
Hypothesis Testing

Throughout, we assume the normal-error linear model that is based on
the model

� = β1�1 + · · · + β��� + noise�

[Note the slight change in the notation.]

1. A test for one parameter

Suppose we want to test to see whether or not the (� + 1)st �-variable
has a [linear] effect on the � variable. Of course, 1 ≤ � ≤ �, so we are
really testing the statistical hypothesis

H0 : β� = 0�

Since �β ∼ N�

�
β � σ

2(X�
X)−1�

, it follows that

�β� ∼ N
�

β� � σ
2

�
(X�

X)−1
�

���

�
�

Because S is independent of �β and hence �β� , and since S
2
/σ

2
∼ χ

2
�−�/(�−

�),
�β� − β�

S

��
(X�X)−1�

���

= σ

S
·

�β� − β�

σ

��
(X�X)−1�

���

∼ ��−��

Therefore, it is now a routine matter to set up a �-test for H0 : β� = 0.
As usual, testing has implications that are unattractive; it is much better
to present a confidence interval [which you can then use for a test if you
want, any way]: A (1 − α) × 100% confidence interval for β� is

�β� ± S�
α/2
�−�

��
(X�X)−1�

���
�
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64 9. Hypothesis Testing

If you really insist on performing a level-α test for β� , it suffices to check
to see if this confidence interval contains 0. If 0 is not in the confidence
interval then you reject. Otherwise, you do nothing.

2. Least-squares estimates for contrasts

We wish to study a more general problem. Recall that our model has
the form

� = β1�1 + β1�1 + · · · + β��� + noise�

If we sample then the preceding becomes Y = Xβ+ε, as before. As part
of model verification, we might ask to see if (��)�∈J should be excised
from the model, where J := {� � � + 1 � � � � � �} is a subset of the index
{1 � � � � � �}. In other words, we ask

H0 : β� = · · · = β� = 0�

Note that we can translate the preceding, using the language of matrix
analysis, as H0 : Aβ = 0, where

A :=




0 0 0
0 I 0
0 0 0



 �

where the identity matrix in the middle is (� − � + 1) × (� − � + 1); it starts
on position (� � �) and runs � − � units in rows and in columns.

Now we ask a slightly more general question [it pays to do this, as it
turns out]: Suppose A is a � × � matrix of full rank � ≤ �, and we are
interested in testing the hypothesis,

H0 : Aβ = 0� (1)

The first question to ask is, “how can we estimate β”? The answer is
given to us by the principle of least squares: We write [as before]

Y = θ + ε� where θ := Xβ�

and ε = (ε1 � � � � � ε�)� are mean-zero random variables, and first find the
least-squares estimate �θH0 of θ, under the assumption that H0 is valid.
That is, we seek to minimize �Y − X��

2 over all �-vectors � such that
A� = 0. The optimal value yields �θH0 = X�βH0 .Then we obtain �βH0 by
noticing that if X has full rank, then �βH0 = (X�

X)−1
X

��θH0 �

Now it follows by differentiation [or just geometrically] that �θH0 is
the projection of Y onto the subspace � of all vectors of the form � =
X� that satisfy A� = 0, where � is a �-vector. We can simplify this
description a little when X has full rank. Note that whenever � = X�,
we can solve to get � = (X�

X)−1
X

�
� . Therefore, it follows that—when X
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has full rank— �θH0 is the projection of the observations vector Y onto
the subspace � of all vectors of the form � that satisfy

A1� = 0� where A1 := A(X�
X)−1

X
�
�

In other words, � is the subspace of �(X), whose every element � is
orthogonal to every row of A1. In symbols,

� = �(X) ∩
�
�(A�

1)
�⊥

�

Because A
�

1� = X� for � := (X�
X)−1

A�, it follows that �(A�

1) is a subspace
of �(X). Therefore, we can apply the Pytheagorean property to see that

