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Linear statistical models

1. Introduction

The goal of this course is, in rough terms, to predict a variable y, given that we
have the opportunity to observe variables x, ..., x,—1. Thisis a very important
statistical problem. Therefore, let us spend a bit of time and examine a simple
example:

Given the various vital statistics of a newborn baby, you wish to predict
his height y at maturity. Examples of those “vital statistics” might be x; =
present height, and x» := present weight. Or perhaps there are still more
predictive variables x3 := your height and x4 := your spouse’s height, etc.

In actual fact, a visit to your pediatrist might make it appear that this
prediction problem is trivial. But that is not so [though it is nowadays fairly
well understood in this particular case]. A reason the problem is nontrivial is
that there is no a priori way to know "how” y depends on x, ..., xs [say, if we
plan to use all 4 predictive variables|. In such a situation, one resorts to writing
down a reasonable model for this dependence structure, and then analyzing
that model. [Finally, there might be need for model verification as well.]

In this course, we study the general theory of “linear statistical models.”
That theory deals with the simplest possible nontrivial setting where such
problems arises in various natural ways. Namely, in that theory we posit that y
is a linear function of (x1, ..., xs), possibly give or take some “noise.” In other
words, the theory of linear statistical models posits that there exist unknown
parameters Bo, . .., Bp—1 [here, p = 5] such that

y =PBo +LB1x1 +LBoxo + -+ Bp_1Xp-1 + €, (1)

where € is a random variable. The problem is still not fully well defined [for
instance, what should be the distribution of €, etc.?]. But this is roughly
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2 1. Linear statistical models

the starting point of the theory of linear statistical models. And one begins
asking natural questions such as, “how can we estimate Bg, ...,0847," or “can
we perform inference for these parameters?” [for instance, can we test to see
if y does not depend on x; in this model; i.e., test for Hy : 31 = 07]. And so
on.

We will also see, at some point, how the model can be used to improve
itself. For instance, suppose we have only one predictive variable x, but believe
to have a nonlinear dependence between y and x. Then we could begin by
thinking about polynomial regression; i.e., a linear statistical model of the form

v =080 +ﬁ1X+ﬁ2X2—|—"'+ﬁp_1Xp_l+€.

Such a model fits in the general form (1) of linear statistical models, as well:
We simply define new predictive variables x; := x/ for all 1 < j < p. One of
the conclusions of this discussion is that we are studying models that are linear
functions of unknown parameters Bo,...,Bp—1 and not xq,...,xp,—1. This
course studies statistical models with such properties. And as it turns out, not
only these models are found in a great number of diverse applications, but also
they have a rich mathematical structure.

2. The method of least squares

Suppose we have observed n data points in pairs: (x1,y1),...(Xy,¥n). The
basic problem here is, what is the best straight line that fits this data? There
is of course no unique sensible answer, because “best” might mean different
things.

We will use the method of least squares, introduced by C.-F. Gauss. Here
is how the method works: If we used the line y = By + 81 x to describe how the
x;'s affect the y;'s, then the error of approximation, at x = x;, is y;—(Bo+081X);
this is called the ith residual error. The sum of the squared residual errors is
SSE := > (vi — Bo — B1x)?, and the method of least squares is to find
the line with the smallest SSE. That is, we need to find the optimal 3y and
B1—written Bo and 61—that solve the following optimization problem:

[Q;igl /z; (vi —Bo — Bixi)° . (2)

Theorem 1 (Gauss). The least-squares solution to (2) is given by

= 2L =i~ )
' >oima (xi — X)?

B and BO 12)7—51)_(.

Proof. Define

L(Bo,B1) == > (vi = Bo — Brx))*.
i=1



2. The method of least squares 3

Our goal is to minimize the function L. An inspection of the graph of L
shows that L has a unique minimum; multivariable calculus then tells us that
it suffices to set L /9B; = 0 for j = 1,2 and solve. Because

a n
BTioL('BO'Bl) = —22 (vi —Bo — B1xi)

a n
T&L(ﬁo'ﬁl) =23 "xi(yi —Bo— B1x).
i=1
a few lines of simple arithmetic finish the derivation. [l

The preceding implies that, given the points (x1,y1), ..., (Xn, ¥n), the best
line of fit through these points—in the sense of least squares—is

y = Bo + Bix. (3)

For all real numbers x and y, define xgy and ysy to be their respective “stan-
dardizations.” That is,

X — X y-¥
Xsy = — — Ysu == — —.
VS 06— %2 NEUEE
Then, (3) can be re-written in the following equivalent form:
Bo— 7 Bix
Ysu = T = + — =
\/E >oim1(yi —7)? \/E i (vi —¥)?
) B
\/% Z?:]_(yl - .)7)2
the last line following from the identity 60 = )7—612. We re-write the preceding
again:

(x — X),

b1 \/% 2o (i = x)?
Ysu =
\/% Yy — )3
6, — 521l — )i —7)
5 (i = 7)?

we can re-write the best line of fit, yet another time, this time as the following
easy-to-remember formula:

XsU-

Because

Ysu = I'Xsu,
where r [a kind of “correlation coefficient”] is defined as

LS i = 7)) (X — )

NS SEEN Er




4 1. Linear statistical models

3. Simple linear regression

Suppose Y1, ..., Y, are observations from a distribution, and they satisfy

Yi = Bo +B1x + € (1<i<n), (4)
where g1, . . ., gn are [unobserved] i.i.d. N(0, 0?) for a fixed [possibly unknown]
o > 0. We assume that xq, ..., x, are known, and seek to find the “best” Bg
and B;.}

In other words, we believe that we are observing a certain linear function
of the variable x at the x;'s, but our measurement [and/or modeling] contains
noise sources [g;'s] which we cannot observe.

Theorem 2 (Gauss). Suppose €1, . . ., €n are i.i.d. with common distribution
N(0,0?), where o > 0 is fixed. Then the maximum likelihood estimators of
B1 and By are, respectively,

Zf:l(xj —x)(Y; = Y)
Zf:l(xj - X)?

Therefore, based on the data (x1, Y1), ..., (Xn,Yn), we predict the y-value
at x = x, to be y, == By + B1x.

B = and o =Y - Bix.

Proof. Note that Y1,...,Y, are independent [though not i.i.d.], and the dis-
tribution of Yj is N(Bo +[31xj,a2). Therefore, the joint probability density
function of (Y1,...,Yy) is

1 1 < )
fyi,....¥n) :W@(D —M;()ﬁ—ﬁo—ﬁlxj)
J:

According to the MLE principle we should maximize f(Y1,...,Y,) over all
choices of By and Bg. But this is equivalent to minimizing L(Bo,0B1) =
S (Yi—Bo—PB1x:)?. But this was exactly what we did in Theorem 1 [except
for real variables y1, ..., y, in place of the random variables Y1, ..., Y;]. O

In this way we have the following “regression equation,” which uses the
observed data (x1, Y1), ..., (Xn, Yn) in order to predict a y-value corresponding
to X = Xi:

Y(x) = Bo + Bix.
But as we shall see, this method is good not only for prediction, but also for
inference. Perhaps a first important question is, “do the y's depend linearly on
the x's"? Mathematically speaking, we are asking to test the hypothesis that
B1 = 0. If we could compute the distribution ofBl, then standard methods can
be used to accomplish this. We will see later on how this can be accomplished.

1Ir1 actual applications, the x;'s are often random. In such a case, we assume that the model holds
after conditioning on the x;'s.



3. Simple linear regression 5

But before we develop the theory of linear inference we need to know a few
things about linear algebra and some of its probabilistic consequences.






Random vectors

It will be extremely helpful to us if we worked directly with random vectors
and not a group of individual random variables. Throughout, all vectors are
written columnwise; and so are random ones. Thus, for instance, a random
vector X € R" is written columnwise as

X1
Xo ,
X = : =(X1,....Xp)"
Xn
And even more generally, we might sometimes be interested in random matri-
ces. For instance, a random m x n matrix is written coordinatewise as

X110 Xin
x=1| 5
Xm,l e Xm,n

1. Expectation

If X is a random m x n matrix, then we define its expectation in the most
natural possible way as

EXi1 -+ EXip

EX = : :
EXmi1i -+ EXmn

Many of the properties of expectations continue to hold in the setting of

random vectors and/or matrices. The following summarizes some of those
properties.

~



8 2. Random vectors

Proposition 1. Suppose A, B, C, and D are nonrandom matrices, and X and
Y are random matrices. Then,

E(AXB+CYD)=A(EX)B+C(EY)D,
provided that the matrix dimensions are sensible.
Proof. Because

it suffices to prove that E(AXB) = AE(X)B. But then, we can work coordi-
natewise as follows:

n n n n
E[(AXB);j] =E> > AikXeeBej =YY AikE(Xke)Be,

k=10=1 k=1¢=1
n n
=> ) Ak [EX]y, Bej = [AE(X)B], ;.
k=10=1
That is, E(AXB) = AE(X)B coordinatewise. This proves the result. O

2. Covariance

Suppose X = (X1, ..., Xm) andY = (Y1,..., Y,)' are two jointly distributed
random vectors. We define their covariance as

Cov(X1,Y1) -+ Cov(X1,Yn)

Cov(X,Y) = : :
Cov(Xm,Y1) -+ Cov(Xm,Yn)

Proposition 2. We always have

Cov(X,Y) =E [(X —EX) (Y —EY)].

Proof. The (i, /)th entry of the matrix (X —EX)(Y —EY)"is (X; —EX;)(Y; —
EY}), whose expectation is Cov(X;, X;). Because this is true for all (i,;), the
result holds coordinatewise. (]

Warning. Note where the transpose is: Except in the case that n and m are
the same integer, (X — EX)'(Y — EY) does not even make sense, whereas
(X —EX)(Y —EY)' is always a random m x n matrix. O

An important special case occurs when we have X =Y. In that case we
write

Var(X) := Cov(X, X).
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We call Var(X) the variance-covariance matrix of X. The terminology is
motivated by the fact that

Var(Xl) COV(X1 ,Xg) COV(Xl , X3) s COV(Xl , Xm)

COV(X2 , Xl) VaI’(Xz) COV(XQ ) X3) te COV(X2 ,Xn)

Var(X) = | Cov(X3,X1) Cov(Xs, X2) Var(X3) .-+ Cov(X3,Xm)
Cov(Xm,X1) Cov(Xm,X2) Cov(Xpy,X3) --- Var(Xm)

Note that Var(X) is always a square and symmetric matrix; its dimension is
m x m when X is m-dimensional. On-diagonal entries of Var(X) are always
nonnegative; off-diagonal entries can be arbitrary real numbers.

3. Mathematical properties of variance and covariance
e Because (X—EX)(X—EX) = XX'—X(EX)' —(EX)X'+(EX)(EX),
it follows that
Var(X) =E (XX’) —2(EX)(EX) + (EX)(EX)’
=E (XX’) — (EX)(EXY,
after expansion. This is a multidimensional extension of the formula

Var(Z) = E(Z?)—(EZ)?, valid for every [univariate] random variable
Z.

e If a € R" is nonrandom, then (X —a) — E(X —a) = X — EX.
Therefore,

Var(X — a) = E [(X — EX)(X — EX)'] = Var(X).

This should be a familiar property in the one-dimensional case.

e If X, Y, and Z are three jointly-distributed random vectors [with the
same dimensions], then X((Y + Z) —E(Y + Z2)) = X(Y —EY)' +
X(Z — EZ)'. Therefore,

Cov(X,Y +2Z) =Cov(X,Y)+ Cov(X, 2).

e Suppose A, B are nonrandom matrices. Then, (AX —E(AX))(BY —
E(BY)) = A(X — EX)(Y — EY)'B’. Therefore,

Cov(AX , BY) = ACov(X ,Y)B'.

The special case that X =Y is worth pointing out: In that case we
obtain the identity,

Var(AX) = AVar(X)A'.
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4. A relation to positive-semidefinite matrices

Let a € R” be a nonrandom vector and X be an n-dimensional random vector.
Then, the properties of variance-covariance matrices ensure that

Var (a'X) = a'Var(X)a.
Because a'X = > ", a;X; is univariate, Var(a’X) > 0, and hence

a'Var(X)a >0 for all a € R". (1)

A real and symmetric n x n matrix A is said to be positive semidefinite
if X’ Ax > 0 for all x € R”. And A is positive definite if x’Ax > 0 for every
nonzero x € R".

Proposition 3. /f X is an n-dimensional random vector, then Var(X) is positive
semidefinite. If P{a’X = b} = 0 for every a € R" and b € R, then Var(X) is
positive definite.

Proof. We have seen already in (1) that Var(X) is positive semidefinite. Now
suppose that P{a’X = b} = 0, as indicated. Then, a’X is a genuine random
variable and hence a’Var(X)a = Var(a’X) > 0 for all a € R". O

Remark 4. The very same argument can be used to prove the following im-
provement: Suppose P{a’X = b} < 1 forall b€ Rand a € R". Then Var(X)
is positive definite. The proof is the same because P{a’X = E(a’X)} < 1
implies that the variance of the random variable a’X cannot be zero when
a#0. [l
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Some linear algebra

Recall the convention that, for us, all vectors are column vectors.

1. Symmetric matrices

Let A be a real n x n matrix. Recall that a complex number X is an eigenvalue
of A if there exists a real and nonzero vector x—-called an eigenvector for
A—such that Ax = Ax. Whenever x is an eigenvector for A, so is ax for every
real number a.

The characteristic polynomial x a4 of matrix A is the function
xa(A) :=det(A — A),

defined for all complex numbers A, where I denotes the nx n identity matrix. It
is not hard to see that a complex number X is an eigenvalue of A if and only if
xa(A\) = 0. We see by direct computation that x4 is an nth-order polynomial.
Therefore, A has precisely n eigenvalues, thanks to the fundamental theorem
of algebra. We can write them as A1, ..., A,, or sometimes more precisely as
A (A), ..., 2 (A).

1. The spectral theorem. The following important theorem is the starting

point of our discussion. It might help to recall that vectors x1,...,xx € R”
are orthonormal if x/x; = 0 when i # j and x/x; = ||x;||*> = 1.

Theorem 1. /f A is a real and symmetric n X n matrix, then \1,..., A\, are
real numbers. Moreover, there exist n orthonormal eigenvectors vy, ..., Vv,
that correspond respectively to A1, ..., An.

Proof. Let X\ be an eigenvalue of A := (a;;), with corresponding eigenvec-
tor v and observe that X is an eigenvalue of A := (3j;), with corresponding

11



12 3. Some linear algebra

eigenvector v. Therefore,
AvZ = v =(0w)v=(Av)V = VAV
Because A is symmetric [and real], A'v = Av = Av. This proves that
Alv? = v'v = X|lv|>.

Divide by ||v||? # 0 to deduce that A = X, which means that the eigenvalue
A is real valued. Since A is arbitrary, this proves that all eigenvalues of A are
real. O

Theorem 2 (The spectral theorem). Let A denote a symmetric n X n matrix
with real eigenvalues X1, ..., An and corresponding orthonormal eigenvectors
Vi, ..., Vo. Define D := diag(\q, ..., An) to be the diagonal matrix of the
Ai's and P to be the matrix whose columns are vy though v, respectively; that
IS,

A O 0 -+ 0
0O X O -+ 0

D=0 0 A3 - 0 pP:i=(n,..., Vi) .
0O 0 0 -+ A,

Then P is orthogonal [P’ = P~'] and A= PDP~! = PDP'.

Proof. P is orthogonal because the orthonormality of the v;’s implies that

/
Vi

PP=1:1(v,..., vy) = 1.

Vn

Furthermore, because Av; = \,v;, it follows that AP = PD, which is another
way to say that A= PDP~ L. O

Recall that the trace of an n x n matrix A is the sum A;1+---+ A, of
its diagonal entries.

