Math 6010
Partial solutions to homework 6

8. The model is Y; = dx; +&;+/ f(x;), where E[g;] = 0 and Var(e;) = o2. We
can standardize this model into a basic general linear model as follows:

?i =dz; + &,

where v
Y= ! and T; = L.
f(s) f(zs)
Of course, we are assuming that f(z;) > 0 for all i. Minimize over all d
the random variable,

n

f(d) = Z (?z — dfz)Q .

i=1

It is not hard to convince yourself that the minimum is achieved by setting
[’ to zero, where f'(d) = —23"" | (Y; — d=;) ;. This leads to

i m
as long as Y ., T7 # 0.
(a) If f(z) =1, then Y; = Y; and 7; = x;; therefore,

d= i Yiw
Z:L:1 a7’
as long as Y, =7 # 0.
(b) If f(z) =z then Y; = Y;/\/z; and T; = \/x;; therefore,

P> ¢
Dic1 T

[This makes sense only when z; > 0.]




(c) If f(x) = 22 then Y; = Y;/z; and Z; = 1; therefore,

[This makes sense only when z; > 0.]

10. Let
f(d) = (Y — Xb)V Y — Xb).

Also, suppose 3 solves
X'V1Xpg=XVly. (1)
Then for all b we can write
F(B) = (Y — X8+ X[B— b))V (Y - XB+ X[3— b))
=fB)+ (Y -XB)V'X[B-b+[8-b'X'V (Y - XB)
+[B-b'X'VIX[B-b].

The last quantity is > 0 because V-—and hence V~!—is nonnegative
definite. The second and the third quantity are equal because they are
scalar quantities and transposes of each other. This means that

f0) > f(B)+2(Y - XB)'V~X[B - b,
for all b. Now
Y -XB)VX[B-b=Y'V'X[3-b-FX'V X3~
=Y'VIX[B-b-8XV X3
=0,

thanks to (1). Therefore, f(b) > f(8) for all b, which is another way to
say that any (8 which solves (1) is a minimizer of f.

11. The parameter vector is 3 = [0, 02])" and the design matrix is

1 1
X=11 -2
2 -1
v~ [ 6 =3 rvvo1 (29 19
XX(_3 6>:>(XX) (1/9 2o )
Therefore,
Yi+Y;
B_(2/9 1/9)(1 1 2) vl o
—\1 2 9 _ 2| =
jo ) \1 =2 —1) | —
3



14.

In other words,

~ Y1 -Y
3 and 0y = 13 2

~ Y +Y
b, — 1+ Y3

It might be better to proceed directly to find ,@\ in this case, since the
problem is pretty modest in size. Incidentally, the answer in the back of
your text is manifestly false, starting with the claim that X’ X is diagonal.
In fact, here,

1 Ci S5
X=1|1 Cy; S|,
1 Cs3 S3
where
2 ; 2 ;
C; := cos < Wk”) , S; = sin ( FkQZ) forl1 <i<n.
n n

So XLX is diagonal only for very special choices of ki and ko. Also,
Bo # Y etc., as we will see soon.

The least squares problem is to solve the minimization problem,

n

i Y; — By — 1C; — B2Si]* := mi B, Ba).
[30{%111}52 i=1 | Po =1 BaSi Bor,%llr,lﬁz F(Bo B, B2)

It is easier to solve this directly, rather than to invert X’X, etc. The
function f is a positive quadratic, therefore it suffices to set 9f/98; = 0
for i = 0,1,2. Now,

9 n o B

575{3 = *2Z[Yi — o — B1Ci — B2Si] = =2n [Y — By — f1C — B25]
i—1

where Y :=n=1Y" | V;, C:=n"'>" C;,and S:=n"1Y " S,

Next, we compute

0 - _ _ — .

5o = =23 [Yi— P — G — | s = —2n [T = 56T — ;17 - 5T
! i=1

where YC :=n~! S YiC, C?2:=n! S, C? and SC :=n~! Yo SiC.

Finally,

% = —22 [Y; — Bo — B1Ci — B2Ss] Si = —2n |Y'S — BoS — 1SC — ﬂz?} |

i=1

where V'S :=n=1 3" | VS, ete.



Set the preceding three 9f/98;’s equal to zero and solve to obtain a 3 x 3

linear system,
1 ¢ S\ Y
¢ @ sc|p-|ve).
S SC §2 YS

Therefore,

. Cc?.52-(SC)? C-82-5.8C C-SC—-cC2-S Y
=x| sc-0-s 52— (5)2 sc-c-5 ||vC],
Cc.SC-C?.§ 52 — (S)? 2_(0) YS
where

A=C?- - (SC)-C(C-5-5-5C) +

[This is not equal to zero, so all is well.]
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