�θH0 = P�Y = P�(X)∩[�(A�

1)]⊥Y

= P�(X)Y − P�(A�

1)Y

= �θ − A
�

1(A1A
�

1)−1
A1Y �

Now
A1A

�

1 = A(X�
X)−1

X
�
X(X�

X)−1
A

� = A(X�
X)−1

A
�
�

Therefore,

�θH0 = �θ − X(X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1
A(X�

X)−1
X

�
Y �

Aside: How do we know that A(X�
X)−1

A
� is nonsingular? Note that

A(X�
X)−1

A
� is positive semidefinite. Now X

�
X is positive definite; there-

fore, so is its inverse. Therefore, we can write (X�
X)−1 = B

2 = BB
�
�

where B := (X�
X)−1/2 is the square root of (X�

X)−1. In this way we find
that the rank of A(X�

X)−1
A

� is the same as the rank of AA
�. Since A

has full rank, AA
� is invertible. Equivalently, full rank. Equivalently,

A(X�
X)−1

A
� is a full-rank positive definite matrix; hence nonsingular.

The vector �θH0 := �YH0 = X�βH0 is the vector of fitted values, assuming
that H0 is correct. Therefore, the least-squares estimate for β—under
H0—is

�βH0 := (X�
X)−1

X
��θH0 = �β − (X�

X)−1
A

�

�
A(X�

X)−1
A

�

�−1
A(X�

X)−1
X

�
Y

= �β − (X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1
A�β

=
�

I − (X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1
A

�
�β�

This can be generalized further as follows: Suppose we wish to test

H0 : Aβ = ��

where � is a known �-vector [we just studied this in the case that � = 0].
Then we reduce the problem to the previous one as follows: First find a
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known �-vector β0 such that Aβ0 = �. Then, create a new parametriza-
tion of our problem by setting

γ := β − β0�

and
�Y := Xγ + ε� equivalently �Y := Y − Xβ0�

Since Aγ = 0, we know the least-squares estimate �γH0 is given by

�γH0 =
�

I − (X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1
A

�
�γ�

where
�γ := (X�

X)−1
X

� �Y = (X�
X)−1

X
�
Y − β0 = �β − β0�

In other words,

�βH0 − β0 =
�

I − (X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1
A

� �
�β − β0

�

=
�

I − (X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1
A

�
�β − β0 + (X�

X)−1
A

�

�
A(X�

X)−1
A

�

�−1
Aβ0

=
�

I − (X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1
A

�
�β − β0 + (X�

X)−1
A

�
A(X�

X)−1
A

�

�−1
��

In this way, we have discovered the following:

Theorem 1. Consider once again the general linear model Y = Xβ+ε.

If A�×� and ��×1 are known, and A has full rank � ≤ �, then the least-

squares estimate for β—under the null hypothesis H0 : Aβ = �—is

�βH0 = Θ�β + µ�

where

Θ :=
�

I − (X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1
A

�
� (2)

and

µ = µ(�) := (X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1
�� (3)

provided that X has full rank.

3. The normal model

Now consider the same problem under the normal model. That is, we
consider H0 : Aβ = � under the assumption that ε ∼ N�(0 � σ

2
I).
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Theorem 2. Consider the normal-error linear model Y = Xβ + ε.

If A�×� and ��×1 are known, and A has full rank � ≤ �, then the

least-squares estimate for β—under the null hypothesis H0 : Aβ = �—

satisfies

�βH0 ∼ N�

�
β � σ

2Θ(X�
X)−1Θ�

�
�

provided that X has full rank.

Indeed, since

�β ∼ N�

�
β � σ

2(X�
X)−1

�
and �βH0 = Θ�β + µ�

it follows that
�βH0 ∼ N�

�
Θβ + µ � σ

2Θ(X�
X)−1Θ�

�
�

Therefore, it remains to check that Θβ + µ = β when Aβ = �. But this
is easy to see directly.