Corollary 3. If A is a real and symmetric n X n matrix with real eigenvalues
A, An, then

tr(A)=X1+---+ X, and det(A) =Xy X -+ X Ay,

Proof. Write A, in spectral form, as PDP~!. Since the determinant of P!
is the reciprocal of that of A, it follows that det(A) = det(D), which is clearly
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A1 X -+ X Ap. In order to compute the trace of A we compute directly also:

n n n n n
tr(A) = ZZ Fij (DP_l)/,j = ZZZ PfJD"vk'DJ}l

i=1 j=1 i=1 j=1 k=1
n n n
= ZZ (PP*l),-,k Dix = Z D; ;= tr(D),
i=1 k=1 i=1
which is A1 4+ -+ -+ Ap. O

2. The square-root matrix. Let A continue to denote a real and symmetric
n x n matrix.

Proposition 4. There exists a complex and symmetric n x n matrix B—called
the square root of A and written as A2 or even sometimes as /A—such that
A= B?:= BB.

The proof of Proposition 4 is more important than its statement. So let
us prove this result.

Proof. Apply the spectral theorem and write A = PDP~1. Since D is a
diagonal matrix, its square root can be defined unambiguously as the following
complex-valued n x n diagonal matrix:

AP0 0 - 0
0 X* 0 - 0
p”=|0 0 A - 0
0 0 0 - AP

Define B := PD?P~1, and note that
B? = PD?P~1PD’P~t = PDP! = A,
since P~1P =/ and (D"?)2 = D. a

2. Positive-semidefinite matrices

Recall that an n x n matrix A is positive semidefinite if it is symmetric and
x'Ax >0 for all x € R".
Recall that A is positive definite if it is symmetric and
x'Ax >0 for all nonzero x € R".

Theorem 5. A symmetric matrix A is positive semidefinite if and only if all of
its eigenvalues are > 0. A is positive definite if and only if all of its eigenvalues
are > 0. In the latter case, A is also nonsingular.
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The following is a ready consequence.

Corollary 6. All of the eigenvalues of a variance-covariance matrix are always
> 0.

Now let us establish the theorem.

Proof of Theorem 5. Suppose A is positive semidefinite, and let A denote
one of its eignenvalues, together with corresponding eigenvector x. Since
0 < x’Ax = A||x||? and ||x|| > 0, it follows that A\ > 0. This proves that
all of the eigenvalues of A are nonnegative. If A is positive definite, then the
same argument shows that all of its eigenvalues are > 0. Because det(A) is
the product of all n eigenvalues of A (Corollary 3), it follows that det(A) > 0,
whence A is nonsingular.

This proves slightly more than half of the proposition. Now let us suppose
that all eigenvalues of A are > 0. We write A in spectral form A = PDP’,
and observe that D is a diagonal matrix of nonnegative numbers. By virute of
its construction. A2 = PD2P’, and hence for all x € R",

! 2
X Ax = (Dl/ZPX> (DI/ZPX> _ HDWPxH . (1)
which is > 0. Therefore, A is positive semidefinite.
If all of the eigenvalues of A are > 0, then (1) tells us that

2 n 2 n
1 1 2
o= o= 3 ([0 ) =S
J=1 j=1
where X\; > 0 for all j. Therefore,

n
"Ax > min ) - Px]))? = min Xj-xX'P'Px= min ;- x|
axzmin e 2 (P = min by PPx = min -

Jj=1
Since mini<j<p A; > 0, it follows that x’Ax > 0 for all nonzero x. This
completes the proof. O

Let us pause and point out a consequence of the proof of this last result.

Corollary 7. If A is positive semidefinite, then its extremal eigenvalues satisfy
x'Ax x' Ax

min A\; = min ——=, max A; = max .
1<j<n 7 x>0 [|x]I? 1<j<n 7 xl>o |x][2

Proof. We saw, during the course of the previous proof, that

min A - [|x]|? < x’Ax  for all x € R". (3)
1<j<n

Optimize over all x to see that

"Ax

(4)

min A; < min T
1</<n Ixl>0 [[x|]
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But mini<j<, A; is an eigenvalue for A; let z denote a corresponding eigen-
vector in order to see that
. . xX'Ax 7 Az

min Aj < min ———= < —= = mi

1<j<n Ixi>o [[x[= ~ [zl 1<i<n
So both inequalities are in fact equalities, and hence follows the formula for
the minimum eigenvalue. The one for the maximum eigenvalue is proved
similarly. O

Finally, a word about the square root of positive semidefinite matrices:

Proposition 8. /f A is positive semidefinite, then so is A IfA s positive
definite, then so is A

Proof. We write, in spectral form, A = PDP’ and observe [by squaring it] that
A2 = PD'2P’. Note that D2 is a real diagonal matrix since the eigenvalues
of A are > 0. Therefore, we may apply (1) to AY? [in place of A] to see
that X’ A”2x = ||D7*Px||> > 0 where D"* denotes the [real] square root of
D'2. This proves that if A is positive semidefinite, then so is A72. Now
suppose there exists a positive definite A whose square root is not positive
definite. It would follow that there necessarily exists a nonzero x € R” such
that X’ A/°x = ||[DY*Px||?> = 0. Since DY*Px =0,

2
D/’Px = D/D"*Px=0 =  x'Ax= HDVQPXH — 0.

And this contradicts the assumption that A is positive definite. O

3. The rank of a matrix

Recall that vectors vy, ..., vk are linearly independent if
civi+ -+ cave=0 = ca=--=c¢=0.

For instance, v; := (1,0)" and v := (0, 1)’ are linearly independent 2-vectors.

The column rank of a matrix A is the maximum number of linearly inde-
pendent column vectors of A. The row rank of a matrix A is the maximum
number of linearly independent row vectors of A. We can interpret these def-
initions geometrically as follows: First, suppose A is m x n and define C(A)
denote the linear space of all vectors of the form civi + -+ + ¢c,v,, where
Vi, ..., Vs are the column vectors of A and ¢y, ..., ¢, are real numbers. We
call C(A) the column space of A.

We can define the row space R(A), of Asimilarly, or simply define R(A) =
C(A).

Lemma 9. For every m x n matrix A,

C(A)={Ax: xeR"}, R(A):={x'A: xeR"}.
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We can think of an mx n matrix A as a mapping from R” into R™; namely,
we can think of matrix A also as the function fa(x) := x — Ax. In this way
we see that C(A) is also the “range” of the function fy.

Proof. Let us write the columns of A as aq, a», ..., a,. Note that y € C(A) if
and only if there exist ¢y, . . ., Cpsuch that y = cia; +- - -+ chan = Ac, where
c=(c,..., ¢n)’. This shows that C(A) is the collection of all vectors of the
form Ax, for x € R". The second assertion [about R(A)] follows from the
definition of R(A equalling C(A’) and the already-proven first assertion. [

It then follows, from the definition of dimension, that
column rank of A =dimC(A), row rank of A =dimR(A).

Proposition 10. Given any matrix A, its row rank and column rank are the
same. We write their common value as rank(A).

Proof. Suppose A is m x n and its column rank is r. Let by, ..., b, denote
a basis for C(A) and consider the matrix m x r matrix B := (by, ..., b,).
Write A, columnwise , as A 1= (ay, ..., an). Forevery 1 <j < n, there exists
Cij, -, c¢rjsuch that a; = ¢y jbi+---+¢jbr. Let C := (¢ ) be the resulting
rx n matrix, and note that A = BC. Because A; j = > _; Bi.xCx.;, every row
of A'is a linear combination of the rows of C. In other words, R(A) C R(C)
and hence the row rank of A is < dimR(C) = r = the column rank of A.
Apply this fact to A’ to see that also the row rank of A’ is < the column rank
of A’; equivalently that the column rank of A is < the row rank of A. O

Proposition 11. /fAisnx m and B is m x k, then

rank(AB) < min (rank(A), rank(B)).

Proof. The proof uses an idea that we exploited already in the proof of Propo-
sition 10: Since (AB);; =Y_,_1 AjvBu., the rows of AB are linear combina-
tions of the rows of B; that is R(AB) C R(B), whence rank(AB) < rank(B).
Also, C(AB) C C(A), whence rank(AB) < rank(A). These observations com-
plete the proof. O

Proposition 12. /f A and C are nonsingular, then
rank(ABC) = rank(B),
provided that the dimensions match up so that ABC makes sense.

Proof. Let D := ABC; our goal is to show that rank(D) = rank(B).

Two applications of the previous proposition together yield rank(D)
rank(AB) < rank(B). And since B = A~'!DC~!, we have also rank(B)
rank(A~1D) < rank(D).

CIINAIA
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Corollary 13. /f A is an n x n real and symmetric matrix, then rank(A) =
the total number of nonzero eigenvalues of A. In particular, A has full rank if
and only if A is nonsingular. Finally, C(A) is the linear space spanned by the
eigenvectors of A that correspond to nonzero eigenvalues.

Proof. \We write A, in spectral form, as A = PDP~!, and apply the preceding
proposition to see that rank(A) = rank(D), which is clearly the total number
of nonzero eigenvalue of A. Since A is nonsingular if and only if all of its
eigenvalues are nonzero, A has full rank if and only if A is nonsingular.

Finally, suppose A has rank k < n; this is the number of its nonzero eigen-
values A1, ..., k. Let vq, ..., v, denote orthonormal eigenvectors such that
Vi, ..., v are eigenvectors that correspond to A1, ..., Ak and viyq, ..., v, are
eigenvectors that correspond to eigenvalues 0 [Gram—Schmidt]. And define £
to be the span of vy, ..., Vi i.e.,

5::{C1V1+"'+Ckvk: Cly ey CkER}

Our final goal is to prove that £ = C(A), which we know is equal to the linear
space of all vectors of the form Ax.

Clearly, civi + -+ + vk = Ax, where x = Zle(q/kj)lg. Therefore,
E C C(A). If k = n, then this suffices because in that case vy, ..., Vg is a
basis for R”, hence & = C(A) = R". If k < n, then we can write every x € R”
as aivy + -+ apv,, so that Ax = Zj-‘zl ajAjvj € £. Thus, C(A) C € and we
are done. ]

Let A be m x n and define the null space [or “"kernel’] of A as
N(A) ={xeR": Ax=0}.

Note that A/(A) is the linear span of the eigenvectors of A that correspond to
eigenvalue 0. The other eigenvectors can be chosen to be orthogonal to these,
and hence the preceding proof contains the facts that: (i) Nonzero elements
of N(A) are orthogonal to nonzero elements of C(A); and (ii)

dim N (A) + rank(A) = n (= the number of columns of A). (5)

Proposition 14. rank(A) = rank(A’A) = rank(AA’) for every m x n matrix
A.

Proof. If Ax =0 then A’/Ax = 0, and if A/Ax = 0, then ||Ax||> = X’ A'Ax =
0. In other words, N(A) = N(A'A). Because A’A and A both have n
columnes, it follows from (5) that rank(A’A) = rank(A). Apply this observa-
tion to A’ to see that rank(A’) = rank(AA’) as well. The result follows from
this and the fact that A and A’ have the same rank (Proposition 10). ]
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4. Projection matrices

A matrix A is said to be a projection matrix if: (i) A is symmetric; and (ii) A
is “idempotent”; that is, A2 = A.

Note that projection matrices are always positive semidefinite. Indeed,
X' Ax = xX'A’x = X' A'Ax = ||Ax||> > 0
Proposition 15. /f A is an n x n projection matrix, then so is I — A. More-

over, all eigenvalues of A are zeros and ones, and rank(A) = the number of
eigenvalues that are equal to one.

Proof. (I — A)2=1—-2A+ A% =1— A. Since | — A is symmetric also, it is
a projection. If X is an eigenvalue of A and x is a corresponding eigenvector,
then Ax = Ax = A°x = M\Ax = A\?x. Multiply both sides by x’ to see that
A|x|[? = X2||x||?. Since ||x|| > 0, it follows that A € {0, 1}. The total number
of nonzero eigenvalues is then the total number of eigenvalues that are ones.
Therefore, the rank of A is the total number of eigenvalues that are one. [

Corollary 16. /f A is a projection matrix, then rank(A) = tr(A).

Proof. Simply recall that tr(A) is the sum of the eigenvalues, which for a
projection matrix, is the total number of eigenavalues that are one. O

Why are they called “projection” matrices? Or, perhaps even more impor-
tantly, what is a “projection™?

Lemma 17. Let Q denote a linear subspace of R", and x € R" be fixed. Then
there exists a unique element y € S that is closest to x, that s,

—Xx|| = min ||z — x|
ly = Il = min 1z — x|
The point y is called the projection of x onto €.

Proof. Let k := dim 2, so that there exists an orthonormal basis by, ..., by
for Q. Extend this to a basis by, ..., b, for all of R by the Gram—Schmidt
method.

Given a fixed vector x € R”, we can write it as x := ¢1b; + - 4+ c,bp
for some ¢y,...,cn, € R. Definey := cib; +--- 4+ ckbi. Clearly, y € Q and
ly = x|I> = 0411 2. Any other z € Q can be written as z = .1, db;,
and hence ||z — x|? = S0, (di — )% + 37441 €2, which is strictly greater
than |ly — x||? = >/, 1 ¢? unless d; = ¢ forall i =1,..., k; i.e., unless
z=y. U

Usually, we have a k-dimensional linear subspace €2 of R" that is the range
of some nx k matrix A. Thatis, Q = {Ay : y € RK}. Equivalently, Q = C(A).
In that case,

min ||z — x||* = min [|[Ay — x| = min [y’A'Ay — y'A'x — x'Ay + x'x] .
zeQ yERK yERK
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Because y’A’x is a scalar, the preceding is simplified to

min ||z — x||* = min [y’A’Ay — 2y’ A'x + x'x] .
zeQ yERK

Suppose that the k x k positive semidefinite matrix A’A is nonsingular [so that
A’A and hence also (AA’)~! are both positive definite]. Then, we can relabel
variables [a := A’Ay] to see that

min ||z — x||> = min [a/(AA) o — 20/ (AA)TAX + x'x] .
zeQ acRk
A little arithmetic shows that
(a — Ax)(AA) a — Ax)
=o' (AA) ta— 20/ (AA) A Xx + X AAA) 1A X.
Consequently,
min ||z — x||?
Q
= min (0 — A'x)(AA) H(a — A'x) — X' A(AA) T A'x + x'x] .
acR
The first term in the parentheses is > 0; in fact it is > 0 unless we select
a = A’x. This proves that the projection of x onto Q is obtained by setting
a := A’x, in which case the projection itself is Ay = A(A’A)"1A’x and the
distance between y and x is the square root of ||x||> — x’ A(A’/A)~1A'x.

Let P := A(A’A)"LA’. It is easy to see that Pq is a projection matrix.
The preceding shows that Pqox is the projection of x onto 2 for every x € R".
That is, we can think of Pq as the matrix that projects onto 2. Moreover, the
distance between x and the linear subspace €2 [i.e., min,cg« ||z — x||] is exactly
the square root of x’x —x'Pox = x'(I — Pq)x = ||(I — Pq)x||?, because I — Pq
is a projection matrix. What space does it project into?

Let QL denote the collection of all n-vectors that are perpendicular to
every element of Q. If z € QL, then we can write, for all x € R”,

Iz —x|[> = ||z — (I = Pq)x + Pox|?
= |z — (I — Po)x|]” + || Pox|® — 2{z — (I — Pq)x}’ Pox
= ||z — (I = Po)x|I” + || Pax|”

since z is orthogonal to every element of Q including Pqox, and Po = Pg%.
Take the minimum over all z € Q' to find that I — Pq is the projection onto
QL. Let us summarize our findings.

Proposition 18. /f A'A is nonsingular [equivalently, has full rank], then Pe(ay :=
A(A'A)LA s the projection onto C(A), | — Pe(ay = Pe(ayr is the projection
onto Q-+, and we have

5 2
X::F%OHX—#F%O”LX, and HXH2=:HF%UDXH 4-HFkunLXH
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The last result is called the “Pythagorean property.”
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Quadratic forms

Let A be a real and symmetric nx n matrix. Then the quadratic form associated
to A is the function Q4 defined by

Qa(x) = x'Ax (x € R").

We have seen quadratic forms already, particularly in the context of positive-
semidefinite matrices.

