorem of Fourier transforms,

g(z) L / e T G(t) dt for all z € R.

T o

Multiply both sides of (3.6) by §(¢) and integrate [d¢] in order to see from Fubini’s

theorem that [ fgdPi = 0 for all g € C.(R) such that § € L'(R). Since the class of

such functions g is dense in L*(P1), it follows that [ fgdP1 = 0 for every g € L*(P1).

Set g = f to see that f =0 a.s. O
Finally, let us mention one more important corollary.

(co:Nash) Corollary 1.6 (A Poincaré Inequality). Var(f) < E(|Df|?) for all f € DY2(Py).

Thus, we see from the Poincaré inequality that, if the [Malliavin] derivative of f is
“small,” then f is close to the constant E(f) with high probability.

Proof. By Corollary 1.5 and (3.5),

oo (e}

I U 2~ 1 2
) 1 , ) 1 )
=> G EPDH < > 71 [BID()H].
k=0 k=0
The right-most quantity is equal to E(|Df|?), thanks to Corollary 1.5. O

2 Hermite Polynomials in General Dimensions

One can easily extend the domain of definition of Hermite polynomials from R to R™
by tensorization: For every k € Z let Hy := Hyp, ® --- ® Hy,,. Or written out the
long way,

He(x) = [ [ He, (25) [k €Z}, x€R".
j=1
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As it turns out, these are the natural n-variable extensions of Hermite polynomials on
RR. Though, when n = 1, we will continue to write Hy(z) in place of H(z) in order
to distinguish the multi-dimensional case from the case n = 1.

Clearly,  — Hy(z) is a polynomial, in n variables, of degree k; in the variable x;.
For instance, when n = 2,

Ho,0)(z) =1, H,0)(z) = 21, Ho) () = x2, (3.7 {7}
Ha(r) = T122, Haz(z) = xl(xg —1),.... (3.8) {7}
Because each measure P, has the product form P, = P; x --- x Py, Theorem 1.3

immediately extends to the following.

(th:Hermite) Theorem 2.1. Define k! :=T[_, k! for all k € Z. Then, for every integer n > 1,
the collection {/Hk/\/H}kEZi is a complete, orthonormal basis in L*(Py).

Corollary 1.4 has the following immediate extension.

(co:Hermite) Corollary 2.2. For everyn > 1 and f € L?(P,),

f= Z E(f#k) Hi almost surely,

where the infinite sum converges in L*(P,,).

Similarly, the following immediate extension of Corollary 1.5 computes the covari-
ance between two arbitrary square-integrable random variables in the Gauss space.

(co:Hermite:Wiener) Corollary 2.3 (Wiener XXX). For alln > 1 and f,g € L*(P,.),
1 1
Elfgl= > _ o5 BIfHuBlgMs] and  Cov(f,g) = ) 17 B(fHx)E(gH).
kEZ™ keZ’}
k#0
And the following generalizes Corollary 1.6 to several dimensions.

{pr:Nash) proposition 2.4 (The Poincaré Inequality). Var(f) < E(||Df||?) for all f € D"2(P,,).

Proof. By Corollary 2.2, the following holds a.s. for all 1 < g < n:

E[Dq(f)H E[fA,(H
DQf:an [ ](d) k]Hk: Zﬂ [ k'( k)]Hk,
eZ+ IceZ+

where we recall A, denotes the gth coordinate of the vector-valued adjoint operator.
By orthogonality and (3.5),

E (|DfI1%) ZZMfAWH

q=1keZ"

_Z Z Z)Hp,+1(Zq) H Hy,(Z,)

q=1keZ ! 1<t<n
L#q
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Fix an integer 1 < ¢ < n and relabel the inside sum as j; := k¢ if £ # q and j4 := kq+1.
In this way we find that

E(IDf1%) Z Z E | f(2)H;,(Zy) [] Hi(Ze)

q= 1362" 1<4<n
]q21 L#q
= Z > s BUHIP.
q= 1]EZ"
Jq?l

using only the fact that 1/(j; — 1)! > 1/j,!. This completes the proof since the right-
hand side is simply

S LB - B,

JELT giteegn!

which is equal to the variance of f(Z) [Corollary 2.3]. O

Consider a Lipschitz-continuous function f : R™ — R. Recall [Example 1.6, page
30] that this means that Lip(f) < oo, where

Llp(f) = sup M
w,yiR” llz — vl

Since f € D*?(P,) and ||Df|| < Lip(f) a.s., the Poincaré inequality has the following
ready consequence.

(co:Nash:Lip) Corollary 2.5. For every Lipschitz-continuous function f: R™ — R,

Var(f) < |Lip(f)>.

Thus, Corollary 2.5 implies the intuitively-pleasant fact that if Lip(f) is small,
then f = E(f) with high probability.

Let us now mention two concrete examples.
Ezample 2.6. The function f(z) :=n~' 3.7 | x; is Lipschitz continuous and Lip(f) =
1/4/n. In this case, Corollary 2.5 implies that

Var (rf1 S Zi) < n!

which is in fact an identity. This example shows that the bound in the Poincaré
inequality can be saturated.

Ezample 2.7. For a more interesting example consider either the function f(z) :=
maxigi<n |€i| or the function g(x) := maxigi<n zi;. Both f and g are Lipschitz-
continuous functions with Lipschitz constant 1. The Poincaré inequality implies that
Var(M,) < 1,' where M,, denotes either maxi<i<n Z; or maxigi<n | Zi|. This is a non-
trivial result about, for example, the absolute size of the centered random variable
M,, — E M,,. The situation changes completely once we remove the centering. Indeed
by Proposition 1.3 (p. 7) and Jensen’s inequality,

E(M;) > |E(M,)|> ~ 2logn as n — oo.

1This bound is sub optimal. The optimal bound is Var(M,) = O(1/logn). For more
information on this see part (b) of Problem 19 on page 26.
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Similar examples can be constructed for more general Gaussian random vectors
than Z, thanks to the following.

Proposition 2.8. Let QQ be a positive semidefinite matriz, and define A\« to be its
largest eigenvalue. If X is distributed as N, (0,Q), then

Var[f(X)] < E ([(DAX)?)  for every f € DV*(Py).

Proof. We can write Q = S? where S is a symmetric n x n matrix; that is, S is a square
root of Q. Define g(z) := f(Sxz) for every z € R", and observe that: (i) X has the
same distribution as SZ; and therefore (ii) Var(f(X)) = Var(g(Z)) < E(|(Dg)(Z)|?)
thanks to Proposition 2.4. By the chain rule, (Dg)(Z) = (Df)(5Z)S, whence

I(Dg)(Z)II* = ((DF)(SZ)S, (Df)(SZ)S)rn = ((DF)(SZ), (Df)(SZ)Q)we,

thanks to the facts that Q = S? and S is symmetric.? Since Q is symmetric, Rayleigh’s
principle yields (z,2Q)rr < Ai|jz||® for all x € R™. Set x := (Df)(SZ) to see that

E(|(Dg)(2)|1*) < M E((Df)(S2)|1%),

which is equal to A« E(||(Df)(X)]|?). O

The above proposition is in general unimproveable: For example, the case that
Df is Py-a.s. a constant multiple of the eigenvector that corresponds to the largest
eigenvalue of @). Still, the proposition can be sharpened for certain specific choices of
f. The next proposition highlights this assertion in a particular case.

Proposition 2.9. Suppose X has a N, (0,Q) distribution, and let M, denote either
maxigi<n Xl oT MaXi<ikn ‘X1| Then,

Var(M,) < max Var(X;).

1<i<n

Proof. Let S denote a symmetric square root of @, and define f(x) = maxigign Ti.
Because f(X) has the same distribution as f(SZ), the Poincaré inequality (Proposition
2.4) implies that

Var (max Xi) <E [((Df)(SZ) ) (Df)(SZ)Q>]R"] .

1<i<n

See also the proof of Proposition 2.8. Because Df is P,-a.s. a standard basis vector
of R" (see Example 1.8, p. 31), it follows that ((Df)(SZ),(Df)(SZ)Q)r» is Pn-
almost surely a diagonal entry of @ and hence is bounded above by maxici<n Qi
a.s. This verifies the proposition in the case that M, = maxi<i<n Xi. The case that
f(x) = maxigign |zi| is handled the same way, except that now Df is 1 times some
standard basis element of R"™; see Problem 8 on page 36. O

2Needless to say, (a,b)gn :=a-b= >y asb; for all a,b € R™.
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3 Wick’s Formula

Theorem 1.3 asserts that, after they are suitably normalized, the Hermite polynomials
form a complete, orthonormal basis for L?(P,). Using this fact, a change of variables
allows us to find a basis for L?(Q,), where Q,, denotes the law of an N, (0,T) random
variable provided that I' has full rank (equivalently, is positive definite). Here is a
precise statement of this fact.

(co:Hermite: correlated) Corollary 3.1. Let Q, denote the law of a N, (0,T) random variable, where T' is a
positive-definite n x n matriz. Define Cyx(z) := Hi (I~ 2x) for every k € Z7} and
xz € R"™. Then {Ck/\/H}kGZQ is a complete, orthonormal basis for L*(Qy). Hence,

f= Z E[‘]ilck}ck for every f € LQ(Qn).

kEZT

Corollary 3.1 follows readily from Theorem 2.1 and Corollary 2.2. In practice, this
particular representation of a general function f € L?(Qs,,) is not always useful. This
is because it is in general hard to calculate E[fCi] as its computation involves working
with unwieldly multi-dimensional integrals. Nevertheless, when f is a polynomial,
additional combinatorial ideas can be used to help organize the above representation
of f in a useful way. The resulting representation is then called Wick’s formula. Before
we state and prove Wick’s formula, let us introduce some notation.

For every integer j > 1, let P; denote the following linear subspace of the Gaussian
Hilbert space L*(Qy):

P; :=Span{Ci : k € Z, |k| =j};
where we recall [k| = 3" _| kn, for every k € Z. We also define Py to be the space of
all real-valued, constant functions on R™. In this way, Corollary 3.1 can be rephrased
succintly as an orthogonal decomposition of L?(Q,,) in terms of the subspaces {P; }520-
Or, equivalently,

L? (Qn) = @ P;. (3.9)‘eq:Wiener_chaos_defn

=0

In other words, suppose X is distributed as Q,, and explicitly construct the Gaus-
sian Hilbert space L?(Q,) as L*(Q,0(X), Qn). Then P; is the linear subspace of all
degree-j polynomials in the variables X1, ..., X, that are uncorrelated with all degree
< j polynomials in X1, ..., X,. This interpretation of (3.9) is particularly nice because
it does not suppose knowledge of the explicit polynomial basis {Cx : k € Z, |k| = j}
in order to define {P;}52,. Another nice feature of this “basis-free definition” is that
it does not require the covariance matrix I' = (Cov(X;, X;))1<i,j<n 0f X to be posi-
tive definite (T is of course always positive semi-definite). In particular, this basis-free
definition allows for some of the X;’s to be equal to one another. Nonetheless the
decomposition (3.9) continues to remain valid, and simply states that every Borel
function of X with finite variance can be written uniquely as a (possibly) infinite sum
of polynomials, one from every P;.

Definition 3.2. The orthogonal decomposition (3.9) is referred to as the Wiener
chaos decomposition of the Gaussian Hilbert space L*(Q,,). Moreover, for every integer
j =0, P; is called the jth Wiener chaos of L*(Q,,). We define 7; : L*(Q,) — P; to be
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the orthogonal projection operator onto P; in the L2(Qn) inner product. Thus, every
random variable Y € L?(Q,) can be decomposed uniquely as Y = 7,;Y +YV — ;Y
with E[m;Y (Y — m;Y)] = 0.

Recall that that the degree of a monomial is the sum of its exponents, and the
degree of a polynomial is the maximum degree of all monomials that appear in that
polynomial. Then we learn immediately from (3.9) that a polynomial f(X) of degree
{ € Z4 in Xi,...,X, can be decomposed uniquely into a sum of elements from
Po, P1, ..., Pe. As was noted above, the part in P; is simply the orthogonal projection
7 (f(X)) of f(X) in L*(Q,) onto P;.?

Wick’s theorem, or Wick’s formula, is a combinatorial expression for [}, X; and
essentially contains the Isserlis theorem (p. 20) as a special case; see Remark 3.6 below
for details. As such, Wick’s formula inevitably involving the notion of matchings. With
this in mind, let A denote a finite set. We write a partial matching of A as m & u,
where m is a perfect matching of a subset of A and u denotes the remaining unmatched
elements. In the statement of Wick’s theorem we also adopt the conventions that

>y =0and ][, =1

(th:Wick) Theorem 3.3 (Wick, YYYY). Suppose X has a N,,(0,T) distribution, where T' is an
arbitrary n X n covariance matriz. Then,

Tn (H Xj) = Z(fl)lm‘ H I ; I_I)(;€7 (3.10)[eqn:Wick_projection
Jj=1

m@u (i,7)Em keu

where the sum ranges over all partial matchings m @ u of pairs in {1,...,n} and |m|
denotes the number of matched pairs in the partial matching m @ u. Furthermore, the
Wiener chaos decomposition of H?:l X into orthogonal parts can be written as

HXj = Z H iy (H Xk> , (3.11)[eqn:Wick_decomposition
j=1

meu (i,5)em keu

where |, denote the projection operator onto the Wiener chaos P, corresponding to
the number of unmatched terms |u|.

Wick’s theorem makes two distinct assertions: The first is that every projection
is itself a polynomial in the variables X ,..., X,,. Whereas the second assertion of
the theorem is that every polynomial in Gaussian variables X1, ..., X,, can be written
uniquely as a sum of polynomials in the same variables with the property that any
two terms in the sum are uncorrelated.

Let us consider two examples. The first is a “trivial” one.

Ezample 3.4. A single Gaussian variable X; has to be left unmatched, and hence
X1 = m1(X1). Consequently, m1(aX1 + b) = am1(X1) for all real numbers a and b.

For a more interesting example consider the following.
Ezample 3.5. If (X1, X2) has a Gaussian distribution, then X; and X can either be

matched or unmatched. This observation readily leads us to the formula

7T2(X1X2) = X1X2 — E[X1X2]

3Wick’s theorem was introduced originally in the context of quantum field theory in order
to reduce a complicated product of creation and annihilation operators to sums of products
of pairs of such operators. Physicists prefer to write :Y: for the projection 7 (Y") of a random
variable Y € L?(Qn).
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Equivalently, X1X2 = m2(X1X2) + E[X1X5], which is the orthogonal decomposition
of X1X>. In particular, we may specialize to the case that X; = X2 = X in order to
see that

m(X?) = X* — E[X?] = X* — Var(X). (3.12)[pi2:Var]|
One can deduce from the above, especially from (3.12), that if a real-valued random

variable X has a standard normal distribution, then 71 (X) = X and ma(X?) = X2 —1.
Since o (X 0) = 1, one might hope to have stumbled upon the general pattern,

T (X™) = Ho(X) for every n > 0. (3.13) [eq:Hermite_projection_fo

It turns out that (3.13) is true. Let us verify it for n = 3 and n = 4, and leave the
general case to the interested reader (Problem 7).

In order to verify (3.13) for the case n = 3, we first appeal to the Wick theorem
(Theorem 3.3) to see that for every Gaussian random variable (X1, X2, X3),

7r3(X1X2X3) = X1X2X3 — E[X1X21X5 — E[XlX,j]XQ — E[X2X31X1

Then, we specialize this formula to the degenerate case where X; = Xo = X3 = X in
order to see that m3(X?) = X® — 3X, which agrees with (3.13) for n = 3. See (3.3) on
page 39.

Similarly, for four variables, we have

7T4(X1X2X3X4) = X1 X2 X3X3 — E[X1X2]X3X4 — E[X1X3}X2X4 — E[X1X4]X2X3
— E[X2X3]X1X4 — E[X2X4]X1X3 — E[X3X4]X1X2
+ E[Xle] E[X3X4] + E[X1X3} E[XQX;J + E[X1X4] E[_Xz_Xg]7

which specializes to m4(X) = X* — 6X? + 3 = Hy(X). See (3.3) on page 39.

(rem:Wick->Isserlis) Remark 3.6. As was alluded to earlier, equation (3.11) contains the Isserlis formula
(Theorem 5.1, p. 20) as a special case. In order to see why let m@u denote a [non void]
partial matching of pairs in {1,...,n} and notice that >, ;g i [Txe, Xr lies in
Ui—1P; and is therefore orthogonal to Py. Equivalently, it has mean zero. Thus, we
see that if we take expectations of both sides of (3.11), then all terms vanish except
the ones that come from a perfect matching m [i.e., u = &]. The Isserlis formula then
follows from the identity 7o ([],cp Xx) = 1, which is a tautology.

Although the statement of Wick’s theorem contains the statement of the Isserlis
theorem, the proof of Wick’s theorem actually relies on the Isserlis theorem. It also
hinges on the following elementary combinatorial fact which we leave as exercise (see
Problem 5).

(lem:comb) [,emma 3.7. For every non-empty finite set A and for all z,y € R,

(z+ ) = 3 ollylae
BCA

where | ---| denotes cardinality.

Proof of Wick’s theorem (Theorem 3.3). We prove Wick’s formula via a series of claims.
First, let Y denote the quantity on the right-hand side of (3.10). One of the contribut-
ing terms to the expression for Y is [];_, X; [corresponding to m = @], and all the
other terms are polynomials in X7, ..., X, of degree < n. Therefore, Y is a polynomial
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in X1,...,X, of degree n.
Claim 1. E[Y] = 0; that is, Y is orthogonal to Po.

In order to see why, let us note that E[Y] = Zm@u(—l)‘"‘l I yem Ui BllLeu X&l,
and E[[], ., Xx] = 0 unless [u] is even. Remember also that a sum over the empty set
is zero. We can combine these remarks with the Isserlis formula (Theorem 5.1, p. 20)
in order to see that

E[Y}:Z(—n"“‘ I 1is > I ros

mou (i,j)€EmM perfect matchings (i/,5/)em’
m’ of u
— [m] .
= E E (=1) Lij Lr o
m@u perfect matchings (i,5)€Em (¢/,5")em’
m’ of u

The first two sums are over all partial matchings of [n] and perfect matchings of
the remaining unmatched terms within the partial matching, where we are using the
standard combinatorial notation,

[L]:={1,...,L} for all L € IN.

This is equivalent to summing over all perfect matchings of the original set [n], so we
may rearrange the sum in order to see that

E[Y] = > IT e > =™

perfect matchings (i,j)Em m/Cm
m of [n]

Because of Lemma 3.7, X:m,Cm(fl)lm,| = (=14 1™ = 0. This shows that
E[Y] =0, and hence Y is orthogonal to Py, as was asserted.

Claim 2. Y € P,,.

In order to avoid trivialities, we assume that n > 2. Thanks to this and Claim 1,
it remains to prove that Y is orthogonal to P1,...,Pp_1.

Choose and fix an integer £ = 1,...,n — 1, and let X,,41,..., Xn+¢ denote any £
predescribed elements of { X ,..., X, }. We plan to show that E[Y X 41 ... Xn4e] = 0.
This will prove that Y is orthogonal to Pi,...,Pn—_1, and ends the proof of Claim 2.

We first apply the definition of Y, and then the Isserlis formula (Theorem 5.1, p.
20) for the [degenerate] Gaussian random variable (X1 ,...,Xn, Xnt1,...,Xnte), in
order to see that

EY Xng1 .. Xnge) = D (=D ] Ty B | Xngr . Xose [] Xa

mPu (i,7)€EmM keu
m
=y (=™ I 1, > I T,
m@u (i,j)€Em perfect matchings  (i/,5/)€m’

m’ of uU{n+1,..., n+L}

where, we recall, the final sum over perfect matchings m’ defaults to zero when there
are no such perfect matchings; that is when |u| + ¢ is odd. And of course, I'; ;; =
Cov(X;/, X;) for (i',5) € m’ even when one or both of i’ and j' exceed n.
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Now we rearrange the sum in order to see that

E[Y X1 Xppd] = > I] T > (—n™,

non-empty (3,7)€Em perfect matchings
perfect matchings m’ of [n]:
m of [n + £] w/ Cm

which is zero by Lemma 3.7. This proves Claim 2.
Claim 3. Eq. (3.10) holds; that is, Y = mn(I]}—; X¢).

Recall that, for every W € L?(Q,), m,(W) is the unique element of P,, that is or-
thogonal to W —m,, (W). Since Y € P, (Claim 2), it remains to show that [, X;-Y
is orthogonal to Y. But this follows from Claim 2 since (3.10) implies that [}, X;—Y
is a polynomial of degree n — 2, and hence is an element of PoU---UPp,_2. Indeed, the
only term of degree > n — 1 in Y is [], X; itself, which corresponds to the partial
matching in which every element is left unmatched. This proves Claim 3.

Claim 4. Eq. (3.11) is valid.

Claim 4 implies Wick’s theorem, and follows by using (3.10) and similar combi-
natorial computations as above. Here are some of the details, written in short hand:
Insert (3.10) into the right-hand side of (3.11) in order to deduce the identity,

> L rom(I1%) = X S0 I v T v [
mGBu (,j)Em keu mou m’ pu’ (4,j)€Em (¢/,3")em’ keu

f [n] of [n] of u

Note that the sum - o ¢, () on the right-hand side is zero unless |u| is even.
Therefore, every non-zero term in the right-hand side’s double summation corresponds
to a partial matching of [n] (namely to (mUm’) &u’), and the only term in the sum
that does not depend on this partial matching (i.e., does not depend on mUm’ or u’)
is (,1)Im’l. Thus, by renaming the matched part as simply m and the unmatched part
as u, the right-hand side can be rewritten as

> II roITx 32 o

(?ZG[}:] (i,5)€Em keu m/Cm
As in the previous claims, Zm,Cm(—l)‘“‘ll = 0 for all partial matchings m @ u of [n]

except when m = @ when it trivially gives a value of one. Thus the entire sum collapses
to H?zl X, thereby completing the proof of (3.11). O
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Problems

1.

2.

8.

Prove that if we apply the Gram-Schmidt orthogonalization procedure — in
Gauss space — to the monomials {1, z, 2 a®, .. .}, then we obtain the Hermite
polynomials Hy, Ho, ... .
Choose and fix an w € R and define f(z) = exp(wz — w?/2) for all z € R.
(a) Verify that f € D*?(P,) and calculate ||f]1,2.
(b) Use integration by parts to show that E[f(Z)H] = w".
(c) Conclude that Hy(z) is the coefficient of w* /k! in the Taylor series expan-
sion of w — exp(wz —w?/2). In other words, the Hermite polynomials are
defined uniquely via the relation,

w? wk
- T == 7H .
exp (wx ) 2 ol k()

Verify that H,(0) = 0 for all odd integers n, and
H,(0) = (=1)""'(n—1)!! for all even integers n,

where k!l := k x (k —2) x (k—4) x --- x 1 for all even integers k.
Recall the adjoint operators A; of (2.4). Show that for k € Z7}

ARt AR = H(2),

where A? is the identity operator. Show that the order of the adjoint opera-
tors does not matter, so that if ¢ € {1,...,n}? and if o is a permutation of
{1,2,...,p} then Ag, ... Ag, 1 = Ay, ... Ag,, 1.

Verify Lemma 3.7 and use it to derive the binomial theorem for (z 4 y)".

Derive the following “binomial theorem” for Hermite functions:

n

Ho(z+y) = Z (Z) Y H,_x(z) forallz,y € Rand n € Z,.
k=0

(Hint: See Problem 2.)

In the following, consider the canonical probability space (R™, B(R"),Pr), so

that P, denotes the linear subspace spanned by {Hy : k € Z7%, |k| = £} for

every £ =0,1,---, and 7, denotes projection onto Py.

(a) Prove that, when n = 1, 7,,(Z™) = Hn(Z) a.s. [P1] for every m € N.
(Hint: Z™ — H,,(Z) is polynomial of degree m — 1.)

(b) Deduce (3.13) from the previous part.

(c) Define a polynomial P : R® — R by P = Y a(m)Z™ --- Z;'", where
{a(m)}mezy are real numbers, the sum is taken over all m € ZY such
that |m| = ¢, and £ > 1 is integral. Prove the following generalization of
(3.13): For every integer £ > 0,

me(P) = Z a(m)Hm(Z) a.s.[Pn].

meLY: |m|=¢
Use Wick’s formula (3.10) and the fact that 7,(Z") = Hn(Z) to show that the
Hermite polynomials can be written as

n/2]

o k n! n—2k
Ha(z) = kz S Ty T AN
=0

for every even integer n and z € R.
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9. Use Wick’s formula (3.11) to show that for every even integer n and z € R,

n/2)
n n \ (2k)!
=3 <2k> ol T2k (@)-

k=0

Then re-verify this formula using induction and (3.4) on page 40.

10. (This problem requires some background in Ité Calculus )
Let B be a standard Brownian motion, and define B, (t) := fo s)dB(s)
as an Itd integral for every integer n > 1, where By(t) := 1 for all t > 0 These
are multiple Ito integrals; for example,

Bi(t) = B(1), Bz(t):/ / dB(r)dB(s), -

B ( // / dB(sns1) - --dB(s2)dB(s1), - .

Choose and fix some « > 0, and define X (t) := 3 2  a"B,(t) for all t > 0.
(a) Verify that for every T' > 0, the series converges in L?(2), uniformly for
t € [0,T]. [Hint: Doob’s maximal L?() inequality.]
(b) Prove that X satisfies the Itd stochastic differential equation, dX(t) =
aX (t)dB(t) subject to X (0) = 1. Conclude that

ta?
X(t) =exp (aB(t) - 7) for all t > 0 a.s.

(¢) Compare (b) to Problem 2 in order to conclude that

1) :n!/ot/osl ---/OSMdB(sn)-..dB(SQ)dB(sl) as.

Because B(1) has the same distribution as Z, the above gives a particular
construction of H,(Z) using Brownian motion. This construction is part
of a deep theory of Wiener XXX and It6 XXX. The exposition is due to
McKean XXX.

11. Extend Problem 2 to R"™ for all n > 1 by showing that

ex w~x—“w”2 *Zw—k'H (z) for every w,z € R"”
p - k' k Yy ) ’

2 n
k€Z+

k.
where w* = [, w;".

i=1

(ex:Dk,2) 12, Suppose that f € L2( n) satisfies

2m
Z Hk“ [E(fHi)|” < oo for some m € IN.
kezn

Prove that f € D™?(P,,), using the following steps:

(a) Expand f in terms of Hermite polynomials, and let f, denote the same
sum but restricted to indices k € Z" that satisfy ||k|| < ¢. Prove that
fe € C§°(Py) and limy—oo fo = f in L2(Pn). Use this to deduce that it
suffices to prove that {D;, --- Dy, f¢}§2, is Cauchy in L*(P,) for every
ity im € {1,...,n}.
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13.

14.

15.

16.

(b) Now find an expression for D;, - - - D;, . f; in terms of Hermite polynomials.
[Hint: Examine the proof of Proposition 2.4.]
Show that if we are working in L*(P,,) then the jth Wiener chaos P; has di-

mension (]tﬁzl)
Suppose we are working in LQ(Pn), so that Z1,...,Z, are iid standard normals.
As usual write Z = (Z,..., Zn)' for the random column vector consisting of

these normals (recall ’ means transpose). Let A be an m X n matrix of real
numbers.
(a) Show that the quadratic form Z’AZ is unchanged if A is replaced by its
symmetrized version (A + A”)/2.
(b) Thus assume from now on that A = A’; i.e., A is symmetric. Show that
mo(Z'AZ) = Z'AZ — tr(A), where tr(A) is the trace of the matrix A.
(c) More generally, show that if we are working under L?(Q,,) where Q,, is the
measure of the N, (0, ) distribution, then m2(Z'AZ) = Z' AZ — tr(AX).
(d) Finally, show the following higher degree version. For an integer k > 2 let
K be a k-tensor, meaning that K : [n]* — R, and for the polynomial of
degree k given by
f= Z KqZq, ... Zg,
q€[n]*
show that under L?(P,,)
me(f) = Z Komi(Zg, - .- Zg,) = Z KqHeq)(2)
q€ln]k q€[n]k

where ¢(q) = (ci(q),...,cn(q)) and ¢;(q) is the number of times that @
appears in the k-tuple ¢, for i € [n] = {1,...,n}. Further simplify this for-
mula by showing that every such f can be represented by the symmetrized
version K of the k-tensor as

f= Y Koy 2,

q€[n]k

where K is defined by

~ c(q)!
R, =SS K,

Here o is a permutation of {1,...,k} and 0(q) = (¢o(1)- - - » do(k)), and the
coefficient of the sum is the inverse of a multinomial coefficient. Conclude

that il
Wk(f) = Z KQHC(Q)(Z) = Z T.)'KQHC(Q)(Z%
a€ln]® aetnon

where [n]®% = [n]*/ ~, and ~ is the equivalence relation q ~ ¢’ iff c(q) =

c(q'); i.e., each element of [n] appears the same number of times in both g

and ¢’ and therefore one is just a permutation of the other.
Prove that the Poincaré inequality on R™ [Proposition 2.4] follows directly from
the one-dimensional case [Corollary 1.6] and induction on the value of n > 1.
This method is sometimes called “tensorization.”
Let f(x) := maxigicn 2; for all z € R™, and prove that Proposition 2.9 improves
Proposition 2.8. That is, prove that A. E(||Df||?) > maxi<i<n Var(X;) for the
present choice of f.
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17.
18.

19.

20.

21.

22.
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The following Problems 17-22 depend sequentially on one another. Through-
out these problems, let us choose and fix some A > 0, and let X have a Poisson
distribution with E(X) = X. Also, let u denote the distribution of X; that
is, u{k} = e *\*/k! for k € Z, and p{k} = 0 otherwise. Finally, define
Co,C1,Ca, ... canonically as the real-valued functions on Z that satisfy the
following for all z =0,1,2,... and w > —1:

oo

k
A+w) =Y %C’k(x).

k=0

711))\

Many authors usually write 0,9) instead of C%, and refers to Cy as the kth
monic Charlier polynomial with parameter \.

Prove that Co(z) = 1 and Cj (0) =
Verify that Elexp{—wA}(1 + w)¥]
E[Cr(X)] =0 for all k > 1.

Verify that

knx
Cr(z) = Z (:;) <;) m!(=\)*"" for all 2,k € Zy,

m=0

(=\)* for all z,k € Z.
=1 for all w > —1. Conclude from this that

and conclude that every Cj, is a polynomial of degree at most k on the semigroup

Zy .

Prove that the sequence {\/n! /A" C’k} is a complete orthonormal basis for
k=0

L?(p). Conclude that for all f,g € L?(p),

Cov[f(X => =

k=1

f Cr) 2y (95 Cr) L2 (-

?v‘y

[Hint: Consider the second moment of exp{—wA}(1 + w)* ]
Define a linear operator </ via the following:

(A f)(z):=zf(x—1) = Af(x) for every f:Z4 — R and v € Z,

where f(—1) := 0. Show that .« is a linear mapping from L?(p) to L?(u) and
whose adjoint is &, where (2f)(z) := M f(x + 1) — f(z)} . Then proceed to
verify the following, steps which essentially show that the role of the pair (7, &)
is the “Poisson space” analogue of the role of the pair (D, A) in the Gauss space:

(a) Prove that Ciy1 = &/ Cy for all k > 0. [Hint: Start with the derivative of

w = e M1 4 w)®]

(b) Prove that 2Cy+1 = (k+ 1)Cy, for all k € Z,..

(c) Prove that Var[f(X)] < AE(|2f)(X)|?) for every f € L*().
Use Problem 21 and the central limit theorem in order to find another proof of
the Poincaré inequality for Py [Corollary 1.6].



Chapter 4

Heat Flow

1 The Ornstein—Uhlenbeck Operator

The Laplacian A := D - D = >_" 81-2, ; is one of the central differential operators in

i=1
the analysis of Lebesgue spaces. In a purely analytic sense this is because A is the
dot product of D with the negative of its adjoint. The analogue of the Laplacian in
Gauss space is the generalized differential operator

L:=—A-D:=-) A;D; (4.1)[L]
j=1

which is called the Ornstein—Uhlenbeck operator on the Gauss space. We can think of
£ in the form, (£ g)(x) = Y27, (D2:9)(x) — S, @:(Dig) (), or as random variables

as
n

(£9)(2) = (Di:g)(Z) = Z - (Dg)(Z).

=1

The preceding makes sense as an identity in L?(P,) whenever ¢ € D*?*(P,) and
Zi(Dig)(Z) is in L*(P,,) for every 1 < i < n. And when g € C*(R™), then

(Lg)(x) = (Ag)(z) —z - (Vg)(z),
for every = € R™.
Definition 1.1. The domain of the definition of L is
Dom[L] := {g € D**(P,) : Lg € L*(Pn)} = {g € D**(P,): Z-(Dg)(Z) € L*(Pn)} .

Since A is the adjoint of D in LQ(P7L), it follows immediately that the linear
operator L is self adjoint; that is,

E[f L(g9)] = E[L(f)9g] for every f,g € Dom[L].

Thus, it is helpful to know more about the domain of the operator £. We will shortly
identify the domain of £ in a slightly different way than the definition above shows;

95
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see (4.3) below. In the mean time, let us identify large, natural, subsets of Dom[L] as
follows: If g € D*2¢(P,,) for some g > 1, then by Holder’s inequality,

2/q
1,2q°

E(1Z-(Dg)(2)]*) < {E(1ZI”)}" {E (I1Dgl*)}"* < Cllg

where CZ := E(||Z||*") < co and p~* + ¢! = 1. Set o = 2g in order to see that
D*>*(P,) c D**(P,) ND"*(P,) C Dom[£] for all a > 2.

It is not difficult to see how L acts on Hermite polynomials. The following hashes
out the details of that computation.

(lem:L:H) Lemma 1.2. £LH; = —|k|Hy for every k € Z7, where |k| := 37 k.

Proof. We apply (3.5) [p. 40] to see that A; D;Hy = kjHy forallk € Z7 and 1 < j < n.
Sum over j to finish. O

In other words, for every k € Z'}, the Hermite polynomial H is an eigenfunction
of £, with eigenvalue —|k|. Since

E(fH .
r=> %m in L2(P,),
kezn
it follows readily from Lemma 1.2, and the fact that £ is self adjoint on L?(P,), that
for every f € D*%(P,,),
k .
Lf=-=" % E(fHr)Hz in L*(P,). (4.2)[L]

n
kEZJr

Therefore, Theorem 2.1 ensures that

Dom[£] = ¢ f € D**(P): > % [E(fH)|> < oo p. (4.3) [Dom:L]

n
kEZJr

We now define the heat flow operator P; on L?*(P,) that corresponds to the
Ornstein-Uhlenbeck operator £. There are many reasons for studying this opera-
tor, but as we shall soon see one particularly nice reason is that, as a family indexed
by time, it “smoothly” interpolates between the random variable and its average. This
allows one to produce non-trivial bounds on the variance of the random variable or on
the covariance between different random variables. This produces, for example, a new
proof of the Poincaré Inequality.

Definition 1.3. The family of heat flow operators is defined, for every ¢t > 0, as

—|klt

- BUHE)He, (4.4)

[§]

Pif :=Pt)f:=

n
kEZ+

where the identity holds in L?*(P.,).

We will now explore some of its properties. But first recall that a sequence
{X,}32, of elements of L*(P,) is said to converge weakly in L?(P,) to X € L*(P,)
if limp 0o B(X,Y) = E(XY) for every Y € L*(P,,).
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(pr:heat) proposition 1.4. If f € Dom[L], then P.f € Dom|L] for all t > 0. Moreover,
u(t) := Pif is the unique L*(P,,)-valued solution to the generalized partial differential

equation,
0 .
au(t) = Llu(t)], for allt >0, subject to (4.5) [heat]
u(0) = f,

where (8/0t)u(t) := limgyo[u(t + ) — u(t)] /e exists weakly in L*(P.,).

Definition 1.5. The family {P;}:>0 is called the Ornstein—Uhlenbeck semigroup, and
the linear partial differential equation (4.5) is the heat equation for the Ornstein—
Uhlenbeck operator L.

Proof of Proposition 1.4. For every g € L*(P,,), t >0, and € > 0,

_ —(t+e)|k| _ o—tlk|
E g.u(tJrs) u(t)] _ Z e e

. i E(fHxk) E(gHk)

kEZ"

- — Z l E(fHr) E(gHx) as € | 0,
keZT
thanks to (4.3) and the dominated convergence theorem. In particular, the approxi-
mate derivative {u(t + ) — u(t)}/e converges weakly in L*(P,) to
k
=) ‘;?' E(fHO)He  ase L0,

n
k€Z+

since f € Dom[L]. Next we derive the [generalized] PDE (4.5).
By (44),

E[P(f)Hs] =e "' E[fH]  forallt>0and k€ Z.

Therefore,
\kl Ikle’2"“‘t 2 \kl
> o ER = > BfH* < Y 5 [BIfHAIP < co.
kEZi keZ" keZi

It is possible to show that P,f € ]D2’2(Pn) whenever ¢ > 0. In fact, P.f € 1D°°’2(Pn)
when ¢t > 0; see Problem 12, page 52. This, the preceding display, and (4.3) together
imply that P;f € Dom[L] for all ¢ > 0.