Next we look into inference for σ
2. Recall that our estimation of σ

2

was based on RSS := �Y − X�β�
2. Under H0, we do the natural thing and

estimate σ
2 instead by

RSSH0 :=
���Y − X�βH0

���
2

=

��������
Y − X�β� �� �

�1

− X(X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1 �
� − A�β

�

� �� �
�2

��������

2

�

I claim that �2 is orthogonal to �1; indeed,

�
�

2�1 =
�
� − A�β

�� �
A(X�

X)−1
A

�

�−1
A

�β� �� �
(X�

X)−1
X

�
Y

−

�
� − A�β

�� �
A(X�

X)−1
A

�

�−1
A (X�

X)−1
X

�
X� �� �

I

�β

= 0�

Therefore, the Pythagorean property tells us that

RSSH0 =
���Y − X�β

���
2

+ ��2�
2

= RSS + ��2�
2
�
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Next we compute
��2�

2 = �
�

2�2

=
�
� − A�β

�� �
A(X�

X)−1
A

�

�−1
A(X�

X)−1
X

�
X(X�

X)−1
� �� �

I

A
�

� �� �
A(X�X)−1A�

�
A(X�

X)−1
A

�

�−1

� �� �
I

�
� − A�β

�

=
�
� − A�β

�� �
A(X�

X)−1
A

�

�−1 �
� − A�β

�
�

In other words,

RSSH0 = RSS +
�
� − A�β

�� �
A(X�

X)−1
A

�

�−1 �
� − A�β

�
� (4)

Moreover, the two terms on the right-hand side are independent because
�β and Y − X�β—hence �β and RSS = �Y − X�β�

2—are independent. Now
we know the distribution of RSS := (�−�)S2

∼ σ
2(�−�)χ2

�−�. Therefore,
it remains to find the distribution of the second term on the right-hand
side of (4). But

A�β ∼ N�

�
Aβ � σ

2
A(X�

X)−1
A

�

�
H0= N�



� � σ
2

A(X�
X)−1

A
�

� �� �
:=Σ



 �

Therefore, Z := σ
−1Σ−1/2(A�β − �) ∼ N�(0 � I�×�)� Also, we can write the

second term on the right-hand side of (4) as
�
A�β − �

�� �
A(X�

X)−1
A

�

�−1 �
A�β − �

�
= σ

2
Z

�
Z = σ

2
�Z�

2
∼ σ

2
χ

2
��

Let us summarize our efforts.
Theorem 3. Consider normal–error linear model Y = Xβ+ε. Suppose

A�×� and ��×1 are known, and A has full rank � ≤ �. Then under the

null hypothesis H0 : Aβ = �, we can write

RSSH0 = RSS + W�

provided that X has full rank, where RSS and W are independent, we

recall that RSS ∼ σ
2(� − �)χ2

�−� , and W ∼ σ
2
χ

2
� . In particular,

(RSSH0 − RSS)/�
RSS/(� − �)

H0
∼

χ
2
�/�

χ
2
�−�/(� − �)

[the two χ
2’s are independent]

= F���−��

See your textbook for the distribution of this test statistic under the
alternative [this is useful for power computations]. The end result is a
“noncentral F distribution.”
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4. Examples

1. A measurement-error model. For our first example, consider a ran-
dom sample Y1� � � � � Y� ∼ N(µ � σ

2); equivalently,
Y� = µ + ε� (1 ≤ � ≤ �)�

where ε ∼ N�(0 � σ
2
I). This is a linear model with � = 1, X := 1�×1, and

β := µ. Recall that (X�
X)−1 = 1/� and hence β̂ = (X�

X)−1
X

�
Y = Ȳ .

If we test H0 : µ = µ0 for a µ0 the is known, then A = 1 is a 1 × 1
matrix (� = 1) and Aβ = � with � = µ0.

Given that H0 is true, the least-squares estimator of µ [β̂H0 ] is

β̂H0 := µ̂H0 = β̂ + (X�
X)−1

A
�

�
A(X�

X)−1
A

�

�−1 �
� − Aβ̂

�

= Ȳ + 1
�

· � · (µ0 − Ȳ ) = µ0�

[Is this sensible?] And

RSS = �Y − Xβ̂�
2 =

��

�=1
(Y� − Ȳ )2 = ��

2
��

Therefore,

RSSH0 − RSS = (Aβ̂ − �)�
�
A(X�

X)−1
A

�

�−1 �
Aβ̂ − �

�

= �(Ȳ − µ0)2�

And
(RSSH0 − RSS)/�

RSS/(� − �) = (Ȳ − µ0)2
�2

�/(� − 1)
H0
∼ F1��−1�

But
Ȳ − µ0

��/
√

� − 1
H0
∼ ��−1�

Therefore, in particular, �
2
�

= F1��.