1. Random quadratic forms

Let X .= (Xy,..., Xpn)' be an n-dimensional random vector. We are interested
in the random quadratic form Qa(X) := X'AX.

Proposition 1. /fEX := u and Var(X) := X, then
E (X'AX) = tr(AX) + p'Ap.
In symbols, E(Qa(X)) = tr(AX) + Qa(u).

Proof. We can write
X'AX = (X —pu)AX + p'AX
= (X —p)AX — p) + W'AX + (X — p) Au.
If we take expectations, then the last term vanishes and we obtain
E(X'AX) =E[(X — p)A(X — p)] + 1 Ap.

It suffices to verify that the expectation on the right-hand side is the trace of
AY. But this is a direct calculation: Let Y; := X; —pu;, sothatY = X —

21
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and hence

E[(X —u)A(X —p)] =E(Y'AY)

- Z Z E (Y;AjY)) = Z Z Aij[Var(Y)];

i=1 j=1 i=1 j=1
n n n n
= Z Z AijVar(X — )] ; = Z Z Ajj [Var(X)];
i=1 j=1 i=1 j=1
n n n n
=D D AUT=) ) AT
i=1 j=1 =1 i=1

n
=> [A%];, = tr(AL),
i=1
as desired. O

We easily get the following by a relabeling (X < X — b):
Corollary 2. For every nonrandom b € R",
E[(X — b)A(X — b)] = tr(AL) + (u — b)'A(p — b).
In particular, E[(X — u)’'A(X — u)] = tr(AL).

2. Examples of quadratic forms

What do quadratic forms look like? It is best to proceed by example.

Example 3. If A := I,,xp, then Qa(x) = >_7_; x?. Because tr(AX) = tr(X) =
o Var(X;), it follows that

n n n
E (Z X,-2> = Var(X;) + (Z u?) .
i=1 i=1 i=1
This ought to be a familiar formula. O

Example 4. If

A = lme =

then Qa(x) = (3.7, x;)?. Note that

tr(AZ) = iiA,‘JZ,’J = ii COV(X,',XJ‘).

i=1 j=1 i=1 j=1
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Therefore,

<§X,>2 ZZCOV(X X)+(Z/L,>

=1 j=1
this is another familiar formula. O

Example 5. One can combine matrices in a natural way to obtain new qua-
dratic forms from old ones. Namely, if a,b € R and A and B are real and
symmetric nx n matrices, then Qa1 p8(x) = aQa(x)+bQp(x). For instance,
suppose A := I,«, and B := 1,x5. Then,

a+b b b b
b a+b b b
aA+ bB = b b a+b --- b
b b b - a+b

and, thanks to the preceding two examples,

QaarbB(X) = aZX +b <Z x,)

An important special case is when a:=1 and b := —1/n. In that case,
1—1Yn —=1/n ~1/n - —=1/p
1y 1—1p =1y ... -1/
A—EB: —1/n —1n 1-—1pn --- —1/p
n . N N . .

_i/n _i/n _i/n 1_'1/,7

and
n

Qa—(1/n)B(X ZX _<ZX'> :Z (xj — X)2.

=1
Note that

tr(AZ)—ZVar(X)—i— ZZCOV(X Xj).
i=1 j=1

Consider the special case that the X;'s are uncorrelated. In that case, tr(AX) =
(1 —1/n)>>7 ; Var(X;), and hence

= (1—1/n) ZVar(X,-) + Z(M:‘ -

D (X = X)?

i=1
When the X;'s are i.i.d. this yields E Y7, (X;—X)? = (n—1)Var(X1), which is
a formula that you have seen in the context of the unbiasedness of the sample
variance estimator S? := (n—1)71 Y7, (X; — X)2. O

E
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Example 6. Consider a symmetric matrix of the form

010 --- 00

1 1 00

010 00
A =

000 --- 01

000 --- 1

That is, the super- and sub-diagonal entires are all ones and all other entries
are zeros. Then,

n—2
Qa(x) =2 Z XiXj12.
i—1

Other examples can be constructed in this way as well, and by also combining
such examples. O

3. The variance of a random quadratic form

In the previous section we computed the expectation of X’AX where X is a
random vector. Here let us say a few things about the variance of the same
random vector, under some conditions on X.

Proposition 7. Suppose X = (X1,..., Xn)' where the X;'s are i.i.d. with
mean zero and four finite moments. Then,

Var (X'AX) = (s — 3u3) Y A?Z, + (43 — 1) (tr(A))* + 2u3tr (A?),
i=1

where po = E(X?) and ps := E(X7).

One can generalize this a little more as well, with more or less the same set
of techniques, in order to compute the variance of X’AX in the case that the
X;'s are independent, with common first four moments, and not necessarily
mean zero.

Proof. Suppose X := (X1,..., Xn), where Xi, ..., Xp are independent and
mean zero. Suppose po = E(X?) and ug := E(X?#) do not depend on i [e.g.,
because the X|'s are independent]. Then we can write

(X'Ax)2 =373 N A AKX X XiXe.

1<i j,k2<n
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Note that
(s of i=j=k=24
pu3 ifi=j#k==~4or
E (XiX;XkXe) = fi=k#j=4or
fi=L0#k=],
0  otherwise.
Therefore,
E [ (X"AX) } ZA pa + ZZ A iAok 45+ ZZ AijAi 15+ ZZ A kAr,i 45
1<i#k<n 1<i#j<n 1<i#k<n
—MZAHW DD AiAkk+23 D A
1<i#k<n 1<i#j<n

Next, we identify the double sums in turn:

ZZAIIAkk_ZAIIZAkk_ZA (tr(A))Z—ZA/Z,/v

1<i#k<n i=1
ZZAIZJZZZA?J_ZA/ ZZA'JAJ' ZA
1<i#j<n =1 j=1 i—1 i—1 j—1

:zn:(A2 ZA2 = tr (A?) ZA
i=1

Consequently,

E [(X'Ax)z} " Z A2+ U3

(tr(A))? ZA,Z,+2tr (A%) 2ZA ]

i=1
(1a — 313) ZA, 1 [(r(A)? 4 2t (A7)
Therefore, in this case,
Var (X'AX) = (s — 303) Z A2 i3 | (r(A))? + 2t (A2)| — [E (X'AX))?

This proves the result because E(X'AX) = tr(A). O
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Moment-generating
functions and
independence

Let X :=(X1,..., X,)' be a random vector. Its moment generating function
[written MGF for short] My is defined as

Mx(t) == Ee'X  (teR").

It is the case that Mx(t) is a well-defined quantity, but it might be infinite
for some, and even all, values of t € R". The following is a hard fact from
classical analysis:

Theorem 1 (Uniqueness theorem of MGFs). Suppose there exists t > 0 such
that Mx(t) < oo for all t € R" with ||t|| < r. Then, the distribution of X is
determined uniquely by the function Mx. That is, if Y Is any random vector
whose MGF is the same as Mx, then'Y has the same distribution as X.

We are interested in examples, and primarily those that involve normal
distributions in one form or another.
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Example 2. If X ~ N(u,0?), then

%0 —(x—p)?/(20?)
My (t) = EetX —/ etx & 4x

—0 2102
% toy+u) e ¥/
= etloyTh d =(x—u)/o
/. o (v = (x = /o)
toy—y?/2 —2yt
— etk ooieayy/ — etk ezl ya]dy.
—o V2 —o V2T

We complete the square [y? —2yto = (y — to)? — (to)?] in order to see that
t?0?
Mx (t) = exp <tu + 2> .

Therefore, the uniqueness theorem (Theorem 1) tells us that any random
variable Y whose MGF is My (t) = exp(tu + 3t20?) is distributed according
to N(u, 0?). O

Example 3 (MGF of a simple multivariable normal). Suppose X; ~ N(u;, 0,.2)
(1 <i < n) are independent. Then, the MGF of X := (X1, ..., Xn) is

n n
/ 2.2 1
Mx (t) = EetX = HEetf Hel”f+ 259 = exp E Gk + 5 g t?o7
= =1

for all t € R". O
Example 4 (MGF of x3). If X is standard normal, then Y := X2 ~ x3. Now

) 00 el“><2—x2/2
/\//y(t) = EetX = ? dx

\/ﬁ/ exp( (1—2t)x>

If t > 1/2, then the preceding is infinite. Otherwise, a change of variables
[y = V1 — 2t x] tells us that it is equal to

0 e¥¥/2  {y 1
oo V2T V1-=2t 1-=-2t

In other words, My2(t) = oo if t > 1/2 and My2(t) = (1 —2t)" 2 if t <
1/2, O

Example 5 (MGF of x2). Let Xi,..., Xn ~ N(0,1) be independent, and
consider the x2 random variable Y := >"7_; X2, Its MGF is

My (t) = H/\/Ixz(t :{(1‘2’-‘) ift <1,

if t >1/2,
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According to Theorem 1, this is a formula for the MGF of the x?2 distribution,
and identifies that distribution uniquely. O

Theorem 6 (Independence theorem of MGFs). Let X be a random n-vector
with a MGF that is finite in an open neighborhood of the origin 0 € R".
Suppose there exists r =1, .. ., n such that

/\/lx(t) = /\/lx(tl ..... t.,0,..., 0)'Mx(0 ..... O,tr41.,..., tn)
for allt € R". Then, (X1,..., Xr) and (Xrg1, ..., Xn) are independent.

Proof. Let X denote an independent copy of X. Define a new random vector

Y as follows:
X1

X

Then,
/\//y(t): Mx(l’l ..... t.,0,..., 0)'Mx(0 ..... O,t41,..., tn).

According to the condition of this theorem, X and Y have the same MGF's,
and therefore they have the same distribution (Theorem 1). That is, for all
sets Aq, ..., An,

P{X;€A:,..., Xn €A =P{V1€A,..., Y, € Ant,
which is, by construction equal to
P{Xi€A, ..., X €A} P{Xey1 €A1, ..., Xn € An}.
Since X has the same distribution as X, this proves that
P{X;€A:,..., Xn €A =P{X1€A,..., X }P{Xry1 €A1, ..., Xn € Ant,
which has the desired result. (]
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Gaussian Random
Vectors

1. The multivariate normal distribution

Let X .= (X1,..., Xpn)' be a random vector. We say that X is a Gaussian
random vector if we can write

X=un+AZ
where p € R", Ais an n x k matrix and Z := (Z1, ..., Zx) is a k-vector of

i.i.d. standard normal random variables.
Proposition 1. Let X be a Gaussian random vector, as above. Then,

EX = p, Var(X) :i= £ = AA, and Mx(t) = et w314t = etutit'ze
for all t € R".

Thanks to the uniqueness theorem of MGF's it follows that the distribution
of X is determined by u, ¥, and the fact that it is multivariate normal. From
now on, we sometimes write X ~ N,(u,X), when we mean that Mx(t) =
exp(t'u + %t’):t). Interesetingly enough, the choice of A and Z are typically
not unique; only (p, X) influences the distribution of X.

Proof. The expectation of X is u, since E(AZ) = AE(Z) = 0. Also,
E(XX')=E([u+AZ][p+ AZ]) = pp' + AE(ZZ)A'.

Since E(ZZ") = I, the variance-covariance of X is E(XX’) — (EX)(EX)" =
E(XX') — up/ = AA’, as desired. Finally, note that Mx(t) = exp(t'n) -
Mz(A't). This establishes the result on the MGF of X, since Mz(s) =
[T7-, exp(s?/2) = exp(5 [ s|[?) for all s € R".

]
31
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We say that X has the multivariate normal distribution with parameters p
and X := AA’, and write this as X ~ N,(u, AA).

Theorem 2. X = (Xq,..., Xn)' has a multivariate normal distribution if and
only if ! X = Zle tiX; has a normal distribution on the line for every t € R".
That is, X1,..., Xy are jointly normally distributed if and only if all of their
linear combinations are normally distributed.

Note that the distribution of X depends on A only through the positive
semidefinite n x n matrix X := AA’. Sometimes we say also that X1, ..., Xn
are jointly normal [or Gaussian] when X := (X1,..., Xp,) has a multivariate
normal distribution.

Proof. If X € N,(u,AA’) then we can write it as X = p + AZ, we as
before. In that case, t'X = t'u + t/AZ is a linear combination of Z1, ..., Zk,
whence has a normal distribution with mean tyu1 + --- 4+ t,un and variance
tAA't = | A't]]°.

For the converse, suppose that t’X has a normal distribution for every
t € R". Let p:= EX and X := Var(X), and observe that t'X has mean
vector t'u and variance-covariance matrix t’Xt. Therefore, the MGF of the
univariate normal t'X is Myx(s) = exp(st'pu + %SQt’):t) for all s € R. Note
that Mpx(s) = Eexp(st’X). Therefore, apply this with s := 1 to see that
Mpx(1) = Mx(t) is the MGF of a multivariate normal. The uniqueness
theorem for MGF's (Theorem 1, p. 27) implies the result. O

2. The nondegenerate case

Suppose X ~ Np(p,X), and recall that X is always positive semidefinite.
We say that X is nondegenerate when % is positive definite (equivalently,
invertible).

Take, in particular, X ~ Ni(u,X); wu can be any real number and ¥ is a
positive semidefinite 1 x 1 matrix; i.e., £ > 0. The distribution of X is defined
via its MGF as

Mx(t) — etu,+%t22.
When X is nondegenerate (X > 0), X ~ N(u,X). If ¥ =0, then Mx(t) =
exp(tw); therefore by the uniqueness theorem of MGFs, P{X = u} = 1.
Therefore, Ni(u,0?) is the generalization of N(u,0?) in order to include
the case that o = 0. We will not write Ni(u,0?); instead we always write
N(w,0?) as no confusion should arise.

Theorem 3. X ~ N,(u, X) has a probability density function if and only if it
Is nondegenerate. In that case, the pdf of X is

1 1 _
(@) = ey O (3@ WE @ w)
for all a € R".
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Proof. First of all let us consider the case that X is degenerate. In that case &
has some number k < n of strictly-positive eigenvalues. The proof of Theorem
2 tells us that we can write X = AZ 4+ u, where Z is a k-dimensional vector of
i.i.d. standard normals and A is an n x k matrix. Consider the k-dimensional
space
E:={xeR": x=Az+p for some z € R}

Because P{Z € R} = 1, it follows that P{X € E} = 1. If X had a pdf fx,
then

1=P{XecE}= / fx(x)dx.
E
But the n-dimensional volume of E is zero since the dimension of E is k < n.
This creates a contradiction [unless X did not have a pdf, that is].

If X is nondegenerate, then we can write X = AZ + u, where Z is an
n-vector of i.i.d. standard normals and £ = AA’ is invertible; see the proof of
Theorem 2. Recall that the choice of A is not unique; in this case, we can
always choose A := ¥ "2 because £7°Z 4+ p ~ N,(, ). In other words,

n n
Xi= ZA/,ij + Wi = ZZ;(J?ZJ +uii=9gi(Z1, ..., Zn) (1<i<n).
=1 =1

Ifa=¥"z+ w, then z = ):_1/2(a — ). Therefore, the change of variables
formula of elementary probability implies that

fz <:_1/2(3 - M))

£ -
x(a) Idet J|
as long as det J # 0, where
g%i g%f, Al 0 Ain
Ji=| =1 | =A
O9gn - O9n An,l . An,n

621 aizn
Because det(X) = det(AA’) = (det A)?, it follows that det A = (detX)"?,
and hence

fx(a) = ! f; ():_1/2(3 - u,)) .