It is intuitively clear from (4.2) and (4.4) that OP.f/0t = L P,f, when u solves
(4.5). But since P.f and £ f are not numbers, rather elements of L*(P,,), let us write
the details to be sure: We know that u(t) € L?(P,,) for every ¢ > 0, and that

oIkl
Elgu(t) = Y —— BIfHa ElgHs],

n
k€Z+

for all t > 0 and g € L*(P,). It is not hard to see that the time derivative operator
commutes with the sum to yield

ef‘k
Culgun] = - 3> M BB )

kEZn

E [g L[u(t)]] for all t > 0
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since E(Hy, L{u(t)]) = —|k|(k!) "' E[u(t)Hy] for all k > 0, by (4.2). Thus, u solves the

PDE (4.5).
If v is another L?(P,,)-valued solution to (4.5), then ¢ := u — v solves
%Qb(t) = L[¢p(t)], subject to
$(0) = 0.
Project ¢ onto Hy, where k € Z} is fixed, in order to find that

d
d¢
by (4.2). Since E[¢(0)H] = 0, it follows that E[¢(¢)Hr] = 0 for all ¢ > 0 and k € Z}.
The completeness of the Hermite polynomials [Theorem 2.1] ensures that ¢(¢) = 0 for
all ¢ > 0. This implies the remaining uniqueness portion of the proposition. O

Elp(t)Hi] = —[k[E[p(t)H],

(0U: Semigrp) Proposition 1.6. The family {P;}+>0 is a symmetric Markov semigroup on L*(P,,).

That is:
1. Fach P, is a linear operator from LZ(Pn) to L? (Prn), and P1 =1;
2. Py := the identity map. That is, Pof = f for all f € L*(P,,);
3. Each P; is self-adjoint on L*(P,). That is,

E[gP:(f)] = E[Pi(g)f]  for all f,g € L*(Pyn) and t >0

4. Each P, : L*(P,,) — L*(P,) is non expansive with constant one. That is,
E(|P.f)?) < E(f]?)  forall f € L*(P,) and t >0

5. {Pi}>0 is a semigroup of linear operators. That is,

Piys = PiPs = P; P, for all s,t > 0.

Finally, Py, is invariant for {P;}+>0. That is,
E[P.f] = /PtfdPn = /fdPn =B(f)=lmPf  as andin L*(P,,).

Proof. Parts (1) and (2) are immediate consequences of the definition (4.4) of P;. [For
example, P;1 = 1 because Ho = 1.]
Part (3) follows since
o kIt
ElgPifl = > —5 EIfHx]ElgHa],

n
kEZ+

which is clearly a symmetric form in (f,g). Part (4) is a consequence of the following

calculation.
—2lk
E(PSP) =Y S IE[fHk Zk, FHEP =E(If%).
keZ kEZT

For part (5) we observe that E[Ps fHy] = e~ *I* E[f#;] for all real numbers s > 0 and
integral vectors k € Z%. Therefore,

“ k|t
P (Pfl = > S E[PA(f)Hi] Hi = Piss f.
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Since Piys = Psit, this shows also that P, P, = P; P, and verifies (5).

In order to finish the proof we need to verify the invariance of P,. First of all
note that 1(x) := 1 is in L?(P,,). Therefore, E(P.f) = E[P;(1)f] = E(f) since f is self
adjoint on L?(P,,). Now we need to prove the convergence of Psf as s — co. By (4.4),

—|klt

Pf= Y S BUMdHe  as, (4.6)[Po):1]

n
k:EZ+

where the convergence holds in L*(P,,) (for each fixed t).

The Cauchy-Schwarz inequality yields [(f,Hr) 2,y < IfllL2(p,,), valid for all
k € Z. Therefore, the identity |[Hxllr2(p,) = vk! and the Minkowski inequality
together imply that

sup Z |E[f7'lk]7’lk\ < llezee. Z

20 z : keZT
€ L2(Py) €

In particular, the sum in (4.6) also converges absolutely, uniformly in ¢ > 0, with
P,,-probability one. Consequently,

fi Puf =

E[fHe] Hr = E[fHo],

kGZ"

almost surely. The final quantity is equal to E(f), as desired. O

2 Mehler’s Formula

The heat equation (4.5) for the OU operator £ is just the initial-value problem,

gt(t z) = (Au)(t,z) —z- (Vu)(t,z) [t>0,z€R"],
u(0, ) = f(x) [z € R"],

but written out in an infinite-dimensional manner. As such, it can be solved by other,
more elementary, methods as well. We have taken this route in order to introduce
the OU semigroup {P;}+>0 and the associated OU operator £. These objects will
play a central role in Gaussian analysis, more so than does the heat equation for the
Laplacian. Still, it might be good to know that every L?(P,)-valued solution is also a
classical solution when, for example, f is in C3(P,). Among many other things, this
fact follows immediately from the following interesting formula and the dominated
convergence theorem.

(Mehler) Theorem 2.1 (Mehler’s Formula). If f € L?*(P,) and t > 0, then

(P.f)(z) = E [f (e*fgwr Ve Z)] ,

for almost every x € R™.

?(rem:Mehler)? popnark 2.2. One of the many by-products of Mehler’s formula is the fact that each

mapping f — P;f is a Bochner integral; in particular, every P; satisfies the “Cauchy—
Schwarz inequality,” which is stronger than the non-expansiveness of P;:

|P.f|*> < P(f?)  as. forallt>0and f e L*(Py).
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Proof of Mehler’s Formula. We prove the result for n = 1 since the notation is simpler
in that case. The general case is proved by extending the argument directly to higher
dimensions.

By density it suffices to prove the result for all f € C§°(P1). Define for such
functions f and ¢t > 0,

(Tif)(z) :=E [f (e_tﬂc +v1—e"2t Z)] ,

for every © € R. Both sides are C*° functions in either variable ¢ and = [dominated
convergence]. Our goal is to prove that T;f = P.f for all ¢ > 0. This will complete
the proof. Note that

@@ = [ 1 (e I E ) (s

= [ ()

Since f € C§°(P1), we can differentiate under the integral any number of times we
want in order to see that d(T:f)/0t = L(T:f), after a few lines of calculus applied to
the function ~;. Since Ty f = f, the uniqueness portion of Proposition 1.4 implies that
T.f = P.f forallt > 0. O

(4.7) [1eA]

3 A Covariance Formula

One of the highlights of our analysis so far is that it leads to an explicit formula for
Cov(f,g) for a large number of nice functions f and g. That formula will take a quite
different form than the one in Corollary 2.3 (p. 43), and will have novel uses as a
result. Before we discuss that formula, let us observe the following.

(1em:DP:PD) [,emma 3.1. For all t >0and1<j<n,
D;P, =e¢ 'P,D; and  AjPi =¢e'PA;.
Consequently, L(P,f) = P.(L f), also.

Proof. First consider the case that n = 1. In that case,

Pif = Z o B(FHR) Hy,

for all f € L?(P1). Therefore, whenever f € D2(Py),

kefkt
DP.f = Z o B H)DHy = —— E(fHi)Hy
S = (4.8) [Talai]
:e*tz X E[fHk+1}Hk7
k=0

by (3.5) [page 40]. Similarly, E[D(f)Hy] = E[fA(Hk)] = E[fHg+1] for all k > 0

Therefore,
—kt

P.Df = Z o BIfHia] Hy.
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Match this expression with (4.8) in order to see that DP; = exp(—t)P,D when n = 1.
A similar argument shows that AP, = exp(t)P;A in this case as well.

Whenn>1land f=fi®---® fn for fi,..., fn € DY2(P1) (ie. f(21,...,20) =
fi(z1) ... fa(xn)), we can check using obvious notation that

(DR @) = T (PO4) (@a) x (D;PY f)(w)) = e (PDs (),
i

by the one-dimensional part of the proof that we just developed. Since every f &€
D?(P,,) can be approximated arbitrarily well by functions of the form f; ® - -+ ® fn,
where f; € D*?(Py), it follows that D, P; = exp(—t)P,D; on DY?(P,,).

Similarly, one proves that A; P, = exp(t) P A, in general.

To finish note that

n n n
LP,=-> A;D;Pi=—e'> A;PD;=> PA;D;=LP,.
j=1

j=1 j=1
This completes the proof. O
Lemma 3.1 has the following important corollary.

{pr:Cov) proposition 3.2. For every f,g € D¥2(P,),

Cov(f . g) = / T e 'B[(Df)- (P.Dg)] dt,

where PLDg = (P,D1g,...,P:Dyng).

Proof. Recall from Proposition 1.6 that P,g — E[g] in L?(P,,) as t — oo, and Pyg = g.

Therefore,
—E P

where the identity is understood to hold in L2(Pn), and the integral converges in
L*(P,,) as well. That is, [;°(9/0t)(P.g)dz = limy_e [ (9/0t)(Peg)dz in L*(P,).
Therefore, by Fubini’s theorem,

Cov(f 0) = B (2)a(2) - Eld)] = - [ B |12 5 (Pa)(2) | a
- [ EU@@Pa @),

since P;g solves the heat equation for the operator £. Next we may observe that, since
L=—A-D and Aj; is the adjoint to Dj,

E[f(Z)(L Pig)(Z ZE (D; )(Z)(D; Frg)(Z)]

=—e' Z E[(D; /)(2)(FP:D;g)(Z)].

We have appealed to Lemma 3.1 in the second line. This concludes the proof. O
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Let us conclude with a quick application of Proposition 3.2.

A Second Proof of the Poincaré Inequality. For every f € DV2(P,) and t > 0, the
Cauchy-Schwarz inequality implies that

[E((DS) - (PDH)I < [E(IDSII*) E (I PDFII*)]

and the right-hand side is at most E(||Df||?) since P; is non-expanding on L*(P,,)
[Proposition 1.6]. The Poincaré inequality now follows from Proposition 3.2. O

1/2

4 The Resolvent of the OU Semigroup

The classical theory of linear semigroups tells us that it is frequently better to study
a semigroup of linear operators via its “resolvent.” In the present context, this leads
us to the following.

Definition 4.1. The resolvent of the Ornstein-Uhlenbeck [or OU] semigroup {P; }+>0
is the family {Rx}x>0 of linear operators defined via

(Baf)(@) == / TP f) () dt, (4.9)[E]

for all bounded and measurable functions f: R™ — R and all A > 0.

Informally speaking, R()) := [, exp(—At)P(t) dt defines the Laplace transform of
the semigroup {P(t)}+>0, and knowing R should in principle be the same as knowing
P. We will see soon that this is the case. But first let us define the resolvent not
pointwise, as we just did, but as an element of the Hilbert space L*(P,,).

According to Mehler’s formula [Theorem 2.1], if f is bounded and measurable, then
P, f is also; in fact, sup, [(P.f)(z)| < sup, |f(z)|, whence the integral in (4.9) converges
absolutely, uniformly in z € R™. One can extend the domain of the definition of Ry
further by standard means. In fact, because P, is non expensive on L2 (P») [Proposition
1.6],

E(IP.f]?) <E(f?), whence E(|Raf[’) <A 2E(f?),
for all bounded functions f € L*(P,) and every t, A > 0. If f € L*(P,) then we can
find bounded functions fi, f2,... € L?(P,) such that E(|fo — f|?) <2 ¢ forall £> 1,
and hence the preceding inequality shows that

_ 2=t om
E ([Bxfm = Bafel?) S ATE (|fm = fil”) < =——5—,

for all m,¢ > 1. Therefore, £ — Rxfe is a Cauchy sequence in L?(P,) and hence
Ry f :=limy_,o0 R fe is a well-defined limit in L?(P,,). Since every P; is non expansive

on L*(P,), it follows similarly that (4.9) holds a.s. for all f € L*(P,) and A > 0. Let
us pause and record these observations before we go further.

?(pr:R)? Proposition 4.2. For every A > 0, Ry is a bounded continuous linear map from
L?(P,) to L*(P,), with operator norm < A™2. Finally, (4.9) holds a.s. for all f €
L?*(P,) and X > 0, and

E(fHk)
Ryf = E .S. 4.10)[R:H]
)\f kezn k' A |k| s ( 0) R:H

where the sum converges in L*(P,,).
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Proof. The only unproved part of the assertion is the representation (4.10) of Ry f in
terms of Hermite polynomials.
If f € L?(P,), then Ryf € L*(P,) for all A > 0, and Theorem 2.1 ensures that

Raf= 3 o B[R] Hs.

n
kEZJr

By Fubini’s theorem, (4.9), and (4.4),

E [(Raf)Hx] :/Oooe*“E[(Ptf)m]dt:/Oooe*(‘k‘“”E(fHk)dt: %

for all k € Z%, ¢t > 0, and A > 0. Multiply the preceding by Hi/k! and sum over
k € Z' to finish. O

?(pr:RE)? Proposition 4.3 (The Resolvent Equation). For all f € L*(P,,), and for every dis-
tinct pair o, A > 0,
RiRof = RaRAf = —w a.s. (4.11)[RE]
Proof. We apply the Fubini theorem and (4.9) a few times back-to-back as follows:
Almost surely,

RARaf:/ e’“Pt(Raf)dt:/ e MP, </ e Psfds> dt
0 0 0
:/ e—”dt/ e ™ ds Pt+sf:/ e—“—a”dt/ e “"dr P.f
0 0 0 t

oo r N . oo 1— ef()\fa)r
:/ emerfdr/ e~ (A=) dt:/ e P(f)| ———— | dr.
0 0 0 A—a

Reorganize the integral to finish. O

Eq. (4.11) is called the resolvent equation, and readily implies the following.

(co:RE) Corollary 4.4. For every A > 0, Ry maps L*(P,,) bijectively onto its range

Ry (L*(Pn)) :== {Raf: f € L*(Pn)}.

The preceding range does not depend on A > 0. Moreover, the range is dense in
L?(P,); in fact, im0 ARxf = f in L*(P,) for every f € L*(P,).

Proof. First, we observe that  — (Rxf)(z) is a.s. equal to a continuous function for
all f € L*(P,) and A > 0. This follows from Mehler’s formula [Proposition 2.1, page
59] and the dominated convergence theorem. Therefore, we can always redefine it so
that R f is continuous. In particular, if Ry f = 0 a.s. for some A > 0, then Ryf =0
and hence R, f = 0 for all @ > 0 thanks to the resolvent equation. The uniqueness
theorem for Laplace transforms now shows that if Ryf = 0 a.s. for some A > 0 then
f = 0 a.s. By linearity we find that if Ryf = Rxg a.s. for some f,g € L*(P,) and
X > 0, then f = g a.s. Consequently, Ry is a one-to-one and onto map from L*(P,,)
to its range Rx(L*(P,,)).
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Next, let us suppose that ¢ is in the range of Ra; that is, g = R f for some
f € L*(P,). By the resolvent equation,

Ryf —
% = g=(A—a)R\g— Rxf = Ruh,

-«
for h = (A — a)g — f. This shows that g is in the range of Ry, whence R (L*(P»)) C
Rx(L?(P,,)). Reverse the roles of o and A to see that Ry (L*(P,)) does not depend on
A>0.

Finally, we verify the density assertion. Let f € L?(Py,), and recall [Proposition
1.6, page 58] that P.f — f in L?*(P,) as t | 0. By this and the dominated convergence
theorem,

Ryg = —

)\RAf:)\/ efAtPtfdt:/ e *Pynfds— f in L*(P,,) as A 1 co.
0 0

This implies that the range of the resolvent in dense in L?*(P,,) because it proves that
for all € > 0 there exists an elements of the range

Ri(L*(Py)) = [ Ra(L*(Pn)),
a>0
namely AR f = Ra(\f) for a sufficiently large A, that is close to within € of f in the
L?*(P,,) norm. O

Corollary 4.4 tells us that we can in principle compute the entire semigroup { P }+>0
from the operator Ry for a given A > 0. And of course the converse is also true by
(4.9). From now on we will consider A =1 only.

Definition 4.5. If f € L?(P,) then R;f is called the one-potential of f. The linear
operator Ry is also known as the [one-] potential operator.

(lem:R) Lemma 4.6. R; is a non-expansive, self-adjoint linear operator on L2(Pn).

Proof. Linearity is obvious. We need to prove that for all f,g € L*(P,):
L E(|R:f|*) <E(f?); and
2. Elg(R1f)] = E[(R1g)f].

Both of these properties follow from the corresponding properties of the semigroup
{P:}+>0, and from (4.9). O

The potential operator arises naturally in a number of ways. For example, Propo-
sition 3.2 can be recast in terms of the potential operator as follows:

(th:Cov:1) Theorem 4.7 (Houdré, Pérez-Abreu, and Surgailis, XXX). For every f, g € D**(P.,),
Cov(f,9) =E[(Df,Dg)r,],

where

(p,q)ry :==p-(Rig)  for all p,q € L*(Pn X xa), (4.12) [energy]

and Riq = (Riq1,...,Rigqn) = fooo exp(—t)(P:q) dt.

The bilinear symmetric form (f , g) — E[(Df, Dg)r,] is known as a Dirichlet form,
and the integral E[(Df, Dg)r,] is called the Dirichlet energy between f and g. Thus,
Theorem 4.7 is another way to state that the covariance between the random variables
f(Z) and g(Z) is the Dirichlet energy between the functions f and g.

Let us mention another property of the potential operator.
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{pr:R1:L) proposition 4.8 (Hille, XXX and Yoshida, XXX). Dom[£] = Ry (L*(P,))NnD>?(P,)
and
Lf=f—-R{'f  as. forall f € Dom[L].

Let I denote the identity operator on L?(Py,); that is, I(f) := f for all f € L*(P,).
Then, Proposition 4.8 essentially says that £ = I—R; ' and hence also Ry = (I—L£)™*

Proof. First, choose and fix an arbitrary f € R;(L*(P,)). Corollary 4.4 ensures
that there exists a unique g € L*(P,) such that f = Rig, equivalently ¢ = R 'f.
Therefore, by (4.10) and the orthogonality of Hermite polynomials,

B[fHy] = B [(Rig)Hy] = SOHE) o0 all ke 27,

1+ k|
It follows that
’H 1+ |k
Rt =g= 3 My o s VM ppag . @as)E
kezZn keZ :

Conversely, the preceding infinite sum defines an element of L?(P,) as long as it

converges in L*(P,,), which can happen if and only if }_, ., [k]*| E(fH)|?/k! < co.
+

We can summarize these remarks as follows:

Ri (B2(Po) = Fe 2@ s Y BE ()P < oo

n
k€Z+

Therefore, (4.3) implies the first assertion of the theorem. Namely, that Ry (L*(P,))N
D?2(P,) = Dom[L].
The identity £ f = f — Ry f is a consequence of (4.2) and (4.13). O
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Problems

1. For every a € R™ consider the function f, € L? (Pn) defined by

2
fa(z) = exp (a~x7@> for all z € R".

Verify that P;fo = faexp(—t), and conclude from this property that P; is non-
expansive on f, and that P;f, converges to E[fs] as t — co both almost surely
and in L*(P,,).
2. Do the calculations to complete the proof of Theorem 2.1.
(ex:p) 3. TFor all z,y € R"™ and ¢, A > 0 define

—t 1
y—e 'z 1-x y—rz

t,x,y) =9 | ——— and ri(x,y) = r n | —— | dr.

pitseon) = (=) o= [ (=)

Prove that

(Pf)(x) = / p(t,z,9)f(y)dy and (Rrf)(z) = / () f (4) dy,

n n

for all ¢, A > 0, z € R", and measurable f : R® — R,;. [Hint: Consult
(4.7) on page 60.] Prove also that p is the fundamental solution to the heat
operator H := (8/0t) — L. That is, prove that for every z € R", the function
(t,y) — p(t,z,y) satisfies the linear partial differential equation,
pt,x,y) = Pplt,x,y) <~ Oplt,z,y)
D D v D D

=1 =1

on (0,00) x R™ x R", subject to the following initial condition: As t | 0,
Jgn p(t,x,y) f(y)dy — f(x) for all smooth, bounded functions f : R" — R.
4. Establish the following properties of the Ornstein—Uhlenbeck semigroup:
(a) If Psf is bounded and continuous for some s > 0, then so is Piisf for
every t > 0.
(b) If f : R®™ — R is bounded and measurable, then P;f is bounded and
continuous for every ¢ > 0. [Hint: Consult Problem 3.]
(¢) If f : R™ — R is bounded and measurable, then (Piysf)(z) = [P:(Psf)](z)
for every s,t > 0 and x € R".
5. Prove that if f € C§°(P,), then

(RT'f)(@) = f(2) + 2 (Vf)(z) = (Af)(z)  forallz € R

6. Extend Lemma 4.6 by showing that, for every A > 0, the linear operator AR is
non-expansive, and self-adjoint on L*(P,,).
7. Suppose f: R"™ — Ry is measurable and bounded.

(a) Prove that Ry f is bounded and continuous for every A > 0.

(b) A function h : R" — R4 is said to be A-excessive for some A > 0 if
exp{—At}(P:h)(z) T h(z) as t | 0 for every x € R". Prove that Ry f is
A-excessive for every A > 0.

(c) Verify that non-negative, bounded elements of Dom[L] are A-excessive for
every A > 0.

(d) Suppose f,g € Dom[L] satisfy f > g almost everywhere on R". Prove that
f = g pointwise.
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8. Suppose g € D2(P,,).

(a)
(b)

(c)
(d)

Prove that E[Z;g(Z)] = E[D;g] for every g € D*?(P,) andi=1,...,n.
Use the above in order to prove that E[Xig(X)] = >_7_, T'i,; E[D;g] when-
ever X is distributed as N,(0,I") for a positive-definite matrix I".

Extend the preceding to the case that I' is an arbitrary covariance matrix.
Use the preceding parts, together with induction, in order to give an al-
ternative proof of the Isserlis formula (page 20).

9. (This problem requires some background in It6 calculus.)
Here is a way of proving Mehler’s formula [Proposition 2.1, page 59] using sto-
chastic calculus: Let X: be an It6 diffusion in R™ which satisfies the stochastic
differential equation,

dX; = —X,dt + vV2dB; subject to Xo =z,

where {B;}+>0 denotes a standard, n-dimensional Brownian motion. The pro-
cess {X;}i>o0 is called an Ornstein—Uhlenbeck process on R™.

(a)

Use It6’s formula to compute d(e’X;). Derive an integral equation for X,
and then show that at each time ¢, the random vector X; has a normal
distribution with mean ez and covariance matrix v/1 — e—2 times the
n X n identity matrix. Conclude from this that

E [f (meft + mZ)] = E; [f(X1)],

where the subscript =, under the second expectation E;, is added there to
remind us that Xo = z.

Use It6’s formula and Lemma 1.2 to show that E,[H(X:)] = H(z)e ¥/,

Use the Hermite expansion of f [Corollary 2.2, p. 43] and part (b) in order
to conclude that

B (%0 = 3 P M @) = ()

n
k€Z+

Deduce Mehler’s formula from this and part (a).
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Chapter 5

Integration by Parts and Its
Applications

The following is an immediate consequence of Theorem 4.7 [page 64] and the chain
rule [Lemma 1.7, p. 31].

(th:IbP) Theorem 0.1. For every f € D?(P,) and ¢ € DY?(P;),

Cov(f,¢(f) = E[(De)(f) x (Df , Df)ri],
where (-, -Yr, was defined in (4.12), page 64.

Theorems 4.7 and its corollary Theorem 0.1 are integration by parts formula on
Gauss space. In order to see this claim more clearly, suppose for example that ¢ €
D'2(P;) and X := f(Z) where f € C§(P,). Then Theorem 0.1 reduces to the
assertion that

E[X¢(X)] = B(X) Blp(X)] + E [¢(X)(DX , DX}, ] (5.1) [eq:Te?|

where we are writing ' (X) in place of the more appropriate notation, (D¢)(X) for the
sake of clarity.! Thus, for example, we find that the “Dirichlet form,” E[(DX , DX)g,]
is simply equal to the variance of X € D"?(P,). In this chapter we explore some of
the deeper consequences of these integration by parts results.

1 Concentration of Measure

Concentration of measure is an important and well-studied phenomenon that has broad
applications in measure theory, combinatorics, probability., theoretical computer sci-
ence, etc. In this book we only study a small but important subclass of the theory:
The concentration phenomenon for Gaussian measures. The results of this section are
stated in a finite-dimensional setting, although they are typically applied in very high
— occasionally infinite — dimensions.

ITo be sure, the “D” in DX refers to the Malliavin derivative with respect to Py, where
¢’ = D¢ refers to the Malliavin derivative with respect to P1.

69
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As a first application of Theorem 0.1 we deduce the concentration of measure
property of P,, that was alluded to in the first chapter. The claim is simply that with
very high probability every Lipschitz-continuous function is very close to its mean,
regardless of the value of the ambient dimension n. One can obtain a crude version of
this assertion by appealing to the Poincaré inequality of Nash [Corollary 2.5, page 44]
and Chebyshev’s inequality:

[Lip(/f)]*

e for all t > 0.

P{lf = E(f)[ >t} <
This bound is sometimes good enough. But the following is a much more precise
estimate that has wider utility as well.

(th:CoM) Pheorem 1.1. For every Lipschitz-continuous function f: R" — R,

2
P.{|f—Ef| >t} <2exp <_2[Lip(f)]2> for all t > 0.
Proof (Houdé et al XXX). Without loss of generality, we may assume that E(f) = 0
and Lip(f) = 1; else, we replace f by [f — E(f)]/Lip(f) everywhere below.
According to Example 1.6 [page 30], f € D"?(P,) and ||Df|| < 1 a.s. Also,
Mehler’s formula implies that [|[P,Df|| < 1 for all ¢ > 0, and hence ||[R1Df|| < 1 a.s.
[Theorem 2.1, page 59]. Consequently,

(Df,Df)ry <[DfI[BLDfII <1 as.

Choose and fix some number X > 0. We apply Theorem 0.1 with ¢(z) := exp(Az) to
see that
E [fekf} —\E [e”(Df,Df)Rl] <AE [e*f} .

In other words, the function M(X) := Elexp(Af)] [\ > 0] satisfies the differential
inequality M’(X) < AM () for all A > 0. It is easy to solve this differential inequality:
Divide both sides by M () and integrate. Since M (0) = 1 it follows that

EeM < eAQ/2 for all A > 0.

By Chebyshev’s inequality, if ¢ > 0 then
A2
P.{f>t}=P {eA'f > e’\t} < exp (—)\t + 7) .

Optimize this [A := ¢] to find that P,{f > t} < e /2 for every t > 0. Finally, apply
the same inequality to the function —f in place of f to deduce the theorem. O

2 The Borell, Sudakov—Tsirelson Inequality

Theorem 1.1 itself has a number of noteworthy consequences. The next result is a
particularly useful consequence, as well as a central example of a broader theorem
that is generally known as Borell’s inequality, and was discovered independently and
around the same time by Borell XXX, and Sudakov and Tsirelson XXX.
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(th:Borell) pheorem 2.1. Suppose X = (X1,...,X,) has a N, (0,Q) distribution, where Q is
positive semidefinite, and let M, denote either maxigi<n Xi or maxi<i<n |Xi|. Then
for allt >0,

2
_ > < _
P{|M, — E(M,)] /t}\Zexp< 2),

provided that o* := maxi¢;<n Var(X;) > 0.

Remark 2.2. Frequently, 02 < E(M;) when n is large. When this happens, Theorem
2.1 tells us that M, ~ E(M,) with probability very close to one. One way to see this
is to integrate by parts:

Var(M,) :2/ P {|M,, — E(M,)| > t} dt <4/ te /M) gt = 45°.
0 0

[The constant 4 can be removed; see Proposition 2.9 on page 45.] For a more concrete
illustration, consider the case that Xi,..., X,, are i.i.d. standard normal random vari-
ables. In this case, 02 = 1, whereas E(M,) = v/2logn + o(1) as n — oo thanks to
Proposition 1.3, page 7. Thus, Borell’s inequality yields that

P {|Mn —E(M,)| > \/2510gn} <2n7F,

for all n > 1 and € > 0. We first pass to a subsequence [n < 2"] and then use
monotonicity and the Borel-Cantelli lemma, in a standard way, in order to deduce
that, in the i.i.d. case,

. M, M, .
nan;O L) nlergo Voo 1 a.s., (5.2)[1imsup]

provided that we construct all of the X;’s on the same probability space. This is of
course an elementary statement. It is included here to highlight the fact that, once
we know E(M,), we frequently need to know very little else in order to analyze the
behavior of M,,.

Proof of Theorem 2.1. We can write Q = S? where S is a symmetric n X n matrix.
Consider the functions

f(z) = 12;2};(5’2:% and g(z) = max |(Sz)i] [z € R"].
The proof of [Proposition 2.9, p. 45] shows that f and g are both Lipschitz continuous

with Lip(f), Lip(g) < o2 (since, for example, ||(Df)(z)||* < ¢? a.s.). Thus, Theorem
1.1 implies that

2
P2 - BN > 0 <200 (~ s ) 20

and the very same holds also with g(Z)—E[g(Z)] in place of f(Z)—E[f(Z)]. This proves

the result since SZ has the same distribution as X, whence f(Z) = maxi<i<n[SZ]i

has the same distribution as maxi<i<n Xi, and likewise g(Z) has the same distribution

as maXigi<n |X¢| O
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3 The S-K Model of Spin Glass

Let us pause and discuss an elegant use of these concentration inequalities, due to
Talagrand XXX, to earlier physical predictions of a model in statistical mechanics
XXX. In order to see how the following fits into the general scheme of science, we
briefly mention the model that we are about to study.

Before we start let me state, once and for all, that we temporarily suspend the
notation P,, E,, etc. that was used to denote the various objects that act on the
Gauss space. In this section we work with the standard notation of probability theory,
and on a suitable abstract probability space (2, F,P).

Imagine n particles charged with unit charges. If the charge of particle ¢ is o; €
{-=1,1}, then a simplest model for the total [magnetization] energy of the system is
given by the so-called Hamiltonian,

1
Hy,(o;z):=—F— 050445,
v Kgsn
for every n > 2, z € R" x R", and 0 € {—1,1}". Since o; € {—1, 1}, people refer to
o; as the spin of particle i. Moreover, z; ; is a real number that gauges the strength of
the interaction between particle ¢ and particle j; this is an input into the model that
we control. And 1/4/n is just a normalization factor.?

A standard model of statistical mechanics for the probability distribution of the
spins is the following: For every possible set of spins (o1,...,0,) € {—1,1}", the
probability ng”)(ol ,...,0n) that the respective particle spins are (o1,...,0n) is pro-
portional to exp{SHn(c;xz)}. That is,

P Hn(532)

P.(nz)(0'17...,0'n) = W,

where 8 € R is a parameter that is called inverse temperature, and I, () is there to
make sure that the probabilities add up to one. That is,

H(@)i= 3 e, (5.3)[Pin@)

ce{-1,1}n

We may, and will, think of IT,, as a function of the interactions {z; ;}, in which case II,,
is called the partition function of the particle system. One can think of the partition
function combinatorially—as above—or probabilistically as

() = 2" E [#150)],

where S := (S1,...,Sy) for a system of i.i.d. random variables Si, ..., S, with P{S; =
1} =P{S1 = -1} = 1/2.

Intuitively speaking, a given set {o1,...,0,) of possible spins has a good chance of
being realized iff H, (o ; z) is positive and large. And that ought to happen iff o; and o;
have the same sign for most pairs (7, j) of particles that have positive interactions (i.e.
xs,; > 0), and opposite sign for most pairs with negative interactions (i.e. z;; < 0).
The parameter § ensures the effect of the interaction on this probability: If || is very
small [high temperature], then the interactions matter less; and when |3 is very large

2In physical terms, we are assuming that there is no external field, and that particles only
have pairwise interactions; all higher-order interactions are negligible and hence suppressed.
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[low temperature], then the interactions play an extremely important role. In all cases,
the spins are highly correlated, except when 8 = 0. In the case that 8 = 0 [infinite
temperature], the spins are i.i.d. [no interaction| and distributed as Si, ..., Sn.

Suppose that the partition function behaves as exp{F gn(1+o(1))}, when n is large,
where F g is a number in (0, 00). Then the number F s is called the free energy of the
system. A general rule of thumb is that if the free energy exists then its value describes
the amount of energy in the system that can be converted to work at temperature 1/0.
In such a case, the system is called “extensive.” In any case, if the free energy exists
then its value is

1
Fp:= lim —logIl,(x).

n—oo N

It is possible to prove a carefully-stated version of the ansatz that “free energy
exists for almost all choices of interaction terms {z; ;}”; see Guerra XXX. This re-
quires a relatively-simply, standard “subadditivity argument,” though the details of
the problem escaped many attempts for a long time until Guerra’s work was published.
And there are many conjectures about the value of free energy in various cases where
8] > 1.

A remarkable theorem of Talagrand XXX implies that if 8 € (—1,1), then

2
F g =log(2) + %,

“for almost all interaction choices.” One way to make this precise is to consider
the case that the z; ;’s are replaced by Z := (Z;;)i<i<j<n, & system of n(n — 1)/2
i.i.d. standard normal random variables. We can relabel the Z; ;’s, so that they are
labeled as a random 2n-vector rather than the superdiagonal elements of a random
n X n symmetric matrix. In this way we can apply the theory of Gauss space, and the
following is a way to state Talagrand’s theorem. The resulting spin glass model behind
this is due to Sherrington and Kirkpatrick XXX. The following discussion follows the
exposition of Ledoux XXX.

(th:SP) Theorem 3.1 (Talagrand, XXX). For every 8 € (—1,1) there exists a finite constant
Lg such that for alle >0 and n > 1+ (2Lg/e)?,

1 n ’ - 5
o (e )] 2o (1),

This theorem addresses the high-temperature case where |3| is small. The case
that |8] > 1 is still relatively poorly understood. The difference between the two
cases is mainly that when |3 is small the interactions are relatively weak; whereas
they are strong when |3| is large. Mathematically, this manifests itself as follows:
When |8] is small, logll,(Z) ~ E[logIl,.(Z)] ~ log E[IL,(Z)] with high probability.
Whereas it is believed that E[logIl,(Z)] is a great deal smaller than log E[Il,(Z)]
when |3] > 1.> These approximations are useful for small values of 8 since E[II,(Z)]
is easy to compute exactly. In fact, E[II,(Z)] satisfies the following elegant identity,
whose proof is deferred to the Problems.

(lem:SP1) L emma 3.2. For all BeER andn > 2,

E[[1,(2)] = 2" exp (W) .

30f course, we always have E[log I1,,(2)] < log E[TI,(Z)], by Jensen’s inequality.
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Taking logarithms of the first moment of II,(Z) partially explains the statement
of Theorem 3.1. Other moments of II,(Z) can be harder to compute exactly, in a
way that is useful. The following yields a useful bound for the second moment in the
high-temperature regime.

(lem:SP2) [ .emma 3.3. If =1 < B < 1, then for alln > 2,

2 4" 52(71_2)
E(|Hn<z>><wexp( =2).

Proof. Let us write

E (|I.(2)]%)

Z E |exp i Z (Uz‘Uj‘f'U;U;‘)Zi,j

n
ool €{—1,1}" vn 1<i<j<n

2
> e (g X ool

o,0’e{-1,1}n 1<i<j<n

If 0,0’ € {—1,1}", then

n—1 n
112 ! 7 / /
E [oio; + 005" =2 E [1+0i0j0i07] =n(n—1)+2 E 0i0; g 00}
1<i<j<n 1<i<j<n i=1 j=it+1

=n(n—2)+

n 2
/
i=1

Therefore,

" 2
E (|Hn(Z)\2) — BPn-2)/2 Z exp (2/32 [Z O'iO';:| ) . (5.4)[LTLT]

ool e{—1,1}n

Since |o;0}| < 1, this immediately yields E(|T1,.(Z)|?) < 4™ exp{8*(n — 1)}, which is
less precise than the inequality of the lemma when n > 1. In order to deduce the
better inequality, we proceed with a little more care.

Let S1,51,...,5n,5; be iid., with P{S; = +1} = P{S] = 1} = 1/2, all inde-
pendent of the Z’s. We may rewrite (5.4) as follows:

n 2
E (|Hn(Z)‘2) _ 41’16[32(”—2)/2 E |:eXp (gjl |:Z SZS::| >:|
i=1

" 2
— 4P’ (=22 exp 6—2 ZS-
2n | & ' ’

because 8151, ..., 5,95, are i.i.d. with the same common distribution as S;. Note that
the last two expectations are over the S and S’ variables, the Z variables have already
been integrated out. By independence,

[ (5[5

. (5.5)[star]

=E |:exp <Z\1/%5 Zn:&)
i=1
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This Khintchine-type trick of reintroducing the Gaussian variable Z; 1 bypasses messy
combinatorial arguments. Indeed, for all z € R,

26 « 2B " 2B\ "
E|exp | —= Si = {E [exp <—Sl)} } = {cosh (—)}
(5] g g
Therefore, we condition on Zi,; first in order to see that the last term in (5.5) is at
most Elexp(622%,/2)] = (1 — 5%)7'/2, as long as B € (—1,1). O

ez2g2/2.

N

Lemmas 3.2 and 3.3 teach us that, if || < 1, then
E (IL.(2)]*) = O ([E[IL.(2)]]*) as n — oo.

This property fails to hold when |3| > 1. See Problem 5 below.
And now we come to the next, very important, step of the proof: Concentration
of measure!

(Lem:SP3) 1 o mma 3.4. If 18| < 1, then

p{ loglln(Z) ¢ FogH"(Z)H > t} < 2exp <—M) 7

n—1 n—1
for allt >0 and n > 2.

Proof. Consider the function f(x) := logIl,(x) [z € R™ x R"]. We can easily compute
the derivative of f and show that it is uniformly bounded, which immediately implies
Lipschitz continuity. Indeed, for the derivative we have

O 11, () = 2720 g [orrn(s)]

6331',]' 83:,-,]-
_ 9B {eaHsz;z) , iHn(S;x)] _2bg [eﬁHﬂ,(smSiSj] .
Ti,j \/’ﬁ
Since |S;S;| = 1, this gives the bound
0 B
logI1,, < —.
\ o Tog Tl () < -
Therefore, ||(Df)(x)||*> < 82n~" 2ici<i<n o707 = $5%(n—1). This shows that Lip(f) <
B+/(n—1)/2, and Theorem 1.1 implies the result. O

Now we use the preceding concentration of measure estimate in order to estimate
E[logIl,(Z)] accurately for large n. As was mentioned earlier, the key idea is that
when || is small the model is mean field; in this case, this means that E[log I, (Z)] =
log B[, (Z)].