2. Simple linear regression. Here,
Y� = α + β�� + ε� (1 ≤ � ≤ �)�

Therefore, � = 2,

β =
�

α

β

�
� and X =




1 �1
...

...
1 ��


 �

Recall that the least-squares estimates of α and β are

α̂ = Ȳ − β̂�̄� β̂ = ���

��

�
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Now consider testing the hypothesis,
H0 : β = 0� α = µ0�

where µ0 is known.
Let � = (µ0 � 0)� and A = I2, so that � = 2. Then, H0 is the same as

H0 : Aβ = �. We have

β̂H0 = β̂ + (� − Aβ̂) = � =
�

µ0
0

�
�

[Is this sensible?]
Now,

RSSH0 − RSS = (Aβ̂ − �)�
�
A(X�

X)−1
A

�

�−1
(Aβ̂ − �) = (β̂ − �)�(X�

X)(β̂ − �)�

Now,

X
�
X = �

�1 �̄

�̄ �̄2

�
� β̂ − � =

�
Ȳ − β̂�̄ − µ0

β̂

�
�

Therefore,
(β̂ − �)�(X�

X) = �(Ȳ − µ0)(1 � �̄)�
whence

RSSH0 − RSS = �(Ȳ − µ0)2�

Next we compute

RSS = �Y − Xβ̂�
2 =

��

�=1

�
Y� − (Xβ̂)�

�2
�

Since

Xβ̂ =




1 �1
...

...
1 ��




�
Ȳ − β̂�̄

β̂

�
=

�
Ȳ + β̂(�� − �̄)

��

�=1
=

�
Ȳ + ���

��

(�� − �̄)
��

�=1
�

it follows that

RSS =
��

�=1

�
(Y� − Ȳ )2 +

�
2
�

2
�

�2
�

(�� − �̄)2 − 2���

��

(Y� − Ȳ )(�� − �̄)
�

= ��
2
� + ��

2
�

2
� −

2����

��

��

�=1
(Y� − Ȳ )(�� − �̄)

= ��
2
� + ��

2
�

2
� − 2��

2
�

2
�

= ��
2
�(1 − �

2)�
Therefore,

(Ȳ − µ0)2
�2

�(1 − �2)
H0
∼ F2��−2�
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3. Two-sample mean. Consider two populations: N(µ1 � σ
2) and N(µ2 � σ

2)
with equal variances. We wish to know if µ1 = µ2. Take two independent
random samples,

�1�1� � � � � �1��1 ∼ N(µ1 � σ
2)�

�2�1� � � � � �2��2 ∼ N(µ2 � σ
2)�

We have a linear model: � = 2, � = �1 + �2,

Y =




�1�1
...

�1��1
�2�1

...
�2��2




� X =




1 0
...

...
1 0
0 1
...

...
0 1




=
�

1�1×1 0�1×1
0�2×1 1�2×1

�
�

In particular,

X
�
X =

�
�1 0
0 �2

�
� (X�

X)−1 =
�

�
−1
1 0
0 �

−1
2

�
�

So now consider

H0 : µ1 = µ2 ⇐� H0 : µ1 = µ2 ⇐� H0 : (1 � −1)� �� �
A

�
µ1
µ2

�
= 0�

That is, � = 1, A := (1 � −1), and � = 0. In this way we find that

β̂ = (X�
X)−1

X
�
Y =

�
�̄1�•

�̄2�•

�
�

[Does this make intuitive sense?]
In order to find β̂H0 , we first compute

Aβ̂ = (1 � −1)
�

�̄1�•

�̄2�•

�
= �̄1�• − �̄2�•�

Also,

(X�
X)−1

A
� =

�
�

−1
1 0
0 �

−1
2

� �
1

−1

�
=

�
�

−1
1

−�
−1
2

�
�

so that

A(X�
X)−1

A
� = 1

�2
+ 1

�2
= �

�1�2
�
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Now we put things together:

β̂H0 = β̂ +
�

�
−1
1

−�
−1
2

�
�1�2

�

�
�̄1�• − �̄2�•

�

= β̂ +




�2
2

�
�̄1�• − �̄2�•

�

−
�1
�

�
�̄1�• − �̄2�•

�




=




�1
�

�̄1�• + �2
�

�̄2�•

�1
�

�̄1�• + �2
�

�̄2�•


 �

Since �2�̄2�• =
�

�2
�=1 ��2�� and �1�̄1�• =

�
�1
�=1 �1�� , it follows that

β̂H0 =
�

�̄•�•

�̄•�•

�
�

[Does this make sense?] Since

Xβ̂ =




1 0
...