——an 1z
(det £)2
Because of the independence of the Z;'s,
n —2.2/2
e 1
fz(z) = = e
2(2) JHl o = (an) 7

—7'z/2

for all z € R". Therefore,
_ 1 1 _
2 (V@ ) = s o (—2(a )TN a- u)) |

and the result follows. O
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3. The bivariate normal distribution

A bivariate normal distribution has the form No(u,X), where u; = EXj,
po = EXz, £11 = Var(X1) := 02 > 0, Yo, = Var(Xp) := 03 > 0, and
Yio=201= COV(Xl ,Xz). Let

B - Cov(X1, X2)
pi= ComlXe, X2) = o D) Var(%)

denote the correlation between X7 and X5, and recall that —1 < p < 1. Then,
21'2 = 22'1 = p01097, whence

g (G o)
pO102 05
Since det & = 0203(1 — p?), it follows immediately that our bivariate normal
distribution is non-degenerate if and only if —1 < p < 1, in which case

1 0 1
- o2(1 — p?) 1—p2 010
0 1 1
1—p2 0107 02(1 — p?)

Because

7y 2= (2 2—2p 2 (2)+ (2 2
01 01 02 02

for all z € R", the pdf of X = (X1, X2)'—in the non-degenerate case where
there /s a pdf—is

fx(x1,x2)

_ 1 exp | — 1 <X1—H«1>2_2p<X1—M1> (Xz—uz
2Mo1094/1 — p2 2(1—-p?) o1 o1 02

But of course non-degenerate cases are also possible. For instance, suppose
Z ~N(0,1) and define X :=(Z,—Z2). Then X = AZ where A:=(1,-1),

whence
_ , (1 -1
L =AA = <_1 1 )

is singular. In general, if X ~ N,(u,X) and the rank of X is k < n, then X
depends only on k [and not n] i.i.d. N(0, 1)’s. This can be gleaned from the
proof of Theorem 2.

)))
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4. A few important properties of multivariate normal distributions

Proposition 4. Let X ~ N,(pu,X). If C is an m x n matrix and d is an
m-vector, then CX +d ~ Np,(Cu + d,CXC’). In general, CLC' is positive
semidefinite; it is positive definite if and only if it has full rank m.

In particular, if a is a nonrandom n-vector, then @ X ~ N(a'u, a'Xa).

Proof. We compute the MGF of CX + d as follows:
Mcx+d(t) = Eexp (' [CX + d]) = e Mx(s),

where s := C’t. Therefore,
/ / 1 / / 1 /
Mex1q(t) = exp td+su+§s):s = exp tu+§tQt ,

where v := Cu + d and Q := CX.C’. Finally, a general fact about symmetric
matrices (Corollary 13, p. 16) implies that the symmetric m x m matrix CX.C’
is nonsingular if and only if it has full rank m. [l

Proposition 5. If X € N,(u, X), for a nonsingular variance-covariance matrix
Y, and Cpxp and dnx1 are nonrandom, then CX +d is nonsingular if and only
if rank(C) = m.

Proof. Recall that the nonsingularity of ¥ is equivalent to it being positive
definite. Now CX + d is multivariate normal by the preceding result. It
is nondegenerate if and only if CX.C’ is positive definite. But x’CXC'x =
(C'x)'L(C'x) > 0if and only if (C'x) # 0, since X is positive definite. There-
fore, CX + d is nondegenerate if and only if C’x # 0 whenever x # 0. This is
equivalent to x’C # 0 for all nonzero vectors x; that is, C has row rank—hence
rank—m. O

The following is an easy corollary of the previous proposition, and identifies
the “standard multivariate normal” distribution as the distribution of i.i.d. stan-
dard univariate normal distributions. It also states that we do not change the
distribution of a standard multivariate normal if we apply to it an orthogonal
matrix.

Corollary 6. Z ~ N,(0,1) ifand only if Z1, ..., Zyareiid N(0,1)'s. More-
over, if Z ~ Np(0,1) and A,xn is orthogonal then AZ ~ N,(0, 1) also.

Next we state another elementary fact, derived by looking only at the
MGF's. It states that a subset of a multivariate normal vector itself is multi-
variate normal.
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Proposition 7. Suppose X ~ Np(u,X) and1 < ih <h<---<ik<nisa
subsequence of 1, ..., n. Then, (X; Xi.) ~Nk(v,Q), where

Xi Wi, Xi T o X
v=E| : = S, Q =Var| : = : :
X/k /“‘Lllk Xik Z

ki1 2t

Proposition 8. Suppose X ~ N,(u,X), and assume that we can divide the
Xj's into two groups: (Xj)icc and (Xj)jgc, where G is a subset of the index
set {1,..., n}. Suppose in addition that Cov(X;,X;) =0 for all i € G and

J & G. Then, (Xj)ieg Is independent from (X;),ac.

Thus, for example, if (X1, X5, X3)' has a trivariate normal distribution
and Xj is uncorrelated from X, and X3, then Xi is independent of (X5, X3).
For a second example suppose that (X1, X2, X3, X4) has a multivariate nor-
mal distribution and: E(X1X2) = E(X1)E(X2), E(X1X3) = E(X1)E(X3),
E(X4X2) = E(X4)E(X2), and E(X4X3) = E(X4)E(X3), then (Xl ,X4) and
(X2, X3) are two independent bivariate normal random vectors.

Proof. | will prove the following special case of the proposition; the general
case follows from a similar reasoning, but the notation is messier.

Suppose (X1, X>2) has a bivariate normal distribution and E(X1X2) =
E(X1)E(X2). Then, X; and X, are independent. In order to prove this we
write the MGF of X := (X1, X2)":

Mx(t) = ot t3t'Tt

om0 () 5 (3)

_ et1u1+%t12Var(X1) ) et2u2+§t§Var(x2)

= Mx, (t1) - Mx,(t2).

The result follows from the independence theorem for MGF's (Theorem 6, p.

29). O
Remark 9. The previous proposition has generalizations. For instance, sup-
pose we could decompose {1, ..., n} into k disjoint groups Gy, . . ., Gg [so G;N
Gi=woifi#j,and GiU---UG, ={1, ..., n}] such that Xj, ..., Xi, are [pair-
Wise] uncorrelated for all i1 € Gy, ..., ix € Gg. Then, (Xi)i€G1 ..... (Xi)iEGk
are independent multivariate normal random vectors. The proof is the same
as in the case k = 2. [l

Remark 10. It is important that X has a multivariate normal distribution. For
instance, we can construct two standard-normal random variables X and Y/, on
the same probability space, such that X and Y are uncorrelated but dependent.
Here is one way to do this: Let Y ~ N(0,1) and S = +1 with probability 1/2
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each. Assume that S and Y are independent, and define X := S|Y|. Note
that

P{X<a}=P{X<a, S=1}+P{X<a, S=-1}
1 1
= SPUYI < ab+5P{-IY| <2}

If a >0, then P{X < a} = 1P{|Y| < a} + 3 = P{Y < a}. Similarly, P{X <
a} = P{Y < a} if a <0. Therefore, X,Y ~ N(0,1). Furthermore, X and Y
are uncorrelated because S has mean zero; here is why: E(XY) = E(SY|Y]) =
E(S)E(Y|Y]) = 0 = E(X)E(Y). But X and Y are not independent because
|X| = |Y]: Forinstance, P{|X| < 1} >0, but P{|X| <1]||Y|>2}=0.The
problem is [and can only be] that (X, Y)’ is not bivariate normal. O

5. Quadratic forms

Given a multivariate-normal random variable X ~ N,(0, I) and an nx n positive
semidefinite matrix A := (A;;), we can consider the random quadratic form

Qa(X) = X'AX.
We can write A, in spectral form, as A = PDP’, so that
Qa(X)=X'PDP'X.

Since P is orthogonal and X ~ N,(0,1), Z := P'X ~ N,(0,1) as well.
Therefore,

n

Qa(X)=2'DZ =) "D, 7}

i=1
If Ais a projection matrix, then all of the D;;'s are ones and zeros. In that
case, Qa(X) ~ x2, where r := the number of eigenvalues of A that are ones;

i.e, r = rank(A). Finally, recall that the rank of a projection matrix is equal
to its trace (Corollary 16, p. 16). Let us summarize our findings.

Proposition 11. /f X ~ N,(0,1) and A is a projection matrix, then X'AX ~
xfank(A) = xfr(A) = X2, where r := the total number of nonzero [i.e., one]
eigenvalues of A.

Example 12. Let
1—1/n 1/n —1/n 1/n
_1 1—-1/, —1/p ...—1
A ./n | /n ./n | /n |
~p =1l -1/, 1—1/n

Then we have seen (Example 5, p. 23) that

n
X'Ax =) (x—x)?  forallx €R".
i=1
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Now let us observe that A has the form
A=1-B,

where B := (1/n)1,x,. Note that B is symmetric and B®> = B. Therefore, B
is a projection, and hence so is A= I — B. Clearly, tr(A) = n— 1. Therefore,
Proposition 11 implies the familiar fact that if Xq,..., X, are i.i.d. standard
normals, then > (X; — X)? ~ x2_;. O

Example 13. If A is an n x n projection matrix of rank [or trace] r, then
I — A is an n x n projection matrix of rank [or trace] n — r. Therefore,
X'(I — A)X ~ x2_,, whenever X ~ N,(0,1). O

Example 14. What is the distribution of X is a nonstandard multivariate
normal? Suppose X ~ N,(u,X) and A is a projection matrix. If X is nonde-
generate, then £~ 72(X — p) ~ N, (0, I). Therefore,
(X _ ”)12—1/2Az—1/2(x _ I‘l’) ~ XEank(A) = XEF(A)’
for every n x n projection matrix A. In particular,
(X =)/ ' (X =) ~ x5,
which can be seen by specializing the preceding to the projection matrix A := 1.

Specializing further still, we see that if Xq,..., X, are independent normal
random variables, then we obtain the familiar fact that

L(Xi—wi\
275
y (o
=1
where u; = EX; and 02 := Var(X;). O



Linear Models

1. The basic model

We now study a linear statistical model. That is, we study the models where

the observations Y := (Y1, ...,Y},) has the following assumed property:
Y =XB +¢,
where B := (Bo,B1, ..., Bp—1) is a vector of p unknown parameters, and
X1,0 0 Xip-1
X = :
Xn0 - Xnp-1

is the socalled “regression matrix,” or “design matrix.” The elements of the nxp
matrix X are assumed to be known; these are the “descriptive” or “explanatory”
variables, and the randomness of the observed values is inherited from the
“noise vector,” € := (€1, ..., €)', which we may think of as being “typically
small.” Note that we are changing our notation slightly; X is no longer assumed
to be a random vector [this is done in order to conform with the historical
development of the subject].

Throughout, we assume always that the €;’s are independent with mean
zero and common variance o2, where o > 0 is possibly [in fact, typically]
unknown.

In particular, it follows from this assumption that
Ee = 0 and Var(e) = 0°1. (1)

Let us emphasize that our linear model, once written out coordinatewise,

Yi = BoXjo+ -+ Bp-1Xip—1 + & (1<i<n).
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It is intuitively clear that unless n > p, we cannot hope to effectively use our

n observed values in order to estimate the p + 1 unknowns o2, 3, . .. Bp—1.
Therefore, we assume always that
nzp+1. (2)

This condition guarantees that our linear model is not overspecified.

The best-studied linear models are the normal models. Those are linear
models for which we assume the more stringent condition that

e~N,(0,0%1). (3)
Example 1 (A measurement-error model). Here we study a socalled measurement-
error model: Suppose the observations Y7, ..., Y}, satisfy

Yi=u+eg; (1<i<n)

for an unknown parameter w. This is a simplest example of a linear model,
where @ =pis 1 x 1, and X := 1,1 is a vector of n ones. O

Example 2 (Simple linear regression). In simple linear regression we assume
that the observed values have the form

Yi =Bo +Bix +¢€; (1<i<n),

where x; is the predictive variable the corresponds to observation i/, and Bg, 51
are unknown. Simple linear regression fits into our theory of linear models,
once we set the design matrix as

1 x
X=1: :
1 x,
Example 3 (Polynomial regression). Consider a nonlinear regression model
Y = Bo +Bixi + Box? + -+ Bp1x’ " g (1<i<n),

where p is a known integer > 1 [p — 1 denotes the degree of the polynomial
approximation to the observed y’'s]. Then polynomial regression models are
linear models with design matrices of the form

1 x x@ - xP?
X=[: : - ,
1 x, x2 ... xP1

Example 4 (One-way layout with equal observations). In the simplest case of
one-way layout, in analysis of variance, our observations are indexed by vectors
themselves as follows:

Yij=wite, (1<i<l, 1<j<))

For instance, suppose we are interested in the effect of / different fertilizers.
We apply these fertilizers to J different blocks, independently, and “measure
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the effect.” Then, Y;; is the effect of fertilizer / in block j. The preceding
model is assuming that, up to sampling error, the effect of fertilizer / is w;.
This is a linear model. Indeed, we can create a new random vector Y of [J
observations by simply “vectorizing” the Y; ;'s:

Y::(yl,lv'"1Y1,J1\/2,11"-v»/Q,Jr"-rw,l1'--1W,J)/'

The vector B of unknowns is B := (i1, ..., )", and the design matrix is the
following /J x | matrix:

1,0, 0 0 --- 0
0 1,,4 0O --- 0
X = ) . . .
0 0 0 --- 1,4
where 1,41 :=(1,...,1)" is a J-vector of all ones. It is possible to show that

one-way layout with unequal number of observations is also a linear model.
That is the case where Y; j = u; +¢€;, where 1 </ </ and 1 < j < J; [the
number of observed values might differ from block to block].

2. The least-squares estimator of 0 .= X[

Let us return to our general linear model
Y =XB +e¢.

Ultimately, our goal is to first find and then analyze the least-squares estimator
B of B. But first, let us find the least-squares estimate for 8 := XB. In other
words, we wish to perform the following optimization problem:

in [[Y — X8| = min [IY —4].
min | Bl 96”2'&)” |

Abstractly speaking, the minimizer solves

é\: Pc(x)Y

But is there an optimal 87 As we shall see next, there certainly is a unique ﬁ
when X has full rank.

3. The least-squares estimator of 8

Our least-squares estimator ﬁ of the vector parameter B is defined via

min |Y — X8| = HY—XAH.
i [[Y — XB| B
We aim to solve this minimization problem under natural conditions on the
design matrix X. But first, let us introduce some notation. The vector

~ ~ ~

Y =0.=XB
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is called the vector of fitted values, and the coordinates of

~

e=Y-Y
are the socalled residuals.

Now we write our minimization problem in the following form: First find

the minimizing B € RP that solves
min Y — z|| = HY - XEH .
zeC(X)

Now we know from Proposition 18 (p. 19) that the vector z that achieves this
minimum does so uniquely, and is given by Pe(x)Y, where we recall Pp(x) :=
X(X'X)™1X’ is projection onto the column space of X; this of course is valid
provided that (X’X)_l exists. Now the matrix Pp(x) plays such an important
role that it has its own name: It is called the hat matrix, and is denoted as

H = Pex)y = X(X'X)"1 X'

H is caﬂed the hat matrix because it maps the observations Y to the fitted
values Y [informally, it puts a “hat” over Y]. More precisely, the defining
feature of H is that

Y = HY,
once again provided that X’X is nonsingular. The following gives us a natural
method for checking this nonsingularity condition in terms of X directly.

Lemma 5. X’'X is nonsingular if and only if rank(X) = p.

Proof. Basic linear algebra tells us that the positive semidefinite X’X is non-
singular if and only if it is positive definite; i.e., if and only if it has full rank.
Since the rank of X’X is the same as the rank of X, and since n > p, X'X
has full rank if and only if its rank, which is the same as rank(X), is p. O

From now on we always assume [unless we state explicitly otherwise] that
rank(X) = p. We have shown that, under this condition, if there is a B, then
certainly Y = XB = HY = X(X'X)"1X'Y. In order to find B from this,
multiply both sides by (X’X)~1X’ to see that B = (X'X)"1X'Y.

The quantity RSS := e’e = |le||* := ||Y—)7||2 is called the sum of squared
residuals, also known as the residual sum of squared errors, and is given by
(1 = H)Y [ = |Pe(xy. Y11 In particular, we have the following:

Proposition 6. /frank(X) = p, then the least-squares estimator of B is
B = (X'X)"'X'Y, (4)
and RSS = ||(I — H)Y||.