(lem:SP4) Lemma 3.5. For all B € (—1,1) there exists K < co such that

B 8
n—1 \n—1+4’

2
n10g2+,6 Kga <E logIL,.(Z) < nlog2
n—1 4 n—-1

for alln > 2.
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Proof. Recall the Paley—Zygmund inequality XXX: If W > 0 has two finite moments,
then (EW])?
E[W])
>4 > .
P{W > 1EW)} > TRV (5.6)[rz]

provided that E(W?) > 0.

The Paley—Zygmund inequality and Lemmas 3.2 and 3.3 together show us that

P {log 1, (2) > log (L E[.(2)])} > 1/1— B2e/2.

Now define ¢t := log(3 E(Il,(Z))) — E[logIl,(Z)] > 0, and note that by Jensen’s
inequality t > —log2. If ¢ > 0 then

L/T= 326" /2 < P{llogTL,(Z) — E [log I (Z)]| > t}

t2
S 2o <‘52<n—1>)’

thanks to concentration of measure (Lemma 3.4). Thus,

/84 B2 1/2
t<vn-—1 {7+7‘log (64(1762)”] = Cgvn — 1.

And if t < 0 then certainly the preceding holds also. This proves that in any case,
E [logI1,(Z)] = log(3 E(II.(2))) — ¢

logE[II,(Z)] — Csvn —1—log2

log E I1,(Z)] — [Cs +log 2] vVn — 1,

since n > 2. Apply Lemma 3.2 to obtain the asserted lower bound with Kz :=
Cs +log2.

The upper bound is much simpler to prove, since E[logIl,(Z)] < logE[ll,(Z)],
owing to Jensen’s inequality. O

>
=

Proof of Theorem 3.1. Lemma 3.5 ensures that

loan(Z)} ( 2) Kp log 2 Lgs
E|—=—=| —(log2+ = || < < ;
‘ { n—1 og2 \/n—lJrn—l 2v/n —1

4
where Lg := 2(Kp + log 2). Therefore, Lemma 3.4 implies that

2
P{ M _ (10g2+ ﬂi)‘ >t 4 Lg } < 9e—t2(n=1)/8*

n— 4 2v/n —1
The above probability decreases further if we replace Lg/2y/n — 1 by t, provided that
t > Lg/2+/n — 1. Let £ := 2t to deduce the theorem. O

4 Absolute Continuity of the Law

Now we turn to a quite delicate consequence of integration by parts. Recall that the
distribution, or law, of a random variable f : R™ — R is the Borel probability measure
py:=Ppno f71, defined via

p(A) =P, {f e A} =P, {x e R": f(z) € A} for all A € B(R"™).
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In the remainder of this chapter we address the question of when p, is absolutely
continuous with respect to the Lebesgue measure on R". Moreover, we will say a few
things about the structure of the density,

dp, (z
p @)= 2D )

if and when it exists.

The existence of a density is not a trivial issue. For example, the random variable
f(x) =1 does not have a density with respect to Lebesgue’s measure; yet f(x) = 1
does and its probability density is exactly 1 [sort this out!].

84.1 A Simple Condition for Absolute Continuity

Recently, Nourdin and Viens XXX have found a necessary and sufficient condition
for the law of a one-dimensional random variable f € D2(P;) to have a density with
respect to the Lebesgue measure on R, together with a formula for the density p, if and
when it exists. Before we discuss this beautiful topic, let us present an easy-to-verify,
quite elegant, sufficient condition for the existence of a density.

7(th:NZ)? Theorem 4.1 (Nualart and Zakai, XXX). If [|[Df]| > 0 a.s., then u, is absolutely
continuous with respect to the Lebeque measure on R.

It is clear that we need some sort of non-degeneracy condition on D f. For instance,
if Df =0 a.s., then f = E(f) a.s. thanks to the Poincaré inequality [Proposition 2.4,
page 43], and ; = Or(y) is not absolutely continuous.

Proof. Choose and fix an arbitrary bounded Borel set B C R, and define

t

(1) ::/ 1p(r)dr  [t€R).
— 00

Then, ¢ is Lipschitz continuous with Lip(¢) < 1, and hence ¢ € D*?(P;) [Example

1.6, page 30]. We can approximate 1p with a smooth function in order to see also

that Dy = 1p a.s. Therefore, the chain rule of Malliavin calculus [Lemma 1.7, page

31] implies the almost-sure identity,

D(go f) =15(f)D(f).

If, in addition, B were Lebesgue-null, then ¢ = 0 and hence D(p o f) = 0 a.s. Since
IDf]| > 0 a.s., it would then follow that 1g(f) = 0 a.s., which is to say that P,{f €
B} = 0. The Radon-Nikodym theorem does the rest. O

84.2 The Support of the Law

The Nourdin—Viens theory relies on a few well-known, earlier, facts about the support
of the law of f XXX. Recall that the support of the measure p, is the smallest closed
set supp(u, ) such that

p;(A) =0 for all Borel sets A that do not intersect supp(u, ).

Of course, supp(y, ) is a closed subset of R.
The main goal of this subsection is to verify the following XXX.
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(th:supP) Theorem 4.2 (Fang, XXX). If f € D"*(P,,), then supp(y,) is an interval.

Proof. We plan to prove that supp(uf) is connected. Suppose to the contrary that
there exist —oo < a < b < oo such that [a,b] Z supp(u,), yet supp(u,) intersects
both (—o0,a] and [b, 00).

For every € € (0, (b — a)/2) define

1 ifw<a+e,
pe(w) =K e [~w+a+2] ifate<w<at?2s,
0 if w>a+ 2e.
pe(w)
T
1
| } } \ i w
a atea+ 2 b

Figure 5.1. An approximation e to 1(_ o 4

Clearly, ¢, is a Lipschitz-continuous function for every € > 0, in fact piecewise
linear, and Lip(p.) = €. The chain rule [Lemma 1.7, page 31] implies that o.(f) €
DY2(P,) and

D(p-o f) = ¢L(/)D(f)  as,
where we write . in place of the more precise Dy, for typographical convenience.

By construction, [a,b] Z supp(u,) and . vanishes [a.s.] off the closed interval
[a+e,a+2¢] C (a,b). Therefore, ¢.(f) = 0 a.s., whence D(p. o f) = 0 a.s. This and
the Poincaré inequality together imply that

e o f = Elp(f)] a.s.

Send ¢ — 0 and appeal to the bounded convergence theorem in order to see that
Lif<a} = Pu{f < a} as. In particular, Po{f < a} = 0 or 1 which implies in turn
that supp(p,) cannot intersect both (—oo,a] and [b, 00). This establishes the desired
contradiction. O

84.3 The Nourdin—Viens Formula

We now begin work toward developing the Nourdin—Viens formula.

Let us first recall a fact about conditional expectations. Let X : R™ — R denote
an arbitrary random variable and Y € L'(P,). Then there exists a Borel-measurable
function G :R™ — R such that

EY | X)=G

Y|X

sx(X) asy (5.7) [eq:EXID|

see Problem 3. Note that the preceding depends only on the restriction of G, , to the
support of the law of X. Thus, we can always define, without affecting the validity of
the identity (5.7),

G =00 off the support of the law of X.

Y|X
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In particular, it follows that for every random variable f € D"?(P,,) we can find a
Borel-measurable function &5 : R™ — R U {co} such that*

E[Df,Df)r, |f]=6s0f  as. (5.8)[s_£]

The recipe is &5 (z) = G<Df,Df>R1|f(x) for all = in the support of the law pu, of f,
and & (z) = oo otherwise.
We may apply the integration-by-parts Theorem 0.1 with ¢(w) := w in order to
that
Var(f) =E[&;o0 f]  for all f € D"*(P,).
In other words, & o f = S¢(f(Z)) is an “unbiased estimate” of the variance of f.
The following suggests further that S¢(f(Z)) might be a good “variance estimator.”

?(lem:5>0)? Lemma 4.3. If f € D"2(P,,) has mean zero, then Sy o f >0 a.s.

Proof. Let ¢ : R — Ry be an arbitrary non-negative, bounded and measurable func-
tion. Define

o(z) = / “p)dy  [zeR.

It is possible to check directly that ¢ € D*?(P1) and Dy = 9 a.s. Since E(f) = 0,
these facts and Theorem 0.1 together imply that

Elfe(N] =E()NDS, Df)r.] = E(f)(Syo f)], (5.9)[eq:Cov:2]

thanks to integration by parts formula (5.1), the tower property of conditional ex-
pectations, and (5.8). Since z¢(z) > 0 for all z € R, the left-most term in (5.9) is
non-negative, and hence E[¢)(f) x (&¢ o f)] > 0 for all bounded and measurable scalar
function ¢ > 0. Choose and fix n > 0 and appeal to the preceding with

Y(@) 1= 1(—oo,—n)(S(z)) [z € R"],

in order to see that P{& o f < —n} = 0 for all » > 0. This proves the remainder of
the proposition. O

Thus we see that &5 o f is always non-negative when E(f) = 0. A remarkable
theorem of Nourdin and Viens XXX asserts that strict inequality holds—that is & o
f > 0 as.—if and only if u, is absolutely continuous. Moreoever, one can obtain a
formula for the probability density of f when &; o f > 0 a.s. The precise statement
follows.

(ch:NP:density) mp oorem 4.4 (Nourdin and Viens, XXX). Suppose f € D"?(P,,) satisfies E(f) = 0.

Then p, (dz) < dz if and only if Syo f > 0 a.s. Moreover, when Gyo f >0 a.s., the
following defines a version of the probability density function of f:

ne) = s ee (-] 5G) 610 ey

where 1/00 := 0.

Remark 4.5. Observe that P, {6 o f >0} =1iff u,{&; >0} =1.

4The space RU {oo} is viewed as the usual one-point compactification of R, endowed with
the corresponding topology and Borel o-algebra.
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The proof of Theorem 4.4 is naturally broken into three separate parts, which we
record as Propositions 4.6 through 4.8 below.

(pr:NP:1) Proposition 4.6. Let f be a mean-zero random variable in DV2(P,). If Syo f >0
a.s., then p,(dr) < dz.

Proof. Let B C R be an arbitrary Borel-measurable set, and define
ole) = [ sy eR)
0

Then ¢ € DV2(P,,) and Dy = 1 a.s. The integration-by-parts Theorem 0.1 implies
that ;
Bl7 [ tswa] =Els() x 650 1)
0
If B were Lebesgue null, then fof 15(y)dy =0 a.s., and hence E[1g(f) x (G50 f)] =
0. Because we have assumed that Gy o f > 0 a.s., it follows that 15(f) = 0 a.s,,
equivalently, P,{f € B} = 0. The Radon-Nikodym theorem does the rest. O

?(pr:NP:2)? proposition 4.7. If f € D“?(P,) has mean zero and satisfies p,(dz) < dz, then
SGrof >0 as.

Proof. Let p, denote the probability density of f; that is, p, satisfies fB py(z)dz =
P.{f € B} for all Borel sets B C R.

If v € C.(R) (that is, if ¢ is continuous with compact support), then ¢(z) :=
JZ. ¥(y)dy [z € R] is bounded and ¢'(z) = ¢(z) for every x € R. We may integrate
by parts in Gauss space [see (5.9)] in order to see that

oo

E[(f) x (&5 0 f)] = B[f x o(f)] = / yo ()P, () dy.

Since [*°_yp,(y)dy = 0 and ¢ is bounded, we can integrate by parts—in Lebesgue
space—in order to see that

Bl % (o0 = [ ([~ a0 ) an (5.11) sgip1]
Now P.{p,(f) =0} = u,{p, =0} = f{pf —oy Py (a) da = 0. Therefore, we can rewrite
(5.11) as '
> zp,(2)dz
Bl6() x (670 )] = F [wm x W] ,
¥

for all continuous 9 € C.(R). The preceding holds for all bounded and measurable
functions ¥ : R — R by density. Consequently,

f;o zp; (2) dz :
Srof= W a.s. (5-12)
f

It remains to prove that
/ 2p,(2)dz >0 a.s. (5.13) [goal:NP|
f

Thanks to Theorem 4.2, the law of f is supported in some closed interval [a, 5]
where —0o < a < 8 < co. And since f has mean zero, it follows that a < 0 < .



5. THE NOURDIN-PECCATI THEORY 81

Define
o@)i= [ )4z eR) (5.14) [eqrp A1

Since p, is supported in [, 8], @ is constant off [a, 8]; and the mean-zero property
of f implies that ®(a+) = ®(S—) = 0. Furthermore, ® is a.e. differentiable and
®'(x) = —ap,(x) a.e., thanks to the Lebesgue differentiation theorem. Since p, > 0
a.e. on [, ], it follows that ® is strictly increasing on (a, 0] and strictly decreasing
on [0,8). As ® vanishes at « and S, this proves that ®(z) > 0 for all z € («,f)
whence ®(f) > 0 a.s. This implies (5.13) and completes the proof. O

{pr:NP:3) Proposition 4.8. If f € DY2(P,,) has mean zero and Syof > 0 a.s., then the density
function of f is given by (5.10).

Proof. Recall the function ® from (5.14). Then @ is almost-everywhere differentiable
[Lebesgue’s theorem] with derivative ®'(z) = —xp,(x) a.e. At the same time, (5.12)

implies that
O(z) = &f(x)p, (v) for almost all € supp(p,). (5.15)[Phi=sp|
It follows that
P'(x) =z
®(x) Sy(x)
The preceding in fact holds also for every = ¢ supp(,) since &’ =0 and S, = oo off
#;, provided that 1/c0 = 0. We integrate the preceding to obtain

for almost all x € supp(p,).

x

®(x) = ©(0) exp (f ; szd(z)) for all z € R™. (5.16) [eq:Phi|

But ®(0) = [;* zp,(z)dz = E(f;f > 0) = 3 E(|f]), because E(f) = 0. Therefore,
(5.15) implies the result. O

5 Aspects of the Nourdin—Peccati Theory

Recently, Ivan Nourdin and Giovanni Peccati XXX recognized a number of remarkable
consequences of integration by parts [Theorem 4.7, page 64] that lie at the very heart
of Gaussian analysis. Theorem 4.4 is only one such example. We will next decscribe
a few other examples. Their monograph XXX contains a host of others.

85.1 A Characterization of Normality

One of the remarkable consequences of the Nourdin—Peccati theory is that it charac-
terizes when a non-degenerate random variable f € D?(P,,) has a mean-zero normal
distribution.

Theorem 5.1 (Nourdin and Peccati, XXX). Suppose f € D2(P,,) satisfies E(f) = 0.
Then, the random variable f has a normal distribution iff ¢ o f is a constant a.s.

(th:NP:Normality)

Remark 5.2. The constancy condition on & o f is equivalent to the condition that
&sof=E[6;0f]=E[(Df,Df)r,] = Var(f) as.,

thanks to Theorem 0.1. Therefore, Theorem 5.1 is saying that f is a normally dis-
tributed if and only if its variance estimator G o f is exact. For a stronger result see
Example 5.9 below.
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The proof of Theorem 5.1 rests on the following “heat kernel estimate,” which is
interesting in its own right.

(th:Heat:Kernel) Theorem 5.3. Suppose f € DY2(P,) has mean zero, and there exists a constant
o > 0 such that &y o f > 0° a.s. Then supp(p,) = R, and

E 2
(@) > el exn (<50 ). (5.7 55y sigmal

for almost every x € R. Suppose, in addition, that there exists a constant ¥ < oo such

that
Grof<¥? a.s. (5.18)[eq:S£(f) :Sigma:1]
Then, for almost every x € R,
E(f]) @’ E(fD a? :
WGXP _ﬁ 2pf (ZZ:) 2 222 exp _ﬁ . (519)‘eq:Sf(f)Slgma2‘

Remark 5.4. If f is Lipschitz continuous, then we have seen that f € D"?(P,) [Ex-
ample 1.6, p. 30]. Furthermore, || Df|| < Lip(f) a.s., whence ||R1D f|| < Lip(f) a.s., by
the Mehler formula [Theorem 2.1, page 59]. Thus, whenever f is Lipschitz continuous,
condition (5.18) holds with ¥ := Lip(f).

Proof. Recall @ from (5.14). According to (5.16),

1 2
B(x) > 5 E(|f]) oxp <_2%) for almost all = € supp(s, ). (5.20) [eq:Phi>Gauss|

It follows from the fact that E(f) = 0 that ®(z) — 0 as = tends to the boundary
of supp(s, ). Since supp(p,) is an interval [Theorem 4.2, page 78], (5.20) shows that
supp(y,) must be unbounded. This proves that supp(y,) = R. The inequality (5.17)
follows from (5.20), and (5.19) follows readily from (5.17) and (5.18). O

Now we can verify Theorem 5.1.

Proof of Theorem 5.1. Suppose f has a normal distribution with mean zero and o2 :=
Var(f) > 0. Since p ; and the Lebesgue measure are mutually absolutely continuous
with respect to one another, (5.12) ensures that

[ zpp(z)dz [ zexp(—27/(20%)) dz )

ST w T )

for u,-a.e—whence almost every—z € R. The converse follows from Theorems 4.4
and 5.3. N

We highlight some of the scope, as well as some of the limitations, of Theorem
4.4 by studying two elementary special cases. Problem 1 contains a third illustrative
example of this kind.

Ezample 5.5 (A Linear Example). Consider the random variable f(z) := a-z [z € R"],
where a is a non-zero constant m-vector. KEquivalently, f = a - Z, where Z is the
standard-normal n-vector from (1.2) [page 3]. Then f € D"?(P,) and Df = a a.s.
Moreover, E(f) = a-E(Z) = 0 and Var(f) = ||a/|*> > 0. Furthermore, Mehler’s formula
[Theorem 2.1, page 59] ensures that P,Df = a a.s., whence RiDf = [[“e 'adt = a
a.s. It follows that & o f = ||al|* a.s. Therefore, in the linear case, Theorem 5.1
reduces to the obvious statement that linear combinations of Z1,..., Z, are normally

distributed.
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Ezample 5.6 (A Quadratic Example). Consider the random variable f(z) := ||z]|> —n
[z € R™]. Equivalently, f = ||Z||*> — E(]|Z||?). Clearly, f € D"“?(P,)—in fact, f €
C6°(Prn)—and E(f) =0 and (D f)(x) = 2z. Mehler’s formula [Theorem 2.1, page 59]
yields (P.Df)(z) = 2¢ 'z for almost all z € R™. In particular,

(RiDf)(z) = /000 e "(P.Df)(z)dt =z for almost all z € R".

Since (Df)(z) - (RiDf)(x) = 2||z||* = 2f(x) + 2n a.s., it follows that &; o f =
E@2f+2n | f) = 2f +2n a.s. Equivalently, &¢(z) = 2(2 +n) a.s. for all z € supp(u,).
Because P{6; = 0} = P{Z = 0} = 0, Theorem 4.4 reduces to the statement that
|IZ]|> — n has a probability density P|z|2—n, and

= wexp (_%/Ow z dz> CE(IIZ]? —nl) e/

4(z +n) z+n C Ann/2(z +n)1-(/2)

Pyzjz—n (®)

for a.e. x € the support of the law of ||Z||?> — n. Equivalently,

e—ac/2 5
Py (z) x ) for a.e. z € the support of the law of || Z||”.

From this we can see that Theorem 4.4 is consistent with the well-known fact that
|Z]|? has a x2 distribution.

85.2 Distance to Normality

Suppose f € D"?(P,). Theorem 5.1 suggests that if (Df,Df)r, ~ 72 we can then
expect the distribution of f to be approximately N(0, 7%). We might expect even more.
Namely, suppose that X = (X ,...,X,) is a random vector such that X; € D*?(P,,)
has mean zero and Cov(X;, X;) = Q,;, with (DX, ,DX;)r, = Qs  foralll <i,5 < n.
Then we might expect the distribution of X might be approximately N, (0, Q). This
is indeed the case, as is shown by the theory of Nourdin, Peccati, and Reinert, XXX.
We will work out the details first in the case that @ = I is the n x n identity matrix.

(th:NPR:I) Theorem 5.7 (Nourdin, Peccati, and Reinert, XXX). Consider a random vector X =
(X1,...,Xn), where X; € D¥2(P,,), and B(X;) = 0. Then, for every ® € D*2(P,,),

E[@(X)] -E[®(2)] = E i (R2D? ;@) (X) x ((DXi, DX;)m, — 1i)|
i,j=1
where Ra denotes the 2-potential of the OU semigroup. In particular,
[B[e(X)] - E[@(2)]] < K(®) i E((DXi, DX;)r, — L),
ij=1
for all ® : R™ — R that are bounded and have continuous and bounded mized partial
derivatives of order < 2, where K(®) := 1 sup,cpn maxi<i j<n [(D7;®)(2)].

Proof. We need only prove the first assertion of the theorem; the second assertion
follows readily from the first because of the elementary fact that whenever |g(z)| < ¢
for all z € R", |(P:g)(z)| < c for all ¢ and hence |(Rzg)(x)| < ¢ [;~ exp(—2t) dt = ¢/2.

The theorem is a fact about the distribution of X, as compared with the distri-
bution of Z. In the proof we wish to construct X and Z—on the same Gaussian
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probability space—so that they have the correct marginal distributions, but also are
independent.

A natural way to achieve our coupling is to define, on R?" = R"™ x R", two
functions X and Z, as follows: For all w = (w1 ,...,wasn) € R,

Z(w):=Z(w1,...,wn), and X(w):=X(wni1,...,w2n).

Then:

1. X and Z are n-dimensional random vectors on the 2n-dimensional Gauss space
(R2n7 B(RQn) ) P2n);

2. The Ps,-distribution of X is the same as the P,-distribution of X; and

3. The Pa,-distribution of Z is the same as the P,-distribution of Z.

In this way, Theorem 5.7 can be restated as follows:

Esy [8(X)] — Ean [2(2)]

< o 5.21 Tedo
= Eop, Z RQD (I) ) (<DXZ 7DX]'>R1 — Ii,j) , ( )

where, we recall, Raf = f ©e2p, fdt. We will prove this version of the theorem
next.

We will use the same “Gaussian interpolation” trick that has been used a few
times already; see, for example, the last statement of Proposition 1.6, p. 58. Note that

with Pa,-probability one: (Po®)(X) = ®(X); and (P;®)(X) — E2,[®(2)] as t — oo.
Therefore, P2,-a.s.,

O(X) — Ean[®(2)] = — /ODO jt(Pt@)(X)dt (5.22) 7pre:Q?

/ 5 Ezn R Gy pmpeT: Z) ‘X] at,

owing to Mehler’s formula [Theorem 2.1, page 59]. We take expectations of both sides
and apply the dominated convergence theorem, to interchange the derivative with the
expectation, in order to find that

Egn [CI)(X)} - E2n [q)(Z)]

- _/0 Esn {%@ (X + Vi—e z)] dt (5.23) [coupledi]
—2t

_ i /0 " B {(Dicb) (% +Vi—e72) {eft)‘g - z} } dat.

Since Eo, (Z) = 0 Theorem 4.7 on page 64 implies that for all G € ]D1’2(Pn) and
1<i<n?

Egn [G(Z)Zz] = Egn [(D(G [e] Z) ,DZ¢>R1] = E2n [Di(GO Z)] .

5An alternative way to see this is to recall that Z; = Hy(Z;) = A;(Ho) = Ai(1).
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Therefore, for every x € R" and 1 < i < n,

—2t
— = e =
b {(00) (o VT2 2) )
—2t

:\/%EH{D [(D(b (*:p+\/1—e 2t )] }

— e 2 Eyy, [(Dii@) (e_tx +V/1I e Z)}
e *" (P.D},;®) (),

thanks first to the chain rule [Lemma 1.7, page 31], and then Mehler’s formula [The-
orem 2.1, page 59]. Since X and Z are independent, we can first condition on X = z
and then integrate [d(P2, o X !)] to deduce from the preceding that

Ezn{(ch( tx+mz)@z}

= ¢ % Ean [(PiD};®) (X)] (5.24) [coupledz]
=e 2> "B [(PDI;®) (X)1] -
j=1

Similarly, because Eq,(X;) = 0 for all 1 <4 < n, we can write
2n
Eon [G(X)X,] = Ezn [(D GoX),DX,) 1] > Eon [Di(G o X) x (RiDiX:)]
k=1

_ZEQn[DG X) x <DXJ,DX'¢>R1],

by the chain rule, and hence
Ezn {(DZCI)) (e_t)? + \ 1-— e—zt Z) e_zt)?i}

) [(Dzjcp) (e*fx +/1—e2 2) (DX; ,DXi>R1]
j=1

(5.25) [coupled3]
=™ Ean [(PiD7;@) () (DX;, DXi) |

We now merely combine (5.23), (5.24), and (5.25) in order to deduce (5.21) and hence
the theorem. O

Theorem 5.7 has a useful extension in which one compares the distribution of
a smooth mean-zero random variable X to that of an arbitrary mean-zero normal
random variable. That is, we consider E[®(X)]—E[®(Q/2Z)], where Q is a symmetric,
positive definite matrix that is not necessarily the identity matrix. Consider the linear
operators { P?}+>o defined as

(PCf)(z) = E [f (e*t;c 4T o2t sz)] .
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It is not hard to check that the preceding defines a semigroup {Pﬁ}go of linear
operators that solve a heat equation of the form

%Pﬁ = L9 PP for t >0, (5.26)

subject to POQ = the identity operator. Here £ is a differential operator, much like
L, but with coefficients that come from Q. Also there is a corresponding resolvent
R? = [ exp(—At) P2 dt, etc. Now we begin with the following variation on (5.23):
Define

U(t) := Eap, [cb (e*tX t /1 _e2 Q1/2Z)} —E [(Pﬁ@) (X)] ,

and notice that ¥ € D2(P;), ¥(0) = B2, [®(X)], and lim; 00 ¥(t) = B2, [®(QY/22))].
Therefore,

=V(0) — lim ¥(t) = —/oo W' () dt

t—o0

—2t

_ znj /w Esn {(DiCD) (e_tX +y/1—e2 Z) [e—t)'(i B — Q”QZ} }dt.
i=170

1—e 2

Now we translate the proof of Theorem 5.7 in order to obtain the following important
generalization.

{th:NPR) Theorem 5.8 (Nourdin, Peccati, and Reinert, XXX). Consider a random vector X =
(X1,...,Xn), where X; € DY2(P,,), and E(X;) = 0. Then, for every ® € D*2(P,,)
and for all n X n covariance matrices @,

B[e(X)] - B [2(Q"/*2)] =k [Z (R DZ;@) (X) x ((DXi, DX;) pa - Qi,j)} :
i,j=1
where R§ denotes the 2-potential of the semigroup {PtQ}t;O and

(Df,Dg) pa() := (Df)(@) - (RY Dg)(z)  a.s.

In particular,

E[@(X)] - B[2(Q"*2)]| < K(®) > B (|(DXi, DX)) po — Qi

3,j=1

).

for all ® : R"™ — R that are bounded and have continuous and bounded mized partial
derivatives of order < 2.

(ex:GTS) prample 5.9. If (DX;,DXj)pe = Qi as. for all 1 < 4,5 < n, then Theorem 5.8 en-
1

sures that X has a N, (0, @) distribution. Conversely, suppose that X has a N, (0, Q)
distribution. Recall that X has the same distribution as W := SZ, where S is the
[symmetric] square root of Q. Of course,

(DeW;)(z) = % (152];, (x)) = a%c > Suiwi = Sk,
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for all z € R". Therefore, the fact that R?l = 1 implies that for all 1 <i,7 < n,

<DW¢ ) DWj>R1Q = Z S»;,kSk,j = Qi,j a.s.
k=1

Consequently, every centered random vector X such that X; € D*?(P,,) for all i has
a N (0, Q) distribution iff (DX;, DX;)pe = Qs,; a-s.
1

The following is an immediate consequence of Theorem 5.8, and provides an impor-
tant starting point for proving convergence in distribution to normality in the analysis
of Nourdin and Peccati (?, Theorem 5.3.1, p. 102).

7(ex:NPR)? Frample 5.10. Suppose X, X ¢ D'2(P,,), all have mean vector 0 € R™, and
forall 1 <i,57 < n,

. L L .
Jim. <DX§ ), DX >>R? = Q.; inL'(P,).

Then, X&) converges in distribution to N,,(0,Q) as L — oco.

Theorem 5.8 has other connections to results about asymptotic normality as well.
The following shows how Theorem 5.8 is related to the classical CLT, for instance.

?(ex:NPR:1)7 Ezample 5.11. Let n > 2, and suppose ¢ € DV?(P;) satisfies E1(¢) = 0 and Var; (¢) =
0% < oco. Define

1 n
X = — ¢(Zr) and X,:=0for 2 </l < n.
Vi

By the chain rule [Lemma 1.7, page 31],

/
(DrpX1)(z) = qb\(/%) and (DpXy)(z) =0for 2 <L < n,
n
almost surely for every 1 < k < n. We are writing ¢’ in place of the more cumbersome

D¢, as we have done before. In any case, we can see that, with probability one:
(DX;,DX;j)pe =0 unless i = j = 1; and
1

n

(DX1, DX1) o = - 57 ¢/ (Z) (RS ().

k=1

Define Yi := ¢ (Zx)(RY¢')(Zx), and observe that Yi,--- Y, are i.i.d. with
En(Yi) = E1 [(D¢, Dg) ya| = Var(s) = o,

thanks to integration by parts [see the proof of Theorem 4.7, page 64]. Therefore,

Khintchine’s form of the weak law of large numbers implies that limy,— e (D X1, DX1>RQ =
‘1

o? in Ll(Pn). In particular, we can deduce from Theorem 5.8 that for every ® €

CZ(R),
El|o <\/1ﬁ imzk)) _E[®(cZ1)]| < CE ()02 — (DX1,DX1) o D

—0 as n — oo,
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where C':= 1 sup, cp» maxi<i j<n |(D7;®)(z)|. That is, Theorem 5.8 and Khintchine’s
weak law of large numbers together imply the classical central limit theorem for sums
of the form n™*/23°7_| ¢(Zx), where ¢ € D"?(P1) has mean zero and finite variance.®
Moreover, we can see from the preceding how to estimate the rate of convergence of
the distribution of n=*/2 37 | ¢(Zx) to N(0,0?) in terms of the rate of convergence
in Khintchine’s weak law of large numbers. The latter is a very well-studied topic; see,
for example XXX.

85.3 Slepian’s Inequality

Slepian’s inequality is a useful comparison principle that can sometimes be used to
estimate probabilities, or expectations, that are difficult to compute exactly. There
are many variations of this inequality. Here is the original one that is actually due to
D. Slepian.

(th:Slepian) mhonrem 5.12 (Slepian, XXX). Let X and Y be two mean-zero Gaussian random
vectors on R™. Suppose that for every 1 <i,j < n:
1. Var(X;) = Var(¥i); and
2. Cov(X;,X;) < Cov(Y;,Y)).
Then for all a1,...,an € R,

P{X;<a; V1<i<n}<P{YVi<a; V1<i<n}.
In particular, P {maxi<i<n X; > a} 2 P{maxi<i<n Yi = a} for all a € R.

The following is an immediate consequence of Theorem 5.12 and integration by
parts. It states that less correlated Gaussian vectors tend to take on larger values.

{co:Slepian) Corollary 5.13. Under the assumptions of Theorem 5.12,

E[max Xz} >E{max YZ}.

1<i<n 1<i<n

Proof. By integration by parts,

0

E(W):/OOOP{W>a}da7/ (1 —P{W > a})da,

—o0

for all W € Ll(P). We apply this once with W := max;<, X; and once with W :=
max;<n Yi, and then appeal to Theorem 5.12 to compare the two formulas. O

One can frequently use Corollary 5.13 in order to estimate the size of the expec-
tation of the maximum of a Gaussian sequence. The following example highlights a
simple example of the technique that is typically used.

60ne can recast the classical CLT as the statement that the distribution of
n=1/23°0_ | #(Zy) is asymptotically normal for all ¢ € L?(P1) with Eq(¢) = 0. The
present formulation is slightly weaker since we need the additional smoothness condition
that ¢ € DL2(P1). It is possible to obtain the general form from the weaker one by an
approximation argument.
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{ex:Slepian) Ezample 5.14. Suppose X = (X1,...,Xy,) is a Gaussian random vector with E(X;) =
0, Var(X;) = 1, and Cov(X;,X,;) < 1—¢ for some € € (0,1]. Let Zp be a standard
normal random variable, independent of Z, and define

Y; = \/17€Zo+\@Z¢.

Then clearly, E(Y;) = 0, Var(Y;) = 1, and Cov(Y;,Y;) =1 — ¢ when ¢ # j. Slepian’s
inequality implies that E[max;<, X;] > E[max;<, Y;]. Since max;<, Y; =1 —¢Zo +
V€ max;<n Z;, we find from Proposition 1.3 [page 7] that

E Lrélfgl Xi:| > E Lrélfg% YZ} =+eE [fgiagxn ZZ] = (1+0(1))/2¢elogn,

as n — oo. This is sharp, up to a constant. In fact, the same proof as in the i.i.d.
case shows us the following: For any sequence Xi,..., X, of mean-zero, variance-one
Gaussian random variables,

E {max X,'] < (1+0(1))y/2logn asn — oco.

1<i<n

[For this, one does not even need to know that (X1, ..., X,) has a multivariate normal
distribution.]

Ezample 5.15. We proceed as we did in the previous example and note that if W :=
(Wh,...,Wy) is a Gaussian random vector with E(W;) = 0, Var(W;) = 1, and
Cov(W; ,W;) = —1+ 6 for some § € (0, 1], then

E [max Wl} < (140(1))y/20logn as nm — oo.

1<i<n

Proof of Theorem 5.12. Let QX and QY denote the respective covariance matrices of
X and Y and let SX and SY denote the respective square roots of @ and QY.

Without loss of generality, we assume that X and Y are defined on the same
Gauss space (R",B(R"),P,), and defined as X = SXZ and Y = SYZ. Since
(DX;,DX;)r, = Q;, Theorem 5.8 shows that for all ¢ € D2(P,,)

Ble(x)] —ER() = Y B[R D2e) ()] x (@5 - Q).

i,j=1

Suppose, in addition, that Df,jCD > 0 as. when i # j. Because QF;, < @}, and
Q= Q7 it follows that E[®(X)] < E[®(Y)]. In particular,

E [H (,Oi(Xi):| <E Hw(Yi)} ;

whenever ¢1,...,0, € C3 (P1) are non increasing and non negative. Approximate
every 1(_s,q,] by a non-increasing function ¢; € CZ(P,,) to finish. O

The following inequality of Fernique XXX refines Slepian’s inequality in a certain
direction.
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(th:Fernique) Theorem 5.16 (Fernique, XXX). Let X and Y be two mean-zero Gaussian random

vectors on R™. Suppose that for every 1 <i,j < n:

B (X~ X, > B (Y- ). (5:27)[cond:Ferniaue

Then, P{maxici<n Xi = a} > P{maxici<n Yi > a} for all a € R. In particular,
E[maxlgign XZ] 2 E[ma}qgign Y'Z}

If, in addition, Var(X;) = Var(Y;) for all 1 <4 < n, then condition (5.27) reduces
to the covariance condition of Slepian’s inequality. Therefore, we can view Fernique’s
inequality as an improvement of Slepian’s inequality to the setting of non-stationary
Gaussian random vectors. The proof itself is a variation on the proof of Theorem
5.12, but the variation is non trivial and involves many computations. The idea is, as
before, to show that, for ®(z) := maxi<i<n <3,

dg [cb (e*tX +/1—e2 Y)] >0,

dt

whence E[®(X)] < E[®(Y)]. You can find the numerous details, for example, in
Ledoux and Talagrand XXX and Marcus and Rosen XXX.
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Problems

1.

Consider the case n = 1, and use the Nourdin—Peccati formula (Theorem 4.4)
to derive the lognormal density; that is, the probability density function of the
random variable f = exp(Z). In your computation of Ri(Df), you will have to
use the error function,

T efuz/Q
<I>(x):/_cx> Ner du [z € R],

and recall that you have to center f before you can apply the formula.

. Verify the Paley—Zygmund inequality (5.6), p. 76.
. Let X and Y be two random variables, defined both on the same abstract

probability space (€, F,P). Suppose X takes values in R™ and Y is real-valued
and integrable [P]. Then prove that there exists a Borel-measurable function
Gy|x : R" = R such that E(Y | X) =G, (X) as.

Y|X

. Prove Lemma 3.2, p. 73.
. Let II,,(Z) be defined via (5.3). Prove that if |3] > 1, then

E(L(2)P)
nee [E(IL(2)

. Prove that 14 € DV2(P,,) iff P,(A) = 0 or 1 for every Borel set A C R™. This

is due to Sekiguchi and Shiota XXX. (Hint: Start by checking that D(14) =
214D(14) a.s. because 14 = ]li.)

. Compute explicitly the linear operator £ in (5.26).
. Suppose that (X ,Y) is distributed as N2(0,3), where ¥1; = X2 = 1 and

Y12 = Y21 = p, where —1 < p < 1 is a fixed number.
(a) Verify that one can construct a version of (X ,Y) on the Gauss space
(IR2 ,B(R?),Ps) as follows: X := Z; and Y := pZ1 + /1 — p2 Z».
(b) Use the preceding to compute E exp{wX 4+ vY} for all w,v € R. Conclude
from your calculation that

k
AN
B[Hy(X)Hn(Y)] = { 1 L E=™
0 ifk#m.

