Chapter 1

The Canonical Gaussian
Measure on R"

ch: Canonical_Gaussian)

1 Introduction

The main goal of this book is to study “Gaussian measures,” the simplest ex-
ample of which is the canonical Gaussian measure P,, on R™ where n > 1 is an
arbitrary integer. The measure P,, is defined simply as

P,.(4) = /A%(x) dz for all Borel sets A C R",

where 7, denotes the standard normal density function on R", viz.,

o—llzl?/2

Yn(T) = T [z € R™). (1.1)[gamma_n|

The function 7; describes the famous “bell curve,” and =, looks like a suitable
“rotation” of the curve of y; when n > 1.

We frequently drop the subscript n from P,, when it is clear which dimension
we are in.

Throughout, we consider the probability space (Q2,F,P), where we have
dropped the subscript n from P,,, and

Q:=R", and F:=B(R"),

where B(R™) denotes the Borel subsets of R™.

Recall that measurable functions f : R® — R are random variables, and
measurable functions F' : R®™ — R"™ can be regarded as random vectors. Through-
out this book, we designate by Z = (Z7,..., Z,) the random vector

Zi(x) ==z, forall z € R" and 1 < j < n. (1.2)[z]

3



4 CHAPTER 1. THE CANONICAL GAUSSIAN MEASURE ON RY

Thus, Z always denotes a random vector of n i.i.d. standard normal random
variables on our probability space. In particular,

P,(A) =P{Z € A} for all Borel sets A C R™.

We also let E := E,, denote the expectation operator for P = P,,, which allows
us to write integrals, using shorthand, as

B2 = | FaPlan) = [ fapn(

One of the elementary, though useful, properties of the measure P,, is that
its “tails” are vanishingly small.

(lem:tails) Lemma 1.1. Ast — oo,

2 1
PlreR": |lof > t) = 200 jn-2g/2

277T(n/2) ’
where T'(v fo Lexp(—t) dt is the gamma function evaluated at v > 0.
Proof. Define
S, = |Z|* = 222 for all n > 1. (1.3)[5n]

Because S, has a x2 distribution,

P{x € R": |z|| >t} = P{S, > t*}

e T
27727 (n/2)

for all ¢ > 0. Now apply I"'Hoépital’s rule of calculus. O

The following large-deviations estimate is one of the ready consequences of
Lemma 1.1: For every n > 1,

. 1 n 1
tliglot—zlogP{xelR Dl >ty = -3, (1.5)[eq:LD]

Of course, (1.5) is a weaker statement than Lemma 1.1. But it has the ad-
vantage of being “dimension independent.” Dimension independence properties
play a prominent role in the analysis of Gaussian measures. Here, for exam-
ple, (1.5) teaches us that the tails of P, behave roughly as do the tails of P
regardless of the value of n > 1.

Still, many of the more interesting properties of P,, are radically different
from those of P; when n is large. In low dimensions—say n = 1,2, 3—one can
visualize the probability density function -y, from (1.1). Based on that, or other
methods, one knows that in low dimensions most of the mass of P,, concentrates
near the origin. For example, an inspection of the standard normal table reveals
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that more than 68.26% of the total mass of P; is within one unit of the origin;
see Figure 1.1.

In higher dimensions, however, the structure of P,, can be quite different. For
example, let us first recall the random variable S,, from (1.3). Then, apply the
weak law of large numbers XXX to deduce that S,,/n converges in probability
to one, as n — oco.! Stated in other words,

lim P {x eR": (1—e)n/? < |z < (1 +e)n1/2} =1, (1.6) [pom: o

n—oo

for every ¢ > 0. The proof of (1.6) is short and can be reproduced right
here: Recall that E denotes the expectation operator for P := P,,, and let
Var be the corresponding variance operator. Since S, has a x? distribution
with n degrees of freedom, simple computations show that E(S,) = n and
Var(S,,) = 2n; see Problem 2 below. Therefore, Chebyshev’s inequality yields
P{|S, — E(S,)| > en} < 2¢e72n~1. Equivalently,

PleeR: (1-9"2"? <z < (1427} >1- nlgg (1.7) vica]
Thus we see that, when n is large, the measure P,, concentrates much of its
total mass near the boundary of the centered ball of radius n'/2, very far from
the origin. A more careful examination shows that, in fact, very little of the
total mass of P,, is elsewhere when n is large. The following theorem makes this
statement much more precise. Theorem 1.2 is a simple consequence of a remark-
able property of Gaussian measures that is known commonly as concentration
of measure XXX. We will discuss this topic in more detail in due time.

(th:CoM:n) Theorem 1.2. For every € > 0,

P {a: eER™: (1—en'?2 < |z <1+ s)nl/Q} >1—92 ", (1.8)[CoM:n]

n(z) Theorem 1.2 does not

04 merely improve the crude

. bound (1.7). Rather, it

03 describes an entirely new

0.2 phenomenon in high di-

mensions. To wit, let us

0.1 consider the measure P,

0 z when n = 30,000. When

4 e = 0, the left-hand side
Figure 1.1. Area over [—1,1] under the normal curve. f)f (1_'8). is equal to 0 But
(£ig:N(0,1)) if € is increased slightly,
say to e = 0.01, then the left-hand side of (1.8) increases to a probability > 0.9,

whereas (1.7) reports a mere probability lower bound of 1/3.

Proof. The result follows from a standard large-deviations argument that we
reproduce next.

n the present setting, it does not make sense to discuss almost-sure convergence since
the underlying probability space is (R™, B(R"),Py).
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Since Sy, := Y"1 | Z2 has a x2 distribution, its moment generating function

is
B = (1-2X)""? for —oo < A < 12, (1.9) [mgf : chi2]
and Eexp(AS,,) = co when A\ > /2. See Problem 2 below.
We use the preceding as follows: For all ¢ > 0 and A € (0, 1/2),
P {a: eR”: ||z > nl/zt} =P {eAS" > e)‘"tQ}

< (1 _ 2)\)7n/2ef)\nt2’

thanks to (1.9) and Chebyshev’s inequality. The left-hand side is independent
of A € (0,1/2). Therefore, we may optimize the right-hand side over A € (0,1/2)
to find that

1
P {x eR": ||z| > nl/zt} <expq —n sup [)\t2 + —log(1 — 2)\)]
0<ALY/2 2

= exp {2 [1* — 1 - 2log1] (1.10) [eqsvailiiog]

In particular, if ¢ > 1, then it follows easily that the exponent of the right-most
exponential in (1.10) is strictly positive, whence we have exponential decay of
the probability as n — oo. This exponential decay is sharp; see Problem 3
below.

In any case, because logt < ¢t — 1 when ¢ > 1, it follows from (1.10) that

PloeR": |z > n'/2t} <=1, (1.11) [BooBooBound]

The special choice t = 1 + ¢ yields (1.8) when ¢t > 1.
When ¢t < 1, we may argue similarly and write

P {rc eR™: ||z < nl/%} —P {e*”n > C*W"‘} for all A > 0

1
< exp {n iup0 [)\t2 + 5 log(1 + 2)\)} }
>

= exp{—g [t2 —-1- 2logt} } .
Since —2logt > 2(1 —t) + (1 — t)? when t < 1, it follows that

P {a: ER™: |z < n1/2t} < exp {—g (214201 —t)+(1— t)ﬂ}
< e—n(l—t)z.

Set t =1 — ¢ and combine with (1.11) to complete the proof. O

The preceding discussion shows that P{||Z|| ~ n'/?} is extremely close to one
when n is large; that is, with very high probability, Z lies close to the boundary
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of the centered sphere of radius n'/2. Of course, the latter is the sphere in

the ¢?-norm, and it is worthwhile to consider how close Z lies to spheres in
fP-norm instead, where p # 2. This problem too follows from the same analysis
as above. In fact, another appeal to the weak law of large numbers shows that
for all € > 0,

P{A—mn'? <12, < A+ pn'/P} =1 asnsoo,  (112)[1g)

for all p € [1,00), where p,, := E(|Z1]P), and || - ||, denotes the ¢P-norm on R";
that is, ||z||, :== (31, |2:|P)Y/P for all z € R™.

These results suggest that the n-dimensional Gauss space (R, B(R™),P,)
has unexpected geometry when n > 1.

Interestingly enough, the analogue of (1.12) in the case that p = oo has
a still different form. In this case, one is examining the maximum of n i.i.d.
unbounded random variables. Naturally the maximum grows as n — oo. The
following anticipates the rate of growth, which turns out to be only logarithmic.
See also Problem 18.

(pr :max) Proposition 1.3. Let M,, denote either maxi<i<n | Z;| or maxigign Z;. Then,

E(M,) = +/2logn + o(1) as n — 0o.

We will see later on (see XXX) that, in part because of Proposition 1.3,
there exists a finite constant ¢ > 0 such that

P, {(1 —e)y/2logn < M, < (1+ 5)\/210gn} >1- 2e_652(10g")2, (1.13) 7CoM:max?

simultaneously for all integers n > 2 and real numbers € € (0,1). Thus, the
measure P,, concentrates on ¢*°-balls of radius y/2logn as n — occ.

Before we prove Proposition 1.3, let us mention only that it is possible to
evaluate E(M,,) much more precisely than was done in Proposition 1.3; see
Problem 19 below. However, Proposition 1.3 is strong enough for our present
needs.

Proof of Proposition 1.3. Throughout the proof, define

M, := max |Z;| and M, := max Z,.

1<j<n 1<j<n

Since M, < M, < M, it suffices to study E(M,) for an upper bound and
E(M,,) for a lower bound. We begin with the former.

For all ¢t > 0, the event {M,, > t} is equivalent to the event that some |Z;]
exceeds t. Therefore, a simple union bound and Lemma 1.1 together yield a
finite constant A such that

P{M, >t} < ZP{‘Z” >t} =nP{|Z)| > t} < Ant e ¥'/2,

=1
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valid uniformly for all n > 1, and for all sufficiently large ¢ > 1. We will use this
bound when nexp(—t2/2) < 1; that is, when t > \/2Iogn. For smaller values
of t, an upper bound of one is frequently a better choice. Thus, we write

B (1, :/ P{max 2z > t} at
0

1<ign

o0

< \/210gn+An/ t=1e=t/2 4

V2logn
=+/2logn + o(1) as n — 0o.

This proves the upper bound.
The lower bound is also simple to establish. First, let us choose and fix an
€ > 0 and then note that

E(M,) > [M,; M, > v/2logn —¢]
(114 oz as

We plan to prove that

\/lognP{Mn<\/2logn—€}—>0 as n — 00. (1.15)[goal:LB:M_n]

Indeed, (1.15) and (1.14) together imply that, as n — oo,

B(M,) > [v2logn <] (1—0(1>)

Viogn
= /2logn —e+ o(1).

Since ¢ is arbitrary, it follows that E(M,,) > v/2logn + o(1), which completes
the proof. It remains to verify (1.15).
Since 1 — a < exp(—a) for all a € R, it follows from independence that

P{ut < Vain o} = (1P {2 > Vo)
< exp (—nP {Zl > M—e}).

According to Lemma 1.1, as n — oo,

2
e = /2 4 0o(1)
Pz > V2logn— e} = 5" exp (=1/210gn)
1 ogn — e onvrloan exp (€ ogn
Because exp(ey/2log n) grows faster than any given power of log n, the preceding
probability must exceed n~*(logn)? for all n sufficiently large.? In particular,
(1.16) implies that, as n — oo,

1
P{M, < \2logn —c} <e 02’ — o (F) . (1.17) [eqrunder 1]
ogn

20f course, the same sentence continues to hold if we replace (logn)? by (logn)P for an
arbitrary p > 0. We need only to choose p > 1—here, p = 2—in order to ensure the final
identity in (1.17).

(1.16)[eq:P 0w 08
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This verifies (1.15), and completes the proof of the proposition. O

2 The Projective CLT

The following projective central limit theorem is a different way to say that a
Gaussian vector in R” lies very close to the £2-sphere of radius n'/2.

{pr:ProjCLT) Proposition 2.1. Choose and fix an integer k > 1 and a bounded and contin-

uous function f : R¥ — R. Let p, denote the uniform measure on \/nS"~'.
Then, as n — oo,

/ flzr, ... zp) pr(dey - - -day,) — flzr, ... zk) Pr(dey - - - day).
g1 R

Proposition 2.1 is a rigorous way to say that, when n > 1, the canonical
Gaussian measure on R" is very close to the uniform distribution on the ball
V18"~ of radius n'/? in R™.