Let us make some elementary computations with the least squares esti-
mator of B.
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Lemma 7. B is an unbiased estimator of B, and Var(B) = o2(X'X)™ 1.

Proof. Because Eﬁ = (X'X)"1X'EY =P, it follows thatﬁ is unbiased. Also,
Var(B) = (X’X)"1X'Var(Y)X(X'X)™! = 0?(X'X)~!, because of (1). O

4. Optimality

Theorem 8. Let 0 := X be estimated, via least squares,Abyé\ = HY. Then,
for all linear unbiased estimates of ¢’0, the estimator ¢'@ uniquely minimizes
the variance.

By a “linear unbiased estimator of ¢’6" we mean an estimator of the form
>i—1 a;Yj whose expectation is ¢’8. In this sense, 8 is the best linear unbiased
estimator [or “BLUE"] of ¢’8. The preceding can be improved upon as follows,
though we will not prove it:

Theorem 9 (Rao). Under the normal model (3), ¢'8 is the unique UMVUE
of ¢'8, for every nonrandom vector ¢ € R".

Let us consider Theorem 8 next.

Proof of Theorem 8. We saw on page 41 that 8 = HY irrespective of
whether or not (X’X)~! exists. Therefore,

E (c’§> =c'EO=c'0, Var (c’§> = c'Var(HY)c = c’H'Var(Y)Hc
= o®||Hell?.
Any other linear estimator has the form a’Y’, and satisfies
E(aY)=aEY =a0, Var(aY)=aVar(Y)a=?|a’

If, in addition, @'Y is unbiased, then it follows that a’0 = c’6; i.e., a— c is
orthogonal to 6. This should hold no matter what value B [and hence 8] takes.
Since C(X) is the collection of all possible values of 8, it follows that a — ¢
is orthogonal to C(X). Because H is projection onto C(X), it follows that
H(a— ¢) = a; equivalently, Hc = Ha. Therefore, Var(c'8) = 02||Ha||? and

Var (aY) = Var (¢'8) = o2 {||al> - | Hal|*} = o?|[(/ - H)a|l* > 0,

thanks to the Pythagorean property. O

5. Regression and prediction

Now that we have the least-squares estimate for 3, let us use it in order to
make prediction.
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Recall that our model is Y = X0 + €. In applications, Y; is the ith
observation for the y variable, and the linear model is really saying that given
an explanatory variable x = (xg, . . ., Xp—1)',

Y =BoXo + -+ + Bp—1Xp—1 + "noise.”
Therefore, our prediction, for a given x, is
[predicted value] y = Boxo + - - - +Bp_1xp_1, (5)

where ,g = (30 ..... ﬁp_l)’ is the least-squares estimate of 8. We may view
the right-hand side of (5) as a function of x, and call (5) the equation for the
“regression line.”

6. Estimation of o2

We wish to also estimate 2. The estimator of interest to us turns out to be

the following:
1

n—p

S?% .=

RSS, (6)
as the next lemma suggests.

Lemma 10. S2 s an unbiased estimator of 2.

Proof. Recall that RSS = e’e = ||[Y — HY||?>. We can write the RSS as
(1 = H)Y|?=Y'(I — H)(I — H)Y =Y'(I — H)Y. In other words, the RSS
is a random quadratic form for the matrix A := I — H, and hence
E(RSS) = tr((I — H)Var(Y)) + (EY)' (I — H)(EY)
= o%tr(l — H) 4+ (XB)' (I — H)XB.
Because X € C(X), I — H projects onto the orthogonal subspace of where it
is, therefore (I — H)XB = 0. And the trace of the projection matrix (I — H)

is its rank, which is n —tr(H) = n— p, since X has full rank p. It follows that
E(RSS) = o2(n — p), and therefore E(S?) = o°. O

7. The normal model

In the important special case of the normal model,
Y ~ N, (XB,o%l).
Therefore, B ~ N,(B,02(X’X)~1). And the vector (I — H)Y =Y — XB of
residual errors is also a multivariate normal:
(I = H)Y ~Np_, (1 = H)XB,0%(1 — H)(I — H)') = Np_, (0,0%(1 — H)) .
Therefore, in the normal model,
2
Xn p

1
(1 = H)Y|? ~ 0> ="=2.

5% = -
n—p n—p




8. Some examples 45

Finally, we note that t8 + s'(I — H)Y is a matrix times Y for all t € RP
and s € R"7P. Therefore, (B, (I — H)Y) is also a multivariate normal. But

Cov (ﬁ = H)Y) = (X'X)"LX'Var(Y)(I-H) = oc2(X'X)"1X'(I—H) = 0,
since the columns of X are obviously orthogonal to every element in C(X)~+

and I — H = Pg(xy.. This shows that B and (I — H)Y are independent, and
henceﬁ and S? are also independent. Thus, we summarize our findings.
Theorem 11. The least-squares estimator ﬁ of B is given by (4), it is always

unbiased. /\/lorAeover, S2 s an unbiased estimator of o2. Under the normal
model, S and B are independent, and

2
B~N,(B.02(X'X)"Y), 2~ 027;(”__’;.

Recall that Y has the nondegenerate multivariate normal distribution N,(XB , o°1).
Therefore, its pdf is

1 1 5
fy(y) = W@(p <_Zr2”y — XB| ) .

This shows readily the following.

Lemma 12. In the normal model, B is the MLE of B and (=) S2 is the MLE
for o2.

Proof. Clearly, maximizing the likelihood function, over all B, is the same as
minimizing ||Y — XB||>. Therefore, MLE = least squares for 3. As for o2, we
write the log likelihood function:

n 1
L(o) = 5 In(2m) — nino — 5 5[|Y — XBI.

Then, )
n
L'(c) = —= + =|Y — XB| .
(@) =2+ Slv - xB]
Set L'(0) = 0 and solve to see that the MLE of 02 is 1||Y — XB]||2 = (2=2) 52,
thanks to the MLE principle and the already-proven fact that the MLE of B is
B. O

8. Some examples

1. A measurement-error model. Recall the measurement-error model
Yi=pu+eg (1<i<n).

We have seen that this is a linear model with p =1, B8 = i, and X = 1,«1.
Since X'X =nand X'Y =Y. Y, we have

B=0n:=Y,
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and

1
n—1

1 - 1 < _
52:n_luY—YLmﬂzzn_lz;w—yf;:f_

These are unbiased estimators for p and o2, respectively. Under the normal
model, Y and S? are independent, Y ~ N(u,0?) and (n — 1)S? ~ o2x2_;.
These are some of the highlights of Math. 5080.

2. Simple linear regression. Recall that simple linear regression is our linear
model in the special case that p =2, 8 = (8o ,61)’, and

1 X1
X =
1 x,
We have
N XX LY
X'X = =1 ’>, X’y:< ,_1/>'
(271 Xi i X 21 XY
and
(X'X)"! = 1 (Zﬁﬁ —th)
Ny Xt — (2 Xi)2 =21 X n
= 1 %27:1 X/2 —X
i =%\ =X 1)
Therefore,

(B:O) _ (X/X)_IX/Y,

1
which leads to

~ " (xi — XY " (i — WY, =Y ~  _ o~
b1 = Z’,TI(XI X_) 2’ = E'_l(,fl X)(_I 5 ) and Bo =Y — B1x.
iz (X —X) >z (X = X)
We have derived these formulas by direct computation already. In this way we
find that the fitted values are

5Ao +5A1X1
Y=XB= :
B\O‘*'len
Also,
1 ~ 12 1 <& 2
] L I DI (AR
i=1

and this is independent of (Bo ,,31) under the normal model.
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Recall that our linear model is, at the moment, the simple regression model,

Yi =Bo + Bix + ¢
Perhaps the most important first question that we can ask in this context
is 81 = 0; that is, we wish to know whether the x variables are [linearly]
independent of the Y's. Let us try to find a confidence interval for 37 in order

to answer this question. From now on, we work under the normal model.
Recall that under the normal model,

~ ~ 2
B~ N (51(72(X/X)_1) = B1~N (51 ,02 [(X/X)_l]2,2> =N <51 ) ZH(C;—X_)2> .
=1\

Equivalently,

o Z?:l(xi —X)? (5
R (Bi—p1) ~ NGO, 1).
Now, S2/02 is independent of Z and is distributed as x2_,/(n—2). Therefore,

. o (BB 7
2(&' - X)? <5) = \/ﬁ ~ th—2.

Therefore, a (1 — a) x 100% confidence interval for By is

S ta/2
VEL =X "
where t/ is the point whose right area, under the t, pdf, is r. If zero is not

in this confidence interval, then our statistical prediction is that 37 is not zero
[at the confidence level .

Br £

3. A remark on polynomial regression. Recall that, in polynomial regres-
sion, we have Y = X3 + €, where X is the following design matrix:

2 p—1
1 x1 xf -+ X
X = : :
1 x, x2 - xP!

If p = 2, then this is simple linear regression. Next consider the “quadratic
regression” model where p = 3. That is,

L x X12 n SmiXi doiea X/2
Xo=|[: 1] = XX=[XLx XL X%
1 x, x2 Yl Xl Xk xt

Because n > 4, X is nonsingular if and only if x is not a vector of constants [a
natural condition]. But you see that already it is painful to invert X’X. This
example shows the importance of using a computer in linear models: Even
fairly simple models are hard to work with, using only direct calculations.






Assessing Normality

1. Visual data exploration

A big part of our theory of linear models has been under the normal model;
that is the most successful part of the theory applies when Y = X8 + € where
we assumed that € ~ N,(0, 021); equivalently, that €1, .. ., €, are independent
N(0,02)’s.

A natural question, for a given data set, is to ask, “is the noise coming as
ii.d. N(0,0?)'s"?

Since the noise is not observable in our model, it seems natural that we
“estimate” it using the residuals e :=Y — XB. It stands to reason that if €
is a vector of ni.i.d. N(0,0?)’s, then the histogram of 1, ..., e, should look
like a normal density. One should not underestimate the utility of this simple
idea; for instance, we should see, roughly, that:

— approximately 68.3% of the ¢;'s should fall in [-S52, 2],
— approximately 95.4% of the ¢;'s should fall in [-252,252], etc.

This is very useful as a first attempt to assess the normality of the noise in our
problem. But it is not conclusive since we cannot assign confidence levels [the
method is a little heuristic]. It turns out that this method can be improved
upon in several directions, and with only a little more effort.

2. General remarks

We can use the Pearson's x2-test in order to test whether a certain data comes
from the N(uo, US) distribution, where pg and og are known. Now we wish to
address the same problem, but in the more interesting case that ug and og are
unknown. [For instance, you may wish to know whether or not you are allowed

49
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to use the usual homoskedasticity assumption in the usual measurement-error
model of linear models.]

Here we discuss briefly some solutions to this important problem. Although
we write our approach specifically in the context of linear models, these ideas
can be developed more generally to test for normality of data in other settings.

3. Histograms

Consider the linear model Y = X + €. The pressing question is, "“is it true
that € ~ N,(0,0°1,)"?

To answer this, consider the “residuals,”
e=Y — XB.

If € ~ N,(0,0°1,) then one would like to think that the histogram of the ¢;'s
should look like a normal pdf with mean 0 and variance o2 (why?). How close
is close? It helps to think more generally.

Consider a sample Uy, ..., U, (e.g., Ui = ¢;). We wish to know where the
U;'s are coming from a normal distribution. The first thing to do is to plot
the histogram. In R you type,

hist(u,nclass=n)

where u denotes the vector of the samples U, ..., U, and n denotes the
number of bins in the histogram.

For instance, consider the following exam data:

16.8 9.2 0.0 17.6 15.2 0.0 0.0 10.4 10.4 14.0 11.2 13.6
124 148 13.2 17.6 9.2 7.6 9.2 144 14.8 15.6 14.4 44
14.0 14.4 0.0 0.0 10.8 16.8 0.0 15.2 12.8 14.4 14.0 17.2
0.014.417.20.00.00.01405.6 0.00.013.217.6 16.0
16.0 0.0 12.0 0.0 13.6 16.0 8.4 11.6 0.0 10.4 0.0 14.4 0.0
18.4 17.2 14.8 16.0 16.0 0.0 10.0 13.6 12.0 15.2

The command hist(f1.dat,nclass=15) produces Figure 8.1(a).

Try this for different values of nclass to see what types of histograms you
can obtain. You should always ask, “which one represents the truth the best"?
Is there a unique answer?

Now the data Uy, ..., U, is probably not coming from a normal distribution
if the histogram does not have the “right” shape. Ideally, it would be symmetric,
and the tails of the distribution taper off rapidly.

In Figure 8.1(a), there were many students who did not take the exam in
question. They received a ‘0" but this grade should probably not contribute to
our knowledge of the distribution of all such grades. Figure 8.1(b) shows the

Ivou can obtain this data freely from the website below:
http://www.math.utah.edu/~davar/math6010/2011/Notes/f1.dat.
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histogram of the same data set when the zeros are removed. [This histogram
appears to be closer to a normal density.]

4., QQ-Plots

QQ-plots are a better way to assess how closely a sample follows a certain
distribution.

To understand the basic idea note that if Uy, ..., U, is a sample from a
normal distribution with mean w and variance o2, then about 68.3% of the
sample points should fall in [u— o, u+0c], 95.4% should fall in [u— 20, u+20],
etc.

Now let us be more careful still. Let Uy., < --- < U,., denote the order
statistics of Uy, ..., U,. Then no matter how you make things precise, the
fraction of data “below” U;., is (j & 1)/n. So we make a continuity correction
and define the fraction of the data below U;., to be (j — %)/n.

Consider the normal “quantiles,” g1, g2, . . ., dn:
9 g—x°/2 j— 1 = 1
P(q)) = dx = 2, e, g =01 —2].
(qj) o \/ﬂ X n I.€ qj n
Now suppose once again that Uy, ..., Up ~ N(u,0?) is a random [i.i.d]

sample. Let Z; := (U; — u)/o, so that Zy, ..., Z, ~N(0,1). The Z's are
standardized data, and we expect the fraction of the standardized data that
fall below g; to be about (j — %)/n. In other words, we can put together
our observations to deduce that Z;., =~ q;. Because U;., = 0Z;., + p, it
follows that U;., = oq; + u. In other words, we expect the sample order
statistics Uy.p, ..., Un.n to be very close to some linear function of the nor-
mal quantiles g1,...,q,. In other words, if U;,..., U, is a random sample
from some normal distribution, then we expect the scatterplot of the pairs
(g1, U1:n), ..., (Gn; Upp) to follow closely a line. [The slope and intercept are
o and u, respectively.]

QQ-plots are simply the plots of the N(0, 1)-quantiles ¢1, ..., gn Versus
the order statistics Uy, . .., Un.n. To draw the qgplot of a vector u in R, you

simply type

qgqnorm(u).
Figure 8.2(a) contains the qg-plot of the exam data we have been studying
here.

5. The Correlation Coefficient of the QQ-Plot

In its complete form, the R-command ggnorm has the following syntax:

qgnorm(u, datax = FALSE, plot = TRUE).
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The parameter u denotes the data; datax is “FALSE" if the data values are
drawn on the y-axis (default). It is “TRUE" if you wish to plot (U;.p, g;) instead
of the more traditional (qgj, U;.n). The option plot=TRUE (default) tells R to
plot the qg-plot, whereas plot=FALSE produces a vector. So for instance, try

V = qgnorm(u, plot = FALSE).

This creates two vectors: V$x and VS$y. The first contains the values of all
q;'s, and the second all of the U;.,'s. So now you can compute the correlation
coefficient of the qq-plot by typing:

V = ggnorm(u, plot = FALSE)
cor(VS$x, VSy).

If you do this for the qg-plot of the grade data, then you will find a correlation
of &~ 0.910. After censoring out the no-show exams, we obtain a correlation
of = 0.971. This produces a noticeable difference, and shows that the grades
are indeed normal.

In fact, one can analyse this procedure statistically [‘is the sample corre-
lation coefficient corresponding to the line sufficiently close to +1"7].

6. Some benchmarks

Figures 8.3 and 8.4 contain four distinct examples. | have used qg-plot in
the prorgam environment “R.” The image on the left-hand side of Figure 8.3
shows a simulation of 10000 standard normal random variables (in R, you type
x=rnorm(10000,0,1)), and its qg-plot is drawn on typing qqnorm(x). In a
very strong sense, this figure is the benchmark.

The image on the right-hand side of Figure 8.3 shows a simulation of
10000 standard Cauchy random variables. That is, the density function is
f(x) = (1/7)(1 + x?)~L. This is done by typing y=rcauchy(10000,0,1),
and the resulting qg-plot is produced upon typing qgnorm(y). We know that
the Cauchy has much fatter tails than normals. For instance,

1 (> d
P{Cauchy > a} = 7T/ X
a

1+ x2
whereas P{N(0, 1) > a} decays faster than exponentially.?> Therefore, for a
large,

1
~— (asa— o),
ma ( )

P{N(0,1) > a} < P{Cauchy > a}.
This heavy-tailedness can be read off in Figure 8.3(b): The Cauchy qg-plot
grows faster than linearly on the right-hand side. And this means that the

2In fact it can be shown that ®(a) := 72 w(x)dx ~ a~lp(a) as a — oo, where ¢ denotes the
N(0,1) pdf. Here is why: Let G(a) := a l¢(a). We know from the fundamental theorem of
calculus that ®'(a) = —p(a) = —aG(a). Also, G'(a) = —a~1G(a) — aG(a) ~ —aG(a) as a — .
In summary: ®(a), G(a) ~ and ®(a) ~ G’(a). Therefore, ®(a) ~ G(a), thanks to the L'Hépital’s
rule of calculus.
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standard Cauchy distribution has fatter right-tails. Similar remarks apply to
the left tails.

Figure 8.4(a) shows the result of the qg-plot of a simulation of 10000 iid
uniform-(0, 1) random variables. [To generate these uniform random variables
you type, runif (10000,0,1).]

Now uniform-(0, 1) random variables have much smaller tails than normals
because uniforms are in fact bounded. This fact manifests itself in Figure
8.4(a). For instance, we can see that the right-tail of the qqg-plot for uniform-
(0, 1) grows less rapidly than linearly. And this shows that the right-tail of a
uniform is much smaller than that of a normal. Similar remarks apply to the
left tails.

A comparison of the figures mentioned so far should give you a feeling for
how sensitive qg-plots are to the effects of tails. [All are from distributions
that are symmetric about their median.] Finally, let us consider Figure 8.4(a),
which shows an example of 10000 Gamma random variables with a =8 = 1.
You generate them in R by typing x=rgamma (10000,1,1). Gamma distribu-
tions are inherently asymmetric. You can see this immediately in the qg-plot
for Gammas; see Figure 8.4(b). Because Gamma random variables are non-
negative, the left tail is much smaller than that of a normal. Hence, the left tail
of the qg-plot grows more slowly than linearly. The right tail however is fatter.
[This is always the case. However, for the sake of simplicity consider the spe-
cial case where Gamma=Exponential.] This translates to the faster-than-linear
growth of the right-tail of the corresponding qqg-plot (Figure 8.4(b)).

| have shown you Figures 8.3 and 8.4 in order to high-light the basic
features of qg-plots in ideal settings. By “ideal” | mean “simulated data,” of
course.

Real data does not generally lead to such sleek plots. Nevertheless one
learns a lot from simulated data, mainly because simulated data helps identify
key issues without forcing us to have to deal with imperfections and other
flaws.

But it is important to keep in mind that it is real data that we are ultimately
after. And so the histogram and qg-plot of a certain real data set are depicted
in Figure 8.5. Have a careful look and ask yourself a number of questions: Is
the data normally distributed? Can you see how the shape of the histogram
manifests itself in the shape and gaps of the qg-plot? Do the tails look like
those of a normal distribution? To what extent is the "gap” in the histogram
“real"? By this | mean to ask what do you think might happen if we change
the bin-size of the histogram in Figure 8.57
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(b) QQ-plot of censored grades

Figure 8.2. QQ-plots of grades and censored grades
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Sample Quantiles

Sample Quantiles
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Figure 8.3. (a) is N(0, 1) data; (b) is Cauchy data
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(a) is the qg-plot of unif-(0, 1); (b) is the qg-plot of a Gamma(1, 1).



58

8. Assessing Normality

Frequency

Sample Quantiles

320 340 360 380 400 420

300

Histogram of x

300 350 400

Normal Q-Q Plot

Theoretical Quantiles

Figure 8.5. Histogram and qqg-plot of the data



Hypothesis Testing

Throughout, we assume the normal-error linear model that is based on the
model

y =PBix1+ -+ + Bpxp + noise.
[Note the slight change in the notation.]

1. A test for one parameter

Suppose we want to test to see whether or not the (£ + 1)st x-variable has a
[linear] effect on the y variable. Of course, 1 < £ < p, so we are really testing
the statistical hypothesis

HO . ,Bg =0.
Since B ~ N, (8, 02(X'X)™1), it follows that

Be~N (ﬁzv02 [(X/X)_l]e,e) :
Because S is independent of B and hence (B, and since 52/02 ~ X3 p/(n—p),

Be— By Y Be — By

_7. ~ tap.
s, S o lxx) 1,

Therefore, it is now a routine matter to set up a t-test for Hy : B, = 0.
As usual, testing has implications that are unattractive; it is much better to
present a confidence interval [which you can then use for a test if you want,
any way]: A (1 — a) x 100% confidence interval for 3y is

Be £ St22\ J[(XX)"1], .
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If you really insist on performing a level-a test for 3,, it suffices to check to
see if this confidence interval contains 0. If O is not in the confidence interval
then you reject. Otherwise, you do nothing.

2. Least-squares estimates for contrasts

We wish to study a more general problem. Recall that our model has the form
y = Bix1 + Bixi + -+ + Bpxp + noise.

If we sample then the preceding becomes Y = XB + €, as before. As part of
model verification, we might ask to see if (xj)jey should be excised from the
model, where J :={¢,£+1,..., r} is a subset of the index {1,...,n}. In
other words, we ask
Ho: Be=---=0Br=0.

Note that we can translate the preceding, using the language of matrix analysis,
as Hy : AB =0, where

0 0O

A=(01 0

0 0O
where the identity matrix in the middle is (r —£+41) x (r —£+1); it starts on
position (£, £) and runs r — £ units in rows and in columns.

Now we ask a slightly more general question [it pays to do this, as it turns

out]: Suppose A is a g x p matrix of full rank g < p, and we are interested in
testing the hypothesis,

Hoi AﬁzO (1)

The first question to ask is, “how can we estimate "7 The answer is given
to us by the principle of least squares: We write [as before]

Y =0+c¢, where 8 := X0,

ande=(ey1,..., €,) are mean-zero random variables, and first find the least-
squares estimate §Ho of 8, under the assumption that Hg is valid. That is,
we seek to minimize [|Y" — XbH2 over all p-vectors b such that Ab = 0. The
optimal value ylelds 9Ho = Xﬁ/_,O Then we obtain ﬁHo by noticing that if X
has full rank, then ﬁHO = (X'X)"1X’ BHO.

Now it follows by differentiation [or just geometrically] that §HO is the
projection of Y onto the subspace G of all vectors of the form 9 = Xb that
satisfy Ab = 0, where b is a p-vector. We can simplify this description a
little when X has full rank. Note that whenever 9 = Xb, we can solve to get
b= (X'X)"1X'8. Therefore, it follows that—when X has full rank— 8y, is
the projection of the observations vector Y onto the subspace G of all vectors
of the form 19 that satisfy

A9 =0, where A;:=AX'X)1X'
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In other words, G is the subspace of C(X), whose every element 4 is orthogonal
to every row of A1. In symbols,

G=c(X)n[ca)]*.

Because Ajb = Xc for ¢ := (X’X)"LAb, it follows that C(A}) is a subspace
of C(X). Therefore, we can apply the Pytheagorean property to see that

~

Ory = PgY = FepxyniecapY
= Fecq)Y — Fea)Y
=0 A (ALA) ALY,
Now
ALA = AX' X)X X(X'X) LA = A(X'X) LA
Therefore,
B, = 0 — X(X'X)TA [AX'X)TA A X)TIXTY

Aside: How do we know that A(X’X)~1A’is nonsingular? Note that A(X'X) 1A’/
is positive semidefinite. Now X’X is positive definite; therefore, so is its in-
verse. Therefore, we can write (X’X)~1 = B2 = BB’, where B := (X'X)~"/>

is the square root of (X’X)~!. In this way we find that the rank of A(X'X)~ 1A’

is the same as the rank of AA’. Since A has full rank, AA’ is invertible. Equiv-
alently, full rank. Equivalently, A(X’X)~'A’ is a full-rank positive definite
matrix; hence nonsingular.

The vector §H0 = \A’Ho = XﬁH0 is the vector of fitted values, assuming
that Hp is correct. Therefore, the least-squares estimate for B—under Hp—is

Br, = (X'X)"1 X8y, =B — (X'X) LA [AX'X) AT T AX'X)IXY
—B— (X'X) A [AX'X)A] T AB
_ (/ —(X'X)A [AXX) AT A) B.
This can be generalized further as follows: Suppose we wish to test
Ho: AB =c,

where c is a known g-vector [we just studied this in the case that ¢ = 0]. Then
we reduce the problem to the previous one as follows: First find a known p-
vector By such that ABy = c¢. Then, create a new parametrization of our
problem by setting

v : =B —Bo.

and

Y .= X7+ €, equivalently Y=Y - XBo.
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Since Ay = 0, we know the least-squares estimate 9y, is given by
T, = (1= XX) A [AXX) AT A) 7,
where B R
7= (X'X)TXY = (X'X)T XY —Bo =8 — Bo.

In other words,
Bro —Bo = (1 - (XX) A [AX'X) A T A) (B - Bo)

_ (1 —(X'X)TIA [AXX) A A) B—Bo+ (X'X)LA [AX'X)1A] " ABq

_ (1 —(X'X)TLA [AXX) AT A) B —Bo+ (X'X)LA[AX'X)A] e
In this way, we have discovered the following:

Theorem 1. Consider once again the general linear model Y = X + €. If
Agxp and cqx1 are known, and A has full rank q < p, then the least-squares
estimate for B—under the null hypothesis Hy : AB = c—is

BHO =66 +u,
where
o= (l —(X'X) A [A(X’X)_lA’TlA) , (2)
and
p=p(c) = (X'X)TA [AX'X)TA] e, (3)

provided that X has full rank.

3. The normal model

Now consider the same problem under the normal model. That is, we consider
Ho : AB = c under the assumption that € ~ N,(0, 021).

Theorem 2. Consider the normal-error linear model Y = X +¢€. If Agxp and
Cqx1 are known, and A has full rank q < p, then the least-squares estimate
for B—under the null hypothesis Hy : AB = c—satisfies

B, ~ N, (B, 0?0(X'X)"10),
provided that X has full rank.

Indeed, since
B~Ny(B.0°(X'X)™") and B, = OB+,
it follows that R
Br, ~Np (68 + p,0?0(X'X)"1€').
Therefore, it remains to check that ©6 + u = B8 when AB = c. But this is
easy to see directly.
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Next we look into inference for 2. Recall that our estimation of 2 was

based on RSS := ||Y — XB||2. Under Ho, we do the natural thing and estimate
o2 instead by

~ 2
RSSp, = ‘Y — XBy,

_ _ va_ y\—1 Al Iy\—1 411 AR
- YTX[B X(X'X) LA [AX'X) LA [c Aﬁ}

T2

| claim that 75 is orthogonal to 77; indeed,

7 -1 /_/ﬁ_

BT = e AB| [AX'X) AT T AXX)TIX'Y

"AXX)TIX'XB
)

~17 _
~ [c— A8 [Ax'x) AT
= 0.
Therefore, the Pythagorean property tells us that
12
RS, = ¥ = XB[ "+ 171
= RSS + || 75 ]|%.
Next we compute
1217 = T2
~J/ _ _ ~
_ [c . Aﬁ} [AX'X) LA T AXX)TIXX(XX) LA [AXX) LA [c - Aﬁ]
——

l

AX' X)L A

~/ _ ~
= |c—A8] [AX'X) AT e - A
In other words,
! 1 -1 ~
RSSp, = RSS + [c - Aﬁ} [AX'X) LA [c - Aﬁ] . (4)
Moreover, the two terms on the right-hand side are independent because ﬁ

and Y — XB—hence B and RSS = Iy — XEHQ—are independent. Now we
know the distribution of RSS := (n— p)S? ~ 0%x3_,. Therefore, it remains
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to find the distribution of the second term on the right-hand side of (4). But

AB ~ N, (AB, 0”AX'X)TA) BN, [ ¢ 0? AX'X) 1A
=5
Therefore, Z = a‘l):’l/z(AﬁA— c) ~ Ng(0,l4xq). Also, we can write the
second term on the right-hand side of (4) as

46 - c]/ [AX'X)"LA]~

! [Aﬁ— c} =022'7 = 0?||Z|? ~ o?x2.

Let us summarize our efforts.

Theorem 3. Consider normal—error linear model Y = X3 + €. Suppose Agxp
and cgx1 are known, and A has full rank q < p. Then under the null hypothesis
Ho : AB = c, we can write

RSSy, = RSS + W,

provided that X has full rank, where RSS and W are independent, we recall
that RSS ~ 02(n — p)xa_,, and W ~ a?x2. In particular,
(RSSh, —RSS)/q Hy  Xa/d
RSS/(n—p) Xn—p/(n = P)
= Fg.n—p-

[the two x?'s are independent]

See your textbook for the distribution of this test statistic under the alter-
native [this is useful for power computations]. The end result is a “noncentral
F distribution.”

4. Examples

1. A measurement-error model. For our first example, consider a random
sample Yi, ..., Y, ~ N(u, 02); equivalently,

Yi=u+eg; (1<i<n),
where € ~ N,(0,02I). This is a linear model with p = 1, X := 1,41, and
B := u. Recall that (X’X)~! = 1/n and hence B = (X'X)"1X'Y =Y.
If we test Hyg : u = ug for a ug the is known, then A =1 is a 1 x 1 matrix
(g=1) and AB = c with ¢ = uo.
Given that Hy is true, the least-squares estimator of u WAHO] is

~ ~

By = firy =B + (X' X) LA [AX'X)TA] T (c — AB)
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[Is this sensible?] And
n
RSS =Y = XB|? =Y (Yi—Y)? =ns].
i=1
Therefore,

RSS}, — RSS = (AB — ¢)' [A(X'X)*A] ™ (AB — ¢

=n(Y — uo)?.
And _
(RSSk, —RSS)/q _ (Y = 1o)® 1y o
RSS/(n— p) s2/(n—1) ~t"h
But

Vbo foy
S/Vi-1 n—1.
Therefore, in particular, t,% = F1 k.
2. Simple linear regression. Here,
Yi=a+08x +¢; (1<i<n).
Therefore, p = 2,

ﬁ:<g>, and X =

Recall that the least-squares estimates of a and 3 are

. = A 5 IS
a=Y -pBx, ="
Sx

1 X,

Now consider testing the hypothesis,
Ho: B=0, a= o,
where ug is known.

Let ¢ = (up,0) and A = I,, so that g = 2. Then, Hy is the same as
Ho : AB = c. We have

ﬁHO—ﬁA—F(C—AﬁA)—C—(%O).

[Is this sensible?]
Now,

RSSH, —RSS = (AB—c)' [A(X'X)TA] " (AB—c) = (B—c)(X'X)(B—c).

Now, _
(1 X s (Y =B%— o
XX—n<>_< x2> = £ C—< 5 )
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Therefore,
B — ) (X'X) = n(Y — po)(1,X),
whence
RSSp, — RSS = n(Y — uo)?.

Next we compute

n

RSS = Y — XB|2 = [¥i — (XB)i]”.

i=1

Since

S O I R e )

it follows that

n

RSS =)

i=1

2
X X

22
(m—?ﬁ+rjwm—xf—szw—VxM—m]

2nrs, — - _
= ns; + nr’s; — Ty Z(Y,' —Y)(x; — %)
i—1

= nsf + nr2s§ — 2nr2s§
= nsf(l —r?).
Therefore,
(Y = po)? 1y o
s2(1—-r2) 22

3. Two-sample mean. Consider two populations: N(u;,02) and N(uz,0?)
with equal variances. We wish to know if w1 = ws. Take two independent
random samples,

Yit, ..., Vi ~ N(u1,0?),
Y210, Yom ~ N(u2, 0?).

We have a linear model: p =2, n= ny + no,

Y11 10
Yin 10 1,51 0p ><1>

Y — 1 , X — — 1 1 .
Y21 01 <0n2><1 1,41

Y2,n2 O 1
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In particular,
-1
/ o n 0 / -1 nl 0
XX_<O n2> = (X'X) _<O n2_1 )
So now consider

Ho @ w1 = o = Ho: w1 = uo — Hoz(l,—1)<u1):0.

Thatis, g=1, A:=(1,-1), and ¢ = 0. In this way we find that

B=(X'X)1X'Y = (@,.) |

V2,0

[Does this make intuitive sense?]
In order to find ﬁHo, we first compute

A3 =(1,-1) (JZ“) = Ve — .

Y20
Also,
(X’X)’lA’— nl_1 0 1y nl_1
Vo0 nt)\-1) " \-nt)"
so that
1 1
AXX) A == — =1

n ) nin’

Now we put things together:

~1
ﬁAHO ﬁ + < n11> mn2 (V1,06 — 72.0)

—n, n
np  _ _
R 2 (yl,o y2,o)
B+

n , _ _

p (V16— ¥2)
m_ no _
—VieT —Voe
n n

m_ ny _
—Viet —V20
n n

Since nayse = Y 72, yjoj and mye = >, y1 ), it follows that

B = (727).
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[Does this make sense?] Since

10 )71,0
XA — 10 ()71,0> _ .)71,' _ <}71o1n1><1)
0 1 )72,0 )720 )72,01n2><1 '
0 1 _)72,0
we have
n no
N _\2
RSS = (v1j—71e)" + D (v2) = ¥2e)
J=1 Jj=1
= ms? + npss.
| particular,
RSS nm 5 o 5
= S s5 =5
n—p n-—2 it n—272 p
is the socalled “pooled variance.”
Similarly,
mny , _ _
RSSHO - RSS = T (y].,O — y2,0)2 )
Therefore,
mna  _ _ 2
—— (V1,0 — 72,0) = _ =
' ' H, Yie Yo.e H
f 2 ~ Fl,n—2 = AT N th—o.
S i n
P niny

4. ANOVA: One-way layout. Consider p populations that are respectively
distributed as N(u1,02), ..., N(up,02). We wish to test

HO: U1 == fhp.

We have seen that we are in the setting of linear models, so we can compute
BH, etc. that way. | will leave this up to you and compute directly instead:

Sample yj1,...Yjn, i-i.d. N(uj,0?) [independent also as j varies]. Then we
vectorize:
Y11
Y1,n1
Y = : ; etc.
Yp1

Yp,np
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Instead we now find B directly by solving

mlnzz Vij— i)

=1 j=1
That is, compute

nj

1 &
P ZZ Yij — /-L/ :*22()/1',]*/11)—0:>/J'/—nlzy{]—%o
iz 1j=1 j=1 "j=1
This yields
)71,0
B=| :
Vn,e
What about ﬁHO? Under Hog, 1 = --- = up = pand so g = p— 1. So we
have
)7.,.
mmzz Yij— 2 = PBH, =
=1 j=1 )7.’.
Also,
p )
RSS = (viy ~ Jie)
i=1 j=1
and
p o ni p )
RSSHO :ZZ(y/,j_yto Z le yl.—H//. _)70,.)
i=1 j=1 =1 j=1
nj p
:ZZ(yi,j_ylo +2ZZ Yij — ylo (ylo _)70,.)
i=1 j=1 =1 j=1

+ Z EI: (.)7/,0 - _)70,0)2
i=1 j=1
S G 5 4 S (e — e’

i=1 j=1 =1 j=1

=RSS + Z Ni (Vie — Fo,0)°.
i=1
It follows from the general theory that
Z?:l nj (J7i,o - )70,0)2 /(p - 1)

Fo—1 n—p.
— p—1.n—p
5):1 Z_lnlzl (y/,j - Yi,O) /(n—p)
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“Statistical interpretation”:
- = 3\2
Z?:l nj (yi,o - Y.,.)
p—1

= The variation between the samples;

whereas
. _ \2
5’3:1 Zj’:l (YI',j - y/‘,o)
n—p

= The variation within the samples.

Therefore,

RSSp, = Variation between + Variation within = Total variation.



Lotrore

Confidence Intervals and
Sets

Throughout we adopt the normal-error model, and wish to say some things
about the construction of confidence intervals [and sets] for the parameters

1. Confidence intervals for one parameter

Suppose we want a confidence intervals for the ith parameter G;, where 1 <
I < pis fixed. Recall that

~

Bi — Bi ~N(0, 1),
o2 [(X'X)~1];;
and
RSS 1 N2 OPXn
2. _ _ - ~ n—p
S T e (i (KB~ T
and is independent ofﬁ. Therefore,
Bi — Bi N(0, 1) _
— tn—p»

\/52 [(X'X)~; - \/X%fp/(” —p)

where the normal and x? random variables are independent. Therefore,

Bi £t 5, /(X' X)1];,
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isa (1—a)x100% confidence interval for B;. This yields a complete analysis
of confidence intervals for a univariate parameter; these confidence intervals
can also be used for testing, of course.

2. Confidence ellipsoids

The situation is more interesting if we wish to say something about more than
one parameter at the same time. For example, suppose we want to know about
(Bo ., B1) in the overly-simplified case that ¢ = 1. The general philosophy of
confidence intervals [for univariate parameters] suggests that we look for a
random set 2 such that

() @) <o)
2 2

51 b1

()~ (&) =)
where 2 is a 2 X 2 matrix with

o= [(X'X)™!]

And we know that

ij
Here is a possible method: Let

N B — 51) N
=[5 . so that ~N>(0,X).

¥ (62 5, ¥~N2(0,%)

Also, recall that

Srs—1g 2

YL F ~ X3
Therefore, one natural choice for Q2 is

Q:={xeR?: XT'x <x3(a/2)}.
What does 2 look like? In order to answer this, let us apply the spectral
theorem:
Y = PDP — Yy l=PD'P.

Then we can represent 2 as follows:

Q={xeR?: XPD 'P'x <x3(a/2)}
={xeR?: (Px)D'(P'x) <x3(a/2)}
={PycR?: y'D'y < x5(a/2)}

2 2
=dPyeR: 4 12 <32q/2) ).
A1 A
Consider
i ¥

&= {yeRQ: )\1+>\2§x§(a/2)}. (1)



3. Bonferonni bounds 73

This is the interior of an ellipsoid, and Q = P& is the image of the ellipsoid
under the “linear orthogonal map” P. Such sets are called “generalized ellip-
soids,” and we have found a (1 — a) x 100% confidence [generalized] ellipsoid
for (B1.B2)".

The preceding can be generalized to any number of the parameters 3, , . . ., Bi,.
but is hard to work with, as the geometry of 2 can be complicated [particularly
if k > 2]. Therefore, instead we might wish to look for approximate confi-
dence sets that are easier to work with. Before we move on though, let me
mention that if you want to know whether or not Hg : 81 =10, B2 = B20,
then we can use these confidence bounds fairly easily, since it is not hard to
check whether or not (B1,0,82,0)" is in Q: You simply compute the scalar

quantity
(B1.o.Ba20) T 1 <gl’0> ,
2,0

and check to see if it is < x3(a/2)! But if you really need to imagine or see
the confidence set[s|, then this exact method can be unwieldy [particularly in
higher dimensions than 2].

3. Bonferonni bounds

Our approximate confidence intervals are based on a fact from general proba-
bility theory.

Proposition 1 (Bonferonni's inequality). Let Eq, ..., E. be k events. Then,

k k
P(ElmmmEk)z1—ZP(EJ¢)=1—Z 1-P(E))
Jj=1 =1

Proof. The event ETU---UEL is the complement of E1N---NE. Therefore,
P(ExNn---NEx)=1-P(EfU---UEy),

and thisis > 1 — Zle P(Ef) because the probability of a union is at most
the sum of the individual probabilities. O

Here is how we can use Bonferonni's inequality. Define

=B £tV (X X)), (=1,2).

We have seen already that

PiBeCH=1-3.

[This is why we used a/4 in the definition of C;.] Therefore, Bonferonni's
inequality implies that
o'

PiB1eC. PeCl 21— |S+5]=1-a
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In other words, (Cy, C) forms a “conservative” (1 — a) x 100% simultaneous
confidence interval for (61 ,62). This method becomes very inaccurate quickly
as the number of parameters of interest grows. For instance, if you want
Bonferonni confidence sets for (G1,82,03), then you need to use individual
confidence intervals with confidence level 1—(a/3) each. And for k parameters
you need individual confidence level 1—(a/k), which can yield bad performance
when k is large.

This method is easy to implement, but usually very conservative.!

4. Scheffé’s simultaneous conservative confidence bounds

There is a lovely method, due to Scheffé, that works in a similar fashion
to the Bonferonni method; but has also the advantage of being often [far]
less conservative! [We are now talking strictly about our linear model.] The
starting point of this discussion is a general fact from matrix analysis.

Proposition 2 (The Rayleigh—Ritz inequality). If Lpx, is positive definite,
then for every p-vector b,

b'L~1h = max
h=£0

(W' b)?
WLh |

The preceding is called an inequality because it says that

(W' b)?

WLh

and it also tells us that the inequality is achieved for some h € RP.

bL b <

for all hpx1,

Proof of Rayleigh—Ritz inequality. Recall the Cauchy—Schwarz inequality from
your linear algebra course: (u'v)? < |lu||? - ||v||? with equality if and only if
v = au for some a € R. It follows then that
(u'v)?

= [lul®.

v'v

max |:
v#0

Now write L := PDP’, in spectral form, and change variables:

/
1
vi= (L /2) h,
in order to see that
/ / 1/ ! / /
uv:u<L 2) h, v'v=~HLh,
1On the other hand, the Bonferonni method can be applied to a wide range of statistical problems

that involve simultaneous confidence intervals [and is not limited to the theory of linear models. So
it is well worth your while to understand this important method.
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and so

a2 = (v (L7)n)
Uie =M WLh

Change variables again: b := L"2u to see that

2
ul? = HL—V% ‘ — L 'p.

This does the job. O

Now let us return to Scheffé's method. Recall that

B—-B~N,(0,02(X'X)™1),

so that
S (B-8) (XX) (B-B) ~
and hence
B-B)(XX)B-8) (B-8) (X'X)B-8)/p

pS2 - S? ~ Fonp.

We apply the Rayleigh—Ritz inequality with b =8 — B and L := (X’X)! in
order to find that

60 020 8-9) - | G0 LAL .

Therefore,

1 h ﬁ*ﬁ 2
P {;;52 ez [{h/((xlx)—)li] < Fp,n_p(a)} —1-q

Equivalently,

P {\/‘% < \/pS2 Fpn_p(a) forall h e Rp} =1-a.

If we restrict attention to a subcollection of h's then the probability is even
more. In particular, consider only h's that are the standard basis vectors of
RP, in order to deduce from the preceding that

1B-8]

\/[(X’X)LJ

In other words, we have demonstrated the following.

pS? Fpnpla) forall1<;j<ps>1-a.
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Theorem 3 (Scheffé). The following are conservative (1 — a) x 100% simul-
taneous confidence bounds for (B1, ..., Bp)':

B +/pS2IX' X)) Fonpla) (1<) <p).

When the sample size n is very large, the preceding yields an asymp-
totic simplification. Recall that x%_p/(n —p) = 1 as n — oo. Therefore,

Fp.n—p(a) = x,%(a)/p for n > 1. Therefore, the following are asymptotically-
conservative simultaneous confidence bounds:

B+ s\/[(XfX)—l]j,j X3(e) (1< <p)forn> 1.

5. Confidence bounds for the regression surface

Given a vector x € RP of predictor variables, our linear model yields Ey = x'B.
In other words, we can view our efforts as one about trying to understand the
unknown function

f(x) = xB.
And among other things, we have found the following estimator for f:
f(x) = xB.

Note that if x € RP is held fixed, then
f(x) ~ N (f(x),0?x'(X'X) 'x).

Therefore, a (1 —a) x 100% confidence interval for f(x) [for a fixed predictor
variable x] is

F(x) £ Sv/x' (X' X) " Ix {272,

That is, if we are interested in a confidence interval for f(x) for a fixed x,
then we have

{f(x) — f(x) + SV/X' (X' X)Ix t("‘/2>} —a

On the other hand, we can also apply Scheffé’'s method and obtain the follow-
ing simultaneous (1 — a) x 100% confidence set:

P {f(x) = f(x) % S\/px’(X’X)—lx Fp.n—p(c) forall x € Rp} >1—o.
Example 4 (Simple linear regression). Consider the basic regression model
Yi=a+08xi+¢€ (1<i<n).
If w=(1,w), then a quick computation yields

— 2wX 4+ w?
w (X' X) lw =

ns2
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where we recall s7 := Y (x; — X)?. Therefore, a simultaneous confidence

interval for all of & + Bw's, as w ranges over R, is

A 2 —
&+ pBw+ S\/2 [x2 —2wWX + W2] Fona(a).
ns

X

This expression can be simplified further because:

x2 = 2wx + w? = x2 — (%)% + (%)% — 2wx + w?
=52+ (x—w)?
Therefore, with probability 1 — o, we have

R 1 (x—w)?
a+pBw = d+5wi5\/2 (n + (XnSzM/)) Fo.n—2(a) for all w.

X

On the other hand, if we want a confidence interval for a + Gw for a fixed w,
then we can do better using our t-test:

/2)
n—2 -

. 1 (X —w)?
a+5w:&+6wis\/<+(xgv)>t(‘i
n nsg

You should check the details of this computation. [l

6. Prediction intervals

The difference between confidence and prediction intervals is this: For a con-
fidence interval we try to find an interval around the parameter x’3. For a
prediction interval we do so for the random variable y, := x)8 + €9, where
Xo is known and fixed and g is the “noise,” which is hitherto unobserved (i.e.,
independent of the vector Y of observations).

It is not hard to construct a good prediction interval of this type: Note
that

Yo == x\B
satisfies
Jo—Yo=x,B-B) —eo~N (0,02 [x4(X'X) 1x0 +1]).
Therefore, a prediction interval is

Jo + St [ (X X)71x0 + 1.

This means that

P {yo € Jo £ S 12\ [xp(X1X) "1xg + 1} =1-a,

but note that both yg and the prediction interval are now random.
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Polynomial Regression

1. Introduction

Here is a careful statement of the Weierstrass approximation theorem, which
states in loose terms that every continuous function on a bounded set can be
approximated arbitrarily well by a polynomial.

Theorem 1 (Weierstrass Approximation Theorem). If f : [a, b] — R is con-
tinuous, then for all € > 0 there exists a polynomial P such that

max |f(x) — P(x)| < e.
agxgbI (x) = P(x)]
Therefore, if we can trying to estimate a variable y using only a variable x,

then it makes good sense to try to fit polynomials to our regression fit. The
general linear model becomes, in this case,

Y/:,Bo+,31X,'+ﬁ2x,-2+"'+ﬁkX/k+6/ (1§i§n).

This is indeed a linear model, as we have seen, with design matrix

1 x1 xl2 e x{‘
X=|: : :
I X, x2 - xf

A practical problem that arises here is this: If k is large then X'X is "ill-
conditioned” and therefore very hard to invert accurately. For instance, sup-
pose xi, ..., Xp are spaced uniformly in (0, 1), so that x; = 1/n, xo =2/n, ...,
X, = /n=1. In that case,

N N IR N AU AU BN A
(XX)I,J_ZXK,IXK,J_ZXka—Z s - —nxnz - .
k=1 k=1 k=1

79
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Riemann's theory of integral tells us that

1 n k i+ I 1
Z() :/X’J”dX:. L
ne—\n 0 I+7+1

when n is large. Therefore, the k x k matrix X’X satisfies

11 1
3 4 k+2
SO 9
4 5 k+3
X'X~n| ° Bl = am,
1 1 . 1
k+2 k+3 2k+1

for large values of n. For example,

1/3 1/4 1/5 1/6 1/7 1/8 1/9
s 1/5 1/ 1/7 1/ 1/o 1/10
/s 1/¢ 1/7 1/g 1/9 1/10 1/11
M=1|1 17 18 1/o 1/10 1/11 1/12
7 18 1/ 1/10 /11 112 1/13
/g 1/o 1/10 1/11 /12 1/13 1/14
/o 1/10 1/11 1/12 1/13 1/14 1/15

inthe k = 7 case. Already k is only modestly sized, but you see that almost half
of the entries in M are below 0.01. Therefore, a small error in the computation
M1 leads to a massive error in the computation of (X'X)™! ~ (1/n)M~!
for modest-to-large values of n. Your textbook recommends that you keep
polynomial regression to below polynomials of degree 6.

2. Orthogonal polynomials

A more robust approach is to use orthogonal polynomials. That is, reparametrize
our polynomial regression model such as

Yi = Yodo(xi) +11¢1(x) + - + Vb (i) + i,
where the «y;'s are unknown parameters, ¢; is a jth-order polynomial, and

1 whenever m=1,
0 whenever m# |/

> dmxi)bi(x) =

=1
[In other words, ¢y, ..., ¢« are orthonormal over {x;}"_,.]
Note that this is a linear model with p := k + 1. Indeed,

Y =X7+e¢,

=Im

where
Go(x1) - Pk(x1)
X = : :

¢O(.Xn) ¢k(.Xn)
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Before we discuss how we can find these ¢;'s, let us see what we have gained
by using them. Notice that X;; = ¢;(x;) (1 <7 < n, 0 <j < k) [note that
the matrix is now indexed in a slightly funny way, but this is of course ok].
Therefore,

(X'X);j = ZXk,iXk,j = Z¢i(Xk)¢j(Xk) =lij=X'X=1.
K P

In particular, it is now a trivial task to invert X’X = I Qur parameter esti-
mates are also simplified: 4 = (X’X)~1X'Y = X'Y. Therefore,

n
yi = ZXJ‘JYJ = Z¢i(>9')yj,
J J=1

and

4 ~ Ng41 (7,0°%1)  under the normal-error model.

In other words, under the normal model, the 4;’s are independent!
Let us compute the fitted values next: Y = X4 = XX'Y; therefore,

RSS = Y = Y| = [Y[|? —2Y'V + ||V
— IYIP = 2(X'Y)? + (X'Y)2 = Y|P = (X'Y)?
= Y11 = 141
Now suppose we are testing for contrasts:
Ho: Ay =rc,
where Agy (k41) is full rank with g < k, and cgx1 is a known vector. Then,
Yy =4+ (X'X) A [AX'X) LA T (c - AF)
=4+ A(AA) ! (c - A7),
and
RSSH, — RSS = (AF — ¢) [A(X'X)TA] ™ (A9 — ¢)
= (A¥ - c) (AA) " (A¥ —©).

In particular,

(A — ) (AA) (A — <) [awy
VP AP k=1~ Farp

One can work out, using similar means, Scheffé-type conservative confi-
dence intervals, etc.
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3. The Forsythe—Hayes 2-step method

It remains to introduce a way of finding our orthonormal polynomials ¢q, . . ., Ok
Remember that our goal is to find these so that, given xq, ..., Xn,

D dm(xi)be(xi) = Imye.
i=1

Forsythe (1957) and Hayes (1969) adapted a classical method from analysis
(Christoffel, 1858; Darboux, 1878) to the present setting in order to find an
algorithm for finding such polynomials. We follow their method next.

Suppose we could find polynomials ¥y, . . ., Py such that
n

Z YUm(Xi)WPe(x;) =0 whenever m # £.
i=1

That is, ¥'s are merely orthogonal polynomials. Then,

Ym(x)
27:1[¢m(xi)]2
defines our orthonormal polynomials. It remains to compute the 1);’s.

We start with

dm(x) = (0<m<k x€R)

Yo(x) =1,
and 1 has the form 1)1 (x) = x — a1. [The slightly more general form ¥1(x) =
c(a — x) does not gain us any further insight; why?] The constant a; has to
be chosen so that D7 ; ¥1(x)¥o(x) =0 = >"_, x;—na; =0 = a; = X,
That is,
P1(x) = x — X.
From here on we can describe things algorithmically. Suppose we have defined

Yo, ..., 1, so that they are orthogonal to each other [the induction hypothe-
sis]. Then for all r > 1,

Wry1(x) == (X — arp1)¥r(x) — brpr—1(x),

where a,41 and b, are chosen so that 1,11 is orthogonal to ¥y, ..., PYr. In
particular, we must have

0= Z Yr1(Xi)Wr(Xi)

i=1

=Y (6 — ar ) [ ) = b > b1 06)wr(x)
i=1 i=1

=0 by induction

= Xl O)I> = ar1 Y [ 0)]* (b induction).
=1 i=1
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Therefore,if we choose
apas = 2o Xilwr ()17
L 0P
then 1,41 is orthogonal to ;.

In order to find b, we note that we must set things up—at the very least—
so that 1,41 is orthogonal to ,_1. That is,

0= Z¢r+1(></)7l/r—1(xf)
= Z — 3 ) () Br1(x) — by Z[wr 10017
= Zx,-wr(x,-wr_l(x,-) —ar Zwr(x,-wr_l(x,-) = b ) -1 (0
- i =1

- fodjr X/)wr 1 X/ b Z "/Jr 1 XI

thanks to induction. We can S|mpI|fy this a little more still, mainly because
Yr(x) = (x — ar)W¥r—1(x) — bybr—2(x). In this way we find that

in"pr(xi)'lpr—l(Xj) = Z(X,’ —a)Yr(x)WUr—1(x) (induction)
i=1 i=1

=3 W )P+ b Y Y2 ()W (x) = D[ (x0)]?
=1 =1 =1

Therefore, our candidate for b, is

Zle[wr(x,-)]z
S [r-1(x)]2
With the present choice of a,+1 and b, ¥,4+1 is orthogonal to both 1, and
¥,—1. Now it remains to prove that this choice of a,41 and b, actually works.

That is, we proceed to show that, for our construction, 4,11 is orthogonal to
Py for every £ < r — 2. Note that

by =

Z"pﬂrl Xi)We(xi) Z(X/ — ar+1)Yr (X)W () brzwr 1(Xi) ()

i=1

= Z xiPr (i) Pe(x;)
i—1

=0 by induction

= > (6 = ar)YrO)Pe(x) = be Y Pr () besa (%) -
i=1 i=1
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The defining property of the 9’s tells us that for £ < r — 2,
n n
D e (0)Pe() =D e (i) ey () =0,
i=1 i=1

thanks to induction.
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Splines

1. Introduction

One way to think of linear regression is this: We have data of pairs of points
(x1,v1), ..., (Xn,¥n), and try to fit a line through this. We have added to
this procedure by studying what happens if the error in this approximation
[y = Bo +B1x + noise] has a normal distribution etc. Here we study a different
angle on these problems: Are there better curves than lines that can be fitted
through the points (x1, Y1), ..., (Xn, ¥n)? One answer is polynomial regression.
Another is splines, which | will say a few things about.

Suppose we have a fixed interval [a, b] in which we are seeing numbers,
and also have a subdivision of this interval,

a:=8 <& < <& < &k+1 =D

We say that a function S : [a, b] — R is a spline with knots £1 < --- < & if
there exists an integer M > 1—called the order of S—such that: (i) S is a
polynomial of degree M — 1 in [£;,&;11] for every 1 </ < k—1; and (ii) S
and its first M — 2 derivatives all exist and are continuous everywhere in [a, b].
When a = —co and b = oo, we think of & and &1 also as knots of S.

In other words, S is a spline if it is smooth function that is piecewise
polynomial.

2. Linear splines

Suppose our datais (§1,y1), ..., (&x . yx) and we wish to do a piecewise linear
fit. The following is an order M = 2 spline that does the job:
B x—&;
S)=yitVir1—yi) | m— for every §; < x < &jt1.
5/—&-1 - 5/
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This does ths job. (Draw a picture!) But we need to understand how it was
derived.

First you reparametrize the interval [§;,&;+1) by [0,1). That s,
x &
t:= 75'
Eiv1 —&i
As the variable x increases from &; to &;11, the variable t increases from 0 to
1. That is, with this parametrization,

S(x) =Yi(t)  when§ <x <& (2)

for § < x < §ip1. (1)

In parameter t, the ith piece of the spline should look like a line:
Yi(t) = a; + bit (0<t<1),
subject to Yj(0) = y; and Yj(1) = yj11. Therefore, a; = y; and a; + bj = yj11.
This leads us to
Yi(t) = yi + (Vi1 — yi)t (0<t<).

Use this together with (1) and (2) in order to compute the spline at any point
X.

3. Quadratic splines

Here, M = 3. We apply the same reparametrization (1) and (2) as before, but
now use the following quadratic interpolation formula in place of the previous
linear one:

Yi(t) = aj + bt + ¢;t? (0<t<1);
subject to Yj(0) = y;, Yi(1) := limg Yi(t) = yip1. This yields,
Yi=aj,
Yit1 —Yi=bi+ .

This identifies the a;'s and shows also that if we can compute all of the b;'s
then we will have explicit formulas for the ¢;'s as well.

ai =Y, a,-—i—b,'—i-c,':y,-+1:>{

We also have a continuity condition on the derivative of order M —2 = 1.
To see how that manifests itself note that
Y/(t) = b + 2¢;t (0<t<1).
In particular, Y/(0) = b; and Y/(1) = bj + 2¢;. If § < x < &j41, then
S/(X) _ dS(X) _ d\/l(t) g _ »/ll(t) _ bi +2Cit
dx dt dx & —& & —&
thanks to the chain rule. Since we want S’ to be continuous everywhere, it is
enough to check that S'(§;41—) = S'(§;+1+). But
Y/(1) bi + 2¢;
S/ . ) — | — ! ! '
(&i1-) §iv1—& &1 —&
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and
/+1(0) _ bi+1
Eivo—&iy1 Civo—&ip1

s’ (51—1—1 )

Therefore, we also want
b; + 2¢; bit1

i1 —&  Eipo—E&iv1

1 E/+1—5/> o }
61_2[(5/+2—5/+1 bivs = bi| -

Since yj+1 — yi = bj + ¢, the preceeding shows that
Eiv1 — &
Yisr—Yi=bi+ 3 [(W biy1 — b

£/+2 - £/+1

_ bina < §it1 =& > bj
2 \&2—&im1 2
Equivalently, that

bit1 = [2(Vi+1 — yi) — bi <£gi1__£gl> '

That is, if we knew by then we could iteratively compute all of the b;'s, and
be finished.

In order to find by we need one more condition. Usually, people assume a
zero derivative condition at the left-most knot:

S'(a) = 0 = Y{(0) = 0 = b = 0.

Equivalently,

This completes the algorithm for computing our spline. Any other choice of
S’(a), than zero, would yield a different [perfectly ok] spline as well.

In practice, it is not enough to use quadratic splines, since splines start to
look smooth at the cubic level. This requires a great deal more computation,
but is still a managable problem.

4. Cubic splines

Now we consider the still-more interesting case that M = 4 [cubic splines].
Recall that we want a piece-wise cubic fit S of our data such that S, S/, and
S” are continuous [not piecewise continuous] functions. We will adopt the
boundary conditions

S"(a) = S"(b) =0,
as it is customary. As before, we work on each piece [¢;, &;11] separately by
first changing variables for the ith piece:

t:= gH_l 51&[ (gl <x < €/+1)'
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Then in t coordinates, our spline model is
Yi(t) = a; + bit + ¢;t* + djt> (0<t<1),

in the ith piece. First of all, our spline function has to go through the data
points. That is, Yj(0) = y; for all 0 </ < k. In other words,

ai =Yi (OS/S/(). (3)
This shows that the a;'s are determined. We need to compute the b's, ¢'s,
and d'’s.
The statement that S is continuous is equivalent to Yj;1(0) = Y;(1) for
all i. That is,
Yit1 =Yi+bi+c+d (0<i<k—-1). (4)
We want also that S’ to be continuous. Now, if £ < x < €11, then

S/(x) = dS(x) _dvi(t) dt  Y/(t)  bi+2ct+3dt?

dx dt  dx &1 —¢& §iv1—&
The continuity of S’ is equivalent to the statement that S’(§;11—) = S'(§11+)
for all /. Put in yet another way, we want

Y/(1) Y! .(0)
S'(&i1—-) = = S/(fiq4) = — 17
G =g e ) = e e
Plug in the value of Y/(1) and Y/ ,(0) to see that
b,‘ + 2C,' + 3d,‘ i b,‘_|_1

= i 5
§iv1 —&i Eivo — &iv1 )
This shows that if we could solve the ¢;'s and the d,'s, as well as by, then we
could also find all of the b;'s. In fact, the way we do so is as follows: Set
bi Ci di

51-1—1 5/ Ci: 51—1—1 f, Di: &H—l g/

B,‘ =
Then (5) says that
Bi+2C;+3D;=Bj;1 <<= Bjt1—Bi=2C;+3D;.

Add from / =0 to / = in order to see that for all J,
J J
Bj=By+2) Ci+3> D (6)
i=0 =0

Our second-derivative requirement is that S” is continuous. If §; < x <
&i11, then the chain rule tells us that
dt  2¢ + 6dt

S//(X) Y”(t) dX €I+1 &-/
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since d°t/dx? = 0. Thus, we set S”(&;41—) = S”(&;41+) in order to see that

V) YL
Eiv1— &  Eipo—&ip1

which is to say that

2¢; + 6d; . 2¢Cit1
Eiv1—&  Eiqo—&i41
l.e.,
d,' 1 Citr1 Ci Ci+1 - Ci
D; = - = : 7
I & {sz — &1 &1 — & 3 )

Thus, if we could compute all of the ¢;'s, then we will know all of the d;'s as
well, and thereby all b;'s, which ends our task. In fact, by (7),

/ 1 Civ1—Co
Z Dy =3 Z(Ceﬂ —Cp) = — 3
=0 =0

Plug this into (6) and change variables [j <+ /] to obtain

Bi=Bo+2)» Cp+3[Cit1— Co
£=0

= Bo—Co+22C¢+3C1+1.

=1
Now, by (4),
Ei = Jg/:i E,_B+C+D
:BO—CO+2Z’:Ce+3C,+1+C,-+C'+1?)_C’
o
fBO—CO+2ZCe+8C+ OC,Jrl
=1

where 22:1 Cy := 0. In other words, given By and Cy [oftentimes, people
choose them to be zero], the vector C := (Cq, ..., Cik+1)' solves

E = (Bo — Co)l(k41)x1 + MC,
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where M is the following (k + 1) x (k + 1) matrix:

8/3 10/3 0 0 0O O 0 0

2 83 10/3 0 0O O 0 0

2 2 83 103 ... 0 O 0 0
M =

2 2 2 2 .- 2 83 10/3 Q

2 2 2 2 .- 2 2 83 10/3

2 2 2 2 ... 2 2 2 83

The matrix M turns out to be invertible. Therefore, we obtain C by
C=M1 [E—(Bo— CO)l(k—i-l)xl] :

Now, (7) yields D := (Dy, ..., Dy+1)', and (6) allows us to finally compute
B :=(By,..., Bky1)'. Now backsolve for the b;'s, ¢;'s, and the d;'s to finish

[bi = (&i+1 — &i)Bi, etc]