. Let X := {X;}2, be a stochastic process, defined on a probability space

(Q,F,Q). Suppose that, for every integer N > 1, (X1,...,Xn) has a multi-
variate normal distribution with mean vector zero and Cov(X;, X;) = p(|i — j|)
for all 4,5 = 1,..., N, for a function p : Z — [—1,1] that satisfies p(0) = 1.
Then, X is said to be a centered, stationary Gaussian process with correlation
function p. It is known that such a stochastic process exists if and only if p
is positive semi-definite; see XXX. Choose and fix a function ¢ € L*(P1), and
suppose X exists. For simplicity also assume that p(i) > 0 for all ¢ > 1.

(a) Prove that if > ;2 p(i) < oo, then the following CLT-type variance condi-

tion holds:

N
1
o? = lim N Var <Z qﬁ(Xi)) exists and is finite.

1=1

Compute 2.
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[Hint: Since each X; has the same law as Z;, we can expand ¢(X;) in
terms of Hermite polynomials.]

(b) Prove that imny_oo p(IN) = 0 if and only if the following law of large
numbers holds:

%Z‘MXZ') — E[¢(X1)] in L*(Q) as N — oo.

10. Let X = {X;}§2; be a centered, stationary Gaussian process, as defined in
Problem 9. Suppose in addition that Cov(Xo, X;) > 0 for every ¢ € IN.
(a) Prove that pnim(a) = pn(a)pm(a) for all n,m € Z4 and a € R, where

pn(a) ::P{max X; ga} for alln > 1 and a € R.

1<i<n
(b) A sequence {y;}2; is said to be subadditive if yntm < yn + ym for every
n,m € IN. Prove that if {y;}{2; is subadditive then lim,— o (yn/n) exists
and is finite. Do this by showing that
lim Un _ inf y—n.
n—oo M nzl N
This is due to M. Fekete XXX.

(c) Conclude that for every a € R there exists an extended real number 6(a) €
(0, o0] such that un(a) = exp{—0(a)n + o(n)} as n — co.
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Chapter 6

Four Moment Theorems

Consider the following simple question: suppose that A is a symmetric n X n matrix
with tr(A) = 0. Then, by Wick’s formula, the quadratic form Z’AZ is in the second
Wiener chaos (see Exercise 14, Chapter 3). Moreover, tr(A) = 0 means that A has
both positive and negative eigenvalues and so the quadratic form Z’AZ takes on all
possible values of R (excluding the trivial case A = 0). Is it possible that the random
variable Z' AZ is normally distributed?

The intuitive answer is likely “no”, since normality is preserved by linear transfor-
mations but typically not quadratic or higher order ones. This intuition turns out to
be correct, but it is actually more difficult to prove than one might expect. After all,
how can one rule out that there is no such matrix A with this property?

In this chapter we will answer this question for random variables in L*(P,,) that
live within a fixed Wiener chaos. Such random variables often appear naturally in
statistics, for example the sample standard deviation

52 = nilz(zi _ 77,

i=1

where Z = (Z1 + ... + Z,)/n is the sample mean, has mean one and S — 1 is in
the second Wiener chaos. It turns out that the squared norm of the gradient of such
random variables has a nice expression, which can be used to give a simple test for
normality of the original variable in terms of its fourth moment. In short, a random
variable living inside a fixed chaos is normal iff its fourth moment is equal to three
times the square of its second moment, and if the latter holds then it in fact lives
inside the first chaos. Such results are called four moment theorems.

1 Random Variables Living in a Fixed Chaos
We begin working in L?*(P,) so that the Hermite polynomials Hy/Vk!, k € Z7 form
an orthonormal basis of the space. Random variables within the pth Wiener chaos

are exactly the linear combinations of Hy with |k| = k1 + ... + kn = p. We define

93
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S'={keZ} : |kl =p}and amap I, : RS> — R by

L(a)= " <Z> axH. (6.1) [eq:Tp_detn]

kesy

Then I, is a linear map whose range is precisely the pth Wiener chaos of LQ(Pn), and
as a map onto this range it is invertible. Recall that the multinomial coefficients are

given by
py__
k kilko!. . k!

and count the number of ways that p distinct objects can be put into n groups with k1
objects in the first group, k2 in the second group, etc. These multinomial factors turn
out to be a convenient normalization, and we will later see that they are quite natural.
By the orthogonality of the Hermite polynomials it is straightforward to compute that
for a,b € RS>

ElL(a)[,(0)] = p! Y (Z) axbr =: pl{a,b)sy, (6.2) [eq:HS_isometry]

kespy

where latter equality defines the inner product. Similarly, if a € IRSI?7 b e RS with
p # q then E[I,(a)I,(b)] = 0. By the differentiation properties of Hermite polynomials
it follows that the gradient of I(a) is

= pz Z <5_;_>ak7’[k—eiei

=r> > ( z )‘”*eﬂleﬁpza1<a-+ei>eu (6.3) [eqn:DIp_formulal
i 1 i=1

where e; is the ith standard basis vector in R™. Note that we are adopting the
convention that Hy = 0 for k < 0, and therefore H, = 0 if any k; < 0. The notation
Q.+, refers to the function on Sg,l defined by adding e; to each index to obtain a
value from a. Note that the last expression clearly shows that each component of the
gradient is an element of the (p — 1)st chaos, as one would expect. Now from this
formula for the gradient we can compute its squared norm as

||DI,(a)||fn = p° Z I 1(aie,)> (6.4)[eqn:DIp_squared_norm_forr
i=1

This real-valued random variable is a polynomial in the Z; of degree no more than
2p — 2. Hence it is in L*(P,,) and so has a Wiener chaos decomposition that allows for
it to be uniquely written as an orthogonal sum of polynomials of degree 2p — 2,2p —
3,2p — 4, etc. The claim is that the structure of I,(a) allows for the decomposition
to be computed explicitly. Essentially it requires nothing more than computing the
Wiener chaos decomposition of Hy(xz)H;(z) for arbitrary k,I € IN. We do this in the
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next section and then use it to expand out the squared norm of the gradient in terms
of Hermite polynomials. This leads to a nice expression for Var(||DI,(a)||&n), which
turns out to be related to the excess kurtosis E[I,(a)*] — 3E[I,(a)?]? in the following
way:

thn: chaos_variance_bound) pheorem 1.1. Forp>2 and a € RS we have

Var (LID5 @1 ) < 22t (Bl @] - 3B, @) < (-1 Var (LD @) ).

This statement quite elegantly shows the equivalence of the excess kurtosis with
the variance of the squared norm of the gradient. The fact that I,(a) is in a fixed
chaos turns out to play a key role in deriving these bounds, but note that they hold
for arbitrarily large p. It is worth observing that they also trivially hold for p = 1
(all three terms are zero) since in that case DI;(a) is almost surely a constant and
the normality of I1(a) implies that the excess kurtosis is zero. In the p > 2 case these
bounds immediately lead to the following non-trivial conclusion.

on_fixed_chaos_normality) Corollary 1.2. Forp > 2 and a € RS different from zero, E[I,(a)*] > 3E[I,(a)?]?
and hence Ip(a) is not normally distributed.

Proof. By Theorem 1.1, E[I,(a)*] = 3E[Ip(a)?)? iff || DIy(a)||fn]|| is constant almost
surely. By equation (6.3) every component of DI,(a) is a polynomial of degree p—1 in
the Z;, from which it follows that ||DI,(a)||k» is a polynomial of degree 2p — 2. Since
2p — 2 > 2 this polynomial cannot be almost surely constant, and since E[I,(a)?] <
3E[I,(a)?]? is impossible by Theorem 1.1 the only option is E[I,(a)*] > 3 E[l,(a)?]?.
Since the fourth moment of a mean zero Gaussian is three times the square of its
second moment, this rules out that I(a) is normally distributed. O

The next few sections will be geared towards proving Theorem 1.1. The idea
is to compute the variance of ||DI,(a)||f» by expanding it into its Wiener chaos
decomposition and then using the orthogonality of the Hermite polynomials. Similar
ideas help us to compute E[I,(a)*]. We first perform the computations in a very hands
on, combinatorial way, and then in later parts we show how they can be repeated quite
elegantly using the language of tensors. Tensor language is more useful in the infinite-
dimensional setting with the isonormal representation of the Gaussian space, but in
the finite-dimensional case it involves nothing more than standard multi-linear algebra.
The tensor language also explains how the I, operators can be thought of as discrete
stochastic integrals and are the natural adjoints to the higher order differentiation
operators D* on Gauss space. Before going into the lengthy calculations we point out
that there is one term in the Wiener chaos expansion of ||DI,(a)||? that can be easily
computed: the mean.

(Lem:mean_of_DIP) y eryma 1.3. Fora € Sy
E [||DI,(a)|[&n] = pE[I,(a)’].
Proof. By formulas (6.4) and (6.2) we have

BIDL(@)lie] = p* D Bllp(are)’] = p* 3 (p=1)! 3 <p?1>a?+e,;-

i=1 lesy_,
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We also apply (6.2) to E[I,(a)?] to obtain

E[l,(a —;ﬂZ()k.

keST

Now use the multinomial identity

() ( ) (6.5) muttinon.id]

i=1
to rewrite the above as

D=3 3 ( _ez) :

i=1 kGS"

=pY (-1 Y (p; 1)a12+ei =p) Ellp-1(a4e)’).

les;} i i=1

This completes the proof. O

2 Product Formula for Hermite Polynomials

(prop:Hermite_product) Proposition 2.1. Fiz k,l € Z".. Then

Hi(@)Ha(e) = Y J'H( )( )Hk+z 25(2),

JE[0,kAL] =1
where kAL = (kiAl1, ..., kaAln) and [0, kAN ={j € Z7 : 0 < j; < kiAli,i=1,...,n}.

Proof. Since the multi-dimensional Hermite polynomials are products of the one-
dimensional Hermite polynomials it is enough to study the n = 1 case. Recall that
Hy(Z) = mx(Z%), and therefore it is equivalent to show that

kAL
i ( ZJ ( )( >7Tk+l 2j (ZFH7,

Wick’s formula explains this nicely. We have one group consisting of Z repeated k
times and a second group consisting of Z repeated [ times. Then we can have any
number of matchings j where 0 < j < k Al, and to have precisely j matchings we
choose j elements from the first group, j from the second, and then can match within
those two groups exactly j! ways. This explains the combinatorial terms in the sum,
and when there is exactly j matchings there are k — j + | — 7 unmatched Z’s whose
product we then project into the corresponding chaos. This completes the proof for
the n = 1 case, and now for the n > 1 case simply expand out the identity

HiH, = HH’%HZI
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Proof. Since the multi-dimensional Hermite polynomials are products of the one-
dimensional ones it is enough to study the n = 1 case. First note that Hy(x)H;(x) is
a polynomial of degree k + [, thus it can be uniquely decomposed into a sum

k+1

Hy(z)Hi(x) = > amHp(z)

for some constants a,, that we will now compute. Of course we already know ax+; = 1
since Hy and H; are both monic, but the following argument will take care of that
case as well. Differentiate 7 times and use the differentiation formula for Hermite
polynomials to obtain

k+1
; m!
D'(HyH)) = E ammHm—i
m=0

with the convention that H_, = 0 for p > 0. Since all Hermite polynomials but Hp = 1
are mean zero with respect to the Gaussian measure P, it follows that

1 m
am = — BID™ (Hy Hi)(Z)]
By the Leibniz rule we have
Dm(HH)fi m DiHDm’ini my_ K gt g
PTG i e A R I (R o)

Now by the orthogonality of the Hermite polynomials it follows that the expected
value of the above is zero unless k —i =1l —m+i,or 2i =k —1l+m. Thusk—1l+m
must be even, which is equivalent to k — [ and m having the same parity and is in turn
equivalent to k + [ and m having the same parity. Thus we can write m =k + 1 — 2j
for j > 0. Since 0 < ¢ < m and 2¢ = k — [ + m this also requires —m < k —1 < m,
which in terms of j requires j < k and j < !. Thus for 0 < 7 < kAl we have i = k — 7,
k—i=j,and l —m+41i=j, so that

k=i )itit"

B{D*H2 (51, H1)(2)] = (k: . 2j> R

with the last j! term in the product following from E[H;] = p! for p > 0. Therefore

we obtain
a o k! _ k\ (1
S T I IR YAV A

with 0 < j < k Al. This leads to the n = 1 identity

Hi(o) i) = 3 ! (’j) G) Hi125(2).

Now for n > 1 use this identity and expand out the defining relation

HeHy = | [ Hy, Hi,.
i=1
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Note that the restriction on j in the summation formula ensures that the inputs
to the binomial coefficients are valid. If we adopt the convention that all binomial
or multinomial coefficients are zero if the inputs are not valid then we can drop the
restriction on j entirely, which turns out to be useful in later computations. This
allows us to write

)8 )

JGZ" i=1 r=0 jesSnr i=1

The second equality groups the terms according to the order of the Wiener chaos
they appear in. Using these formulas we come to the following more general product
formula.

{defn:contraction_one) Definition 2.2. Let a € RS> and b € R%7 and 0 < r < pAgq. Define a*,b € Sprq—2r

by
+q—2r r —-r —-r
|y [

lesy_

T

for k € Sp44—2r. In the case p = ¢ = r the operation produces the number

S A

mespy
the latter by (6.2).

This definition produces the following compact formula for the product of discrete
stochastic integrals.

:discrete_stoch_integral_product_orig) Proposition 2.3. Leta € RS and b€ R%. Then

Zr'( )( ) pt+q—2r (@ *r b).

Proof. We simply use the product formula of Proposition 2.1 to expand out the sto-
chastic integrals. This gives

L@k = > > ( )( )akbmml

keSp lesy

EEEIE)

Ex 5 el

r=0jEST uesy_ i=1
UGSn

r

T

where in the last equality we used the substitution u = k — 7, v = [ — j. The definition
of the multinomial coefficients implies that

~ ul—i—jl _ p! l p—r
<u+])H( > (pr)!j!( U >’
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with a similar expression with ¢ and v replacing p and wu, respectively, leading to

()EER)E)-OOCE)

Substituting this into the above produces the identity

PAq
py(a T p q
I I b = ' N 'bv j . . Hu v

e
n
VeSS .

Now simply redefine k and [ by k = u +v, | = u, so that k € Spyq—2- and l € S;,,
and change variables in the last sum to obtain

(@), (5) = 3 7! (f) (z) DS (;) <p - r) (i—_’» arsmbitim | Hi.
r=0 keS™ mesS;®

p+q—2r

lesy_,

To complete the proof simply compare this last equality with Definition 2.2 and the
definition (6.1) of the discrete stochastic integral. O

An immediate corollary of the product formula is an expression for the variance of
|DI, (a)|[fn-

(prop:DIp_variance) Proposition 2.4. Forp>1 and a € RS

—1 4
1 1% p
Var (EHDIP(G)II%n) =z ;TQ(H)Q (r) (2p —2r)!|a *r al\igp% ;

where the latter norm is defined by (6.2).

Proof. By formula (6.4) and Proposition 2.3 we have

n n p—1 2
-1
IDL @) = 9* > Tpr(are,) =p* 35 0! (p r ) Lp-z-20(@ie, r @pe,)
=1 i=1 r=0

p—1 2 n
-1
:p2 E T'(p . ) [2;,72727- ( E Q. 4e; *r a.+ei> .
r=0

i=1

The last equality is by linearity of the stochastic integral. The r = p — 1 term is
p—1
EOBCESDY ( l )a?ﬂi = E[|| DLy (@),
-1

which follows from (6.2) (and was already proved in Lemma 1.3). Thus the r =p —1
term is a constant and hence irrelevant for the variance, and since the remaining terms
are mean zero and uncorrelated for different r» we obtain

2

Var(HDIp(a)H]%n) =p' Z(T!)Q (p ; 1) 2p—2-—2r)!

n
Z Q.te; *r Qote;
i=1

n
S3p—2_2r
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the latter following by (6.2). Now shift the indexing of 7 by one and combine the p*
term with the binomial coefficient to obtain

4
Var (|| DI,(a)||fn) ZrQ (rh (p) (2p — 2r)!

2

é a+e,*7‘ lafﬁ-e7

n
S2p—2T

Finally, we only need to show that

n

E Q.qe; ¥r—1 Q.ge; = A Kp Q.
=1

This is a straightforward consequence of Definition 2.2 for the * operation and the
multinomial identity (6.5). O

Using the product formula for Hermite polynomials we also get a similar expression
for the excess kurtosis of a discrete stochastic integral.

(prop:Ip_kurtosis) Proposition 2.5. Forp>1 and a € RS>

%w

E[I,(a)'] - 3E[I,(a 72 < > (2p —20)!laxrallgy

Proof. Expand out I,(a)* using the defining formula (6.3) for I,(a) and observe that
because of the orthogonality of the Hermite polynomials the only terms that are not
mean zero are those in which there are two pairs of distinct indices or all four indices
are the same. Thus

2 2 4
a)'1=3 Y (Z) (’;) ajai BIHIHI + > (Z) at E[H1).
k€SP keSy

k#l

On the first term the factor of 3 is because there are three distinct ways to choose
which of the four indices forms the matching. !INEED TO FINISH!!! O

The proof of Theorem 1.1 is now a straightforward consequence of the last two
propositions.

Proof of Theorem 1.1. Theorem 1.1 follows by direct comparison of the formulas in
Propositions 2.4 and 2.5. Since the ratio of each term in the variance to the corre-
sponding term in the excess kurtosis is r/3q, the left hand inequality follows from
r < p — 1. Similarly, since the ratio of each term in xk4(I,(a))(¢ — 1)/3¢ (ka(Ip(a))
being the excess kurtosis) to the corresponding term in the variance is (¢ — 1)/r, the
right hand inequality follows from r > 1. O

3 Tensorization

In this section we redefine and reprove the four moment theorem using the language
of tensors. This is a more natural formulation in the infinite-dimensional setting and
also highlights the role that discrete stochastic integrals play as adjoints to the higher
order Malliavan derivatives. The proof is also less combinatorial than in the previous
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section and is of interest for that reason alone. Recall that we use the shorthand
notation [n] = {1,...,n}, and for integers p > 1 we define the space of p-tensors by

(R")®? = {K : [n]” — R}.

We redefine I, as an operator I, : (R")®? — L*(P,,) on p-tensors by

I(K) =Y Komp(Zay ... Zgy) (6.6)[eq: Ip_tensors]|

q€[n]P

and we will show how it is consistent with definition (6.1). By definition (6.6) I,(K)
is also an element of the pth Wiener chaos, but the sum has redundancy because the
terms 7,(Zy; ... Z,4,) only depend on the number of times that each i € [n] appears
within g. To deal with this we make the following definition.

?(def: counts_vector)? fefinition 3.1. For q € [n]P and ¢ € [n], let ¢i(q) = [{l : ¢ = i}| be the number of
times that ¢ appears in ¢, and ¢(q) = (c1(q),- .., ¢cn(q)) € Z7 be the counts vector of
q.

Note that ¢ € [n]? implies c(q) € S, but the mapping ¢ : [n]’ — S is not
invertible. However c(q) = c(q') iff ¢ and ¢’ are permutations of one another, i.e. there
exists a permutation o of [p] such that o(q) := (¢o(1), - - -+ qo(p)) = ¢'- In particular, the
number of elements ¢’ € [n]? with ¢(q) = ¢(¢’) is given by the multinomial coefficient

()

Tp(Zgy - - 'qu) = HC(q)(Z)v

Now in L?*(P,) we have the identity

therefore (6.6) reduces to

IP(K) = Z Kch(q)(Z) = Z Hk(Z) Z K,. (6.7)‘eq:Ip_other_formulation
q€[n]P kesSy q(e[;L]P;
c(q)=k

Hence by defining a(K) € S, by

(g)a(K)k = Z K,

g€[n]P:
c(q)=k

we see that I(a(K)) = I,(K). Conversely, an a € S can be associated with several
p-tensors that produce the same stochastic integral, but the most natural one is the
symmetric p-tensor K (a) given by

K(a)q = ac(q).
By defining K (a) in this way we see that (6.7) implies I,(K(a)) = Ip(a), thus proving

the equivalence of definitions (6.6) and (6.1). This also explains why we defined (6.1)
with the multinomial coefficients embedded into the summation. Equation (6.7) also
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shows that it is enough to restrict the definition of I, as an operator on p-tensors to
the symmetric p-tensors. The space of symmetric p-tensors is denoted by

(R™)®? = {K : [n]” — R such that K, = K, for all permutations & of [p]}.

All p-tensors K € (R™)®? can be naturally symmeterized into an element K € (R™)®?

by the map
-1
% p
K, = K,
! Q@) 2 K

q’:e(q")=c(q)
and thus from (6.7) we see that I,(K) = I,(K) for all p-tensors K. As an operator
on symmetric p-tensors a natural way to write it is

L= Y () K@) (65) e T_symmstric]
c(q)
q€[n]©P
where [n]®? is the ordered subset of [n]? given by
M ={ge ) g <q<...<gh

Equation (6.8) holds by representing all elements in [n]? by their unique ordered ver-
sion, which is sufficient for symmetric p-tensors. From this representation it is also
straightforward to prove the isometry formula

p(K-L), p=q
0, P#q

(6.9) ‘ eq:Ip_tensor_isometry

E[IP(K)I‘Z(L)] = {

Equation (6.6) and the first equality of (6.7) partially explain why we regard I, (K)
as a stochastic integral of order p. The tensor K is a function on [n]P and the terms
He(q)(Z) are random weights on [n]? that are orthogonal in the L*(P,) space, and we
can regard the sum as an integral of the function against these weights. The second
equality of (6.7) is the general fact that integration of functions on product spaces is
equivalent to the integration of their symmeterizations.

Furthermore, just as when we have a function of several variables on a product
space we can choose not to integrate out some of the variables, we can do the same
with these summations. That is, for 1 < m < p we can also define the operator I,_,
acting on (R")®? as the summation over the last p —m variables of K. What remains
is a function of m variables, so that I,_., : (R")®” — (R™)®™. For r € [n]™ the
formal definition is

ln(B)ei= Y KrodHeco(2), (6.10) o Tp_partial]

s€[n]p—m

where r @ s is the obvious concatenation of r and s into an element of [n]”. Note
that I,—m(K) is a random element of (R™)®™ and that each component is an element
of the (p — m)th Wiener chaos, just as I,(K) is a random element of R that is in
the pth Wiener chaos. Also note that this definition relies on K being symmetric
so that the result is independent of which p — m components of [n]? are summed
over. If K € (R™)®” then I,_.,(K) is defined only after symmeterization, i.e. by
Ip—m(K) := I, (K). An alternative way to write (6.10) coordinatewise is

Ipe (K)r = Ip—m (Krae) (6.11)[eq:Ip_partial_coordinates
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where Krge is the (p — m)-tensor s — K,gs. Alternatively, instead of writing the
formula coordinatewise we can write the tensor formula

Ip—m(K) = Z Z KT@SHC(S) er; @...Qer,

re[n)™ se[n]p—m

= Z Iy (Krge)er, ® ... Q €, (6.12) ?eq:Ip_partial_as_tensor?

re[n]m

The latter equality makes it clear that I, (K) is a random m-tensor. Using the
symmetry of K we can reduce the inner sum to its ordered version, meaning we can
also write Ip_.,(K) as

I (K) = Z Z (pCzS;n) KrgsHesyery @ ... Q ey, (6.13)‘eq: Ip_partial_inner_ordered

rE€[n]™ sg[n]O(p—m)
With the definitions set we now prove some useful properties of stochastic integrals.

{prop:Ip_properties) Proposition 3.2. The following hold:
(prop:Ip_properties:1) (a) for K € (Rn)QP and 0 < m < p

m p!
D" I, (K) = mfpfm(K)a

(prop:Ip_properties:2) (b) forv=(vi,...,vn) € R" and v®? defined by vi? = vg, ...vq, = VD (@)

Ip(v®p) = HP(UIZ)»

(prop:Ip_properties:3) () for every random variable f € L?(P,) there exists a sequence of p-tensors K*(f) €
(R™)®? such that

oo

F=Ef+)

=1

1
pr(Kp(f ));
(prop:Ip_properties:4) (j) for every f € D2 and K € (R™)®P

E[D"f - K] = E[fI,(K)]

_ where on the left hand side - refers to the Hilbert-Schmidt inner product.
(prop:Ip_properties:5) (e) Stroock’s formula: if f € D2 then

f=El+Y I%!IAE[DPf]).

Part (d) says that the stochastic integral I,(K) is the adjoint to the Malliavin
derivative DP f. This is yet another natural reason for regarding I,,(K) as a multiple
stochastic integral.

Proof. For part (a) we first prove the m = 1 case. This follows from the differentiation
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formulas for the Hermite polynomials, which give

-y w D WAL AT

g€ln
-3 Z ( > DKo He(o)—c,6
=1 ge[n
p—1
_Z Z ]l{cl >0}p Kquq)_ﬁiei
1 c(g) — e '
i=1 ge[n]OP

=p Z > <pc(_q)1> KiggHe(q)€i

i=1 ge[n]@(P—1)
=plp-1(K).
The second equality uses the symmetry of K to reduce the sum to the ordered chamber
[n]®P. The third equality is straightforward algebra for the multinomial coefficients,
while the fourth uses that every element of [n]®? that contains an i can be uniquely
written as i & g, where ¢ is an ordered element of [n]®<’7 ~1. The last equality uses
(6.13). This completes the proof for m = 1, and the proof for m > 1 follows by
induction.
For part (b) first expand out the term (v'Z)? as

WZ)P =WiZ1+ ...+ v,Z,)P = Z Vgy - Vap Ly + -+ Loy
q€[n]P
Now recall (3.13) which says that for centered Gaussians X we have H,(X) = m,(XP).
Apply 7, to both sides to obtain
= Z Vgy Vg, Tp(Zay - - - Zqy) = Ip(v®P).
q€[n]P

Part (c) is simply a restatement of the Wiener chaos decomposition of Chapter 3,

Corollary 2.2 that
E[fH
1= 3 Bt
kezm )

For p > 1 and ¢ € [n)? set K?(f)y = E[fH(g]- Then each K?(f) is a symmetric
p-tensor and

o) = 3 Bl e = 5 3 ( ) i = Yo Bl

q€[n]P kesp kesp

For part (d), note that the recursion formula Hyp41(x) = zHi(x) — kHi—1(z) =
xHy(z) — Hy(z) = (v — 8)Hg(z) for the Hermite polynomials implies that

AgAgy .- qul = Hc(q),
where A; = Z; — D; for i € [n]. Therefore by linearity we can rewrite I,(K) as

= > Ay .. Ay K,= A" K,

q€[n]P
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where AP is the formal p-tensor whose g-th coordinate is Ay ...Ag, and - is the
Hilbert-Schmidt inner product. Consequently, by applying the integration-by-parts
formula (2.3) multiple times we obtain

E[fIP(K)} = Z E[fAtn ---quKq] = Z E[(qu--~Dq1f)Kq] = E[Dpf'K]~

q€([n]P q€[n]P

Note that the last equality uses equality of mixed partials to reverse the order of the
derivatives.

Stroock’s formula of part (e) is now a consequence of parts (c) and (d). Define
K?(f)q = E[fHc(g)] as in the proof of part (c). As in part (d), write this as K?(f)q =
E[fAq ... Aq,1] = E[f(AP1),], or more succintly K?(f) = E[fAP1]. Thus integration-
by-parts gives KP(f) = E[fAP1] = E[D?f1] = E[D?f], so the statement of part (c)
completes the proof. O

It is worth making note of the notation used in the proof of part (d). It says that
I,(K) can be rewritten as the tensor inner product,

I(K)= A" K
and then the statement of part (d) can be rephrased as
E[D"f- K] =E[fA" - K],

This formulation very explicitly shows that I, is an adjoint operator to DP. The formal
p-tensor AP can also be used to represent the tensor of Hermite polynomials, namely

(Apl)q = Hc(q) = ﬂ-p(ZEn v qu).

In tensor notation this identity can be rephrased as A1 = 7,(Z®). Using this
notation we also have the following relation.

{cor:Ip_anti_derivative) Corollary 3.3. Let K be a symmetric p-tensor and 0 < m < p. Then A™ - Ip_nmn(K) =

I,(K), and in particular A™ - D™I,(K) = p!/(p — m),(K).

Proof. By definition of A™ and Ip—,(K) we have

A" Ty (K) = Z A;nIp—m(K)q = Z Z Kq@SAZLHc(s)(Z)

qE€[n]™ qE[n]™ se[n]p—m

S0 KeeeAg . Ag Ay A, 1

qE[n]™ sg[n]p—m

Z Z Koos Aqas1

g€[n]™ se[n]p—m

= > Y KeesHes(2)

qE€[n]™ se[n]p—m

= I,(K).

The second property follows from Proposition 3.2, part (a). O
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Stroock’s formula can be used to give a straightforward, calculus based proof of
Proposition 2.3 for the product of stochastic integrals that does not rely on Wick’s
formula. Indeed, for a p-tensor K and a g¢-tensor L it is clear that I,(K) and I4(L)
each being polynomials implies that I,(K)I,(L) is in D°?. Computing higher order
derivatives of I,(K)I4(L) is done with a Leibniz rule, although some care must be
taken since it is a tensor version of the rule that is needed. We derive this alternate
proof of the product formula below in Proposition 3.6, but first we review the necessary
tensor operations, including the natural contraction operator ®, that replaces the %,
operation of Definition 2.2.

Definition 3.4. Given a p-tensor L and a g-tensor K and 0 < 7 < p A g, their r
contraction is the p —r + ¢ — r = p 4+ q — 2r tensor defined coordinate-wise by

(K @ L)ags = Y KigaLico,
le[n]”

where a € [n]P7" and b € [n]?”" and @ is the concatenation operator on integer vectors.
As a tensor we can also write the contraction as

K@, L= > ((Kewa) (Legp)) (€as ® ... @ €a, , ®ep, ®...®ep, ),
a€[n]P~"
ben)a—T
and for K and L symmetric we may rewrite this equality by using the identity (Kegq)-
(Lewp) = (Kawe) - (Lbws)-

In the case r = 0 we usually write ®9 = ® for shorthand. Note that K ® L is an
“outer product” of the two tensors with entries

(K ® L)agy = KoLy

for a € [n]P,b € [n]?. Clearly then ® is not a commutative operator, and in general
®. is not either. If K and L are both p-tensors then

K®pyL= Y KiLo=K-L,

a€[n]P

where - is the Hilbert-Schmidt inner product. With this notation Z®? is the random
p-tensor with entires ngp = Zy, ... Zqg,, and if we apply 7, coordinate-wise we get
Tp(ZEP) = He(q)(Z). This leads to the suggestive notation

I (K) = Z Kqﬂ'p(Z;@p) =mp(K - Z®p) = mp(K ®p Z®p)-

q€[n]P

Now if we think of D as a 1-tensor with entries D; and random variables F' as O-tensors,
then its gradient DF' = D ® F' is a 1-tensor. More generally, if K is a random p-tensor
then DK = D® K is the (p+ 1)-tensor whose entries are the partial derivatives of the
entries of K. More generally, thinking of D? as a g-tensor and K as a random p-tensor
then DYK = D?® K is the random (p + ¢)-tensor whose entries are the mixed partial
derivatives of the entries of K.

Note that even if K and L are symmetric tensors then their contraction K ®, L
may not be. In fact, K ®, K may not even be symmetric. Therefore after computing
the contraction one may symmeterize it, for which we use the notation

K&.L:=K &, L.
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When K and L are symmetric tensors the contraction can be defined with some extra
freedom. If o is a permutation of [p] and 7 is a permutation of [¢], then by symmetry
we have

(K @ L)ags = » . KiwaLigh = Y Ko(@a) Lgan)-

le[n]” len]”

That is to say, the symmetry of K and L allows us to arbitrarily choose which indices
we sum over and which we keep fixed, and the choice can be made separately for both
K and L.

From these definitions follows an isometry formula for discrete stochastic integrals.

:stoch_integral _isometry) Proposition 3.5. Let K be a symmetric p-tensor and L be a symmetric g-tensor

and 0 < m < p, 0 <1< q. Then for 0 <r < pAgq, E[lL—m(K) @ I4—i1(K)] is a
(m + 1 — 2r)-tensor equal to

(p—m)(K ®p-—mir L), p—m=gq—1

E[lp—m(K) ®; I;-1(L)] = {0 p—m#q—1

Proof. Using formula (6.11) gives, for a € [n]™ " and b € [n]'™",

(Ip-m(K) ®r Ig—1(L))agp = Z Ip—m(K)swalg—1(L)sab

s€[n]”

> Lem(Kswowe) Io-1(Lswbae)-

s€[n]”

Now using the isometry (6.9), since p —m = ¢ — [ we have

E[(Ip—m (K) ®r Ig-1(L))ags] = (p = m)! Y (Kswawe) - (Lsbos)

s€[n]”

= (p—m)! (K @p—m+r L)a@b :

The last equality follows simply by unravelling the definition of the tensor product
and the contraction. O

With these definitions in hand we now turn our attention to the following formula
for the product of stochastic integrals.
e_stoch_integral_product) Proposition 3.6. Let K be a symmetric p-tensor and L be a symmetric g-tensor and
0<m<p,0<Ii<q Then for0<s<pAgq

(p—m)A(g—1) p—m)\ (q—1
Ip—M(K) Qs qul(L) = Z Tl( . > ( . )Ip+qml2r(K Qrts L)~

r=0

Note that the case m = [ = s = 0 is an identity of random variables and is the
exact analogue of the earlier Proposition 2.3. The case m = [ = s = 1 is also an
identity of random variables and will be used shortly to compute the Wiener chaos
expansion of the squared norm of the gradient DI,(K). In general, Proposition 3.6 is
a statement of the equality of two random m + [ — 2s tensors.
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Proof. We first prove the statement in the case m =1 = s = 0 and then build from
there. We use Stroock’s formula, part (e) of Proposition 3.2. Since I,(K)I4(L) is a
polynomial of degree p + g Stroock’s formula implies that

p+q

I(K)I4(L) = E[L,(K)I,(L)] + > | %Ik(E[Dk(IP(K)]q(L))]), (6.14) [eqn: Stroock_for_Ip
k=1

although we will soon see that for many k these terms are zero. The higher order
derivative of a product is calculated by the Leibniz rule: if f(Z) and g(Z) are in D*?

then

LIRS .

D*(fg)=>_ ( .>Djf ® D" g

— \ j

J
Note that each term in the sum is a k-tensor, as one would expect. Specializing
Leibniz’s rule to the product of I,(K) and I,(L) and using the differentiation formula
of Proposition 3.2, part (a), we obtain

. & (k) p! q!

D (I, (K)I4(L)) = . — ——— I, (K) ® I;— 44 (L).
Now we take expected values. By Proposition 3.5 the only term that is not mean zero
is for j such that p — j = ¢ — k + j. If this happens then Proposition 3.5 implies

E[D*(I,(K)I,(L))] = (j) (pfilj)'(pgi'])'(p — HNK ®p—; L). (6.15) [eqn: expectation_Dk

Now p —j = q — k + j is equivalent to 2j = p — ¢ + k, which in turn implies that
p — q and k must have the same parity and thus p 4+ ¢ and £ must also have the same
parity. Thus there is (exactly) one term in D*(I,(K)I,(L)) with non-zero expectation
if and only if K = p+ g — 2r for some 0 < r < p+ ¢g. But since also 0 < j < k, by
inserting 7 = 0 and j = k into 2j = p — ¢ + k we conclude —k < p — g < k. Inserting
k = p+ q — 2r into both sides yields » < p and r < ¢q. Thus there is a non-zero
expectation only when k = p 4 ¢ — 2r with 0 < r < p A q. We use this to rewrite the
product formula (6.14) as

pPAg

)LL) = Y ey (BIDP 2 (1, (KO (L)

Note that we were able to remove the expectation term because it only entered in if
p = q in the first place, and if p = ¢ then the r = p A ¢ = p = g case handles the
expectation. Now k = p+q—2r and 2j = p—q+ k imply that j = p—r, and inserting
these expressions into (6.15) this is equivalent to

IRTSTAV I e — (p - 2’”) D o (K @ L)
p q = Y] _ ol pa—2r "
—(p+q—2r) p—T rlrl

PAG 2\ (q
_ ( ) ( >1p+q_2T<K o D).
= r r
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This completes the proof of the m =1 = s = 0 case. The proof of the general case
is now built upon this one. Indeed, since I,,—,(K) is an m-tensor and I,—;(K) is an
I-tensor, for a € [n]™° and b € [n]' ™ we have

(Ip,m(K) ®Ds Iq_ aeBb Z I, m uGBa]q—l(L)u@b
u€ln
Z Ip—m(Kugawe)lg—1(Lugbae).
u€ln

The second equality is by equation 6.11 that defines the multiple stochastic integrals
coordinatewise. Now Kugawme is a (p —m)-tensor for each fixed u and a, while Lygbqe
is a (¢ — I)-tensor for each fixed u and b. Therefore the previous “m =1 = s = 0" case
of the proposition can be applied, giving

Iy m(Kuoawe)Ig—1(Lugbae)

(p—m)A(g—1) p—m\ [(q—1
= Z 7! ( ) < )Ip+qleT(Ku®a@. ®r Lugbae)-

r r
r=0

Now by linearity of the stochastic integral, in order to complete the proof it is enough
to show that

Z Ku@a@o Dr Lu@b@o = (K ®r+s L)a®b~

u€[n]®
This is a straightforward consequence of the definition of the contraction of tensors,
which completes the proof. O

With the product formula in hand we can now reprove Propositions 2.4 and 2.5
using the language of tensors. Although the statements are virtually unchanged we
include them for the sake of completeness. The proofs, however, are less combinatorial
and more straightforward from an analytic point of view.

Proposition 3.7. For p > 1 and a p-tensor K we have

ar (%HDI( ||]R”> = 12; (p) (2p — 2n)||(K @, K)||?,

and for the kurtosis

E[L,(K)"] = 3E[L,(K 2—%2 (p) (2p — 2n)|I(K @, K)|*.

Proof. For the variance formula begin with DI,(K) = pl,—1(K), which is a 1-tensor.
Its squared norm is therefore equal to its 1-contraction with itself, leading to the
identity

IDI,(K)|[fn = p*(Ip-1(K) @1 I,-1(K))

p—1 2
p—1
= p2 TE:O r! < , ) Izp_Q_zr(K Qr41 K)

2
P
= Z r(r!) (p) Iop—2r (K @y K), (6.16)[eq:DIp_expansion
T
r=1
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with the second equality following by Proposition 3.6. The r = p term is simply
p(p)(K @y K) = p(p) (K - K) = p” E[l,-1(K) @1 Lp-1(K)] = E [|| DL, (K)|[&n] -

The second equality is from Proposition 3.5, while the third is from DI,(K) =
pIp—1(K). Thus the r = p term is constant and hence irrelevant for the variance,
while the remaining terms are all mean zero since they are stochastic integrals. Now
since the terms for different r are uncorrelated, and by the isometry (6.9), we obtain

4
1 1

which completes the proof for the variance formula. For the kurtosis formula use the
relation A - DI, (k) = pI,(K) from Corollary 3.3 and the integration by parts formula
from Chapter 2, (2.3) to compute

BIIL(K)'] = & Bl(A- DI,(K)1,(K)') = 3" BIDAI,(K) Dl (K)

_3 Z E[31,(K)*(D:I,(K))?]

:*E[ o (K)?|| DI () [ ].

Now use Proposition 3.6 to expand I,(K)? and (6.16) to expand ||DI,(K)||i», and
use the isometry (6.9) to compute that the expectation of their product is

4
32
E[I,(K)* = 5 > r(r)? (f) (2p — 2r)|| K @, K||°.
r=1
Similarly, using Proposition 3.6 to compute E[I,(K)?]? (equivalently use (6.9)) gives
E[L,(K)"* = (p)*(K - K)* = (0)°|| K @p K||*.

Combining these two equations we obtain

4
3%
E[I,(K)"] = 3E[I,(K)*)* = p > )’ (i) (2p —2n)!||K @, K|,
r=1
as claimed. O

From here the proofs of Theorem 1.1 and Corollary 1.2 are exactly the same, lead-
ing to the conclusion that if p > 1 then no element of the pth Wiener chaos is normally
distributed. However, as we will see in the next section, this does not proclude that
there is a sequence of elements in the pth Wiener chaos whose distribution converges to
the normal one. This is in fact possible, and the ideas of the fourth moment theorem
can be extended to give a sufficient condition for when it is true.

4 Convergence to Normality

5 Extensions to Correlated Gaussians
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Problems

1. Show that S? — 1 is in the second Wiener chaos, where

n

§ = 1Sz - 2
=1

Since it is already a quadratic you only need to show that it is orthogonal to all
linear functions of the Z;. Alternatively you can use Exercise 14 of Chapter 3

by observing that
1

5% = 712/(1 -n 1172
where 1 = (1,...,1) € R" is the vector of all ones.

2. Prove that for arbitrary k € Z% and ¢ € {1,...,n} the Wiener chaos decom-
position of HrHe,; is HrHe; = Hite; + kiHr—c,- Check that this agrees with
Proposition 2.1.

3. Derive the combinatorial proof of the multinomial identity

() -%(2)

for k € S;'. You might want to start off by recalling the combinatorial proof of

the binomial identity
ny [n-—1 n n—1
k) k k—1)

4. Verify that the statement of either Proposition 2.3 or Proposition 3.6 implies
the statement of Proposition 2.1.

5. Use equation (6.8) to prove the isometry formula (6.9).

6. Verify that 2-tensors are just n X n matrices, and that if K is a 2-tensor then
its symmeterization K is just K = (K + K')/2, where ' denotes transpose. Also
check that if K and L are both 2-tensors then ®; is just matrix multiplication
with K®1 L =KL .

7. To be finished still: find a sequence of n X n matrices Ay with tr(Ax) = 0 such
that Z'ArZ converges in law to a normal distribution as k — oo. Try the n = 2
case first and see if you can deduce a pattern.
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Chapter 7

Gaussian Processes

1 Basic Notions

Let T be a set, and X := {X; }+er a stochastic process, defined on a suitable probability
space (2, F,P), that is indexed by T.

Definition 1.1. We say that X is a Gaussian process indexed by T when (X4, , ..., X¢,))
is a Gaussian random vector for every t1,...,t, € T and n > 1. The distribution of
X—that is the Borel measure R > A — pu(A) := P{X € A}—is called a Gaussian

measure.

Lemma 1.2. Suppose X := (X1,...,Xyn) is a Gaussian random vector. If we set T :=
{1,...,n}, then the stochastic process {Xi}icr is a Gaussian process. Conversely, if
{Xt}ter is a Gaussian process, then (X1,...,Xn) is a Gaussian random vector.

The proof is left as exercise.

Definition 1.3. If X is a Gaussian process indexed by T, then we define p(t) := E(X)
[t € T] and C(s,t) := Cov(Xs, X:) for all s,t € T. The functions p and C are called
the mean and covariance functions of X respectively.

(lem:pos:def) y ernma 1.4. A symmetric n X n real matriz C is the covariance of some Gaussian

random vector if and only if C is positive semidefinite. The latter property means that

n n

20z = ZZZ,-ZJ-CM >0 for all z1,...,2z, € R.

i=1 j=1
Proof. Consult any textbook on multivariate normal distributions. O

Corollary 1.5. A function C : T x T — R 1is the covariance function of some T-
indexed Gaussian process if and only if (C(ti,t;))1<i,j<n 1S a positive semidefinite
matriz for all t1,...,t, € T.

Definition 1.6. From now on we will say that a function C' : T' x T' — R is positive
semidefinite when (C'(t; ,t;))1<i,j<n 1S a positive semidefinite matrix for all ¢1,...,t, €
T.

115
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Note that we understand the structure of every Gaussian process by looking only at
finitely-many Gaussian random variables at a time. As a result, the theory of Gaussian
processes does not depend a priori on the topological structure of the indexing set 7.
In this sense, the theory of Gaussian processes is quite different from Markov processes,
martingales, etc. In those theories, it is essential that T is a totally-ordered set [such
as R or R4], for example. Here, T can in principle be any set. Still, it can happen
that X has particularly-nice structure when 7' is Euclidean, or more generally, has
some nice group structure. We anticipate this possibility and introduce the following.

7(def:stationary)? Definjtion 1.7. Suppose T is an abelian group and {X:}:er a Gaussian process
indexed by T. Then we use the additive notation for 7', and say that X is stationary
when (X¢,,..., Xy, ) and (Xsyey , ..., Xott, ) have the same law for all s, ¢1,...,t, € T.

The following is a simple result but still worth recording.

(lem:stationary) [emma 1.8. Let T be an abelian group and let X = {X;}ier denote a T-indexed
Gaussian process with mean function m and covariance function C. Then X is sta-
tionary if and only if m and C are “translation invariant.” That means that

m(s+t)=m() and C(ti,t2) =C(s+t1,s+ta) for all s,t,t1,t2 €T,
using additive notation for the group operations on T'.

?(rem:stationary)? pemgrk 1.9. In other words, Lemma 1.8 says that if X is stationary, then its mean
function is a constant and its covariance function is a function of the difference of its
variables; i.e.,

m(t) =m(0) and C(t1,t2) = C(t1 —t2,0) for all s,t,t1,t2 € T,

still using additive notation for the group operations on 7'

2 Examples of Gaussian Processes

82.1 Gaussian Random Polynomials

(subsec:Gauss:Poly) [et 7, ..., Z, denote ¢ + 1 i.i.d. standard normal random variables, where ¢ > 0 is
an integer, and consider the Gaussian random polynomial X := {X;}+er defined by

Xi:=Zo+ Zit+ Zot> + -+ Zyt?  forallt € R.
Then, X is manifestly a mean-zero Gaussian process with covariance function
C(s,t) =14 st+ s°t> + -+ s9t9 for all s,t € R.

Clearly, t — X; is a.s. C°° and all of its derivatives are themselves Gaussian random
polynomials. For example,

X, = d(ift = 71 + 22t 4+ 3Z3t> + -+ + qZ,t" ",
SED¢ _
X{ = dt; =275 4 6Zst + -+ qlqg — 1) ZytT™ 2,

etc. for all t € R.
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82.2 Brownian Motion

By Brownian motion X, we mean a Gaussian process, indexed by Ry := [0, 00), with
mean function 0 and covariance function

C(s,t) := min(s,t) [s,t = 0].

In order to justify this definition, it suffices to prove that C is a positive semidefinite
function on T'x T' = Ri. Suppose z1,...,2n, € R and t1,...,t, > 0. Then,

ZZzisz(ti i) = ZZZZZJ /O‘X’ 1[0,ti](3)1[0,t]-](3) ds

i=1 j=1 i=1j=1

:/0°°

Therefore, Brownian motion exists.

2
> 0.

n
Z ziljgs,)(s) ds
i=1

§2.3 The Brownian Bridge

A Brownian bridge is a mean-zero Gaussian process, indexed by [0, 1], and with co-
variance

C(s,t) = min(s,t) — st [0<s,t<1). (7.1)[Cov:BB|
The most elegant proof of existence, that I am aware of, is due to J. L. Doob: Let B
be a Brownian motion, and define

XtI:Bt—tBl [Ogtgl]

Then, X := {X;}ogt<1 is a mean-zero Gaussian process that is indexed by [0, 1] and
has the covariance function of (7.1).

8§2.4 The Ornstein—Uhlenbeck Process

(subsec:0U) Ap Ornstein—Uhlenbeck process is a stationary Gaussian process X indexed by R with
mean function 0 and covariance

C(s,t)=e¢"°l  [s,teR] (7.2) [Cov:0U]

This is our first example of a stationary Gaussian process; stationarity itself is justified
by Lemma 1.8. It remains to prove that C is a positive semidefinite function. The
proof rests on the following well-known formula:*

7‘x‘ _ 1 oo elwa :
e _%/ S de [weR) (7.3) [FT:Gauchy|

— o0

Thanks to (7.3),

n n

1 [ da ia(t;—ty)
ZjZkC(tj ,tk) = 1+ a2 § § Z2j2K€
—o0

j=1 k=1
_l/‘x’ da
Crf_1+a?

for every ti1,...,t, € R and z1,...,2n € R.

n 2

z : Zjeiatj

=0,

n other words, if Y has a standard Cauchy distribution on the line, then its characteristic
function is Eexp(izY) = exp(—|z|).
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82.5 Brownian Sheet

An N-parameter Brownian sheet X is a Gaussian process, indexed by RY := [0, 00
whose mean function is zero and covariance function is

"™,

t) = Hmin(sj ) [se=(s .., 8N, b= (.., tY) e RY).

Clearly, a 1-parameter Brownian sheet is Brownian motion; in that case, the existence

problem has been addressed. In general, we may argue as follows: For all z1,...,2, €
R and s1,...,s, ElRf,
zzmnmm zzmn/ .11 L () dr
j=1k= j=1k=1
N
=ZZZjZk/NHﬂ[oS o ) 0
j=1k=1 RY =1

Thus, we find that

2

n N
Zszsz S;,Sk) / ZH VN os@] ()| dr >0,
j=1k=1 j=1e=1
for all z1,...,2, € R and s1,...,8, € ]Rf. This proves that the Brownian sheet

exists.

82.6 Fractional Brownian Motion

(subsec:£Bm) A fractional Brownian motion [or fBm)] is a Gaussian process indexed by R, that has
mean function 0, Xo := 0, and covariance function given by

B(X, - X.[) =t —sP*  [s,t>0], (7.4) [Vax:28a]

for some constant a > 0. The constant « is called any one the parameter, Hurst
parameter, index, or Hurst index of X.

Note that (7.4) indeed yields the covariance function of X: Since Var(X,;) =
E(|X: — Xo|?) = t*, it follows that

[t —s]** =B (X7 + X? — 2X.X;) = % + s°* — 2Cov(X., Xy).

Therefore,
t2a 4 82a _ |t _ S‘Qa
5 [s,¢ > 0], (7.5) [Cov:2Ba]
Direct inspection shows that (7.5) does not define a positive-definite function C' when
a < 0. This is why we have limited ourselves to the case that a > 0.
Note that an fBm with Hurst index a = 1/2 is a Brownian motion. The reason is
the following elementary identity:

Cov(Xs,X) =

t+s—|t—s|
2
which can be verified by considering the cases s > ¢ and t > s separately.

The more interesting “if” portion of the following is due to Mandelbrot and Van
Ness (1968).

= min(s,t) [s,t = 0],



2. EXAMPLES OF GAUSSIAN PROCESSES 119

7(th:fBn:exists)? Theorem 2.1. An fBm with Hurst index « exists if and only if o < 1.

Fractional Brownian motion with Hurst index a = 1 is a trivial process in the
following sense: Let N be a standard normal random variable, and define X; := tNV.
Then, X := {X;}+>0 is {fBm with index o = 1. For this reason, many experts do not
refer to the @ = 1 case as fractional Brownian motion, and reserve the teminology
fBm for the case that oo € (0,1). Also, fractional Brownian motion with Hurst index
a = 1/2 is Brownian motion.

Proof. First we examine the case that a < 1. Our goal is to prove that

B t2o¢ + 82a _ It _ s|2a
B 2

C(s,t):

is a covariance function.
Consider the function

a—(1/2 a—(1/2
D(t,r) = (t —r)3 D — (=) 2

defined for all t > 0 and r € R, where a4 := max(a,0) for all a € R. Direct inspection
yields that [*_[®(t,7)]>dr < oo, since o < 1, and in fact a second computation on
the side yields

/ O(t,r)®(s,r)dr = kC(s,t) for all s,¢ > 0, (7.6)[Phi2]

where k is a positive and finite constant that depends only on «. In particular,

iizisz(ti ,tj) = éiizlzj /Oo <I)(ti77‘)q)(tj ,T) dr

i=1 j=2 i=1 j=2

n 2
l/ |: ziq)(ti,r)] dr > 0.
K

N et

=

This proves the Theorem in the case that o < 1. We have seen already that theorem
holds [easily] when oo = 1. Therefore, we now consider a > 1, and strive to prove that
fBm does not exist in this case.

The proof hinges on a technical fact which we state without proof; a proof can be
found in the next chapter and its exercises (see Problem XXX, p. XXX). Recall that
Y is a modification of Y when P{Y; = Y;} =1 for all ¢.

(pr:KCT:Gauss) Proposition 2.2. Let Y := {Yi}ico,s] denote a Gaussian process indexed by T :=

[0, 7], where T > 0 is a fized constant. Suppose there exists a finite constant C and a
constant n > 0 such that

E(|Y: - Y:|?) <Clt —s|" for all0 < s, t < 7. (7.7) ?cond:KCT:Gauss?

Then Y has a Holder-continuous modification Y. Moreover, for every non-random
constant p € (0,1/2),
|Y: — Y|

sup —— < 0 almost surely.
o<sAt<r [t — s
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We use Proposition 2.2 in the following way: Suppose to the contrary that there
existed an fBm X with Hurst parameter a > 1. By Proposition 2.2, X would have a
continuous modification X such that for all p € (0, ) and 7 > 0,

X, — X,
V(r):= sup 7| i ol

< 00 almost surely.
o<st<r |t —s|P

Choose p € (1, ) and observe that
|X: — Xo| < V(7)|t —s/° for all s,t € [0, 7],

almost surely for all 7 > 0. Divide both side by |t — s| and let s — ¢ in order to see
that X is differentiable and its derivative is zero everywhere, a.s. Since Xo=X0=0
a.s., it then follows that X; = 0 a.s. for all ¢ > 0. In particular, P{X; = 0} = 1 for all
t > 0. Since the variance of X, is supposed to be 2%, we are led to a contradiction. [

82.7 Isonormal Processes, White Noise, and Wiener Inte-
grals
(subsec:WN) [ ot H be a complex Hilbert space with norm || ... ||i and corresponding inner product
(- )m.

Definition 2.3. The isonormal process indexed by T = H is a Gaussian process
{&(h)}nem, indexed by H, with mean function 0 and covariance function,

C(hl 7hz) = <h1 ,h2>]1-[ [hl,hz S IH]

The proof of existence is fairly elementary: For all z1,...,2, € Rand hi,...,h, €
H,

n

ZZZjZkC(h]’ ,hk) = ZZZ]ZIC <hj ,hk)]H

j=1k=1 j=1k=1

= <Z Zjhj ,szhk> =
j=1 k=1

H

n
E zih;
=1

2
H
which is clearly > 0.

The following simple result is one of the centerpieces of this section, and plays an
important role in the sequel.

(lem:WN:Lin) [ emma 2.4. For every ai,...,am € R and h1,--- ,hym € H,

f (i a]-hj> = iajé(hj) a.s.

Proof. We plan to prove that: (a) For all a € R and h € H,
£(ah) = ag(h)  as; (7.8)[wN:Lini]|
and (b) For all hi, hy € H,

E(h1 + h2) = &(h1) + &(h2) a.s. (7.9) [wWN:Lin2]
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Together, (7.8) and (7.9) imply the lemma with m = 2; the general case follows from
this case, after we apply induction. Let us prove (7.8) then:

E (¢(ah) — ag(h)|*) = E (|€(ah)|*) + a® E ([§(R)[*) — 2aCov (¢(ah) ,£(h))
= |lah|| + a®(|hl[E — 2a(ah , h)w = 0.
This proves (7.8). As regards (7.9), we note that

E (|¢(h1 + h2) — &(h1) — €(h2)|?)

=E (|&(h1 + h2)*) + E (|€(h1) + £(h2)[*) — 2Cov (£(h1 + h2) ,&(h1) + &(h2))
= ||h1 + hallfi + [1ha[lfr + [[h2llf + 2(h1 , ho)u

—2[(h1 + 2, ha)u + (b1 + ha , ho )]
= |lhy + hal[f — 2(ha , ha)w — ||l [f — [he |,

which is zero, thanks to the Pythagorean rule on H. This proves (7.9) an hence the
lemma. O

Lemma 2.4 can be rewritten in the following essentially-equivalent form.

(th:Wiener) Theorem 2.5 (Wiener). The map & : H — L*(Q, F,P) := L*(P) is a linear Hilbert-
space isometry.

Theorem 2.5 justifies the reason for calling £ an iso-normal—sometimes also an
150-gaussian—process.

Very often, the Hilbert space H is an L?-space itself; say, H = L?*(n) := L*(A, A, p).
Then, we can think of &(h) as an L?(P)-valued integral of h € H. In such a case, we
sometimes adopt an integral notation; namely,

[ @ o) i= [ nag =

This operation has all but one of the properties of integrals: The triangle inequality
does not hold.?

Definition 2.6. The isonormal process {£(h)}rer2(y) is sometimes referred to as
white noise with intensity measure p. The random variable [ hd¢ is called the Wiener
integral of h € H = L?(;1). One also defines definite Wiener integrals as follows: For
all h € L?(u) and E € A,

/Eh(x)g(dx) ::/Ehd£ — e(hlp).

This is a rational definition since ||Algll12(.) < [|Rllp2¢.) < oo

An important property of white noise is that, since it is a Hilbert-space isometry,
it maps orthogonal elements of H to orthogonal elements of L?(P). In other words:

E[&(h1)§(h2)] =0 if and only if (h1 ,hg)]H = 0.

Because (§(h1),&(h2)) is a Gaussian random vector of uncorrelated coordindates, we
find that

&(h1) and &(h2) are independent if and only if (hy, he)u = 0.

The following is a ready consequence of this rationale.

2In fact, |£(h)| = 0 a.s., whereas £(|h|) is negative with probability 1/2.
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(pr:uncorr:indep) Proposition 2.7. If Hy, Hs,... are orthogonal subspaces of H, then
{&(h)}nen,; 1=1,2,...
are independent Gaussian processes.
The following highlights the strength of the preceding result.

{pr:KL) Proposition 2.8. Let {¢;}{2; be a complete orthonormal basis for H. Then, we can

find a sequence of i.i.d. standard normal random variables X1, X2, ... such that

§(h) = (h,)uX;,

j=1
where the sum converges in L*(P).
Remark 2.9. Let H := R" in the usual way, and u := the counting measure on
{1,...,,N}. Then, we can think of H as L?(x). In this case, Proposition 2.8 yields a

1-1 identification of the corresponding white noise & with the i.i.d. sequence {X;} ;.
Therefore, in the setting of Proposition 2.8, some people refer to a sequence of i.i.d.
standard normal random variables as white noise. See Example 2.11 below for more
details.

Proof. Thanks to Proposition 2.7, X; := £(v;) defines an i.i.d. sequence of standard
normal random variables. According to the Riesz—Fischer theorem

h= Z civ; for every h € H,
j=1
where the sum converges in H. Therefore, Theorem 2.5 ensures that
&(h) = Zq{(wj) = ZC]'X]‘ for every h € H,
j=1 j=1

where the sum converges in L?(P). We have implicitly used the following ready con-
sequence of Wiener’s isometry [Theorem 2.5]: If h, — h in H then &(h,) — &(h)
in L*(P). Tt might help to recall that the reason is simply that ||&(h, — R)|lL2py =
|hn — h||u. O

Next we work out a few examples of Hilbert spaces that arise in the literature.

Ezample 2.10 (Zero-Dimensional Hilbert Spaces). We can identify H = {0} with a
Hilbert space in a canonical way. In this case, white noise indexed by H is just a
normal random variable with mean zero and variance 0 [i.e., £(0) := 0].

(ex:fin:dim:H) Ezample 2.11 (Finite-Dimensional Hilbert Spaces). Choose and fix an integer n > 1.
The space H := R" is a real Hilbert space with inner product (a,b)u = > 7_, a;b;
and norm ||al|f := ) a3. Let & denote white noise indexed by H = R™ and define
a random vector X := (X1,...,X,) via

ijzg(ej) j:1,2,...,n,
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where e; := (1,0,...,0)',...,e, := (0,...0,1)" denote the usual orthonormal basis
elements of R™. According to Proposition 2.8 and its proof, Xi,...,X, are i.i.d.
standard normal random variables and for every n-vector a := (a1,...,an),
£a)=> a;X; =d'X. (7.10) [mvn]
j=1

Now consider m points a1, ...,a, € R"™ and define

€(a1)

Y =
(am)

Then Y is a mean-zero Gaussian random vector with covariance matrix A’ A where A
is an m X m matrix whose jth column is a;. Then we can apply (7.10) to see that
Y = A’X. In other words, every multivariate normal random vector with mean vector
0 and covariance matrix A’A can be written as a linear combination A’X of i.i.d.
standard normals.

Ezample 2.12 (Lebesgue Spaces). Consider the usual Lebesgue space H := L? (Ry).
Since 1o € L?(Ry) for all t+ > 0, we can define a mean-zero Gaussian process
B := {Bt}+>0 by setting

Bei= (1) = [ e (7.11) ]

Then, B is a Brownian motion because
E[BSBA = <:ﬂ.[0,t] ’IL[O’S]>L2(]R+) = min(s s t).

Since E(|B; — Bs|?) = |t — 5|, Kolmgorov’s continuity theorem [Proposition 2.2] shows
that B has a continuous modification B. Of course, B is also a Brownian motion,
but it has continuous trajectories [Wiener’s Brownian motion]. Some authors intepret
(7.11) somewhat loosely and present white noise as the derivative of Brownian motion.
This viewpoint can be made rigorous in the following way: White noise is the weak
derivative of Brownian motion, in the sense of distribution theory. We will not delve
into this matter further though.

Let us close this example by mentioning, to the reader who knows Wiener and It6’s
theories of stochastic integration against Brownian motion, that the Wiener integral
15 s dB; of a non-random function ¢ € L?(R) is the same object as 15 ede =£(p)
here. Indeed, it suffices to prove this assertion when ¢, = 1y 4(s) for some fixed
number ¢ > 0. But then the assertion is just our definition (7.11) of the Brownian
motion B.

Ezample 2.13 (Lebesgue Spaces, Continued). Here is a fairly general receipe for con-
structing mean-zero Gaussian processes from white noise: Suppose we could write

C(s,t):/K(S,T)K(t,r)u(dr) [s,t € T7,

where 4 is a locally-finite measure on some measure space (A, A), and K : AXxT — R
is a function such that K (t,e) € L?(u) for all t € T. Then, the receipe is this: Let &
be white noise on H := L*(u), and define

Xt = /K(t,r)f(dr) [t €T
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Then, X := {X:}+er defines a mean-zero T-indexed Gaussian process with covariance
function C. Here are some examples of how we can use this idea to build mean-zero
Gaussian processes from white noise.
1. Let A := Ry, p := Lebesgue measure, and K(t,r) := Ljo,(r). These choices
lead us to the same white-noise construction of Brownian motion as the previous
example.

2. Given a number « € (0,1), let € be a white noise on H := L?(R). Because of
(7.6) and our general discussion, earlier in this example, we find that

1

X /R (6= VP = (=3P e@n) =0

defines an fBm with Hurst index «.

3. For a more interesting example, consider the covariance function of the Ornstein—
Uhlenbeck process whose covariance function is, we recall,

C(s,t)y=e "2l [s,t>0].
Define L4
a
wu(da) =TT e [—oo < a < o).

According to (7.3), and thanks to symmetry,
C(s,t) = /ei(t_s)r p(dr) = /cos(tr — sr) p(dr)
= /cos(tr) cos(sr) p(dr) + /sin(tr) sin(sr) p(dr).

Now we follow our general discussion, let ¢ and ¢’ are two independent white
noises on L?(u), and then define

X, = / cos(tr) £(dr) — / sn(tr)€'(dr) [t > 0].

Then, X := {X;}+>0 is an Ornstein-Uhlenbeck process.

30ne could just as easily put a plus sign in place of the minus sign here. The rationale for
this particular way of writing is that if we study the “complex-valued white noise” ¢ := £+’
where ¢’ is an independent copy of £, then X; = Re [ exp(itr) {(dr). A fully-rigorous discussion
requires facts about “complex-valued” Gaussian processes, which we will not develop here.
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Problems
1. Let {X;}¢>0 denote a 1-dimensional Brownian motion, and define Y; := tX;
for t > 0 and Yy = 0. Prove that {Y;}+>0 and {—X;},>0 are both Brownian
motions.

2. Let {X¢}1>0 denote a Brownian motion, and define Xy := X; — tX; for all
t € [0,1], so that the process X is a Brownian bridge.
(a) Verify that X and X° are jointly Gaussian, and that Cov(X; , X1) = 0 for
all 0 <t < 1. Conclude that X; and {X{ }.c[0,1] are independent.
(b) Consider the space C[0, 1] of all real-valued continuous functions on [0, 1],
endowed with the sup norm, the corresponding topology, and associated
Borel o-algebra. For every € > 0 define a probability measure P. on C[0, 1]
by setting
P.(A)=P(X€A| —-e< X1 <e).

Prove that P- converges weakly to the law of X°. That is, prove that for
all bounded and continuous functions f : C[0,1] — R,
lim/fdPE =1lim E[f(X) | —e < X1 < ¢] = E[f(X°)].
e—0 e—0
(¢) Use the preceding to argue informally that “Brownian bridge is Brownian
motion, conditioned to be zero at time 1.” This is informal since the event
{X: = 0} is P-null.
3. Let X1, Xs,... bei.i.d. random variables on R.
(a) Suppose in addition that E(X;) = 0 and Var(X;) = 1. Define

S, (t) :==n"1? Z X; for every n € N and 0 < ¢ < 1.

1<jsnt

Prove that for every 0 < t1 < --- < tr < 1, fixed, the random variable
(Sn(t1),...,Sn(tx)) converges weakly to (By, ,..., By, ) as n — 0o, where
B is a Brownian motion.

(b) Suppose instead that X is distributed uniformly on [0, 1]. Define

Fo(t) :=n""? Z (]I{Xj@} —t) for every n € N and 0 < t < 1.
=1

Then prove that for every 0 < ¢1 < --- < tx < 1, fixed, the random variable
(Sn(t1),...,Sn(tr)) converges weakly to (B, ,..., Bt ) as n — oo, where
B is a Brownian bridge on [0, 1].

(¢) Finally suppose only that ¢ — F(t) := P{X; < t} is continuous. Define

Fo(t) :=n""? Z (]L{ngF(t>} — F(1)) for every n € IN and ¢t € R.
j=1

Then prove that for all real numbers < t; < --- < tg, fixed, the random
variable (S (t1),...,S5:(tx)) converges weakly to (Bp(,y;---;Brg,)) as
n — 0o, where B is a Brownian bridge on [0, 1].

Throughout these problems, X := {Xs}s>0 denotes an fBm with index o €
(0,2). Recall that X is Brownian motion when a = 1.
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(Pbm:fbM:inc) 4. Prove that forall 0 < s <t < u < v,

<0 if0<a<l/,
Cov(X: — X5, Xo —Xo) (=0 ifa=12
>0 ifle<a<l.

Conclude from this and Slepian’s inequality (Theorem 5.12, p. 83) that if 0 <
a < /2, then for all A > 0,

P{X(j+1)/n 7Xj/n 2 n% for allj:O,...,nf 1} 2 (P{X1 2 A})n

Formulate and establish similarly-flavored inequalities in the cases that a = 1/2
and 2 < a < 1.
(Pbm:fBm) 5 Define
Y: := exp(—ct) Xexp(ct/a) for all t € R,

where ¢ € R is fixed but otherwise arbitrary. Prove that Y := {Yi}ier is a
stationary, mean-zero Gaussian process that is indexed by R, and compute its
covariance function. Conclude from your computation that if X := {Xs}sx0
is a Brownian motion then Y; = exp(—t)Xexp2t) [t € R] defines an Ornstein-
Uhlenbeck process with covariance given by (7.2).

6. Observe from Proposition 2.2 that ¢ — X; almost surely has a continuous mod-
ification. By adopting that modification if necessary we may and will assume
that the fBm X has continuous trajectories.

(a) Prove that the random variable (X4, — X¢)/h has the same distribution
as h*~ 1 X, for every t > 0 and h > 0.
(b) Use the preceding to prove that

P{limsupM :oo} =1 for every ¢t > 0.
10 h

That is, X is a.s. not differentiable at any given point. In fact, it can be
shown that X is a.s. nowhere differentiable; see XXX.

7. Prove that fBm satisfies the following “interpolatory—extrapolatory formula”:
For every s,t > 0,

pret 1— -1 2
E(Xst | Xt) = (S + 2|S | ) Xt a.s.

This is due to Mandelbrot and van Ness XXX.



Chapter 8

Regularity Theory

In this chapter we treat two questions about Gaussian processes simultanteously.
Namely, “when is a Gaussian process continuous?”; and “when is a Gaussian pro-
cess bounded”? We begin by discussing a sufficient condition for questions such as
continuity and boundedness. That condition is based on a very general principle about
abstract stochastic processes, and involves the notion of metric entropy. Later on in
the chapter, we also discuss differentiability questions.

1 Metric Entropy

Let (T, d) be a non-empty, compact metric space and define B(t,r) to be the closed
d-ball of radius r > 0 about ¢ € T'; that is,

B(t,r):={se€T: d(s,t)<r} [teT r>0]

By default, for every € > 0 there exists an integer n(e) > 1 and points t1,...,tye) € T
such that T = U;-fl)B(tj ,€).

?(def:N_T)? Definition 1.1. We write Nr(e) for the smallest such integer n(e). The function Nr
is called the metric entropy of (T',d).

The function Nt : (0,00) — Z+ is non-increasing, and the behavior of Nr(g) for
€ ~ 0 quantifies the “size” of the compact set T'. For example, we can see easily that
T is a finite set if and only if lim. o Nr(e) < co. And if lim.jo Nr(e) < oo, then the
rate at which Nr(e) diverges can yield information about the geometry of T. The
following is one way in which this statement can be quantified.

?(def:dim M)? Definition 1.2. The Minkowski dimension of (T,d) is defined as
dim,, (T) := limsup ———~~.
! M( ) ! el0 p lOg(l/&)

Some authors refer to dim,,(7") as the “fractal dimension” of T". See Mandelbrot
XXX, for instance.

The behavior of Nt near zero describes the “size” of the set 7. In order to
understand this behavior, we generally proceed in two stages: We obtain an upper

127



128 CHAPTER 8. REGULARITY THEORY

bound for Nr(e) as € | 0; and then separately find a lower bound for Nr(¢) as ¢ | 0.
Upper bounds are often not hard to find: Since Nr(e) is a minimal covering number
by balls of radius €, we merely need to find a reasonable e-covering of T'. The following
elementary example highlights this idea.

(ex:00,11) Eyample 1.3. Suppose that T' = [0,1] and d(s,t) = |s — t| for every s,t € T. Then,
B(t,r)=[t—r)VvO0,({t+r)A1] forallt € T and r > 0.

If n > 1 is an integer then the (1/n)-balls of the form [j/n,(j + 1)/n] (for j =
0,...,n — 1) form a cover of T. Because there are n such balls, it follows from the
minimality of metric entropy that Nr(1/n) < n for alln > 1. If e € (0,1) then we
can find a unique integer n > 1 such that 1/(n+ 1) <& < 1/n, and hence

Nr(e) < Nr (

It follows readily from this also that dim, (T") < 1.

To summarize what we have learned so far, we find upper bounds for Nr by finding
one [hopefully efficient] cover of T'. By contrast, it can be tricky to directly find lower
bounds for Nt since we can establish Nr(e) > m only after we verify that every e-
cover of T is comprised of m or more balls. In order to circumvent this difficulty we
may resort to a related covering notion.

1
< 1<-+1
n—l—l) nt <s+

(def:P_T) Definition 1.4. Choose and fix some ¢ > 0. We say that t1,...,tm, € T is an e-packing
of T if d(t;,t;) > € whenever 1 < ¢ # j < m. Let Pr(e) denote the largest integer
m > 1 for which there exists an e-packing of T'. The function Pr is the [Kolmogorov]
capacity of the pseudo-metric space (T, d).

Actually, Kolmogorov capacity and metric entropy are not very different, as the
following shows.

(1em:N:C) Lemma 1.5. Nr(e) < Pr(e) < Nr(e/2) for cvery e > 0.

Proof. If Pr(e) = m, then we can find ¢1,...,t, € T such that: (i) d(t;,t;) > €
when ¢ # j; and (ii) min;<m d(t; ,t) < € for all t € T thanks to the maximality of Pr.
Among other things, this shows that t1,...,tm» is an e-covering of T'. Since Nr(¢) is
the minimum size of all e-coverings of T', it follows that Nr(e) < m = Pr(¢).
Conversely, suppose we can find t1,...,t, € T such that Uj_,Bq(t;,¢/2) = T. If
s1 and sz are two points in 7" such that d(s1,s2) > €, then s1 and s2 cannot be in the
same ball Bq(t; ,¢/2) for any 1 < 4 < v. In particular, Pr(e) < v. The minimum such
v is of course Nr(e/2). O

Lemma 1.5 shows that in order to find a good lower bound for Nz (g), we need to
find only one good 2e-packing of T'. Let us illustrate this idea in the context of our
simple Example 1.3.
(ex:[0,1]:1) Ezample 1.6. Suppose that T = [0,1], d(s,t) = |s —t| for every s,t € T, and n > 2 is
integral. Since {2]/71};14% is a (1/n)-packing of T, it follows that Pr(1/n) > 1+ (n/2)
and hence Nr(1/(2n)) > 1+ (n/2) by Lemma 1.5. If ¢ € (0,!/2) then we can find a
unique integer n > 1 such that 1/(n + 1) < 2e < 1/n. Thus,
1 n 1 1
> — | = -2 — 4+ =
This and Example 1.3 together imply that Nr(e) — oo as € | 0 at sharp rate et In
particular, it follows from this also that dim,, (T") = 1.
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Next are a few more examples.

(ex:dimM:1) Example 1.7. 1. Consider the set T := []"_, [ai , b;] where a; < b; are real numbers.
We endow T with the Euclidean metric, d(s,t) := ||s—t| for all s,¢ € T. Then it

is not hard to see that dim,, (7') = n. In other words, the Minkowski dimension

of T' agrees with any reasonable topological notion of dimension for 7.

2. Let T denote the standard ternary Cantor set in Ry, and endow T with the
Euclidean metric, d(s,t) := |t — s| for all s,¢ € T. Then it is possible to verify
that dim,, (T") = log 2/ log 3, which ought to be a familiar computation to you.

3. If T is a finite set then dimy, (7)) = 0. However, there are countable compact
spaces that have non-zero Minkowski dimension. For instance, consider the set
T:={1,Y2,Y3,%4,...} U{0}, endowed with the Euclidean metric, d(s,t) :=
|t — s| for all s,¢t € T. Then one can prove that dim,, (T") = 1/2.

4. There are also many metric spaces of infinite Minkowski dimension. An example
is the space T of all continuous, real-valued functions on [0, 1], endowed with
the usual metric,

d(s,t) ;== sup |s(y) — t(y)| for all s,t € T.
0<y<1
Or one can consider T'= L?[0,1] for any 1 < p < oo, endowed with d(s,t) :=
ls — t||Lro,1) for all s,t € LF[0,1].

The main result of this section is a careful version of the assertion that a T-indexed
stochastic process is continuous if the index set T" is “not too big,” as understood, in
one fashion or another, via the behavior of N7 near zero.
Now let {X:}+er be a real-valued stochastic process, indexed by a set T', where
(T',d) is a metric space. Define
U(u) := sup P{|X: — Xs| > d(s,t)u} [u > 0]. (8.1)[Psi]

s, teT

Also, introduce the “tail” functions {7,}p>1 as follows.
T = p/ OB A du 3> 0,p > 1. (8.2)[T]
0

The goal of this section is to prove the following result about increments of general
T-indexed stochastic processes. In the next section we will work out examples that
highlight some of the uses of such a theorem.

(th:entropy) Theorem 1.8. If S C T is finite, then for allp > 1,

5/4 1p p
E | max |X,— X[’ <{16/0 [T, ((Ns(r)]*)] " dr} ,

s,teS

d(s,6)<5
for every 0 < 6 < A(T), where A(S) :=sup, ,c5d(s,t) denotes the d-diameter of S.

There are many variations on Theorem 1.8 XXX. Though this formulation of The-
orem 1.8 is particularly elegant, and might even have a new aspect, the essence of
the proof can be traced back to an unpublished manuscript of Kolmogorov, with non-
trivial extensions due to Preston XXX, Fernique XXX, and particularly Dudley XXX,
after whom this type of theorem is sometimes named. The argument rests on the
following simple a priori estimate.
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(lem:entropy:1) Lemma 1.9. Let © CT x T be a finite set of cardinality |©|. Then,

& X = X" < To(10]) - d(s, )] p>1.
[(ﬁé‘e' ' |} To(18]) - max [d(s, D) for allp

Proof. For every u > 0,

Xt_Xs

p{ max |5

(s,t)€O

> u} <O (u) Al

Xt_Xs
= < Pyl—F—F
“} (Z {’ (s, )

s,t)EO

Integrate [pu? ' du] to see that

E ( max
(s,t)EO

This implies the lemma. O

X — X |P
d(s,t)

) <T(0)).

Next we apply Lemma 1.12 to improve itself.

(lem:entropy) [,emma 1.10. If T is a finite set, then for every p > 1,

P

A(T)/4 Y
— Pl < P
maxE | X, - X! <48 [7 o) ar
Remark 1.11. Choose and fix to € T and reduce attention to the values of X over
B(to,e) where € € (0, 2A(T)] is fixed. Then, Lemma 1.10 immediately implies the
following “local” version of Theorem 1.8:

e/4 P
_ P| < 1/p
o ., s~ Xl < {8/ ) dr} |
Proof of Lemma 1.10. Recall the capacity function Pr of (T',d) from Definition 1.4,
and define

en:=2""A(T) and K, := Pr(en) [n > 0].

One can see readily that 1 = Ko < K1 < K2 <.....

The definition of Kolmogorov capacity ensures that for every integer n > 0 we can
find a finite set T, C T such that:

o |T,| = Ky;

e d(u,v) > e, for all distinct pairs of points u,v € Th;

e infser, d(s,t) <ep for all t € T; and

e There exists an integer M = M(T',d) > 1 such that T, =T for all n > M.

For every n > 0 let m, denote the projection of T" onto T,; more precisely, 7, (t)
denotes the point in T, that is closest to t for every ¢ € T. If there are many such
points then we break the ties in some arbitrary fashion. Since Tj is a singleton we can
write it as Ty = {to} and observe that mo(t) = to for all t € T. Also, observe that
to € T can be chosen in a completely arbitrary manner, without altering any of the
preceding statements.

Since T, = T for all n > M it follows that m,(t) = ¢ for every n > M. Thus, to
every t € T' we can associate a “chain” {t;}$2, of points as follows: Set t, = war(t) =t
for all n > M, and then recursively define ¢;—1 = mi—1(¢;) for all ¢ = M,..., 1.
This sequence ends with top—the unique element of Tpo—and therefore, X; — Xy, =
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> o(Xt,p1 — Xt;). Clearly, all of the summands vanish after the M-th term. In any
case, it follows that

oo
| X0 — X < Zurengfl | Xu = Xy
uniformly for all ¢ € T. Because the right-hand side is independent of ¢, we apply
Lemma 1.12 and Minkowski’s inequality in order to find that

[e] o]

Z o(ITiva)} /7 e Z (Pr(eis1))} " e,

Hmax | Xt — Xip|
teT . — —

valid because |T;| = Pr(e;) and ¢; = 277A(T). Since &; = 4(gi41 — €i42) for every
i > 0, we can then write

Hmax |Xt — Xt0|
teT

42 / > (Pr(eis))}” dr<4z CAT Py dr

€i42 €i+2
A(T)/2 L (T)/2 "y
—4 / {To (Pr(r)}* dr < 4 / {75 (Nr(r/2))}* dr;

see Lemma 1.5. Because to € T is arbitrary, this and a change of variables together
yield the lemma. O

Next, we apply Lemma 1.10 to improve itself.

(lem:entropy:1) [ emma 1.12. If T is a finite set, then for every p > 1,

) AT)/4 avyire g |
E [Qf%zg)qg\Xt—XA } < 16/0 [To (INT(r)[")] " dr s

Proof. The proof hinges on “tensorization.”
Define T :=T x T, and endow it with “product distance,”

d((s,t),(s',t) =d(s,s') vd(t,t') for every s,t,t',t' € T. (8.3)[tilde:d]

Every e-ball in T has the form B(s,e) x B(t,e) where s,t € T. In particular, if the
balls Bi,..., By, form an e-cover for (T',d), then certainly the balls {B; x B;}i"j—;

form an e-cover for (’f , &) In this way, we can relate the metric entropy of T to that
of T' as follows:
Ni(e) < [Nr(e))? for every £ > 0. (8.4)[nn2]
Consider the stochastic process X, indexed by 7, as follows:

X(s,t) =X — X for every (s,t) € T.

We may combine (8.4) and Lemma 1.10 (applied to X in place of X) in order to see
that for every p > 1 and {p € T,

E |: max ‘X(S 6 — X
(s,t)eT

< {s / M )] d} (8.5) (2]
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where A(T) denotes the d-diameter of T, and

T\ = p/ooo e (A\i/(u) A 1) du  [A>0,p>1],

U(u) = sup P {‘X]S,t) - X(S/’t,)

(s,t),(s",t")eT

>d((s,t),(s,)) u} [u> 0].

The definition of d ensures that
A(T) = A(T). (8.6) [ENT:1]
Next we estimate U as follows:

J(u)< sup P {\XS — X+ X = Xu| > d((s,1), (s, 1)) u}
(s,t),(s" t")ET

< sup P{\Xs - Xy > %J((s,t),(s/,t/)) u}
(s,t),(s" t")eT

+ sup P{|Xt - Xy| > %J((s,t),(s/,t/)) u};

(s:8),(s" t")ET

this is true simply because if a, b, ¢ > 0 satisfy a+b > c then either a > ¢/2 or b > ¢/2,
or both. Consequently, the definition of d implies that for every u > 0,

U(u) <2 sup P {IXs = Xo| > 3d(s,s")u} =2¥(u/2).

s,s'e€T

This inequality, in turn, implies that for every A > 0 and p > 1,
To(N) < p/ uP ™t (20 (u/2) A 1) du < Qp/ w?7 (AT (u/2) Al)du
0 0
= 2PT, ().

Combine this with (8.7) and (8.6) in order to find that for every p > 1 and &y € T,

E |: max ‘X(s,t) - X
(s,t)eT

to

» A(T)/4 1p P
}<{16 / (7o (Nz(r) %)) dr} : (8.7)[EnT]

To simplify this, choose and fix some to € T and set to 1= (to,to). Because X{O =0,
the lemma follows. O

We are ready to prove the main portion of Theorem 1.8; that is, when T is arbitrary.

Proof of Theorem 1.8. Lemma 1.12 and its proof (see in particular (8.4)) together
imply that whenever U C S x S and p > 1,

A@)/4 oire o
E | max |X, 7X3|P] < 16/ [To (INs(r)")] " dr g,
0

(s,t)eU

where A(U) denotes the diameter of U in the distance d defined in (8.3). We may
apply this fact with
U:={(s,t) e SxS: d(s,t) <d}.

Because A(U) < &, Theorem 1.8 follows. O



2. CONTINUITY THEOREMS 133

2 Continuity Theorems

82.1 Continuity and modifications

Among other things, Theorem 1.8 and its variations can be used to sometimes show
that a stochastic process {X;}+er can be constructed in a nice way, where as before
(T',d) is a metric space. The following is a slight abstraction of a notion that we
encountered earlier (see Proposition 2.2 on page 119).

Definition 2.1. Let X := {X;}ter and Y := {Y;: }+er be two stochastic processes. We
say that X is a modification—sometimes also called a version—of Y if P{X; = ¥;} =1
forallt € T.

Of course, if X is a version of Y, then in turn Y is a version of X as well. What the
preceding really says is that X and Y have the same finite-dimensional distributions
in the sense that

P{th €A1,...,th GAk}:P{Y;gl EAl,...,Y;,CEAk},

for all Borel sets A1,...,Ax C R and all ¢1,...,tx € T. In particular, all computable
probabilities for X are the same as their counterparts for the process Y. In this sense,
if X and Y are modifications of one other, then they are “stochastically indistinguish-
able.”

?2(th: Y
?(th:entropy:1)? Theorem 2.2. Let X := {X,}ier be a stochastic process and suppose there ezists a

real number p > 1 and a separable S C T such that

29 2y711/p
| @sor) " ar < s (8.8) [cond-entropy~1]

for some p > 1. Then, {X }ies has a continuous version {Y; }rcs which satisfies

5/4 1/p p
E| sup [V:—Y[ <{16/0 (7 (INs(r)?)] dr},

s,teS:
d(s,t)<é

for every 0 < 0 < A(S).

Proof. First of all, let us observe that (8.8) implies that S is totally bounded and
hence bounded; that is, A(S) < oo throughout.
Theorem 1.8 immediately implies that

El sup |Xe— X, <{16/06/4 (7, (INs(r)?)] " dr},

s,tes’:
d(s,t)<6
uniformly for all 0 < § < A(S) and all finite sets S’ C S. Thanks to (8.8) and the
monotone convergence theorem, the preceding continues to hold if §’ C S is countable.
We may apply the preceding to the case that S’ is dense in S.
The preceding display, (8.8), and Fatou’s lemma together imply that {X:}cs is
continuous a.s. Define

Y, = htnl,iant for all s € S.
tes
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Because X is a.s. continuous on S’, the stochastic process Y is a.s. continuous on S;
moreover,

P{Y,=X,}=1 forallscs" (8.9) [pyy]

We claim that X is continuous in probability on S; that is, X; converges to X, in
probability as t — s for all s € S. If so, then it follows readily from the a.s. continuity
of Y and (8.9) that P{Y, = X,} =1 for all s € S; that is, the continuous process ¥’
is a modification of X. This would complete the proof. But it is easy to see that X is
continuous in probability on S; in fact, it follows immediately from Theorem 1.8 that
for every s,t € T,

P

d(s,t)/4 1/p
E (IX: — X.|") < {16/0 (7, (INs ()] dT} ’

which goes to zero as s — t thanks to (8.8) and the dominated convergence theorem.
Consequently, P{|X; — Xs| > e} < e PE(|X: — Xs|’) = 0 as s — ¢ in T for every
€ > 0. This completes the proof. O

82.2 Application to Gaussian Processes

Let X := {X;}ter denote a mean-zero Gaussian process, indexed by an arbitrary set
T. Define
d(s,t) := VE (| X — Xs]?) [s,t € T. (8.10)[4]

It is easy to see that d(s,t) < d(s,u)+d(u,t) for all s,t,u € T, and d(s,t) = d(t,s).
That is, d is a pseudo-metric on T'. Let us write s ~ ¢ if d(s,t) = 0, and [t] := {s €
T : s ~ t}. Clearly, ~ is an equivalence relation on 7" and [t] € T/ ~ denotes the
equivalence class of t € T'.

We can define X[, for all [t] € T/ ~ as X[, := X, for any and every s € [t]. Then
it follows that X is a mean-zero Gaussian process, indexed by T/ ~:= {[t] : t € T},
and with the same “finite-dimensional distributions” as X. In this way we can assume
without loss of generality that (T, d) is a metric space; otherwise we study X in place
of X, using the same methods. This is harmless as X is continuous if and only if X is.

With the preceding in mind, we can now see that Theorem 1.8 and its consequences
imply sufficient conditions for X to have a continuous modification. In order to identify
the details, we first develop two estimates on functions ¥ and 7; defined respectively
in (8.1) and (8.2).

(Lem:Psi:Gauss) Lemma 2.3. W(u) < exp(—u?/2) for all u > 0.

Proof. The usual proof of this sort of fact yields twice the stated upper bound. The
argument for this slight improvement is even easier, and borrowed from Khoshnevisan,
XXX. Observe that for all u € R,

S —u?/2 S _
P{Z, > u} = \/%/ e "2 dg = eﬁ / exp (—W) dz
T Ju ™ u

—u?/2 oo

e + 2u

— [T (,%) dy.
0

If u > 0, then y + 2u > y whence follows P{Z; > u} < 3 exp(—u?/2). This proves the
lemma because U(u) = P{|Z1| > u} = 2P{Z; > u}. O
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Once we have an estimate for ¥, we can bound 7, for all p > 1. The following
does that in the case that p = 1.

(lem:T_1:Gauss) Lemma 2.4. Ti(A) < 4y/log(AV 2) for all X > 0.

Proof. If 0 < A < 2, then by Lemma 2.3,
Ti(A) < / exp(—u”/2) du = \/7/2 < 4y/log(\ V 2).
0

Else if A > 2, then we write

Ti(M) < \/210gx\+>\/ e 2 dy = \/210g)\+\/ﬂ)\P{U > \/210g)\}
V2log X

< /2log X + \/g < (x/§+ x/ﬁ) Viog(AV 2) < 4y/log(AV 2),

[e'S]

using the fact that P{Z1 > u} < % exp(—u?/2) for all u > 0 [see proof of Lemma 2.3].
This has the desired consequence. O

We can now appeal to the previous lemma and Theorem 1.8 in order to deduce
the following, which is essentially due to Dudley XXX.

(th:Dudley) Theorem 2.5 (Dudley, XXX). If (T',d) is separable and

A(T)/4

Vlog Nr(r)dr < oo, (8.11)[cond: cty|
0

then X has a continuous modification Y, and for all § > 0,

5/4
E| sup |1 Y| < 64\6/ log Nr(r)dr.
0

s, teT:
d(s,t)<é

Remark 2.6. (8.11) holds iff [;* \/log Nr(r) dr < oo; see Problem 1 below.

Proof. Theorem 1.8 and Lemma 2.4 together imply that under condition (8.11), the
process X has a continuous modification Y such that

5/4
E| sup |[Vi—Ys| < 64\/5/ \1og(Nr(r) Vv 2)dr,
0

s,teT:
d(s,t)<é

for all 0 < § < A(T). Define 7o to be the largest number r > 0 such that Nr(r) = 1.
If there is no such r then ro := 0. Since log N7 (r) = 0 whenever r > ro we can inspect
the metric entropy integral according to whether or not < r¢ in order to see that

/O\/logNT(r)dr:/O V1og(Nr(r Vv 2)dr,

for all # > 0. This completes the proof. O

Let us also mention the following.
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(co:Dudley) Corollary 2.7. For all denumerable sets S C T,

E [r{leasg(Xt} < 64\/5/ \/1og Ng(r)dr.
0

Thus, sup,cg | X¢| is finite [a.s.] if and only if E[sup,c g X¢] < oco.

Proof. Without loss of generality, we may and will assume that S = T is finite. Choose
and fix an arbitrary to € T and use the fact that E(X¢,) = 0 to write E[maxier X¢] =
E[maxier (Xt — Xiy)]. Therefore, Dudley’s Theorem (Theorem 2.5) implies that

E [I}laSX Xt:| < 64\/5/ log Ns(r) dr,
€ 0

which is more than enough to yield the inequality of the corollary. Similar considera-
tions (see Problem XXX) prove that

0o 2
E {r{leabg( \Xt|2} < const - {/ \/log Ns(r) dr} , (8.12)[Dud2]
0

where the implied constant is “universal”; that is, it does not depend on any of the
parameters of the problem. We will use this fact momentarily.

For the remainder, let S C T be a countable set [if T is finite, then there is nothing
to prove]. By the Borell, Sudakov—Tsirelson inequality [Theorem 2.1, page 71],

22
— < -—_
P {‘rglea[;( |X:| - E {Eneagd)(tq ‘ > z} < 2exp ( QSuptesVar(Xt)> [z > 0],

for every finite U C S. Because sup,¢g Var(X;) < oo by (8.12), the preceding inequal-
ity implies that sup,cg | X¢| < 0o a.s. iff E[sup,cg | Xt|] < oco.
Finally, because X and —X have the same law,

E {supXt} <E {sup |Xt|] <2E [supXt] .
tes tes tes

Therefore, the corollary follows. ]
We conclude this section by inspecting a classical condition (see for example XXX)
for the continuity of a “stationary Gaussian process.”

Ezample 2.8. Suppose T' = [0, 1] and {X; }o<¢<1 is a stationary Gaussian process with
E[X:] = 0 and E[X: X,] = o(]t —s|) for a symmetric, strictly decreasing and continuous
function ¢ : R4 — R such that g(0) = 1." Because

d(s,t) = v2(1—o(]s —t]) 0<s,t<1],
it follows that: (a) A(T) < v/2; (b) (T, d) is compact; and (c) Every ball in (T, d) is

also a Euclidean ball. In fact,

2
B(t,r)z{s>o:\s—t|<g‘1<1—%)} 0D<t<1,0<r<V2.

IThe linear Ornstein—Uhlenbeck process [p. 117] is an example of such a process with
o(z) = exp(—z).
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From this, and Dudley’s theorem, we can conclude that

(1+0(1))
o (-1

This leads to the following sufficient condition for the continuity of the process X,

1
lo —_— dr < 0Q.
/0+ ® (g—l (1- ;w))

As it turns out, this is also a necessary condition for both continuity and boundedness;
see Theorem 3.5 on page 140 below.

N[OJ](E) = as € \l/ 0.

§2.3 An Infinite-Dimensional Example

Among other things, Dudley’s theorem has found many applications in the theory
of empirical processes and its connections to machine learning, etc. The following
example is the sort that arises naturally in empirical-process theory (see, Dudley XXX
for instance).

Let T := L?[0, 1] and consider white noise X := {X(h)}ren. Recall that X is a
mean-zero Gaussian process with

Cov[X(f), X(g)] = / f@)g(x)de  [f,g € H]

It is easy to see that the random function X is unbounded on H. For instance, choose
and fix an arbitrary orthonormal family {¢x}32, in H—such as ¢x(z) = sin(27kx)
for all k > 0—and note that X (¢1), X(¢2),... are i.i.d. N(0, 1) random variables, and
hence are unbounded. In fact, we have seen already that

X (k)

limsup —= =1 a.s;
kﬁoop v2logk
see (5.2) on page 71. Still, there are many infinite-dimensional subsets T C H for
which {X(f)}ser defines a bounded random function. The following furnishes one
such example.

Proposition 2.9. Let T denote the collection of all Lipschitz-continuous functions
f:00,1] = R such that f(0) = 0 and Lip(f) < 1. Then, {X(f)}ser has a bounded

Version.

Proof. Since T is not a closed subspace of H, it is helpful to instead metrize T' via

o(f,9) = supgc 1 [f (@) — g(@)| for f,g € T. We will prove that {X(f)}ser has a
version Y that is continuous when 7' is metrized by p rather than the courser metric

a(f,9) = VE(IX(f) - X)) = If — gllu

of H. This enterprise will immediately yield the a.s.-boundedness of f — Y (f), for
example, as well as the measurability of sup ;.o Y(f), supser [Y(f)], ete.

The Arzela—Ascoli theorem XXX ensures that (T, p) is compact; i.e., T is closed
and Np(e) < oo for all € > 0. We wish to understand the behavior of Nr(e) near
e=0.

For every integer n > 0 define T, to be the collection of all continuous, piecewise
linear, functions g : [0, 1] — R such that:
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1. g is linear on [j/n,(j + 1)/n] for every 0 < j < n — 1;
2. |g((G +1)/n) —g(G/n)| = 1/n.

It is easy to see that:

(i) For every f € T there exists g € T, such that o(f,g) <n~"

(ii) |Tn] < 2"
Thus, Nr(1/n) < 2", whence log Nr(1/n) < nlog2. For all ¢ € (0,1) we can find

an integer n > 1 such that (n + 1)™' < & < n~'. For this choice of n, we find that
log Nr(e) <log Nr(1/(n+1)) < (n+1)log2 < 2 + 2!, In particular,

; and

2
log(Nr(g) Ve) < ﬁvl 0<e<1].
The preceding defines an integrable function of ¢ € (0,1). Since A(T,p) = 1 and

[d(f.9)]* = B(X(f) — X(9)]*) = [, |f(z) — g(@)|*dz < [o(f,9)] for all f,g €T, it
follows from Theorem 2.5 that X has a continuous version Y which satisfies

5/4
E| sup |Y(f)—Y(g9)|| < const- / <l \Y% 1) de < const - V3,
f,9€T 0 Ve

o(f,9)<é

for all 6 € (0,1). We have seen already that T is compact. Therefore, the continuity
of Y implies its uniform boundedness on T O

3 Lower Bounds

We continue using the notation of the preceding subsection. In particular, X :=
{X:}ter denotes a mean-zero Gaussian process with canonical distance d(s,t)

E(|X: — X5]?), and we assume that (7', d) is a compact metric space. In this sec-
tion we discuss some useful lower bounds for E[maxteT Xt}, for example when T is
countable.

83.1 Sudakov Minorization

Recall that Zi,..., Z, are i.i.d. with a N(0, 1) distribution, and define

u(n) :=E [max Z; [n>1].

1<i<n :|

(lem:M) Lemma 3.1. There exist positive and finite constants K, L such that

K+/logn < u(n) < Ly/logn for alln > 1.

Proof. The Lemma holds trivially when n = 1; we concentrate on n > 2. Since
u(1) = 0, pu(n) = (14 o(1))y/2logn as n — oo [Proposition 1.3, page 7], and p is
increasing, it suffices to prove that p(2) > 0. But p(2) is equal to E[max(Z; , Z2)] =
E[max(Zy,Z2) — Z1] = E[max(0, Z2 — Z1)]. It follows easily from this that p(2) >
0.2 O

2]In fact, because Z2—Z1 has a N(0, 2) distribution, Z> — Z; is independent of sign(Z2—Z1),
and hence u(2) = 3 E(|Zy — Z3|) = n~1/2.
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{rem:M) Remark 3.2. The numerical values of K and L are not very good. For instance, the

best-possible choice for K is

S WP C) R Y |
n>2 \/logn ~ log2 /mlog?2

which is smaller than the limiting value, lim,, o0 p(n)/v/Iogn = v/2.

Lemma 3.1 will now be used in order to establish a useful lower bound for E[sup,c X¢].

(pr:Sudakov) Proposition 3.3 (Sudakov, XXX). Choose and fiz some ¢ > 0, and let A be a subset
of T with the property that d(s,t) > ¢ whenever s,t € A. Then,

B [mfx} > eul|Al) > Key/Tog(JA]),

where K is the constant of Lemma 3.1 and | - --| denotes cardinality.

Proof. In the case that Var(X;) = --- = Var(X,), this theorem is just a restatement
of Example 5.14 [page 89]. The general case is handled the same way, but requires an
appeal to Fernique’s inequality (Theorem 5.16, page 90) instead of Slepian’s (Theorem
5.12, page 88). We will work out the details once more in order to gel the underlying
ideas.

Without loss of generality, we can—and will—assume that |A| > 2; else the state-
ment of the theorem is the tautology that 0 > 0.

Define, for all t € A,

Yi:=¢eZ + ¢,

where ¢ and the Z;’s are all independent N(0, 1) random variable. Clearly, (Yz):ca
has a mean-zero multivariate normal distribution, and

E(|Y: - Y:?) =&° > [d(s,1)]> = E (| X, — X¢|?) .

Therefore, Fernique’s inequality [Theorem 5.16, page 90] yields

E {maXXt] > E {math} =cE [math] = eu(|A]),
teA teA

teA

by the definition of . O

We can summarize the results of this section as follows.

:Sudakov:1 .l . . .
{pr: Sudakov >P1r0p051t10n 3.4 (Sudakov Minorization). We always have

sup E{maxXt]> sup eu(Pr(e)) =  sup  eu(Nr(e))
SS%T_t: tes 0<e<A(T) 0<e<A(T)

> K sup ey/log Nr(e) > K limsupey/log Nr(e),
0<e<A(T) e—0

where K is the constant of Lemma 3.1.
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83.2 Fernique’s Theorem

Sudakov minorization [Proposition 3.4] tells us that if

lim sup £ /log N7.(¢) = oo, (8.13) [Sudakov:mizor]

e—0

then X does not have continuous trajectories, whereas Dudley’s theorem [Theorem
2.5] implies that the metric entropy condition

| VisNiGyar < o (8.14) [Pudley major]
0

is sufficient for the continuity of X.
Sudakov’s condition (8.13) and Dudley’s condition (8.14) are related. Indeed,

oo A(T)
/ Vd1og Nr(r)dr = v/1og Nr(r)dr (see Problem 1)
0
o r27A(T)
= / log N (r) dr
n—0 Q*VL*IA(T)

AM) i 27"y/log Ny (2-"A(T)).
n=0

Therefore, (8.14) fails to hold whenever (8.13) holds. But the converse is not always
true; see, for example, XXX. As it turns out, this situation can arise because neither
condition is always sharp. The sharp condition is a “majorizing-measure condition,”
which you can find in Talagrand’s landmark paper XXX; see also XXX. We will not
discuss majorizing measures in this course primarily because it is exceedingly difficult
to compute them in concrete settings. In addition, the Sudakov and Dudley theorems
have broad utility XXX that extend beyond the particular applications that we have
in mind for these lectures.

Still, it would be a pity to say nothing about the beautiful general theory. As a
compromise, we will state and prove Fernique’s theorem which states that, for station-
ary Gaussian processes, the Dudley condition is necessary as well as sufficient. Recall
that if (7", d) is a compact abelian group, then we say that X := { X }ier is stationary
if d(s,t) = VE(]X: — X|?) is a function of s — t, equivalently, ¢ — s, where we are
using the additive notation for the group 7" in order to be be concise.

(th:Fernique:1) Theorem 3.5 (Fernique, XXX). Let X := {X;}ier be a stationary, mean-zero Gaus-
sian process, where (T',d) is a metric abelian group; in particular, d(s,t) = d(s—t,0)
for all s,t € T. Then, for all denumerable sets S C T,

E {maxX ] / v/1og Ns(e) de,

seS

where K is the constant of Lemma 3.1.

(rem:cont) Remark 3.6. One can write the final assertion of Theorem 3.5 by choosing S to be a

dense subset of a compact set T' in order to see that

sup E {maXX} > / \/1og Nt (¢) de.

S denumerable
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It follows from this observation and Theorems 2.5 and 3.5 that a stationary, mean-zero
Gaussian process X := {X; }+er is continuous iff it is bounded iff fooo v/1og Nt (g) de <
oco. And, barring measure-theoretic details, we have

2 o) oo
%/ V0eg Np(r)dr < E {sup Xt} < 64\/5/ v/log Np(r)dr.
0 teT 0

One can prove Fernique’s theorem, fairly readily, using the following improvement
of Sudakov minorization [Proposition 3.4], due to Talagrand XXX.

(pr:Talagrand) Proposition 3.7 (Talagrand, XXX). Let X := {X;}ter be any mean-zero Gaussian
process, indexed by a general compact (T ,d), and consider A C T, a non-empty e-
packing of T for some € > 0. Then,

> 1 i
B ] > deuan + migs o, %)
K
L K .
> geviorlal + e (e, %)
where K was defined in Lemma 3.1.

Proof. We will present essentially the original proof of Talagrand XXX, since it is
straightforward. Marcus and Rosen XXX have devised a clever argument which yields
slightly better constants, but their argument is more involved.

By considering { X }+c 4, it suffices to consider the case that T'= A and d(s,t) > ¢
for all s,t € T. If |T| = 1, then the proposition states that 0 > 0. Therefore, we may
consider only the case that |T'| > 2.

Define, for all t € T and r > 0,

Yi(r) := max (X, —X;)= max X,— X;.
sEB(t,r) sEB(t,r)

Since maxgecpt, r) E(| Xs — Xt|2) < 72, the Borel, Sudakov—Tsirelson inequality (The-
orem 2.1, page 71) implies that

maxP (Vi) ~ BV > A} < 200 (515 ).

for all A > 0. In particular,

)\2
P L Yi(r) — BV (0] > A b < 21T e (55 ) 1,
and hence,

B (el - B < [ [2iTles (—;—) r]

teT

:r\/m—&-ﬂﬂ/roo exp(— )\2>d)\

2Tog(2IT1) 22
= r/2log(2|T]) + 2r|T|V/27 P {U > \/210g(2|T\)} ,
where U has a N(0, 1) distribution. Define

V= max |Y(r) - E[Ya(r)]].
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Since P{U > u} < 1 exp(—u®/2) [see proof of Lemma 2.3], the preceding and the
triangle inequality together yield

E(V) < r/21og(2[T]) + r,/g < 4ry/log [T,

thanks to the assumption that |7 > 2. Since Yi(r) > E[Yi(r)] — V, the definition of
Y:(r) yields

max X52Xt+E[ max Xs}fV a.s. forallt € T and r > 0.

sEB(t,r) sEB(t,r)

Maximize over all t € T' and take expectations to find that

teT seB(t,r) teT SEB(t,r

E [max max Xs] >E |:I?@12(Xt:| +minE{ max )Xs} — 4r+/log |T)|
€

4r
> + mi - = )
> ep(|T]) ItIéIIlE Lem?fr) XS] K,,u(|TD

We have appealed to Sudakov’s inequality [Proposition 3.3] to bound E[maxicr X¢]
and Lemma 3.1 to bound 4ry/log|T|. Set r := Ke/8 to deduce the lemma. O

(lem:Fernique:comb) Lemma 3.8. Suppose (T',d) is a compact abelian group, and d(s,t) = d(s —t,0)
for all s,t € T. Then, Nr(a) < Nr(8) - Np(,, p)(a) for all 0 < a < f§ such that
B(to ,ﬁ) cT.

Proof. We have made this sort of calculation earlier in (8.4) on page 131. We adapt
those ideas to the present setting next.

Observe that, regardless of the respective values of 8 > a > 0, the stationarity
of X implies that Np(, 5)(a)) does not depend on ¢t € T. Let K := Nr(8) so that
we can find ¢1,...,tx € T such that the balls B(t;,8) cover T. We can cover every
ball B(t;, ) by L := Np(,, 3)(a)-many balls of radius a. Therefore, we can certainly
cover T with K L-many balls of radius c. By the minimality property of the covering
number Np(a), this implies that Np(«) < KL, which is the lemma. O

Proof of Theorem 3.5. Throughout the proof, we may [and will] assume without loss
of generality that S =T is a countable set.
Let K denote the constant of Lemma 3.1 and recall that K < 1 [Remark 3.2], and

define

8
R.—?>1.

Choose and fix some to € T and observe that T = B(to, R™), where m € Z is the
unique integer defined so that

R™ > NA(T) > R™ .

With this observation in mind, we let € := R™ ! and deduce from Talagrand’s in-
equality [Proposition 3.7] that

E |: max )Xt] > ngfly/logPT (R™ 1)+ minE |: max XS] .

teEB(tg,R™ s€T teB(s,Rm—1)
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By stationarity, E[maxp,) X| does not depend on s € T. Therefore, Lemma 1.5
implies that

K
E [ max Xt} > —RT'Hl\/logNT (R +E [ max XS}
teB(to,R™) 2

teB(tg,R™~1)

K ..
= S gt [\/log Nz (R™=1) — \/log Nt (Rm)] +E [ max XS} ,
2 teB(to,R™~1)
since N7 (R™) = 1. We are set up nicely to carry out an induction argument: Appeal
to Talagrand’s inequality [Proposition 3.7] once again—this time with ¢ := R™ 2 in
order to see that

K _
E |: max XS] > —R" 2\/10gNB(tO rm-1y (R™=2) + E |: max XS]
teB( 2 ’

to,RM—1) teB(tg,R™~2)

> 5R”“*Q\/logNT (Rm=2) —log Nz (R™1) + E [ max Xs} ,
2 teB(tg,R™—2)

by Lemma 3.8. The concavity of f(z) := y/z implies that /loga —logb > +/loga —
Vl1ogb for all @ > b > 1. Define

Ji, :=E [ max XS} [k € Z].
s€B(tg, R*)

We apply the preceding, inductively, in order to find that

seT

E [mast} =Jm

K 1

> Sy R [\/1og Nr (R™=i-1) — /log Nt (Rm*j)] 4

Jj=0

L
K i - -
> E;Rm it [\/IogNT (Rm—i-1) — \/logNT (Rm*])] + JmeL—1,

for every integer L > 1. Because T is a finite set, we can choose the integer L > 1 large
enough to ensure that B(to, Rmefl) = {to}. Since Jy,—,—1 = 0 and log Ny (R™77) =
0 for all j > L, we can deduce the following:

KN i . ,
E [mast} >3 z;R it [\/ngT (Rm=i—1) — \/log Nr (Rm,J)]
=

seT

> gi [R’"—j—l - Rm+j+2] log Nr (Rm™—3-1)

I
5>
—
|

Vlog Nr (Rm—i—1)de

pm —j—1

R™ e
£/ \/1og Nr(e)de = £/ \/1og Nt () de,
2R J, 2R J,

since R™ > A(T); see Problem 1. Plug in the above the numerical value of R = 8/K
to finish. O

WV
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4 Stationary Processes and Differentiability

Let X := {X:}ter be a Gaussian process. When T has a nice manifold structure,
one can go beyond asking questions about continuity to those about smoothness. The
situation is particularly simple to understand when 7' = R and X is stationary, in
which case we may assume that

E(Xo) =0 and Var(Xo) =1, (8.15) [std:norm]

without incurring any loss in generality.>

84.1 A Necessary Condition for Differentiability

?(subsec:diff)? Because continuity is a sufficient condition for differentiability, we assume throughout
that X has continuous trajectories a.s. Of course, as we have seen in Theorems 2.5 and
3.5 (pp. 135 and 140, respectively), a necessary and sufficient condition for continuity
is the finiteness of the metric entropy integral for X; see also Remark 3.6. But one
can do much better. Indeed, if X were continuously differentiable a.s., then

X/ = lim Xe = Xo

s—t t—s

would exist and be finite a.s. for every ¢t € R. Since limits of Gaussians are Gaussian
(XXX), it would follow readily that X' = {X{}teR must be a stationary Gaussian
process. In particular, for every z € R,

Eexp (izXé) = tlirr(l] Eexp (zz M)
—

t
, 22 X — Xo
= }13(1] exp (—? Var [T}) .

p(t) = E(X:Xo) for all t € R.

(5.16)[Eerp it

Let us write

According to Lemma 1.8,

E(X:X:) =p(t—s)=p(s—1t) for all s,t € R.
Thus, p is symmetric, and we might think of p as the “covariance function” of X. In
particular, p is also “positive definite” in the sense that

n n

ZZZjka(tj —tr) =0 for all z1,...,zn,t1,...,tn € R.

j=1k=1

See Lemma 1.4.
Since Var(X¢ — Xo) = 2[1 — p(t)], whence it follows from (8.16) that

’ . 1-—
Eexp (izXO) = exp <—22 lim {7'0(15)}> for every z € R, (8.17) |Eexp(izX’):1
t—0 2

3This is because, when Var(Xg) > 0, it follows that ¢ — {X; — E(Xo)}/+/Var(Xp) is
differentiable if and only if ¢ — X is differentiable. And if Var(X;) = 0 for one hence all
t € R, then X; = E(X:) =0 for all t € R, and differentiability questions are trivial.
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a part of the assertion of this computation being that the latter limit exists. If that
limit were infinity, then the left-hand side would be zero for every z # 0. This cannot
be, since the left-hand side is 1 when z = 0 and is a continuous function of z by
the dominated convergence theorem. Thus, it follows that if X were continuously
differentiable a.s., then certainly we would have the following:

1—p(t
lim tif“ exists and is finite. (8.18)[cond:rho’’ ]

t—0

By (8.15), |p(h)| < 1 and so the limit is also nonnegative. Also, it follows from (8.17)
and the Gaussian nature of X’ that

Var(X4) = lim Var (@) — 21im 1220 (8.19) Var () 1]

(pr:rho:1lip) Proposition 4.1. Condition (8.18) implies that p is uniformly Lipschitz continuous.

Proof. Because p(t) — p(s) = E[Xo(X: — X)], we may apply stationarity, (8.15), and
the Cauchy—Schwarz inequality in order to see that

p(t) = p(s)] < VE (I X¢ = X?) = \/E (IXje—s = Xol?) = V2[1 = p(t = 5)],

for all s,t € R. Therefore,

t) — 1—p(h
wp W00 [T 0
steR [t — s o<h<s h
0<|t—s|<s

is finite for all § > 0 sufficiently small. The preceding is also manifestly bounded above
by 267!, whence it follows that p is uniformly Lipschitz continuous. O

We will soon see that in fact (8.18) implies that p € C*(R). To this end, let us
first recall Herglotz’s theorem: Every continuous positive-definite function on R is
the Fourier transform of a finite Borel measure. See XXX. Because p(0) =1 and p is
real valued, it follows from Herglotz’s theorem and Proposition 4.1 that there exists a
Borel probability measure v on R such that

p(t) = / cos(ta) v(dz)  for all t € R. (8.20) [spectral irep]

The measure v is called the spectral measure of X.
We can revisit (8.19) and observe that we can write Var(X}) in terms of the spectral
measure as follows:

Var(X4) = 2 lim (L"S(m)) v(da). (8.21) Var @) 2]

2
t—0 J_ o t

Since the integrand is > 0, Fatou’s lemma implies that Var(X3) > [0 22 v(dz), and

hence -
/ z® v(dr) < oco.

Therefore, the spectral representation (8.20) of p, and the dominated convergence
theorem, together imply that p € C*(R), and

o(t) =— /;OO zsin(tr)v(de) and p"(t) = — /jo z? cos(tx) v(dx), (8.22)[rho’rho’ ]
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for all t € R. Because 0 < 1 — cosf < 02/2 for all # € R, and since v has two finite
moments, the dominated convergence theorem implies that the limit and the integral
can be exchanged in (8.21), which leads us to the following:

[e9]

Var(Xp) =2 [ avlda) = 0" (0). (8.23)
Because X' is a stationary Gaussian process, in order to characterize the law of X', it

remains to find Cov(Xg, X;) for every s € R [Lemma 1.8]. One adapts the argument

that led to (8.17) in order to see that

COV(X67X;):}II%COV (Xt—XO Xs+t_Xs>
—

t ’ t
o pls )+ pls =) = 2(6) (8.24) [cov CX0%5)]
- zE:% t2
:7pl,(s)7

after yet another application of Taylor’s expansion. In particular, if X is continuously
differentiable, then X’ is necessarily a stationary, mean-zero Gaussian process with
the above covariance, and hence (by Fernique’s theorem, Theorem 3.5; see also Re-
mark 3.6), has a finite metric entropy integral fooo v/1log Nt (e) de for every closed and
bounded interval T" C R, where the metric entropy Nz is computed with respect to

the metric,
d(s ) = VE(X] ~ XiP) = V=2 [0"(0) - p"( — 9], (8.25) [X"rd:stationary)
defined for all s,t € R. Since X' is stationary, it is in fact enough to consider the

preceding metric entropy integral for 7' = [0, 1]. Let us recap the efforts of this section
as the following theorem.

(th:X*:1) Theorem 4.2 (Cambanis XXX, Doob XXX). If X is an a.s. continuously-differentiable
stationary Gaussian process that satisfies (8.15), then p € C*(R) and X' is a mean-
zero, stationary Gaussian process with covariance given by (8.24). Moreover, the met-

ric entropy integral [° \/log Nio 11 (€) de is finite for the distance given by (8.25).

In the next section we will prove that Theorem 4.2 is in fact sharp.

84.2 A Sufficient Condition for Differentiability

In this section we establish the following converse to Theorem 4.2.

(th:X’:2) Theorem 4.3 (Cambanis XXX, Doob XXX). Suppose X is a stationary Gaussian

process that satisfies (8.15). Suppose also that p € C*(R) and 157 \/log Njg 11 (e) de <
oo, where N 1) denotes the metric entropy of [0,1] with respect to the metric d of

(8.25). Then, X is a.s. continuously differentiable.
Together, Theorems 4.2 and 4.3 then imply the following:

(co:X?) Corollary 4.4 (Cambanis XXX, Doob XXX). Suppose X is a stationary Gaussian
process that satisfies (8.15). Then,

P{X cC'(R)} =1

if and only if p € C*(R) and J57 V/1og Njo11(e) de < oo, where Njgqj denotes the
metric entropy of [0, 1] with respect to the metric d of (8.25).
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We conclude this chapter by proving Theorem 4.3.

Proof of Theorem 4.3. First of all, let us compute directly to find that for all ¢t € R
. <’Xt+s ~Xi  Xeps— X
€

and €, > 0,
2
6 >

= Var (L ;X°> + Var (LagXO) —2Cov (Xf — Xo X‘*’XO)

€ ’ )
_olople) 1= p0) ,ple=0) = ple) = p(d) +1

g2 62 gd

A Taylor expansion reveals that p(h) = 1+ 2h%p”(0) + o(1) as h — 0, which forces

the preceding quantities to tend to zero as €, — 0. In other words, the condition

p € C*(R) implies that h +— h™*(Xy4n — X:) is Cauchy in L?(P) for every t € R.
Define

X - X

X} = lim S 20

Lim W for every t € R,

where the limit takes place in L?(P). Because there are null sets involved, the preceding
is not enough to justify the differentiability of X, but it comes close. Next we close
the remaining technical gaps in order to show that X’ is indeed the derivative of X
a.s.

Since limits of Gaussians are themselves Gaussian, it follows that X’ := {Xt/}tg]R
is a mean-zero, stationary Gaussian process, and its covariance is described by the
formula (8.24), as in the previous section.

The finiteness of the metric entropy integral fOA([O’l]) V/10g Njo.1j(¢) de shows that
{X%}tepo,1) is continuous a.s. [up to a modification]. By stationarity, this proves that
X' is continuous. Therefore, Fubini’s theorem shows that for all nonrandom functions

¢ € CHR),

X X
|7 ot [T -] a

For every h,d > 0, {h™'(Xepn — Xi) — 6 (Xe4s — Xi) heer is a mean-zero stationary
Gaussian process. Let § — 0 to see that so is {h ™! (X4 —Xt)— X/ }ter. Consequently,

dt.
L2(P)

e X - X
< [T el X
L2(P)

—o0

lim sup H/ |:Xt+h - X X;] dt
h—0 h L2(P)
< lim || X =Ko _ 5/ / lo(t)|dt = 0.
h—0 L2(p) J—o0
That is,
] X - X oo , )

im [T = = [ poxia mLi®), (520 asia]
=0 /_ — oo

for every ¢ € C2(R). Clearly,

P{/:gp()xt*h / x, 2= = elt) (t)dt}zl,



148 CHAPTER 8. REGULARITY THEORY

owing to a change of variables. Because of (8.15) and Minkowski’s inequality,

lim sup ‘/ Xt P(t) dt—l—/ X' (t)dt
h—0 L2(P)
. > ’ Qﬁ(t) Lp(t _ h)
< _
< lim ©'(t) 5 dt =0
That is,
im [ x, PP e g / ¢'H)X,dt  in L*(P),
h—=0 J_ o h oo

for every ¢ € C(R). Therefore, it follows from (8.26) that

P {/:: e(t)X{dt = —/j; o' (1) X: dt} =1

for every ¢ € C} (R). A standard approximation argument can now be used to show
that P{ [ X{dt = X, — Xo} = 1 for every a € R and in particular the following holds
with probability one:

/ X[ dt = X, - Xo, (8.27) [fntin:2]
0
simultaneously for every rational number a. Since both sides of (8.27) describe a.s.-

continuous functions of a, it follows that (8.27) holds for all a € R off a single P-null
set. This completes the proof. O
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Problems

Unless it is stated to the contrary, throughout these problems, (7", d) denotes
a metric space, Ny denotes the correspoding metric entropy, and

Z(0) := /06 v/1og N (r)dr and J(9) := /06 log(Nr(r) Vv 2)dr,

for all > 0. Also, let A(T") denote the d-diameter of T', as before.

(Pom:I) Verify that Z(A(T)) = [;~ v/log Nr(r) dr, and also prove that
1(5) < Z(5/2) < 21(5),

for all § € (0, A(T)].
2. Let T'=[0,1] and d(s,t) := |t — s| for all s,t € T. Improve the metric entropy
estimates of Examples 1.3 and 1.6 by showing that eNp(¢) - 1 as ¢ ] 0.
3. Verify the claims of Example 1.7.
4. Suppose T' = {1,...,n} where n > 2 is integral, and suppose {X;}icr is a
collection of i.i.d. standard-normal random variables. Let M, := maxigi<n Xi-
(a) Use Corollary 2.7 to prove that

Ay/logn < Z(A(T)) < J(A(T)) < By/logn,

where A, B > 0 are real numbers that do not depend on n.
(b) Conclude that Cv/logn < E(M,) < D+/logn for all n > 1 where C, D > 0
are real numbers that do not depend on n.
(¢) Compare with Proposition 1.3 (p. 7), and discuss the efficiency of Theorems
1.8 and 5.16 in the present setting.
5. Extend Lemma 2.4 by proving that for every p > 1,
To(N)

= ARSIV IR
@ Tog(A v 2 =%

(a) Use your result in order to deduce (8.12) from Theorem 2.5.

(b) The preceding problem came about in the proof of Corollary 2.7 because
we needed to prove that sup,cg Var(X;) < oco. For a less heavy-handed
approach prove directly that

sup Var(X:) < A(S) + inf Var(Xs).
tes seS

Then prove that (8.14) implies that A(S) < oo, which is tacitly assumed
throughout any way.
6. Let X := {X;}ter be a mean-zero Gaussian process where (7', d) is a separable
metric space. Suppose also that X is a.s. continuous and satisfies E(sup, ¢ X¢) <
oo and Var(X,) > 0 for some s € T. Prove that

1

1
i — logP<s Xl > =
Jim 3 log {;gl;' 4 y} 2 Supyey Var(Xy)

This is due to Landau and Shepp XXX. (Hint: See Theorem 2.1, p. 71.)
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7. On one hand, use Dudley’s theorem [Theorem 2.5, p. 135] to verify that the
examples in §2.1 through §2.6 of the previous chapter [pp. 116-118] are all con-
tinuous Gaussian processes. [Do not appeal to Kolmogorov’s continuity theorem
as a simpler alternative.] On the other hand, prove also that the isonormal pro-
cess of §2.7 [p. 120] is not continuous a.s.

8. Carefully verify all three lines in (8.24).

(pbm:KCT) 9. Let {Xt}ter be a Gaussian process and suppose that (T",d) is separable and
0 < dim,, (T") < oo, where d is defined in (8.10).
(a) Prove that X has a continuous modification Y that satisfies the following
for all 6 € (0,1):

Bl sup (Yo Vil | < A6y/iog(1/5),
d?;t,f)za
where A = A(T,d) is a positive real number.
(b) Conclude that

|Yi — Vil
A =E _ h -
(@) S?tté[%: (s, ] < oo whenever 0 < a < dim, (T)

d(s,t)>0

(Hint: Start by checking that

|Y: — Y|
A < E )
(<2 Sup, (s, ]
27 LA(T)<d(s,t) <27 " A(T)

for every a > 0. )
(c) Deduce the Kolmogorov continuity theorem (Proposition 2.2, p. 119) for
Gaussian processes from the preceding parts.
10. (Problem 9, continued) Let {X;}:>0 denote an fBm with Hurst index a € (0, 1).
(Pbm:KCT:1) (a) Prove that there exist real numbers 0 < ¢; < ¢z such that

c10%V/log(1/6) < E| sup |X:— Xs| | < c20%/log(1/6),
0<s,t<1:
le=5<5

for all 6 € (0,1). (Hint: See Problem 5, p. 126.)
(b) For every k > 0 let C* denote the collection of all Holder-continuous,
real-valued functions on [0, 1] with Holder exponent . That is, h € C* iff

lhllox = sup O PO

ogs<t<1 |t —s|®

Conclude from the preceding that, for every x > 0,

1 ifk<a,
0 if k> a.

P{XGC”}—{

(c) It can be shown that P{X € C“} = 0 as well; see XXX. Verify this in the
case that a € (0, /2], using Problem 4, p. 126.
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11. (Problem 10, continued) Let {X;};>0 denote an fBm with index a € (0,1).
Prove that there exist real numbers c¢1, co > 0 such that

c10” < E ( sup Xt> < c26” for every § € (0,1).

0<t<S

12. Let X := {X;}icr be a stationary Gaussian process that satisfies (8.15) and let
p(t) := Cov(X,, X;) for all t € R.
(a) Prove that, if p € C*™(R) for some integer n > 1, then —d?"p/dt®" is
positive definite; that is, prove that

2n

N N
ZZ dt2" (t; —te) <O for all z1,...,2n,t1,...,t8 € R.

j=1k=1

(b) Construct an example of a covariance function p such that p(0) = 1 and
p € C*(R).

13. Prove that if Y := {Y; }+cr is a stationary mean-zero Gaussian process, then Y
is continuous [up to a modification] if and only if the Gaussian process {Y: }1c0,1]
is continuous [up to a modification]. Apply this with Y := X’ in Theorem 4.2 to
complete the proof of the necessity of the finiteness condition for Z(A([0,1])).

14. Suppose X := {X:}ier is a stationary Gaussian process that satisfies (8.15).
Suppose also that p(t) := Cov(X;, Xo) is twice continuously differentiable on
R and its second derivative p” is Hélder continuous at zero. That is, suppose
there exist to, 0 > 0 such that 1 — p”(t) < C[t|” whenever |t| < to. Then prove
that P{X € C*(R) and X’ is Holder continuous} = 1.

15. (Problem 14, continued) Suppose p € C?"(R) for some integer n > 1 and
the nth derivative d"p/dt" is Holder continuous at zero. Prove that P{X €
C"(R) and d"X/dt" is Holder continuous} = 1.

16. Let X be a stationary Gaussian process that satisfies (8.15) and choose and fix an
integer n > 1. Find a necessary and sufficient condition for P{X € C"(R)} =1,
stated solely in terms of the covariance function p.

17. Suppose X is a stationary Gaussian process that satisfies (8.15), and assume
that X € C*(R) a.s.

(a) Prove that the collection of all random variables of the form either X; or
X/ is a mean zero Gaussian process.

(b) Compute Cov(X:, X;) for every s,t > 0. Use your formula to conclude
that X; and X are independent random variables for every fixed choice of
t € R. Prove also that the Gaussian process X and X’ are not independent.

(c) Is the last independence property still valid if we drop the stationarity
assumption for X? Prove or construct a counterexample.
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Chapter 9

Level Sets

1 Banach’s Theorem, and Some Applications

The principal aim of this chapter is to study the level sets of Gaussian processes. To
see why this might be interesting, let us briefly consider the following early example,
to which we shall return later in this chapter in greater depth.

Let ¢ > 1 be a fixed integer and consider the random polynomial,

Xi:=Zo+ Zit+ -+ Zgt?  forall t € R. (9.1)[dm:poly]

where Zy, Z1, ... are independent random variables, each distributed as N(0,1). One
can think of X as a “typical” polynomial. With this interpretation in mind, it might
be interesting to know about the expected number of real zeros,

N = E#{teR: X; = 0}),

of the random polynomial X. Does N9 grow as g — co? If so, then how fast? Where
do we think the real zeros of X are? Etc. Answers will come in due time. For now,
suffice it to say that the answers lie in a part of classical function theory that surrounds
“Banach’s indicatrix theorem.” Thus, we begin with that result.

§1.1 Banach’s Indicatrix Theorem

For every continuous function f : R — R and real numbers a < b and y, define

N[a,b](fvy) ::#{J}E[d,b]: f(x):y}v (92)

”

where “Niq 1 (f,y) = 00” is permitted. We frequently write Ni,;(f) for the function
Yy — N (f,y), and refer to Ny, (f) as the counting function — or indicatriz — of
f. For a graphical representation see Figure 9.1. That figure depicts a function f
together with its counting function N, 4 (f) drawn reflected and rotated in order to
make the construction clear.

As was suggsted in the preamble to this chapter, we will be interested mainly in
analyzing N, 4 (f) when f is a realization of a nice Gaussian process. But before we
study random functions, let us say a few things about a beautiful classical theorem, due
to Stephan Banach, that studies non-random functions f. Our forthcoming discussion
will culminate in the following elegant theorem.

153
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P

x . : — Niay)(f,y)
0 1 2 3 4

Figure 9.1. The graphs of a function f and its counting function Ny, )(f)
(fig:£:N(£))

(th:Banach) Theorem 1.1 (Banach XXX). If f € C*(R), then for all real numbers a < b and all
continuous functions ¥ : R — R,

') b
/ () Ny (f ) dy = / U(f (@) ()] da.

— o0 a

We now begin work toward proving Theorem 1.1. This undertaking requires some
notions, from elementary function theory, which we recall and develop next.

Let f: R — R be a real-valued function on R and a < b two real numbers. Let P
be a partition of [a,b] with n 4+ 1 elements a = o < z1 < +++ < Tp—1 < Tn = b, and
define

n—1
S(P,f) = |f(wit1) = flai)l.
i=0
The total variation of f on [a,b] is defined as

Viap (f) :=sup S(P, f),

where the supremum is taken over all such partitions P of the interval [a,b]. If
Via,p(f) < oo then we say that f has bounded variation on [a,b]. If f has bounded
variation on [a,b] for every two real numbers a < b, then we say that f has bounded
variation.

(pr:v(e) Proposition 1.2. Every C' function on R has bounded variation. Moreover,

b
Vien (f) = / £ ()] d, (9.3)

for all real numbers a < b and f € C*(R).

Proof. Choose and fix real numbers a < b and f € C*(R). It suffices to verify the
identity (9.3).

Choose and fix a real number € > 0. Let us also choose and fix a partition P of
[a,b] with nodes a = 29 < x1 < -+ < p—1 < Tn = b such that

‘/[a,b](f)_egs(P7f) g‘/[a,b](f)' (94)
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If we add finitely-many additional points to P, then we obtain a new partition @
of [a,b] which manifestly satisfies Vi, 5 (f) —€ < S(P, f) < S(Q, f) < Via,p)(f)- Such
a partition @ is sometimes called a refinement of P.

We can assume, without loss in generality, that P has been refined enough already
so that

sup If (z) = f'(y)| <e foralli=0,...,n—1. (9.5)[£-£7]

z,y€[wi,@ip1]

For otherwise, the continuity of f’ allows us to replace P by a refinement of P that
satisfies (9.5). In this case, we can observe that for all ¢ =0,...,n — 1,

/:Hl f(z;)dz

i

+e(miv1 — ;)

/ P @)z < (1 @)+ ) (i — w) =

| < /;H—l f(z)dz

+ 2e(xig1 — x4)

~

i

= |f(ziy1) — fxi)| + 2e(zig1 — x4),

and a matching lower bound also holds provided that we replace ¢ everywhere by —e.
This shows that, for all i =0,...,n — 1,

/zi+1 (@) dz — |f(@is1) — f(ccz)|‘ < 2e(Tit1 — 24).

7

Sum over ¢ in order to deduce from (9.4) that

[ 15 @lae- S(P,f)‘ <2(b—a) =

b
/ |f' ()| dz — Vig py (f)‘ <e(2b—2a+1),

as long as P is refined enough to ensure (9.5). This does the job because € > 0 can be
made to be as small as we want. O

We have delved into the theory of functions of bounded variation because it has a
connection to Banach’s indicatrix. The next proposition makes clear the relationship
between the indicatrix of a nice function f and its total variation; see also Proposition
1.2.

(pr:Banach) Proposition 1.3. If f € C'(R), then for all real numbers a < b,

%) b
/ N[a,b](f,y)dy:/ |f(x)| de. (9.6) [eq:Banach|

Proposition 1.3 is a deceptively-subtle statement. For example, it has the non-
trivial corollary that N, (f) < oo almost everywhere for every f € C'(R). For
a second example, we may observe that, whereas the right-hand side of (9.6) is a
Riemann integral, the left-hand side is not; though it is in general a Lebesgue integral.
In order to see why, consider the case that f is a constant—say c—on [a,b]. In that
case, Nigp)(f,y) = 0 for all y # ¢ and N, 4)(f,c) = co. This suffices to show that
Niap)(f) is not Riemann integrable in this case. In fact, the Riemann-integrability of
the indicatrix is delicate enough to merit a more detailed discussion. We do that in
the following form next.

(lem:N:meas) [ emma 1.4. Niab)(f) is Borel measurable for every two real numbers a < b provided

only that f is continuous.
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Remark 1.5. Lemma 1.4 does not claim that the Lebesgue integral fix;o Niaw(f,y)dy
is finite. Only that it is well defined.

Proof. Define for every integer n > 0,

k(b—a) +(l€+1)(b—a)

Iin = |a+ on ,a on

} forallk=0,...,2" —1, (9.7)[Tkn]

and

N(a"?, fy) Z Lsir, (Y for each y € R,

where f(Ixn) == {f(z) : z € Ik,n} is, as usual, the image of Ij , under the map f.
Because f is continuous, every image f(Ix,) is in fact a closed interval. Therefore,
/\/[El"l))]( f) is an elementary function in the sense of Lebesgue’s integration theory.

Next, we may observe that ./\/[Sl";](f ,Y) < /\f[(a";'”(f ,y) foreveryy e Rand n > 0
Therefore,
N (f ) = Tim A (f 1)
exists pointwise, and hence defines a Borel-measurable function. It remains to prove
that /\/[(O?(f) = N[a s (f). Because /\/'[(anl))](f) < Niapy(f) pointwise, we can see im-

mediately that ./\/',1 b (f) < Nia,p)(f) pointwise. We plan to prove that the converse
inequality also holds

Choose and fix an arbitrary y € R and let L denote any non-negative integer that
satisfies L < Nq)(f,y). Fix such an L. There exist L distinct points z1,...,21 €
[a,b] such that f(z;) =y foralli=1,...,L. If we choose n > 1 large enough then

Z1,...,xr fall in L different dyadic intervals among If"),. Ié:f) ;- In particular,
L < /\/’[(:Z](f ) and hence L < /\/'Efc;)(f,y) Let L saturate N, 4 (f,y) to see that
Niaw(f,y) < [a b) (f y) and complete the proof. O

With measurability under way, we can establish Proposition 1.3.

Proof of Proposition 1.3. We continue to use the notation and construction of the
proof of Lemma 1.4, and observe that

on 1 on_1
/ NIy dy =7 (fupf—}?ff>—z

k=0 k,n k=0

sup f — Il;lf f’ . (9.8) [Nsupsup|

Ik,n

Because f is continuous, the suprema and infima are all attained, and hence
| NG ) < e ()

Let n — oo and recall from the proof of Lemma 1.4 that N (f) converges upward to
Niap(f) pointwise as n — oco. Therefore, the monotone convergence theorem yields
20 Niaw (fy)dy < Vi (f) = fab |f'(z)| dz, thanks to Proposition 1.2. We work to
estabhsh the converse inequality now.

Choose and fix an arbitrary € > 0 and note that there exists § > 0 such that

[f(uw) = F@)] = |F' (0)[(u = v) = e(u —v).
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simultaneously for all u,v € [a,b] that satisfy u > v and |u — v| < d. Now, if I is a
closed interval in [a, b] then sup; f—infr f = sup,, ¢ |f(w)—f(v)|. These observations

and (9.8) together imply that
< k+12)£b—a)>_f<a+k(b2:a)>‘

Tl (e 22|

b—a

>0 >
k=0

Because the sum on the right-most side is the Riemann-sum approximation of the

total variation f |f'(z)| dz of f, we can let n — oo to find that [* Nigu(f,y)dy >

fa |f'(z)] dz — e(b — a). This completes the proof because € > 0 is arbitrary. O

[ S

k=

We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. Throughout, we choose and fix two real numbers a < b.

Recall the dyadic intervals Iy ,’s from (9.7). Because ¥ and Vo f are respectively
uniformly continuous on f([a,b]) and [a,b], it follows that for every € > 0 there exists
no(e) > 0 such that whenever n > ng(e),

sup [W(u) —¥(v)|<e and  sup [U(f(s)) —U(f(t))| <e,

Fli,n) st€lg n

simultaneously for all k =0, ...,2" — 1. Therefore, if n > ng(e) then

/ V() Ny () dy — 0 (f (k27)) / Niawy(f ) dy
Fg,n) fg,n)

< 5/ N[a,b] (fvy) dyv
FIg,n)

for all k =0,...,2" — 1. Because N, (f) = N1, ,, (f) on f(Ix,n), it follows that

[ NewGwdr=[ N Gad= [ 7@l
FIk,n) FIk,n) I

k,n

see Proposition 1.3. Therefore, if n > ng(e) then

/ W (y)Nia, (f,y)dy — ¥ (f (kT"))/ |f'(x)| dz| < e
FIg,n)

Ik,n

for all k =0,...,2" — 1. Similarly,

v (f (kT"))/I If’(x)ldx*/ U(f(@)|f ()| dz

,n

<e / (@) de,

,n

for all k =0,...,2" — 1. Therefore, by the triangle inequality,

/ () Njoy (f 1) dy — / U(f (@) ()] da| < 2¢
fg,n)

In

[ 1r@a,
I, n
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for all kK =0,...,2" — 1, provided only that n > ng(g). Sum over all these k’s to see
that, as long as n > no(e), as have

<25/b|f/(x)|dx.

b
/ wwmmﬁw@—/wmwwumu
f([a,b]) a

The theorem follows from this because: (i) € > 0 is arbitrary; and (ii) Nigu(f,y) =0
when y & f([a,b). o

81.2 Rice’s Formula

Let X := {Xt}tER denote a mean-zero, stationary Gaussian process with

Var(Xo) =1 and p(s) = E(Xo0X5) for all s € R. (9.9)[Rice:Var:Corr|
Suppose further that
P{X €C'(R)} = 1. (9.10) [Rice:c1]
Recall that the level set of X at a point y € Ris X '({y}) = {t € R: X = y}.
A natural measure of the size of the level set X ~'({y}) is of course the indicatrix
Niap(X) of X, measured for all a < b; see (9.2) on page 153. For example, Proposition

1.3 on page 155, and a little bit of measure theory, together imply that there exists a
Lebesgue-null set Y C R such that a.s.,

Nigp(X ,y) <oo forally €Y and real numbers a < b.

One of the main goals of this section is to provide additional detail on the distri-
bution of the indicatrix of X. Specifically, we plan to prove the following.

(th:Rice) Theorem 1.6 (Rice’s Formula). Suppose X := {X}ier is a mean-zero stationary
Gaussian process that satisfies (9.9) and (9.10). Then,

b— (0
E [N[a,b] (X7y)] = Mei?f/{ (9.11) ?eq:Rice?
T Sq-nice
for all real numbers a < b and y.

We begin the proof with the following important technical result. In somewhat
imprecise words, this result states that, with probability one, the extreme points of X
can only take truly-random values. A more precise statement follows.

(lem:Bulinskaya) Lemma 1.7 (Bulinskaya XXX). For ally € R,
P {Ht € R such that Xy =y and X,g = 0} =0.
Proof. 1t is easy to see that

Ey :={w: 3t € [N,N +1) such that X;(w) =y and X;(w) = 0} (9.12)[E:Bulinskaya|

is measurable for every N € Z. We plan to prove that P(Ey) = 0. This will do the
job since P{3t € R : X; =y and X; = 0} < Yz P(En), which will be zero since
every summand is equal to P(Ep) by stationarity.

LCorollary 4.4 on page 146 contains a necessary and sufficient condition for condition (9.10)
solely in terms of the correlation function of X.
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Let us choose and fix an arbitrary € > 0. Define for all integers ¢,m,n > 1 and
k=0,...,n—1, the events

k k+1
Fym = {w : X¢(w) =y and X/(w) = 0 for some - <t< %} ,
1 ! !
G i= {w i (w) > f} where pn:= sup X, — XU‘.
V4 0y, v<1
lu—v|<1/n
Then,
n—1
P(Eo) < Y P (FenNGin) +P(Gen), (9.13)[P(E)P(E)
k=0

for all integers ¢,n > 1. Now we choose ¢ = {(n) as follows: Because of the a.s.-
continuity of the process X', p, — 0 as n — oo, almost surely. Therefore, there exists
no(e) such that for every n > no(e) we can find an integer

£=1L(n)>1/e suchthat P(Gynm)n) <e. (9.14)[p(®) ]

This takes care of the final term in (9.13). We work to estimate the first term on the
remainder of the right-hand side of (9.13) next.
Off a single P-null set, the following holds for every ¢ € [k/n, (k + 1)/n):

t

Xopw=Xo= [ (%)= X0) ds = X (t_ﬁ).
k/n n

Now,

t

(X!~ X{)ds
k/n

sup
telk/n,(k+1)/n]

< B almost surely on Gy, -
n

Therefore,
C . 1
Fren 0 Gi(nyn C {w X (@) =l < s }

Because the probability density 41 of a N(0,1) is bounded above by (27)~/2 < 1 it
follows that P{| X/, —y| <7} = [" v (y —x)dz < r for every r > 0. This yields

1 €
PF" Cnn 7<*7
( ko O Gir), )< né(n) ~n

valid for all n > ng(e). It now follows from (9.13) and (9.14) that
P(Ep) < 2¢ for all € > 0 and integers n > no(¢).
Let n — oo, and then € — 0, in this order, to deduce the lemma. O

Next we present a slightly-different representation of the indicatrix of X. Before
we do that, we need to introduce some notation.
For every two real numbers a < b define

tkn = tnx(a,b) Zzw for k=0,...,2" —1and n > 0. (9.15) [eq: tnk]
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If f: R — R and y € R, then we also let

Lif [f(ten) =yl [f(tes1n) — 9] <O,
0 otherwise.

oknl(foy) = {

Thus, ok,n(f,y) = 1 if and only if one of f(tk,n) and f(tk+1,,) lies strictly above y
and the other lies strictly below y. Define

1
K[(:Z](f,y) = Z oun(f,y) for all y € R.

The following shows that the quantity K [a, b]( f,y) frequently converges upward to

Niap(f,y) as n — oo. The reason that the following is helpful is that it is much
simpler to analyze K[(n)](f) than it is to analyze N, 4 (f) because the former depends
only on the values of f at the tx’s, whereas the latter depends on the values of f at
points that can be harder to pinpoint in general.

(lem:X) Lemma 1.8 (Grenander XXX). Choose and fiz real numbers a < b and y, and some
f € CHR). Suppose that: (a) There is no t € R such that f(t) =y and f'(t) =
and (b) f(tn,x) #y for every k=0,...,2" —1 and n > 0, where tp = tn,x(a,b) was
defined in (9.15). Then

K (fy) = lim K0 (f )
exists and is equal to Nig ) (f ,y) for every y € R.

Proof. We adapt the proof of Lemma 1.4 to the present setting.
Because
K[(:i](f y) < Kf;‘;]”( ,y) foralln>0andy€R,
the positive integer K[a b]( f,y) converges upward to a limit K ( f,y) for every
y € R. If ok.n(f,y) = 1 then the mean-value property of the functlon f ensures that
f(t) =y for some t € [tk,n,trt1,n]. This proves that K[(:’Z] (f,y) < Ny (f,y). Let

n — oo to see that K<°°> (f,y) < Niay(f ,y) pointwise. In order to prove the converse
bound we need to 1ntroduce some notation.

We say that f traverses through t € R at y € R if there exists ¢ = ¢(t) > 0
such that [f(u) — y][f(v) —y] < 0 for every t —e < u < v < t + . See Figure 9.2.
Because f is C', whenever f(t) = y then either f traverses through y at ¢, or f(t) =
and f'(t) = 0, which cannot happen as per the assumption of the lemma. Therefore,
Niaw(f,y) is equal to the total number of times f traverses y at some point in [a, b].
Suppose m is an integer such that m < N, 4)(f,y). Then, there are at least m distinct
points z1,...,2zm € [a,b] at which f traverses y. Because of this and the fact that
f(tje) # y for all j and £ it follows that, for all n large enough, the z;’s fall in distinct
dyadic intervals of the form [ty ,tk+1,,] and hence

<Ky <K w),

for all m < Ng)(f,y). This implies that K(;?](f,y) 2 Ny (f,y) and completes

the proof. O
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Figure 9.2. f traverses through y at ¢t.
(fig:traverse)

The final step of proof of Theorem 1.6 is the following elegant limit result about
our stationary Gaussian process X.

(lem:P(X<y<X)) Lemma 1.9 (Lindgren et al XXX). For every y € R,

QI

L1
e

Proof. The random vector (Xo,X:) has a No(0,I'(t)) distribution where I'11(t) =
I'22(t) = 1 and 'y 2(t) = T'2,1(¢) = p(¢). A quick computation of covariances show
that Xo and

Yi = X; — p(t)Xo
are independent, and Y; has a mean-zero normal distribution with variance Var(Y;) =
[1 — p(t)]?. Also, p(0) = 1 implies that there exists to # 0 such that p(t) > 0 for all
t € (—to,to). Therefore, for all t € (—to,to),

P{Xo >y > Xi} =P{Xo >y > p(t)Xo + Y}

1 (y=Ye)/p(t) —Y,
=—E / ew2/2dw;y<y L.
V2r ” p(t)

where z; := max(z,0), as is customary. Since p’(0) = 0 and p” (0) < 0—see (8.22)—a
Taylor expansion shows that p(t) = 1 — £¢*|p"(0)| + o(t*) as t — oo, and hence

=y —tXy+o(t) a.s. and in L*(P) as t — 0.

Therefore, the dominated convergence theorem yields

1 71P X X} = 7?42/2 E (X4; X§ = 7y2/2 E (] X5
im >y > = ; =0)= .
. i {Xo >y t} o (Xo; Xo ) o (1x01)

If W has a mean-zero normal distribution then E(|W|) = /2 Var(W)/mx. The result
follows since X has a N(0, |p”(0)|) distribution; see (8.23) on page 146. O

We are in position to prove Theorem 1.6.
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Proof of Theorem 1.6 (Grenander XXX). Choose and fix three real numbers a < b
and y. Because P{X; =y} =0 for every t € R,

P{Xt =y forsome k=0,...,2" —1and n > 0}—0

n.k

where t,,  was defined in (9.15). This and Lemma 1.7 permit the use of Lemma 1.8,
with f = X, in order to see that

E [Ny (X ,y)] =E [K[(‘X’%(X y)] — lim B [K(”) (X,y)] ,

n— oo [a,b]

where we have used the monotone convergence theorem to justify the last identity.
Now, the stationarity of X implies that

B KX ,9)] = 2P {[Xo — 9] [X(p-a)j2n — 9] < 0}
ontip {Xo <y< X(bfa)/Zn} )

owing to the fact that X and —X have the same law. Thus, Lemma 1.9 implies the
theorem. O

81.3 Kac’s Theorem

We conclude this section by discussing a second application of Banach’s theorem (The-
orem 1.1). This application concerns the first set of questions that were asked at the
beginning of this chapter. Namely, we would like to say a few things about the level
sets of the Gaussian random polynomial in (9.1) (see p. 153). More precisely, we plan
to prove the following result of M. Kac.

(th:Kac) Theorem 1.10 (Kac, XXX). Let X be the Gaussian random polynomial of (9.1),
where ¢ > 1 is a non- random integer. Then, for every two real numbers a < b,

q_|_ 1)2t2‘1
E [N, (X ,0)] _1 (2 1) dt. (9.16)[Kac:E) ]

Originally, Kac XXX discovered an equivalent, though slightly different, repre-
sentation of the formula (9.16). Edelman and Kostlan XXX found the formula the
way it is stated here, and used it to expand on Kac’s asymptotic evaluation of the
expected number of real zeros of X as ¢ — co. In order to introduce Kac’s asymptotic
evaluation, let us write

N(,OQYOQ(X,O) = su}; N[a,b] (X,O)
a<

for the total number of the real-valued zeros of X. Then we have the following.
{co:th:Kac) Corollary 1.11 (Kac, XXX). E[N(~o0,00)(X,0)] ~ (2/7)logq as ¢ — oo.

Thus, we see that the expected number of real zeros of X tends logarithmically
to infinity as ¢ — oo. It shall follow also from Theorem 1.10, Corollary 1.11, and
(9.23) below that we can expect all but a bounded number of the zeros of X to lie in
arbitrarily-small open neighborhoods of +1. These form fairly definitive answers to
our earlier questions that followed (9.1); see page 153.

Theorem 1.10 and Corollary 1.11 both rely heavily on Banach’s indicatrix of the
random polynomial X (see Proposition 1.3, p. 155). As a first step toward clarifying
this let us observe that Theorem 1.1 and a standard approximation argument from
integration theory together yield the following.
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{co:Banach) Corollary 1.12. If f € C'(R) and a < b and ¢ < d are real numbers, then

d b
/ Ny (f 19) dy = / Lo,y (@) ()] da.

Therefore, it follows from Lebesgue’s differentiation theorem (XXX) that, for every
f € C*(R) and all bounded intervals [a, b],

b
N (F o) =iy [ HedED g, (9.17)[eatfac]

for almost every y € R. It is easy to see that, for every y € R, the probability measure
A [, e "1}y 14 (a) da converges weakly to the point mass &, as e | 0. Therefore,
we may think of (9.17) as a rigorous interpretation of the “non-rigorous formula,”

b
Naa(f o) = [ 8,7 @)If @) da, (0.1) [Famach¥easTea]

valid for almost every y € R.

Simple examples show that (9.17), whence informally also (9.18), cannot possibly
hold for every y; consider for example f = 1 and y = 1. The following corollary
of Banach’s theorem shows that, nevertheless, (9.17) often holds pointwise for most
values of y.

(co:Kac) Gorollary 1.13 (Kac XXX). Choose and fiz some f € C*(R) and a closed interval
[a,b] C R. If, in addition, Z¢(a,b) ;== {z € [a,b] : f'(x) =0} is a finite set, then the
limit in (9.17) holds for every y & {f(a), f(b)} U Zf(a,b).

For variants, see Problems XXX.

Proof. Because Z¢(a,b) is finite, we can find a real number &, > 0 such that f'(x) # 0
for all x € [y,y + £4]. An elementary argument shows that the jumps of Ny, 4 (f)
necessarily lie in the finite set {f(a), f(b)} U Z¢(a,b); Figure 9.1 can serve as a visual
aid to formulating such an argument. Instead of proving this we note that, as a result,
ifye{f(a),f(b)}UZs(a,b) and e € (0,ey), then

N[a,b](f7w) :N[a,b](f7y) for alll‘e (y,y+5y)~
Consequently, Corollary 1.12 to Banach’s theorem ensures that

b Lpy,y+te] (f(z))

€

yt+e
N[a,b](fay) = é/ N[a,b](f7x) dz :/ ‘fl(x)ldm7

for all e € (0,€&y). Let € } 0 to finish. O
The proof of Theorem 1.10 requires a final technical result which we state next.