...
1 0
0 1
...

...
0 1




�
�̄1�•

�̄2�•

�
=




�̄1�•

...
�̄1�•

�̄2 •

...
�̄2�•




=
�

�̄1 •1�1×1
�̄2�•1�2×1

�
�

we have

RSS =
�1�

�=1

�
�1�� − �̄1 •

�2 +
�2�

�=1

�
�2�� − �̄2 •

�2

= �1�
2
1 + �2�

2
2�

I particular,
RSS

� − �
= �1

� − 2�
2
1 + �2

� − 2�
2
2 := �

2
�

is the socalled “pooled variance.”
Similarly,

RSSH0 − RSS = �1�2
�

�
�̄1�• − �̄2�•

�2
�

Therefore,
�1�2

�

�
�̄1�• − �̄2�•

�2

�2
�

H0
∼ F1��−2 �

�̄1�• − �̄2�•

��

�
�

�1�2

H0
∼ ��−2�
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4. ANOVA: One-way layout. Consider � populations that are respec-
tively distributed as N(µ1 � σ

2)� � � � � N(µ� � σ
2). We wish to test

H0 : µ1 = · · · = µ��

We have seen that we are in the setting of linear models, so we can
compute β̂H0 etc. that way. I will leave this up to you and compute
directly instead: Sample ���1 � � � � �����

i.i.d. N(µ� � σ
2) [independent also as

� varies]. Then we vectorize:

Y :=




�1�1
...

�1��1
...

���1
...

�����




; etc.

Instead we now find β̂ directly by solving

min
µ

��

�=1

���

�=1

�
���� − µ�

�2
�

That is, compute

∂

∂µ�

��

�=1

���

�=1

�
���� − µ�

�2 = −

���

�=1
2

�
���� − µ�

�
≡ 0 �� µ̂� = 1

��

���

�=1
���� = �̄��•�

This yields

β̂ =




�̄1�•

...
�̄��•


 �

What about β̂H0? Under H0, µ1 = · · · = µ� ≡ µ and so � = � − 1. So we
have

min
µ

��

�=1

���

�=1

�
���� − µ

�2
�� β̂H0 =




�̄•�•

...
�̄•�•


 �

Also,

RSS =
��

�=1

���

�=1

�
���� − �̄��•

�2
�
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and

RSSH0 =
��

�=1

���

�=1

�
���� − �̄•�•

�2 =
��

�=1

���

�=1

�
���� − �̄��• + �̄��• − �̄•�•

�2

=
��

�=1

���

�=1

�
���� − �̄��•

�2 + 2
��

�=1

���

�=1

�
���� − �̄��•

� �
�̄��• − �̄•�•

�

+
��

�=1

���

�=1

�
�̄��• − �̄•�•

�2

=
��

�=1

���

�=1

�
���� − �̄��•

�2 +
��

�=1

���

�=1

�
�̄��• − �̄•�•

�2

= RSS +
��

�=1
��

�
�̄��• − �̄•�•

�2
�

It follows from the general theory that
��

�=1 ��

�
�̄��• − �̄•�•

�2
/(� − 1)

��

�=1
�

��

�=1
�
���� − �̄��•

�2
/(� − �)

H0
∼ F�−1��−��

“Statistical interpretation”:
��

�=1 ��

�
�̄��• − �̄•�•

�2

� − 1 = The variation between the samples;

whereas
��

�=1
�

��

�=1
�
���� − �̄��•

�2

� − �
= The variation within the samples�

Therefore,
RSSH0 = Variation between + Variation within = Total variation�


