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The first assertion follows from Problem 5.15, because a−1
∫ a
0 sinydy = (1− cosa)/a ≤ 1/a. For the second

assertion recall that 2sin2 x= 1− cos(2x). Thus,
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This completes the proof.

5.17. Because αn/n=
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0 xn−1 dx, by Fubini–Tonelli for positive functions,
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This proves the first assertion. For the second one use Fubini–Tonelli once again to find that
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Thus, the second part follows from the first.

5.18. Because (1− e−αx)e−βx/x=
∫ α+β
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5.19.

1. Because x #→ 1A(x) and (x,ω) #→ 1X(ω)(x) are measurable functions, so is their product.
2. 1Xc = 1−1X; 1∩∞n=1Xn =∏∞

n=1 1Xn ; and 1∪∞n=1Xn = 1−1∩∞n=1Xcn .
3. Because λ (X∩A)(ω) =

∫
1X(ω)∩A(x)λ (dx), the Fubini–Tonelli theorem insures measurability.

4. We integrate and raise to the power k to find that

[λ (X∩A)(ω)]k =
[∫
1X(ω)∩A(x)λ (dx)

]k
=

∫
· · ·

∫ k

∏
j=1
1X(ω)∩A(x j)λ (dx1) · · · λ (dxk).

Integrate [dP] and apply Fubini–Tonelli to finish.
5. By Fubini–Tonelli, E[λ (X)] =

∫
P{x ∈ X}λ (dx). This proves the assertion immediately.

6. Let ξ be a random variable with an absolutely continuous distribution. Define X(ω) = {ξ (ω)}. We prove
shortly that X is a random set. If so, then P{x ∈ X} = P{ξ = x} = 0 for all x despite the obvious fact that
X(ω) (= ∅ for any ω .
It remains to prove that X is a random set. That is, we wish to prove that

S := {(x,ω) ∈ R×Ω : ξ (ω) = x} ∈B(R)×F .

[Reason: S is the inverse-image of {1} by the map 1X.] But S = f−1({0}), where f (x,ω) := x− ξ (ω).
Evidently, f : R×Ω→ R is measurable. Therefore, S ∈B(R)×F , as desired.