(lem:Kac) yemma 1.14. If f : R — R is a polynomial of degree at most q > 1, then

sup sup /OO w

e>0yeR J — €

|f'(x)| dz < g.
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Proof. Define Ty := —oco and then iteratively let Tyy1 := inf{x > Ty : f'(z) = 0} for
all k > 0, where inf @ := co. Define

F={j>20: T; <0},
and notice that

[ Rl gy = 5 [ Rt gy (0.0 rcrineson

3 3
JEF

The mean-value property of f' ensures that f is strictly monotone in (7} ,T}+1) for
every j € F. Therefore, we may change variables in order to see that

/Tj+1 Lpy,yte] (f(z)) /f(THl) Lpy,y+te] (a) da
f

T 3 (Ty) 3

If' (z)] dz = for all j € F,

where f(—00) :=limg——oo f(a) and f(o0) := lima— oo f(a). In particular,

/TH'1 I[[y,y-kfl(f(m)) |f/(x)| dz < /OO Lpyyte) (a) da =1,
€

T € oo

for every y € R, ¢ > 0 and j € F. Because f’ is a polynomial of degree < ¢ — 1, the
fundamental theorem of algebra implies that f’ has no more than ¢ — 1 zeros, including
real ones. This in turn implies that the cardinality of F is at most g. Thus, the lemma
follows from (9.19) and the previously-displayed inequality. O

Armed with the preceding, we are in position to prove Kac’s theorem.

Proof of Theorem 1.10. Because X' is a.s. a polynomial of degree ¢ — 1, the random
set Zx(a,b) has at most ¢ — 1 elements. Moreover, elementary considerations show
that

P{y¢Z{X.,Xp}UZx(a,b)} =1 for every y € R.

Therefore, Corollary 1.13 implies readily implies that for every y € R,

bq (X
Nt (X ) = tim [ L0y g (9.20) [W:Kae)

almost surely. Furthermore, Lemma 1.14 and the dominated convergence theorem
together imply that (9.20) holds also in LP(P) for every p > 1. Thus,

b
E[N[a,b](va)} :lalfgé/ E(‘X{L y<Xt<y+E)dt

P{y<Xt<y+5}dt
€

b
:15%1/ E(|X{||y<Xi<y+e)

Evidently, P{y < X; < y + £} /¢ tends to the probability density of X; at y as £ | 0.
Because

Ply< Xe <y+e}
€

2
< P{Xt > y} < exp (—m) for all Yy S R,

the preceding and Problem 7 together imply that

2

b , B 1 Yy
E [N[a,b] (XJJ)] = /a E ( X ’ X = y) 27 Var(X¢) oxp <_2Var(Xt)) dt.
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In particular, we may set y = 0 to see that
b I
E(|X]] | X:=0
E [N (X,0)] = / E(X:] [ Xe=0) 4,

27 Var(X,)
It is not hard to check directly (see Problem 7 below) that

' o0 = . /2 n _ [Cov(XE, Xo)]?
B (x| x0=0) =2 [varr - 30X
Therefore,
Var(X;) Var(X;) — [Cov(X¢, X/)]?
E [N (X ,0)] / \/ T W, (9.21)preracEm|
which yields (9.16) after a direct computation; see Problem 8. O

We conclude this section with a proof of Kac’s asymptotic evaluation of the ex-
pected number of real zeros of a random polynomial.

Proof of Corollary 1.11. Let a | —oo and b 1 oo and appeal to Theorem 1.10 an the
monotone convergence theorem in order to see that

(g +1)%t2a
E [N(~ o000y (X , 0)] / \/ 5~ (e s 0t (9.22)[eqiKac0:eq)

Let F4(t) denote the integrand of the last integral. Choose and fix a number § € (0, 1)
and observe that

1-6 =) =9 1-6
dt dt
-Fq(t) dt + _Fq(t) dt S /1+6 m +/O 1_ t2 < Q. (923) eq:Kac-l:eq

0 1+6

A direct computation reveals that

[ mwa=[" L /P (/P
. o \ 22—/ (1-[1— (s/q)"™?)?

Let H4(s) denote the integrand of the last integral. Because

—23
qhﬁnolo H s)ds —/ @ T o 25) ——ds < 0,

it follows readily from (9.23) that

1 qd
/ Fo(t)dt = 0(1) +/ Ho(s)ds  as q— oc. (9.24) [eqiKactrsq]
1-6 1

Elementary computations show that Hq(s) = (2s)™" + o(1) as ¢ — oo, uniformly for
all s € [1,¢d]. Consequently, as g — oo,

1
[ Fiwar=togq+o0), (9.25) [eq:Kaca:eq]
1-6

by (9.24). A similar analysis yields f11+5 Fq(t)dt = Llogg+ o(1) as ¢ — oo. The
corollary follows from this, (9.22), (9.23), and (9.25). O
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2 Brownian Local Time

One can continue to ask about the indicatrix of Gaussian processes in the case that
the process in question does not have C' sample trajectories. In this section we
highlight aspects of this theory in the special case that the Gaussian process is Br-
ownian motion. While it is possible to study far more general non-C' Gaussian pro-
cesses than Brownian motion, the presentation here is greatly simplified thanks to the
independent-increments property of Brownian motion.

82.1 A First Computation

We can try to apply Banach’s theorem and its ramifications by applying it not to
Brownian motion directly (since Brownian motion is not continuously differentiable),
but to a piecewise-linear Gaussian process which approximates Brownian motion very
well. To construct a typical example of such an approximating process, define for
every integer n > 1,

Bu(t) = (nt — |nt)) {B (M) _B (%)} +B (%) . (9.26)[ et B

n

for all ¢ > 0, where B := {B(t) }+»0 denotes standard Brownian motion. Equivalently,
we define By, by setting B, (j/n) = B(j/n) for all integers j > 0, and by then linearly
interpolating these values to obtain B, (t) for other values of ¢ > 0. Figure 9.3 shows
a simulation of the graph of a Brownian motion B (in blue), superimposed by the
trajectory of the corresponding process B,, for a fixed value of n.

Figure 9.3. The blue line if Brownian motion B; the red line is the linear interpolant By,
The z-axis denotes time t.
(fig:B_n(t))
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Since B, is piecewise linear, its indicatrix is finite. Because B is continuous, it fol-
lows that for every T' > 0, sup,c(o, 7} |Bn(t) — B(t)| — 0 almost surely as n — co. Thus,
one might hope to define an “indicatrix” for B by studying lim, oo Njo,17(Bn ,y). The
following shows that this quest is hopeless because we expect Njg r1(Bn ,0) to blow up
as n — oo. This agrees with the following elementary property of Brownian motion
P{Njp,r(B,0) = oo} =1 for all T > 0. For simplicity, we shall study the case that
T=1.

{pr:BM:N) Proposition 2.1. Let B, be defined as above. Then,

E [Nio,11(Bn,0)] ~ %\/ﬁ as n — oo.

The proof requires a simple calculation with Brownian motion.

(lem:BM:abc) [emma 2.2. Ifa < b < c, then

E(|B(c) — B(a)| | B(b) = 0) = \/i (c—a— @) a.s.

Proof. Let a := (b — a)/b and note that, for this choice of «, the random variables
B(c) — B(a) — aB(b) and B(b) are uncorrelated and hence independent. It follows
from this calculation that

E(|B(c) - B(a) | B(b) =0) = E(|B(c) - Ba) - aB®))  a.s.

If X has a mean-zero normal distribution, then an elementary computation shows
that E(]X|) = 4/(2/7) Var(X). Apply this identity with X = B(c) — B(a) — aB(b) to
O

deduce the result.
We now return to our immediate goal and prove Proposition 2.1.

Proof of Proposition 2.1. Thanks to the definition (9.26) of the process By, we com-
pute directly to find that Var[B,(t)] = n~'(nt — |nt])®> + n~'|nt]. In particular, it

follows that
(9.27) Var @]

Just as was proved in (9.20) for random Gaussian polynomials, one can prove that

[

[ Do

sup [Var [B,(t)] — t| < =.
t>0 n

Y 1o (Bn(t
Noay (B 0) =ty [ 202 E D
€ 0
(9.28) BHiac
1 1 .
oy [ Bl [ (1)1 (101,
<10 J, € n n

Therefore, (9.27) and Lemma 2.2 together imply that

nf e ([ () -2 (50)] | o =0) =)

E [Njo,1)(Bn ,0)]

as n — o0.
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This proves the result readily. O

82.2 Occupation Densities

We have argued in the previous section that one cannot expect a Brownian motion
B to have a finite, well-defined indicatrix-type function in an obvious sense. Still, if
B did have a reasonable indicatrix, then it might be also reasonable to imagine that,
just as it was true in Banach’s theorem,

oo T
/ U(y)No,1r)(B,y)dy = / U(B(s))|B'(s)|ds a.s., (9.29)‘eq:BM:Banach:none
0

—o0

for every T' > 0 and bounded and measurable function ¥ : R — R. Proposition
2.1 gives an indication of why the above cannot be true. And, intuitively speaking,
the preceding cannot hold because Brownian motion is nowhere-differentiable a.s.; see
XXX. See also Problem 13. However, as it turns out, the preceding display has a
Brownian-motion analogue, provided that we formally replace the right-hand side by
[7W(B(s))|B'(s)]*ds. There is a sense in which “|B’(s)|*ds = ds.” [This can be
formalized by the statement that Brownian motion has finite quadratic variation; see
Problem 4 on page 23]. In that case, the proper replacement of the indicatrix of B
is an interesting object, called Brownian local time, which is the centerpiece of this
section.
With the preceding in mind, define for every 7' > 0 and Borel set A C R,

pr(A) = /0 14(B(s)) ds. (9.30) [oq BMrmu_T]

Evidently, every pr is a.s. a finite Borel measure on R. Because pr(A) is the Lebesgue
measure of the time spent in the set A by Brownian motion before time 7', pir is referred
to as the occupation measure of Brownian motion on the time interval [0, 7.

One can define pr, equivalently, via the following:

/O W(B(s))ds /_OO W (a) jr (d), (9.31)[eqB: ODFimu]

a.s. for every T' > 0 and bounded and measurable function ¥ : R — R. Indeed, (9.31)
certainly implies (9.30) upon setting ¥ := 1 4. And the converse implication is valid
because integration theory teaches us that the general form of (9.31) follows provided
that (9.31) is valid for all functions ¥ of the form 1 4.

Note that the left-hand side of (9.31) is equal to the right-hand side of (9.29) but
with | B'(s)| ds replaced by the intuitively-pleasing expression |B’(s)|? ds “=” ds. The
following is the main result of this section, and interprets the left-hand side of (9.29).

(th:BM:0DF) Theorem 2.3 (Lévy XXX). P{ur < Leb} =1 for every T > 0, where Leb denotes
the standard one-dimensional Lebesgue measure. Write Lr(x) := pr(dx)/dz for the
Radon-Nikodym derivative. Then, P{Lr € L*(R) N L*(R)} =1 for every T > 0, and

/OT U(B(s))ds = /700 U(z)Lr(x)dx, (9.32)[eq:BM: ODF|

a.s. for every T > 0 and bounded and measurable function ¥ : R — R.
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Among other things, Theorem 2.3 — see (9.32) — says that (9.29) becomes a
true identity provided that: (1) We remove the formal expression |B’(s)| from the
right-hand side; and (2) Replace the indicatrix on the left-hand side by the function
Lr. Thus, in a sense, the role of Ny (B ,y) is played by Lr(y) in the theory of
Brownian motion. The random process y — Lr(y) is called the local time of B at
y € R before time T, and the identity (9.32) is called the occupation density formula
for the Brownian motion B.

Proof (Kahane XXX). Choose and fix some T > 0. Since pr, as defined in (9.30), is
a bona fide finite measure a.s., it has a well-defined Fourier transform a.s., and the
latter can be computed as follows:

oo T
ur(z) = / e ur(de) = / e#B) g a.s. for every z € R.

—oo 0

We may apply Fubini’s theorem to find that for all z € R,

T T . ) T T ) ‘
E (|fr(2)%) :/ ds/ dt E(e“{B“)*BM}) :/ ds/ dt o= 1t=s1/2

0 0 0 0

5 AT

<TON —

after a few computations. A second appeal to Fubini’s theorem now yields

~ o 4T
B (IArlam) < | (T2/\;) dz < oc.

In particular, we can conclude from this that fir € L?(R) a.s. According to the
Plancherel theorem, the Fourier transform is a linear isometry from L*(R) to L*(R).
Consequently, it follows that the random measure ur is a.s. a function Ly € L*(R)
in the sense of distribution theory. Equivalently, there a.s. exists a random element
Lt € L*(Ry) such that pur(dz) = Lr(z) dz, as measures. Since ur(R) = T, it follows
also that Ly € L'(R) a.s., and in fact || Lr||1ry = 7. In particular, we can deduce
(9.32) from this and the Radon—-Nikodym theorem, and conclude the proof. O

82.3 Regularity of Local Times

Theorem 2.3 and the Lebesgue density theorem XXX together show that with proba-

bility one,
T

1
Le(@) =lm ~ [ 1p o (B(s))ds, (9.33)
€ 0

for all but a null-set of z’s. Now apply Fubini’s theorem to see that we can reverse the
order of the logical quantifiers in the preceding. That is, there exists a null set of z’s
off which (9.33) holds a.s. This is the Brownian-motion analogue of the Kac formula
(9.17) on page 163.2

Define for all e > 0 and =z € R,

we(x) = 6711[076] (z).

2Also, the intuitive, somewhat-informal statement (9.18) has the following analogue for
Brownian motion: Lp(z) = fOT 02-(B(s))ds.
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The quantities that appear in the right-hand side of (9.33) can be expressed as follows:

/O pe(z + B(s))ds = /OO pe(z +y) pr(dy) = /00 ve(z +y)Lr(y)dy [see (9.32)]

— 00 — 00
-/ ()

= 1 dz/ ds e~ mi=B(5) <71 —° )
27r €2

owing to Parseval’s identity. In other words, we have shown that there exists a
Lebesgue-null set N7 C R such that lime o L(;)(x) = Ly(z) as. for every © € Nr,
where

L@ =L / s osey(B(s)) ds

(9.34) ‘ eq:BM:LT:Fourier

/ dZ/ ds efzzz 1zB(s) (1 - e ) 7

for all x € R and T, e > 0. Since the only key property of Lr is that it is the Radon—
Nikodym derivative of ur with respect to Lebesgue measure, we can change Ly on a
Lebesgue-null set without altering any of the salient properties of L7, as outlined in
Theorem 2.3. Thus, we now redefine

Lr(z) := liminf L(E>(a:) forall T >0 and =z € R.
el0 T

Let us remark once again that, for this redefined version of Brownian local time,
we continue to have, for every T' > 0 fixed, the a.s. identity Lr(z)dz = pr(dz)
(as measures). Moreover, it still continues to be the case that for every T > 0,
Lr(z) = limgyo Lgf)(oc) a.s. for all z € Nr. An advantage of working with the newly-
redefined notion of local times is that they satisfy the following inequality.

{pr:BM:LG)-L(Y)) Proposition 2.4. For every § € (0,1/2) and T > 0 there exists a real number K, 1,5
such that

E (ILr(z) — Lr(y)]*") < Ka, 208

simultaneously for all x,y € R and n € IN.

Yl

Proof. Because of Fatou’s lemma, it suffices to prove the proposition with Lr(x) —
Lr(y) replaced by L(E)( )— L(Ta)(y), where ¢ > 0 is now held fixed. With this aim in
mind, choose and fix T,e > 0, z,y € R, and n € IN and write

")
to simplify the typography. Thanks to (9.34),
1 2n o o iezg o
e i (e )
N i=
o ({ero) |

=1

Db (|rfw - 1w

M—m%é

R dz/ ds
w2n /]RZn H [0,T]2n
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using the elementary fact that |1 — exp(if)| < |0] A 2|6|° for all ® € R and § € (0,1).
This and a simple calculation (see Problem 12 on p. 180) together yield

2né 2n
p < Elle —y™ / H'Zé‘édz/ ds o~ 3 TR Gnmsko D) Gt otaan)®
R An(T)

2n
T
2n —1
where sg := 0 and

An(T):={s€R™: 0<s1 < <82, <T}. (9.35)[eq:Delta]

Change variables and set wa,+1 := 0 in order to see that

(2n)!|z — y|*"? 3 So=} T (srmsno1 )
s A (T) R2n =1
on)! _ 2né 2n 1 noo
B N (T
™ A (T) R2n =1
If a1,...,am > 1 =: am+1, then
H(a[ + aey1) <2™ H max(ag,aer1) <27 Z H ar(e),
=1 (=1 T =1
where the sum is taken over all mappings I" that map {1,...,m} to{1,...,m+1} such
that T'(¢) € {¢,£+ 1} for all £ =1,...,m (remembering all the time that am41 = 1).
Consequently,

2 |1 n _ 2néd 2n oo 1 B
p < ZWMEr —y] / dsH/ dg (1+g*") e Blonmmn-n’
™ An(T) -0

(2n)132" A" | — y|>™? 2 ¢ ds
= 1 + ,
men Ap(T) Sk — Sk—1 V8K — Sk—1

where A; := [ (1+ |v]?%) exp(—v?/2) dv. Because the above integral is finite — see

Problem 11 — this completes the proof. O

Proposition 2.4 and the Kolmogorov continuity theorem (Theorem ?7, page ?7)
together imply that, for every T' > 0, z — Lz () has a continuous modification. Once
again, let us redefine L, this time as this continuous version. It still holds that for each
fixed T' > 0, Ly (z)de = pr(dz) almost surely (as measures). But this modification
of our local times has nicer properties than its predecessor. Here is one such property
that is worth mentioning: Because the right-hand side of (9.33) is e~ [ Ly (y) dy
— see (9.32) — it follows from the continuity of Lz and the fundamental theorem of
calculus that, with probability one, (9.33) holds simultaneously for every = € R (of
course, for the new modification of the local times; notice the strengthened order of
the quantifiers!). Next we seek to improve our definition of local times yet again by
trying to find a modification of Lz (z) that is continuous in both T" and z. To this
end, the following will suffice.

{pr:BM:L(T)-L(S)) Proposition 2.5. For every integer m > 1 there exists a number K,, > 0 such that
E (|Lr(z) - Ls(2)|™) < Kum(T = 8)"/?,

simultaneously for all T > S > 0 and z € R.
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Proof. Thanks to (9.34), for every € R, e > 0, and 7' > S > 0,
T
D= DT, S, z,e) = L (2) — L (a) = e / Lipmse (B(s)) ds.
s

Therefore,

m!

E(|D|™) = P (n{B(SJrsi) € [:v,x+s]}> ds.

em

0<s1< <sm<T -5
Ifo<s1 < - <8m <T— 8, then the independence of the increments of B ensures
that the above integrand is not more than

m—1
P{B(S+51) € [o,0+e]} [] P{Bsis — s1) € [-2,2]}.
i=1
Since the probability density function of B(r) is bounded above uniformly by (27r7“)71/2,
it follows that

—1
m! € ja 2e

em 0<s1 < <sm <T -5 \/QW(S-F 81) 71:[1 \/271’(8i+1 — Si)
ml2(m/2)-1 / ds
mm/2 0<s1< <5y <T—S \/81(82 —81) - (Sm — Sm—1)
ml2(m/2)-1 T=S qr\™
< s -
/2 ( 0 \/77) ’

which is clearly equal to a finite constant K, times (T’ — S)™/2. Let € | 0 and appeal
to Fatou’s lemma to finish. O

E(DI™) < ds

X

Owing to Propositions 2.4 and 2.5, the Kolmogorov continuity theorem now implies
the following;:

(th:Trotter) Theorem 2.6 (Trotter, XXX). The two-parameter process R4 xR 3 (T ,x) — Lr(x)
has a continuous modification. In fact, for all o,6 € (0,1/2) and M, T > 0 there exists
a random variable V =V (a,8, M ,T) such that E(|V|¥) < oo for all k > 2, and with
probability one,

L) = L) < V{(t =9 + (g —2)"},
uniformly for all0 < s <t <T and —M <z <y < M.

From now on, when we refer to “Brownian local times,” we will mean the jointly-
continuous version of the local times that is furnished by Trotter’s theorem (Theorem
2.6).

3 The Zero Set of Brownian Motion

It is easy to see that, by virtue of its definition, the indicatrix of a function f € C*
describes the size of the level sets of f. For example, Njg r(f,0) is by default the
cardinality of the zero set of f in [0, T].

The goal of this section is to prove that the Brownian local times describe, in a
similar though more subtle manner, the “size” of the level sets of Brownian motion B.
The subtletly comes about since “size” is now measured using Hausdorff dimension —
rather than cardinality — which is the topic that we begin with.
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83.1 Hausdorff Dimension

Choose and fix a real number s > 0 and a set A C R, and define

HE(A) :=inf > (2r;)°,

Jj=1

where the infimum is taken over all countable closed covers {[z; — r;,x; + 75]}j21 of
A such that 2r; < . Because ¢ — H(A) is nonincreasing,

M. (4) = lim HE (4)

exists. The set function Hs maps subsets of R into the extended interval [0, co].
It is easy to verify the following.

(lem:H_S) Lemma 3.1. For every fized s > 0 and A, B C R, the set function Hs satisfies the

following:
1. Hs(2) =0;
2. Hs (U2 As) < D02 Hs(As) for all Ay, Az, ... CR;
3. Hs(AU B) = Hs(A) + Hs(B), provided additionally that AN B = &;
4. Hs(xA+y) = |2|"Hs(A) for every z,y € R.

Thus we see that H, is a Carathéodory outer measure for every s > 0. This
observation motivates the following.

Definition 3.2. H; is called the s-dimensional Hausdorff measure on R.
It is, in fact, possible to prove that every H; is a bona fide Borel measure on R.

(th:H_S) Theorem 3.3. For every fized s > 0, the restriction of Hs to the Borel subsets of R
is a measure. That is, part 2 of Lemma 3.1 can be extended to the assertion that Hs
is countably additive on the Borel subsets of R.

The proof uses a classical method, and proceeds by proving that every Borel set
is “measurable” for the outer measure H,. Because we will not need this fact we
shall skip the proof and simply refer to XXX for details. Instead, let us observe that
whenever 0 < e < 1,0 < s <t,and A C R, and if {[z; —7;,2;+7;]};2; is a countable
closed cover of A such that 2r; < ¢ for every j > 1, then

HI(A) <Y o(2r) <77 (2m))"

Jj=1 Jj=1

Optimize over all such closed covers of A, and then send € | 0 in order to find that
H:(A) = 0 as soon as 0 < s < ¢t and Hs(A) < oco. Equivalently, if H¢(A) > 0 and
0 < s < t, then Hs(A) = co. In other words,

dimy, (A) :=sup{s >0: H,(A) =co} =inf{s>0: H(A) =0}, (9.36) [eq:dimh|
for every A C R.

Definition 3.4. We call dim (A) the Hausdor(f dimension of A C R.
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We can readily deduce many of the properties of Hausdorff dimension from Lemma
3.1 and Theorem 3.3. The following is easy to prove. We include the proof as a way
to introduce some of the ideas that are frequently used to compute and/or estimate
the Hausdorff dimension of a given set.

(lem:dimh) | emma 3.5. For every A, A1, Aa,... C R:

1. dimy, (@) =0 and dim, ([0,1]) = 1;

2. dimy (zA +y) = dim, (A) for every z,y € R;
3. dimH (A1 N AQ) < dimH (Al);

4. dimg (U2, A;) = sup;s, dimy; (A;).

Proof. 1t is particularly easy to prove parts 3 and 2: Because every countable closed
cover of A; is also a countable closed cover of A; N Az, it follows that HZ (A1 N A2) <
Hi (A1) for all e > 0. Let £ tend to zero to deduce part 3 of the lemma. And part 2
follows from the fact that H(zA+vy) < oo if and only if Hs(A) < oo; see Lemma 3.1.
Next we prove part 1.

Since Hs(@) = 0, we can see immediately that dimy, (@) = 0. To complete the
proof of part 1 it remains to show that dim, ([0, 1]) = 1. With this aim in mind, choose
and fix an integer N > 1 and let C; := [j/N,(j+1)/N] forall j =0,..., N —1. Since
{C;}321 is a finite closed cover of [0, 1], it follows that

N
H/N(A) <GP =N forall s >0, (9.37)[eq:H:UB]

j=1

where |C;| denotes the Lebesgue measure of C;. We can let N — oo to see that
Hs([0,1]) = 0—whence dim([0,1]) < s—whenever s > 1. Thus, dim,([0,1]) < 1.
We complete the proof of part 1 by verifying that dimy([0,1]) > 1. Choose and fix
€ €(0,1) and let {B;}52; denote a countable closed cover of [0,1] such that |B;| < e
for all j > 1. Then, by the countable subadditivity of Lebesgue’s measure,

]

> 181> U] = 10,1 = 1. (9.39)[pre:Frostmn]

j=1

Because the Bjs are arbitrary, this proves that i ([0, 1]) > 1 for all £ > 0, and hence
H1([0,1]) > 0. It follows from this and the definition of Hausdorff dimension that
dimy, ([0, 1]) > 1, which completes the proof of part 1.

We conclude the proof of the lemma by establishing part 4. Before we move in
this direction, let us first observe that

dim, (A) >0 for every A C R, (9-39) [eq:dim>0]

thanks to the already-proven parts 1 and 3 of the lemma. Now we verify part 4 and
complete the proof of the lemma.
It remains to demonstrate that

dimy, (U Ai> < supdimy (4;), (9.40)‘eq:dimcup:le:supdim

i=1 121

since the reverse inequality follows from part 3. If the right-hand side of (9.40) is
infinite then there is nothing to prove; see (9.39). Therefore, we may assume without
loss in generality that sup,, dimy (A;) < co. Choose and fix an arbitrary real number
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s > sup,;s; dimy (4;). By (9.36), Hs(A;) = 0 for all i > 1, which in turn implies that
Hs (U2, A;) = 05 see part 2 of Lemma 3.1. Apply (9.36) once more to see that

dim, (U AZ') <s for every s > sup dimy, (4;),

i—1 i21
which implies (9.40), whence also completes the proof of the lemma. O

As part of the proof of Lemma 3.5 we learned that a natural way to estimate
dimy (A) from above is to find an “efficient” countable closed cover {C;}72; of A such

that [Cj| < e for all j > 1, and then use the tautological bound, H(A4) < 3272, |C;[%

see (9.37). The more tricky method—see (9.38)—that was used to bound dim, (A)
from below has an extension that is worthy of special mention.

(lem:Frostman) [ emyma 3.6 (Frostman XXX). Suppose A C R is compact and there exists a proba-

bility measure p that is supported in A and satisfies the following for some s,n,c > 0:

sup p([z,z + €]) < ce® for alle € (0,7n).
zeR

Then, dim, (A) > s.

Proof. Choose and fix € € (0,7), and let {B;}72; be an otherwise arbitrary countable
closed cover of A that satisfies |B;| < € for all j > 1. Then, by the condition on u,

SUBE S (B > (u Bj) ey = e
Jj=1 j=1 j=1

Compare with (9.38). Optimize over {B;}32; to see that H5(A) > ¢~ ', whence also
Hs(A) = c ' > 0. O

83.2 The Ternary Cantor Set

Every = € [0, 1] can be written as z = Z;’;l x;377 where the ternary digits z1, 2o, . ..

of z are 0, 1, or 2. The ternary Cantor set € can be defined as the collection of all
points in [0, 1] whose ternary digits are in {0,2}. To be sure,

¢ ={0<z<1: z; €{0,2} forall j >1}.
For every integer n > 1 define
¢ ={0<z<1: z; €{0,2}forall j=1,...,n}.

Then clearly 61 D 62D --- and € = Np21%n.
Elementary properties of geometric series imply that 1 = 0 if and only if z €
[0,1/3], and 21 = 2 if and only if z € [2/3,1]. Therefore,

@ =1[0,1]U[2.1].

Similarly,
_ 1 2 1 2 7 8
% =[0,5]U[§ 3]ul5.5]u[5.1],
etc. In general, %, is the disjoint union of 2" closed intervals By n, ..., Ban 5, all with
length 37". Moreover, we can obtain %41 from %, by dividing every Bj,, into three
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©1

(&)
G— — = — - - - =

C-- - - - - -

Figure 9.4. The first four stages of construction of ¢
(fig:Cantor)

equal parts and jettisoning the middle part (see Figure 9.4). For this reason, ¢ is also
sometimes known as the middle-thirds Cantor set.
Because {Bj,»} - is a finite closed cover of ¢, it follows readily that

on
HI (%) <Y Bial = (2/3°)".
j=1

If s > log2/log3, then the preceding tends to zero as n — oo. This implies that
Hs(€) = 0 for all s > log2/log3, and hence dimy (%) < s. Let s | log2/log3 to see
that dim, (¥¢) < log2/log3. The following celebrated theorem of Cantor shows that
this inequality is in fact an identity.

Theorem 3.7 (Cantor XXX). dim, (%) = log2/log3.

Proof. Let X1, X2,... be independent random variables, all defined on a common,
suitable, probability space (Q,F,P), such that P{X; = 0} = P{X; = 2} = 1/2.
Then,

Xi= 3 X3 (9.41) g CantorLebix]
j=1

is a well-defined random variables that satisfies P{X € €} = 1.

Let 1 := P o X! denote the distribution of X, and recall that € = N5, %n
where %, is comprised of 2" closed, disjoint intervals Bi ,, ..., Ban » each with length
37", A little thought shows that u(Bj,,) does not depend on j (because the X;s are
exchangeable). Since

2" 2"
ZM(BJ',R) =K <U Bjm) = uw(6n) = (%) =1,
j=1 j=1

this proves that

u(Bjn)=2"" forallj=1,...,2" and n > 1. (9.42)

If I C [0,1] is an interval of length 37", then I N ¢ intersects at most one Bj ,, and
hence p(I) = u(INE) < uw(Bjn) = 27" thanks to (9.42). In other words,

sup u([x,m+37"])<27" for all n > 1.
x€[0,1]
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Every ¢ € (0,1) can be sandwiched between 37"~ and 37", where n = n(¢) > 1 is
an integer. Therefore, set p := log2/log 3 to see that
sup p([z,z+e]) < sup p([z,z+37"])<27" =3"""<(3¢)".
z€[0,1] x€[0,1]

Because this is valid for every € € (0,1), and since p is supported in ¢, Frostman’s
lemma (Lemma 3.9) implies that dim, (¢) > p = log2/log 3. This completes the proof
since we established the reverse inequality (that is, dim, (%) < log2/log 3) above the
statement of the theorem. O

Define a random variable X by (9.41), and let F(¢) := P{X < ¢} describe the
cumulative distribution function of X. Then, F' grows only on the Cantor set %.
Because |6,| = (2/3)™ and € = N;Z1%n, the Cantor set € has zero Lebesgue measure.
This shows that the monotone function F' grows only on a set of zero Lebesgue measure
(and Hausdorff dimension log2/log3). The function F is called the Cantor-Lebesgue
function. It is also known as the devil’s staircase because of the shape of its graph
(see Figure 9.5).

the cantor-lebesgue function

0 L L L L L L L L L
[ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

Figure 9.5. A plot of the Cantor-Lebesgue function F'. The monotone function F is flat on,
and only on, the relative complement [0,1] \ € of the Cantor set.
(fig:Cantor:Lebesgue)

83.3 Brownian Motion
(th:BM:zero:set:Levy) Theorem 3.8. With probability one, dimy; B~1{0} = 1/2 for every j > 1.

Recall that the support of a locally-finite measure p on R is the largest closed set
supp(u) such that u(R \ supp(u)) = 0.

(lem:Frostman) ,emma 3.9 (Frostman’s lenina). Let A C R be fized. Suppose there exists a proba-
bility measure p such that p(A¢) =0

Lemma 3.10. For allt >0 andn € (0,1/e),

P{B(s) =0 for some s € [t,t +n]} < <\/Z+4> v/nlog(1/m).
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Proof. Choose and fix an arbitrary n € (0,1/e) and t > 0, and observe that for every
e >0,

P {B(s) =0 for some s € [t,t + 1]} < P{|B(t)] <} —I—P{ sup |B(r) — B(t)| > 5}

ret,t+n]
<2 1P sup |BOr)|>e
h V27t rel0,n]

The last probability is not greater than 2P{sup,.c,; B(r) > €} < dexp{—c?/(2n)},
by a standard estimate on the maximum of Brownian motion. Hence,

2
P{B(s) =0 for some s € [t,t+ n]} < inf |:E + 4exp (E):| .

e>0 |\ /7t/2 2n
If we plug in € := y/nlog(1/n), then we obtain the upper bound
log(1
P {B(s) =0 for some s € [t,t+ 7]} < vnlog(L/n) + 47,
/2
which implies the lemma since log(1/n) > 1. O

Proof of Theorem 3.8.
Z:={tel0,1]: B(t) =0}.
A((s, t]) := Lt (0) — Ls(0) forall 0 <s <t <1

sup A((t,t+¢)) = O(°) asel 0, as.
te[0,1]

This and Frostman’s lemma together prove that dim, Z > § a.s. for every 6 € (0,1/2),
and hence dim, Z > 1/2 a.s.

2" —1
Hson(Z2) <27 D7 Lizna—r Genz-nize)-
7=0
2" —1
E[Hs5-n(2)] <27 Y P{zZn[j27", (i +1)27"] #2}
j=0
2™ —1
=27"" 3 " P{B(t) =0 for some t € [j27",(j +1)27"]}.
j=0

2" —1 oo

E[Hs5-0(2)] <27 > > P{B(k27")B((k+1)27") <0}

7=0 k=n
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Problems

1. Prove carefully Corollary 1.12. Note that the corollary is valid for every ¢ < d
and not almost every such pair.

2. We say that a function f : R — R is piecewise C* if f is continuous and for
every two real numbers a < b there exist finitely-many points a = zo < 1 <
-+ < Tp—1 < Tn = b such that the restriction of f to (z;,xiy1) is C* for every
i=0,...,n— 1. Prove that Theorem 1.1 and Corollary 1.1 remain valid if f is
assumed only to be piecewise C*.

3. Prove that En, as defined by (9.12), is measurable.

4. Let (T',d) be a compact metric space, and suppose X := {X; };cr is a mean-zero
Gaussian process indexed by T'. Note that d is not necessarily the metric that
was defined using X in (8.10), p. 134. Prove that if ¢t — X, is almost surely
continuous, then (s,t) — Cov(X;, Xs) is a continuous function on T' x T'.

5. Suppose X := {X:}:er is a mean-zero stationary Gaussian process such that
P{X € C'(R)} = 1 and Var(Xo) = 1. Let p(t) := Cov(X;, Xo) for all t € R
and prove that, for all T > 1 and § > 0,

/ /!
P{ sup X > y} < wef‘lﬁ/2 for every y > 0.
te[0,T] ™
(Hint: If sup,c o7 X¢(w) > y then certainly Ny (X ,y)(w) > 1.)
6. Use the result of Problem 5 in order to prove that:
(a) limsup,_, . X¢/v2logt <1 a.s.; and
(b) limy 00y~ ?log P{sup, (o 1) Xt >y} = —1/2.

7. Suppose (X ,Y) has a bivariate normal distribution with E(X) = E(Y) = 0,
Var(X) = 0% > 0, Var(Y) = 03 > 0, and p = Corr(X,Y) € (-1,1). Prove
that

limB (X [0<Y <e) =E(X] |V =0)= /2 03(1- ),
and that sup,¢ o 1) E(|X] [0 <Y <¢) < o0
(Hint: Start by finding a constant « such that X — Y is independent of Y".)

8. Let X := {Xi}icr be the random Gaussian polynomial of (9.1) on page 153,
and let X/ := dX;/dt. Prove that Cov(X.,X;) = (8/8s) Cov(X;,X;) for all
s,t € R, and similarly that Cov(X}, X{) = (9/0t) Cov(X}, X:).

(a) Use these computations to verify the following formulas: For all ¢ # 1,
2t
Var(X:) = T
t(qt?1T2 — (¢ + Dt?7 + 1
Cov(Xy, X¢) = ( (tg(_ 1)2) ) )
/ (2042 42 1 4 42 (qtz—q—l)Q
Var(X;) = N .
(b) Use the preceding to verify the details of the computation that begins from
(9.21) (see p. 165) and leads to (9.16) (see p. 162).
9. Let B denote a standard Brownian motion, and { Lt } ¢ its local time process.

(a) Prove that a.s., Lr(x) = 0 for all || > sup,¢o 7 |Bt| and all T' > 0.
(b) Prove that P{sup,c(o 1 |Bt| > A} < 2exp{—A*/(2T)} for all X\, T > 0.
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(c) Use the preceding to improve Trotter’s theorem (Theorem 2.6) to the fol-
lowing: For all a,d € (0,1/2) and T > 0 there exists a random variable
V =V(a,d,T) such that E(|V|*) < oo for all k > 2, and with probability
one,

Li(@) = L) < V{(t=9)° + (- 2)*},

uniformly for all 0 < s <t < T and —oo < x < y < o0.
Verify the details of (9.28) (p. 167).
Choose and fix some T' > 0. Recall A, (T) from (9.35) and define, for all o > 0,

To(a,T) -—/ ds
P A s (s2 = s1) - (s2n — s2n—1)

Prove that Z,(«,T) < oo if and only if @ < 1. For a greater challenge, suppose
that 0 < @ < 1, and compute Z,(«,T). (Hint: Induction!)

. Let B denote a standard one-dimensional Brownian motion. Prove that, for all

Z1yeey2m ERand 0 =:tg < t1 < - < tm,

E (ﬁ eiZjB(tj)> = exp {; i(tk —tk—1) (2 + -+ zm)z} .

j=1 k=1

Prove that P{N (B ,y) € {0,00}} = 1 for every T' > 0 and y € R, where
B denotes standard one-dimensional Brownian motion. You may use, without
proof, the strong Markov property of B in the following (weak) form. Choose
and fix some a € R, and let 7, := inf{s > 0: B(s) = a}. Then, 7, < 00 a.s.,
and {B(7, +t) — B(7a) }+>0 is a standard Brownian motion. See XXX for details.
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