Proof. By the weak law of large numbers XXX,

1/2
1z) _

NG

1 n
— E ZJ2 —1 in probability as n — oo.
n

j=1

Therefore, for every integer k > 1,

Z ... 2
Wﬁ(zh,..,zk) as n — oo, (1.18) [peL1]

where “=” denotes weak convergence in R¥. Now the distribution of the ran-
dom vector v/n Z/||Z|| is rotationally invariant—see (1.1)—and supported on
v/n$" 1. Consequently, a classical fact about the uniqueness of Haar mea-
sures (see XXX) implies that the uniform measure p,, coincides with the law of
VnZ/||Z||. In other words, the proposition is just a paraphrase of the already-
proved assertion (1.18). O

3 Anderson’s Shifted-Ball Inequality

One of the defining features of P,, is that it is “unimodal.” This property is
sometimes called Anderson’s theorem, which is in fact a theorem of convex anal-
ysis; see Anderson XXX. When n = 1, “unimodality” refers to the celebrated
bell-shaped curve of 7;, and can be seen for example in Figure 1.1 on page
5. There are similar, also visual, ways to think about “unimodality” in higher
dimensions.

Anderson’s theorem has many deep applications in probability theory, as
well as multivariate statistics, which originally was one of the main motivations
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for Anderson’s work. We will see some of these applications later on. For now
we contend ourselves with a statement and proof.

The proof of Anderson’s theorem requires some notions from convex analysis,
which we develop first.

Recall that a set E C R™ is convez if for all z,y € E the line segment Ty
that joins z and y lies entirely in E. Equivalently put, E is convex if and only
if e+ (1—XNye Eforall z,y € Eand X € [0,1]. See Figure 1.2.

E

Figure 1.2. A bounded, convex set E C R?: Ty C E Vz,y € E.
(fig:Cvx:Set)

One can check, using only first principles, that a set £ C R"™ is convex if
and only if

E=)XE+(1-)\NE for all A € [0, 1], (1.19)[eq:EEE]
where aA + B denotes the Minkowski sum of aA and B for all «, f € R and
A, B C R™. That is,

aA+ B :={ax+fy: x € A,y € B}.

See Problem 12.
Convex sets are measurable sets as the following result shows.

(pr:convpbm:meas) pr.onogition 3.1. Every convex set E C R™ is Lebesque measurable.

Proposition 3.1 will be established en route the proof of Anderson’s inequal-
ity. In order to state Anderson’s inequality, we need to recall two standard
definitions.

Definition 3.2. A set £ € R" is symmetric if E = —E.

Definition 3.3. If f : R® — R is a measurable function, then its level set at
level r € R is defined as f~1[r,00) :={x € R": f(z) > r} :={f > r}. We say
f is symmetric if f(x) = f(—z) for all z € R™, or equivalently if all of its level
sets are symmetric.

We can finally state Anderson’s theorem.

(th:Anderson) Theorem 3.4 (Anderson’s inequality). Let f € L*(R™) be a non-negative sym-
metric function that has convex level sets. Then,

[ ta=wmae> [ e

for all symmetric conver sets E C R™, every y € R", and all A € [0,1].
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The proof will take up the remainder of this chapter. For now, let us remark
briefly on how the Anderson inequality can be used to analyse the Gaussian
measure P,,.

Recall v, from (1.1), and note that for every r > 0, the level set

Y, 00) = {CE eR™: ||zl < \/210gr+n10g(27r)}

is a closed, whence convex and symmetric, ball in R™. Therefore, we can apply
Anderson’s inequality with A = 0 to immediately deduce the “unimodality” of
P, in the sense of the following result.

{co:Anderson) Corollary 3.5 (Unimodality of P,,). For all symmetric conver sets E C R",
0< A<, andy € R, P, (E + \y) =2 Po(E +vy). In particular,

sup P, (E+y) =P, (E).
yER™

It is important to emphasize the remarkable fact that Corollary 3.5 is a
“dimension-free theorem.” Here is a typical consequence: P{||Z —a| < r} is
maximized at a = 0 for all » > 0. For this reason, Corollary 3.5 is sometimes
referred to as a “shifted-ball inequality.”

One can easily generalize the preceding example with a little extra effort.
Let us first note that if M is an n X n positive-semidefinite matrix, then
E :={zx € R": 2’Mxz < r} is a symmetric convex set for every real num-
ber r > 0 (it is an ellipsoid).? Equivalently, E is the event—in our probability
space (R™, B(R™),P,)—that Z’'MZ < r. Therefore, Anderson’s shifted-ball
inequality implies that

P{Z—-pw)M(Z—-p)<r}<P{ZMZ<r} VYr>0andpcR"

This inequality has applications in multivariate statistics; see, for example, the
final section of Anderson XXX. We will see other interesting examples of An-
derson’s inequality later on.

The proof of Anderson’s inequality takes up the rest of this section and is
divided into four parts. The first three parts are self-contained and establish a
series of ancillary results. Some readers may wish to accept the statements of the
first three parts on faith, and then proceed directly to the proof of Anderson’s
inequality in the fourth part.

83.1 Part 1. Measurability of Convex Sets

Here we prove Proposition 3.1. But first let us mention the following example.

Ezample 3.6. Suppose n > 2 and E = B(0,1) U F, where B(0,1) is the usual
notation for the Euclidean ball of radius one about 0 € R™, and F C 9B(0,1).
The set E is convex, but it is not Borel measurable unless F' is. Still, F is always
Lebesgue measurable, in this case because F' is Lebesgue null in R™.

3We frequently identify the elements of R™ with column vectors. In this way, we see that
a quantity such as 2’ Mz is a scalar for all z € R™ and all n x n matrices M.
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This example shows that, in general, one cannot hope to replace the Lebesgue
measurability of convex sets by their Borel measurability.

Proof of Proposition 3.1. We will prove the following: Every bounded convex
set is measurable.

This does the job since whenever E is convex and n > 1, EN B(0,n) is
a bounded convex set, which is measurable by the above. Therefore, £ =
U ,EN B(0,n) is also measurable.

The closure OF of OF is manifestly closed; therefore, it is measurable. We
will prove that |[OE| = 0. This shows that the difference between E and the
open set E is a subset of a null set, whence F is Lebesgue measurable. There
are many proofs of this fact. Here is an elegant one, due to Lang XXX.

Define

M:={BeB[R"): |BNIE|< (1-37")|B|}.

Then M is clearly a monotone class; that is, M is closed under countable,
increasing unions and also closed under countable, decreasing intersections. We
plan to prove that every upright rectangle, that is every nonempty set of of
the form [0 ,(a;,b;], is in M. If this were so, then Sierpinski’s monotone
class theorem would imply that M = B(R™). That would show, in turn, that
|OE| = |0ENOE| < (1 —37")|0E|, which proves the claim.

Choose and fix a rectangle B := H?Zl(ai,bi], where a; < b; for all 1 <
i < m. Subdivide each 1-dimensional interval (a;,b;] into 3 equal-sized parts:
(a;,a; + 1), (a; + 7i,a; + 2r;], and (a; + 2r; , a; + 3r;] where r; := (b; — a;)/3.
We can write B as a disjoint union of 3" equal-sized rectangles, each of which
has the form ]\, (a; + ¢;ri,a; + (1 + ¢;)r;] where ¢; € {0,1,2}. Call these
rectangles By, ..., B3n.

Direct inspection shows that, be-
cause F is assumed to be convex, there
must exist an integer 1 < L < 3"
such that E N By, = @. For other-
wise the middle rectangle T[], (a; +
r; ,a; + 2r;] would have to lie entirely
in the interior E° and intersect OF
at the same time; this would contra-

ag + 27rg

az + 72

(fig:Cvx:Set:1)

aj +r1 ajy +2rp

Figure 1.3. A subdivison of B. The region
above the curved line belongs to the convex
set E/. The smaller, darker, checked boxes are
those boxes in B that do not intersect OFE.

the same measure. Therefore,

dict the existence of a supporting hy-
perplane at every point of JE which
is a defining feature of convexity (see
Figure 1.3). Let us fix the integer L
alluded to here. Since the B;’s are
translates of one another they have

[BNOE|< S |B|=IB|-|Bil=(1-3")|Bl

1<5<3"
J#L

This proves that every rectangle B is in M, whence completes the proof. O
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83.2 Part 2. The Brunn—Minkowski Inequality

In this subsection we state and prove the Brunn—Minkowski inequality. That
inequality XXX is a classical result from convex analysis, and has profound
connections to several other areas of research.

In order to partially motivate what is to come, define

B :={z eR": |lz| <7} (1.20)[det :B_r]

to be the closed ball of radius r > 0 about the origin.

The e-enlargement of a compact set A C
R™ is defined as the set A+ B, = A+ eBy;
see Figure 1.4. The Brunn—-Minkowski in-
equality is one of the many ways in which
we can describe how the volume A relates
to the volume of the perturbed set A + B
when ¢ > 0 is small. See Problem 14 for a
sampler.

More generally still, one can consider two
compact sets A, B C R™ and ask about the
relation between the volume of A and the Figure 1.4. The c-enlargement, A +
volume of the perturbed set A 4.8, .o £:2) eB1, of the inner square A.

It is easy to see that if A and % are compact, then so is A + B, since the
latter is clearly bounded and closed. In particular, A + B is measurable. The
Brunn—Minkowski inequality relates the Lebesgue measure of the Minkowski
sum A + B to those of A and B.

A+eB;

(th:BrunaMinkousks) Theorem 3.7 (The Brunn—Minkowski Inequality). For all compact sets A, B C

R",
We can replace A by oA and B by (1 — a)B, where 0 < o < 1, and recast
the Brunn—Minkowski inequality in the following equivalent form:

|OéA + (1 — Oz)B|1/n 2 a|A|1/" + (1 — Oé)|B|1/n7 (1.21)‘eq:BrunnMink:bis

for all compact sets A, B C R™ and a € [0, 1]. Among other things, this formu-
lation suggests the existence of deeper connections to convex analysis because
if A and B are convex sets, then so is «A + (1 — a)B for all « € [0, 1]. Problem
13 contains a small generalization of (1.21).

Proof. The proof is elementary but tricky. In order to clarify the underlying
ideas, we will divide it up into 3 small steps.
Step 1. Say that K C R™ is a rectangle when K has the form,

K=[x1,21+ k] X X [2g,2n + kn],

for some x := (z1,...,z,) € R" and kq,...,k, > 0. We refer to the point x as
the lower corner of K, and k := (ki ,...,ky) as the length of K.
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In this first step we verify the theorem in the case that A and B are rectangles
with respective lengths a and b. In this case, we can see that A+ B is an rectangle
of side length a +b. The Brunn—Minkowski inequality, in this case, follows from
the following application of Jensen’s inequality [the arithmetic—geometric mean
inequality):

n 1/n n 1/n n n

a; bl 1 a; 1 bi

(E‘“*bi) +<£[1“i+bi> gn;(aiﬂLbi)—i_n;(aieri)
=1

Step 2. Now we consider the case that A and B are interior-disjoint [or “ID”]
finite unions of rectangles.

For every compact set K let us write K := {r € K : 1 > 0} and K~ :=
{re K: z; <0}

Now we apply a so-called “Hadwiger-Ohmann cut”: Notice that if we trans-
late A and/or B, then we do not alter |A + B|, |A|, or |B|. Therefore, after
we translate the sets suitably, we can always ensure that: (a) A* and BT are
rectangles; (b) A~ and B~ are ID unions of rectangles; and (c)

AT _ BT
Al 1Bl

With this choice in mind, we find that
A+ B| > |47+ BY| 147+ B7| > (|47 + |BF) " 447 + BT,

thanks to Step 1 and the fact that AT + B™ is disjoint from A~ 4+ B~. Now,

. VN B\ "
+11/n +11/n _ + & _ + ‘ ‘
(irprm i pm) =1 (1 P ) =1 (1 )

whence
|B|1/n

‘A|1/n

Now split up, after possibly also translating, A~ into A=* and B~ into B—*
such that:

1. A—¥ are interior disjoint;

2. B~ are interior disjoint; and

3. [ATF|/[AT| = |B=/IB7].
Thus, we can apply the preceding to A~ and B~ in place of A and B in order
to see that

|A+B|>A+|<1+ > +|A” +B7|.

Bl/n n 3 |B|1/n n L L
|A+B|>|A+|(1+|All/n) +]A 7+|(1+|A|1/n) +[A™" + BT
| ‘l/n

B
_ + —=
- (|A |+|A |) <1+ |A|1/n

) +]ATT + B,
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And now continue to split and translate A=~ and B™ 7, etc. In this way we
obtain a countable sequence Ay := At, A, := A>F, ..., By := Bt, B :=
B, ...of ID rectangles such that:

1. U2, B; = B [after translation];

2. U324, = A [after translation]; and

3. |A + B| is bounded below by

& |B|1/n n |B|1/n n . n
Z|Aj| (1+ A ) = |Al( 1+ A ) = (|A|1/ —|—|B|1/n) )
=0

This proves the result in the case that A and B are ID unions of rectangles.

Step 3. Every compact set can be written as an countable union of ID rectangles.
In other words, we can find A', A2,... and B', B2?,... such that:

1. Every A7 and B* is a finite union of ID rectangles;

2. A7 C A7*! and B* C B**! for all j,k > 1; and

3. A= U;?';lAj and B = U;‘;lBj.
By the previous step,

|A+ B|Y™ > |A™ + B™|V" > |A™ Y 4+ BTV for all m > 1.

Let m T co and appeal to the inner continuity of Lebesgue measure in order to
deduce the theorem in its full generality. O

§3.3 Part 3. Change of Variables

In the second part of the proof we develop an elementary fact from integration
theory.
Let A C R"™ be a Borel set, and g : A — R a Borel-measurable function.

Definition 3.8. The distribution function of g is the function G : [0, 00) — R,
defined as

G(r):=|g7'[r,o0)| :={z € A: g(x) >r}| == {g=r}| forallr>0.

This is standard notation in classical analysis, and should not be mistaken
with the closely-related definition of cumulative distribution functions in prob-
ability and statistics. In any case, the following ought to be familiar.

{pr:ChangeotVar) p. o5 osition 3.9 (Change of Variables Formula). For every Borel measurable

function F : Ry — Ry,

/AF(g(a:))da: _ —/OOO F(r) dG(r).

If, in addition, A is compact and F' is absolutely continuous, then

/A Flg(x)) do = /0 T PG dr.
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Proof. First consider the case that F' = 1, ;) for some b > a > 0. In that case,

AmFMd@ﬂzéwﬂ—ém)

=—|{ze€eAd: a<g(zr)<b}
:—AF@@M%

This proves our formula when F' is a simple function. By linearity, it holds also
when F' is an elementary function. The general form of the first assertion of the
proposition follows from this and Lebesgue’s dominated convergence theorem.

The second follows from the first and integration by parts for Stieldjes integrals.
O

83.4 Part 4. The Proof of Anderson’s Inequality

Recall f, E, A, and y from Theorem 3.4. Let us define a new number « € [0, 1]
by « := (14 A\)/2. The number « is chosen so that

ay + (1 —a)(~y) = Ay.

Since F is convex, we have E = aE+ (1—«)E. Therefore, the preceding display
implies that
(E+XAy) 2a(E+y)+(1-a)(E—y).

And because the intersection of two convex sets is a convex set, we may infer
that

(E+Xy)N f1r,00)
Da[(E4+y)nfr,00)]+(1—a)[(E—y)nflr, ).

Now we apply the Brunn-Minkowski inequality (Theorem 3.7), in the form
(1.21), in order to see that

(B +My) 0 2 00) "
> a|(E+y) N r,00) "+ (1 —a) [(E—y)n fr,00) "

Since F is symmetric, E —y = —(F + y). Because of this identity and the fact
that f has symmetric level sets, it follows that

(E=y)nfl[r,00)=—[(E+y)Nnf ')

Therefore,
(B +9)0 1, 00)[Y" = |(E =) N 4, 00) Y7
whence

Hy(r) = [(E+Xy) 0 7, 00)| > [(E+y) 0 f7 e, 00)| == Hi(r).
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Now two applications of the change of variables formula [Proposition 3.9] yield
the following;:

/E fa + Ay da — /E f(@ +y)de = /E A [ s

- /OOO rdHA(T)wL/OOOTdHl(r)

. /Ooo [Hy(r) — Hy(r)] dr > 0.

This completes the proof of Anderson’s inequality for —y, which completes the
proof overall since y was arbitrary. O

4 Gaussian Random Vectors

In the first three sections of this chapter we worked exclusively with the stan-
dard Gaussian distribution on R™, but as most readers are aware, there is an
entire family of Gaussian distributions on R”, indexed by their mean vectors
and covariance matrices. Rather than continue this discussion in this way, it
turns out to be convenient to begin with a slightly different characterization:
A random vector is Gaussian iff all linear combinations of its entries are real
Gaussian random variables. For the formal definition let (2, F, Q) be a general
probability space, and recall the following.

Definition 4.1. A random n-vector X = (X3,...,X,) in (Q,F, Q) is Gaussian
if a’ X has a normal distribution for every non-random n-vector a.

General theory ensures that we can always assume that Q@ = R™, F = B(R"),
and Q = P,, which we will do from now on without further mention in order
to save on the typography.

If X is a Gaussian random vector in R"™ and a € R" is fixed, then a’X has
a one-dimensional Gaussian distribution, and hence has finite moments of all
orders. Let p and T' respectively denote the mean vector and the covariance
matrix of X; that is,

M = E(Xi), Fi,j = COV(Xi ,X]‘),

where the expectation and covariance are computed with respect to the measure
P. Tt is often convenient to write this in vector form as

p=EX), T=E[X-uwX-n,

where we regard X and p as n x 1 vectors.

It is easy to see that if X = (Xy,...,X,,) is Gaussian with mean g and
covariance I'; then a’ X is necessarily distributed as N(a'p, a’T'a). In particular,
the characteristic function of X is described by

E [emlx} = exp (ia'u — %Q'Fa) for all a € R™. (1.22) [cnf:Gauss|
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Definition 4.2. Let X be a Gaussian random vector in R™ with mean p and
covariance matrix I'. The distribution of X is then called a multivariate normal
distribution on R™ and is denoted by N, (u,T).

When TI' is non singular we can invert the Fourier transform to find that
the probability density function of X at any point € R" is the following (see
Problem 7):

1

-1
px(x) = @n )72 det T1/2 exp{—3(@— )T z—p}. (1.23)[pat: Gauss|

The identity (1.1) for v; corresponds to the special case where p is the zero
vector and I" the identity matrix.

When T is singular, the distribution of X is singular with respect to the
Lebesgue measure on R", and hence does not have a density.

Ezample 4.3. Suppose n = 2 and W has a N(0, 1) distribution on the line [which
you might recall is denoted by P1]. Then, the distribution of X = (W, W) is
concentrated on the diagonal {(z,z) : = € R} of R%. Since the diagonal has
zero Lebesgue measure, it follows that the distribution of X is singular with
respect to the Lebesgue measure on R2.

The following are a series of simple, though useful, facts from elementary
probability theory.

(tem:G1) 1 emma 4.4. If X has a N, (u,T) distribution, then AX + b is distributed as
N (A +b, AT A") for every b € R™ and all m x n matrices A.

(1em:62) 1 ernma 4.5. Suppose X has a N, (u,T) distribution. Choose and fix an integer

1 < K < n, and suppose in addition that I, ...,Ix are K disjoint subsets of
{1,...,n} such that

Cov(X;,X;)=0 whenever i and j lie in distinct I,’s.

Then, {X;}icrys---,{Xi}ticr are independent, each having a multivariate nor-
mal distribution.

{1em:G3) Lemma 4.6. Suppose X has a N,,(0,T") distribution, where I' is symmetric and

non singular. Then T=Y2X has the same distribution N,,(0,1) as Z.

We can frequently use one, or more, of these basic lemmas to study the
general Gaussian distribution on R™ via the canonical Gaussian measure P,,.
Here is a typical example.

(th:Anderson:Gauss) poorem 4.7 (Anderson’s Shifted-Ball Inequality). If X has a N, (0,I) dis-
tribution and T is positive definite, then for all convexr symmetric sets F C R"™
and a € R™,

P{X ca+F} <P{X € F}.
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Proof. Since T~1/2X has the same distribution as Z,

P{Xca+F}=P {Z eI~ 1/2q 4 F—1/2F} .

Now I'"*/2F is symmetric and convex because F is. Apply Anderson’s shifted-
ball inequality for P,, [Corollary 3.5] to see that

P{zer a1} <P{zer12r}.
This proves the theorem. O

The following comparison theorem is one of the noteworthy corollaries of the
preceding theorem.

(th:Anderson:Gauss:2) Copollary 4.8. Suppose X and Y are respectively distributed as N,(0,Tx) and

N,.(0,Ty), where T'x — 'y is positive semidefinite. Then,
P{X e F} <P{Y € F},
for all symmetric, closed conver sets FF C R™.

Proof. First consider the case that I'x, I'y, and I'x — I'y are positive definite.
Let W be independent of Y and have a N, (0,I'x — I'y) distribution. The
distribution of W has a probability density py, and W +Y is distributed as X,
whence

P(XeF}=P{(W+YeF}= / P{Y € —a+ F}pw(a)da < P{Y € F},
thanks to Theorem 4.7. This proves the theorem in the case that I'x — I'y
is positive definite. If TI'y is positive definite but I'xy — I'y is only positive
semidefinite, then we define for all 0 < § < e < 1,

X(E):=X+eU, Y(6):=Y+U,

where U is independent of (X ,Y") and has the N,,(0, I) distribution. The respec-
tive distributions of X (e) and Y(d) are N,,(0,I'x(.)) and N, (0,Ty(s)), where
Fx(g) =Ix +¢el and Fy((;) =Ty + 1. Since Fx(g), Fy(5), and Fx(e) — ].—‘y((;)
are positive definite, the portion of the theorem that has been proved so far im-
plies that P{X (¢) € F} < P{Y (9) € F}, for all symmetric convex sets F' C R".
Let € and 6 tend down to zero, all the while ensuring that § < ¢, to deduce the
result from the fact that F is closed [F = F]. O

Ezample 4.9 (Comparison of Moments). Recall that for 1 < p < oo, the fP-norm
of x € R" is

)P i p < oo,
]l :=

maxigi<n || if p=o0.
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It is easy to see that all centered ¢P-balls of the form {x € R"™ : |z||, < t}
are convex and symmetric. Therefore, it follows immediately from Corollary 4.8
that if I'xy — I'y is positive semidefinite, then

P{IX|, >t} =P{IY]l, >t} forallt >0 and 1 <p < co.

Multiply both sides by rt"~! and integrate both sides [dt] from ¢t = 0 to t = oo
in order to see that

E[IXII)] =E[IY]}] forr > 0and 1 < p < oo.

These are examples of moment comparison, and can sometimes be useful in
estimating expectation functionals of X in terms of expectation functionals of
a Gaussian random vector Y with a simpler covariance matrix than that of X.
Similarly, P{|| X +al|, > t} > P{||X]||, >t} foralla e R",t > 0,and 1 < p < o0
by Theorem 4.7. Therefore,

E (| X];) = aienﬁgn E (]| X +all;) forall 1 < p < ooandr > 0.

This is a nontrivial generalization of the familiar fact that whenn = 1, Var(X) =
inf,er E(|X + al?).

5 The Isserlis Formula

The Isserlis formula XXX, later rediscovered by Wick XXX, is a computation
of the joint product moment m,, = E([[}_; X;), where X = (X;,...,X,,) is
distributed as N,,(0,T") for an arbitrary n xn covariance matrix I'. The answer is
found immediately when n is odd: Because (X1,...,X,) and (=X1,...,—X,)
have the same law, it follows from the parity of n that m,, = —m,,, whence

n

HXi] =0 when n is odd.

i=1

E

The Isserlis formula deals with the less elementary case that n is even.

(th:Isserlis) Theorem 5.1 (Isserlis, 1918). Let X have a N,,(0,T) distribution, where n > 2
18 an even integer and I' is an n X n covariance matriz. Then,

n 'I’L/Q
: [H Xi] N Z H Lig; i
i=1 (i11-~~7in,)j:1
where ;. ;. denotes the sum over all perfect matchings ((i1,42), ..., (in-1,in))

of pairs in {1,...,n}.

Perfect matchings are matchings or pairings of every element in the set with
exactly one other element. Clearly a perfect matching exists if and only if
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the number of elements in the set is even. Note that in using the symbols
((é1,%2)y .+, (in—1,1n)) to denote a perfect matching there are many equiva-
lent symbols that denote the same matching. For example, if n = 4 then
((1,2),(3,4)) is equivalent to ((2,1),(3,4)) which is equivalent to ((3,4), (1,2)),
etc. Whichever symbol is used the product [[I'i,;_, i,; is the same. Enumerat-
ing the number of non-equivalent symbols can be done by the following scheme.
Regard any permutation o of {1,...,n} as an ordered list of the elements, and
group the first two elements of the list into a pair, the third and fourth into a
pair, etc. Then equivalent symbols are produced by permuting the n/2 pairs
arbitrarily, and the two elements within each pair can be listed in arbitrary
order. Thus the total number of non-equivalent symbols is

!
) > )1 = m whenever n > 2 is even. (1.24) [partition: count]
T15meesin

Furthermore, this enumeration scheme allows us to rewrite the Isserlis formula
as

n /2
1 n
E [H Xi] = s o L Teemnoe (1.25) [Tsseriis:bis]
i=1 oell, j=1
where II,, denotes the collection of all n! permutations of {1,...,n}.
Note that the Isserlis formula states that the product moment m,, can be
fully expressed using only the pairwise covariances I'; ; for ¢, j = 1,...,n, which

is of course obvious since the covariance matrix uniquely determines the joint
distribution of the X;. The Isserlis formula basically says that the formula for
m, has the simplest possible form that can be described via the I'; ;’s. For
example, it will follow immediately from the Theorem 5.1 that

mo = E(X1X5) =T,
my =E(X1XoX3X4) =T12034+ 13024 + 114723,
me = B(X1 Xo X3 Xy X5X6) =1 2034156 + 12035026 + 12360024
+ 11302456 + 13025136 + 1 302613 4
+ T 4l23056 + 11,402 5136 + 'y 4’2613 5
+ T 5023046 + 11 502306 + 1 5024136
+ 11602305 + 1,612,435 + T'1 612,546,

and so on. The number of individual summands in m,, is, thanks to (1.24),
Cn i= n!/{27/2(n/2)!} for every even integer n > 2. In particular, we set X; =
Xy =--- = X, := X to deduce the well-known fact that if X has a standard
normal distribution, then E[X?] = ¢3 = 1, E[X?] = ¢4 = 3, E[X%] = ¢ = 15,
and in general

n'

= = gy

whenever n > 2 is even.
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Theorem 5.1 will be proved using moment generating functions. The proof
hinges on an elementary computation from multivariate calculus. For that let
us introduce some notation.

Define f1,..., fn : R® = R via
fru(t) == (') :Ztirk,i fork=1,...,nand t € R".
i=1

(lem:partial:exp) Lemma 5.2. Suppose n > 2. Then, for allt c R"® and all1 <{<n

ae 147 147
st'I't _ 5t'I't o
oo S > I v IT A
! ¢ partial matchings  (4,5) k
of {1,...,0} matched wnmatched

where a partial matching of {1,...,L} matches together some of the elements of
the set but can also leave some of the elements unmatched.

Proof. First observe that, for all integers j,k = 1,...,n and for every t € R",

8 8 ’ ’
ﬁ fk(t) = Fj,k? = Fk;j and % e%t It — fk(t)e%t Ft.
J
With these two formulas in mind, we find that
82 147 147 14/ 14/
00 BT Ty Lot T 4 £ (1) fo(£)e3! T = 3t CUD 5 o+ i (8) fa(t)].

Thus the formula is true for the case ¢ = 2, since the two elements in {1,2} are
either matched or unmatched. Now proceed by induction on £, i.e. assume the
statement of the lemma is true for some 2 < ¢ < n. Then differentiate the right
hand side with respect to ty4; using the product rule. The derivative of the
exponential produces an extra factor of fy41(t), which is equivalent to taking all
the partial matchings of {1,...,{} in the summation and adding in £+ 1 but not
matching it to anything. Similarly, the derivative of the summation turns the
fr(t) terms into I'y 11 terms, which is equivalent to taking a partial matching
of {1,...,¢}, adding in £ + 1, and matching it to the previously unmatched
number k. Adding these two components of the integration-by-parts formula
produces a summation over all partial matchings of {1,...,¢} with £+ 1 added
onto it and then either matched to an unmatched element or left unmatched.
This generates all partial matchings of {1,...,£+ 1} in a unique way, which
completes the inductive step and hence the proof. O

Once armed with the calculus lemma 5.2 we can easily dispense with the
proof of Theorem 5.1.

Proof of Theorem 5.1. Let us write all n-vectors as column vectors. Then, by
virtue of definition, E[exp(t'X)] = exp(3t'Tt) for all ¢ € R™. Therefore, the
dominated convergence theorem yields the following for all ¢ € R™:
/ o / o 1,
E|:X Xn tX:| :7E|:tX:| - - §t1—‘t.
! ¢ oty oty L Oty -0ty
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Set t = 0 in order to see that

B[X, - X,] = — 0 o4tTe

[ = e .

R R TA TS —o

We may now deduce the Isserlis theorem from Lemma 5.2 because, in that
lemma f;(0) = 0, so the only terms which contribute are those in which every
number is matched. These are exactly the perfect matchings. O
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Problems

1.

3.

4.

Use Lemma 4.4 to show that if X has a N,(ux ,['x) distribution and Y has
a Nyp(uy,Ty) distribution, with (X ,Y") jointly Gaussian, then X + Y has a
N, (;LX + uy Ix +Ty + 2FX7y) distribution, where nyy is the matrix

Pxy = 5 E[(X — ux)(Y — )" + (Y = v ) (X — px)]-

Is I'x,y symmetric and positive semi-definite? Would this result continue to
hold if X and Y were not jointly Gaussian?

Prove that ||Z||> = Zf 4+ --- + Z2 has a x2 distribution; that is, show that the
probability density function of ||Z||? is

p(n=2)/25—2/2

p(z) = ST (n)3) for all x > 0,

and p(x) = 0 otherwise. Also verify that the mean and variance of ||Z||? are n
and 2n, respectively, while the moment generating function of || Z|| is described
by the formula (1.9).

Use (1.4) to prove that

(tz/Q)(nfz)/zeftQ/z

T(n/2) forallt >1and n > 2.

P{zeR": |jz|| >t} =
Conclude from this fact that, for all e > 0 and n > 2,

A(e) == liminf 1 log P {m ER": |z > (1+ E)nl/Z} > 0.
n—soo mN

You may use, without proof, the following form of Stirling’s formula for the

gamma function: T'(v) ~ (2r/v)/?(v/e)” as v — oo; see XXX. Compute \(e),

and show that “liminf” is a bona fide limit.

Recall that a collection of random variables {Xt}@o is a Brownian motion if

for each collection of disjoint intervals [s;, ;] C R, ,i = 1,...,n, the random

variables Xy, — X, (i = 1,...,n) are independent, the ith one with a N(0, ¢; —s;)

distribution. In addition, the sample functions ¢ — X, are continuous with

probability one, and for convenience we may assume that X, = 0.

(a) Choose and fix an unbounded, non decreasing sequence {my, }n=; of pos-

itive integers, and define ¢; , := i/m, for ¢ = 0,1,..., m,. Compute the
mean and variance of the quadratic variation process,

(b) Use your answer to preceding part in order to show that V,, — 1 in prob-
ability as n — oo.

(¢c) Apply the Borel-Cantelli lemma to prove that lim,— o Vi, = 1 almost
surely if > (1/mp) < co.

(d) Improve the preceding, using Theorem 1.2 in place of Chebyshev’s inequal-
ity, and deduce the following much stronger theorem, essentially observed
first by Dudley XXX: If lim,— o0 (my,/logn) = oo, then lim, oo V, = 1
almost surely.
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5. Let {X:}:>0 denote a Brownian motion, as in Problem 4. Prove that

P{ sup Xt|<r} =supP{ sup |Xt—a|<r} for all », T > 0,

t€[0,T] a€R t€[0,T]

and, additionally for all real numbers p > 1,

T T
P{/ |Xt\pdt<r}:supP{/ |Xt—a\pdt<r}.
0 a€R 0

6. Suppose that the random variables Xo, X1, ..., X,, are jointly Gaussian, E(X;) =
0 and Cov(X;,X;) = 0(i — j) for all 4,5 = 0,...,n, where p is a function from
{—n,...,n} to [-1,1] such that p(0) = 1.

(a) Prove that E(X; | Xo) = k:Xo for every i = 1,...,n. (Hint: Find x; such
that X; — k;Xo and X, are independent.)

(b) Compute o7 := Var(X; | Xo) for i =1,...,n. Is o; random?

(¢) Conclude from the previous part that Yi,...,Y, are jointly Gaussian,
where Y; := X; — k;Xo for i = 1,...,n. Compute E(Y;) and Cov(Y;,Y;)
foralli,j=1,...,n.

(d) Prove that, for all A > 0,

P{max | X <)\} <P{max |Y;] <)\}.

1<isn 1<isn

(ex:pdf:chf:Gauss) 7. Suppose 4 € R™ and I' is an n x n, strictly positive definite matrix. Then,
prove that the function p, , defined in (1.23) on page 18, is a probability density
function on R™, whose characteristic function is given in (1.22). In the particular
case that n =2, p =0, and

r= E ﬂ for some p € (—1,1),

show that the expression for the probability density simplifies to the following:

W) for 2 = (21 ,22) € R

(z) = ;e (7
Px Coom/1-— p? P 2(1—p?)

?(pbm:P(X¥<0))? 8. Suppose, as in Problem 7, that (X ,Y) has a N2(0,T) distribution where T'y,; =
Te2=1and I'i,s =21 = p for a fixed number p € (—1,1). Show that

P{XY <0} = % - %arcsinp = %arccos p-

9. Suppose that X = (X1,...,X,) is distributed as N, (u,T) for some p € R”
and a covariance matrix I' € R™*".
(a) Prove that if " is non singular, then for every k € {1,...,n — 1} and
Le{k+1,...,n} there exist finite constants ci, ..., cx such that

E(XL‘Xl,...,Xk):/J,L+C1X1+--~+Cka a.s.

(Hint: Use Lemma 4.6 to reduce the problem to one about i.i.d. Gaussian
random variables.)

(b) Use an approximation argument to remove the restriction on the non-
singularity of I".
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(c) Prove that Var(Xyr | X1,...,Xx) is always non random.
(d) Prove that Var(Xp | X1,...,Xk) < Var(Xg | X1,..., Xk—1).
10. Verify Lemmas 4.4, 4.5, and 4.6 using Fourier analysis.
11. Improve Theorem 3.4 by demonstrating that A — fE f(x — Ay)dz is non in-
creasing on [0, 1].
(pbm:EEE) 12 Verify that a set £ C R™ is convex if and only if it satisfies (1.19).
(pbm:Brunn) 13 Prove that |aA + SB|"" > alA|'/™ + B|B|"/™ for all a, 8 € R and all compact
sets A, B C R".
(pbm:Minkowski) 14 Recall (1.20). Minkowski XXX has defined the surface area |0A| of set A C R"™
as
104] = lim AT B 1AL

d
— A B
€10 € da' +eBi ’

e=0
and proved that the limit exists whenever A C R" is compact and convex.
Moreover, the limit agrees with the usual notion of surface area. You may use
these facts without proof in the sequel.
(a) Prove that, because B, = rBj, we have |B,| = r"|Bi| and |[0B,| =
r""19By| for every » > 0. (Hint: Start by proving that |rK| = r"|K]|
for every closed and bounded set K C R".)
(b) Integrate in spherical coordinates to justify the following:

oo efr2/2
1 :/ Yn () d:r:/ d'r/ do ———;
R™ 0 oB,  (2m)"/2

whence deduce a formula for |[0Bi| in terms of the gamma function.

(c¢) Prove that |0B1| = n|Bi|.

(d) Use the Brunn—Minkowski inequality and the previous parts of the problem
in order to derive the isoperimetric inequality for conver bodies: If A is a

compact, convex set and |A| = |Bi|, then |0A| > |0Bi1|. In words, prove
that balls have minimum surface area among all convex bodies of a given
volume.

? . . ?
?(pbm:E(X_n) :general)? 15. Suppose that {Y;}7_; is an arbitrary sequence of standard normal random vari-

ables on (R™,B(R"™),P,) for every n > 1. Verify that, for every real number
p=1,
E (lrga<x \Y]\p) < (2logn)?’? + 0(1) as n — o0o.
<i<n
16. Verify (1.24), and use it to prove that (1.25) is an equivalent formulation of
Theorem 5.1.
17. Use Lemma 5.2 to find an alternative proof of the fact that if X has a N,(0,T")
distribution and n is odd, then E(X; --- X,,) = 0.

The following problems are nontrivial variations of Proposition 1.3, and
should not be missed. From here on, M,, denotes either maxi<;<n |Z;| or
maxigj<n Z; for every integer n > 1.

(pbm:1:M_n) 18. Define

(1.26) <

1 if Mn = Maxigi<n Zj7
2 if Mn = mMaxii<n |Z]|
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Then, use Lemma 1.1 to prove that, as n — oo,

c
M2 —2logn + loglogn + 2log [ —— | = —2log&
gn + loglogn + g (Qﬁ) g¢<,
where “=" denotes convergence in distribution, and £ has a mean-one expo-
nential distribution. Use this to prove that, as n — oo,

aiy/logn (Mn - \/210gn> + az loglogn + as = —log &, (1.27) ?eq:2:M_n?

where a1, a2, and a3 are numerical constants. Compute these constants.
(pbm:2:M.n) 19 (Problem 18, continued) Check that log € has finite moments of all orders. Then
do the following:
(a) Prove that, as n — oo,

E(M,) = 21Ogn_‘_bﬂoglogn ba < 1 )7

Vlogn + Vlogn to Vlogn
for numerical constants b; and bz, which you should also calculate in terms

of the constant ¢ — see (1.26) — and the moments of log .
(b) Prove that

Var(M,) as n — 00,

logn
where ) is a numerical constant. Compute A in terms of ¢ and the moments
of £.
(c) Conclude that E(|M, — +/2logn|?) convergence to zero as n — oo, and
estimate its exact rate of convergence.



