Soctrore w0

Confidence Intervals
and Sets

Throughout we adopt the normal-error model, and wish to say some
things about the construction of confidence intervals [and sets] for the
parameters fo, ..., Bp_1.

1. Confidence intervals for one parameter

Suppose we want a confidence intervals for the ith parameter 3;, where
1 <i < p is fixed. Recall that

~ N(0,1),

and

25,2

and is independent of B. Therefore,
Bi — Bi N N(0,1)
\/52 [(X,X)Ml]i,i \/Xr%—p/(n -p)

where the normal and x? random variables are independent. Therefore,

=t p,

B = tis\ /[(x'X)-1],

Lt
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isa (1 —a) x 100% confidence interval for B;. This yields a complete anal-
ysis of confidence intervals for a univariate parameter; these confidence
intervals can also be used for testing, of course.

2. Confidence ellipsoids

The situation is more interesting if we wish to say something about more
than one parameter at the same time. For example, suppose we want
to know about (By,B1) in the overly-simplified case that o = 1. The
general philosophy of confidence intervals [for univariate parameters]
suggests that we look for a random set {2 such that

*{() - (3) <o} -1-e

where ¥ is a 2 x 2 matrix with

iy = XX

Here is a possible method: Let

.. [Bi—B .
Y= <32—32>’ sothat 4% ~Ny(0,X).

Also, recall that
Iy~
Therefore, one natural choice for Q2 is
Q:= {x eR?: x'T7x < x%(oc/Q)} .
What does 2 look like? In order to answer this, let us apply the spectral
theorem:
*=PDP — x!'=pD'P.
Then we can represent Q2 as follows:
Q= {x cR?: x'PD'Px < Xg(a/z)}
{x eR2: (Px)D~Y(Px) < x%(a/z)}
{Py cR?: gDy < X%(OC/Q)}

2. 3’1 5’2
<
Py c R v Ag X2(a/2)}
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Consider

2 2

y1 ¥ 2

e L 2) +. 1
<) )
This is the interior of an ellipsoid, and 2 = P& is the image of the
ellipsoid under the “linear orthogonal map” P. Such sets are called
“generalized ellipsoids,” and we have found a (1 — a) x 100% confidence

[generalized] ellipsoid for (B, Bo)’.

&= {yERQ:

The preceding can be generalized to any number of the parameters
Biy» .., Bi,, but is hard to work with, as the geometry of €2 can be com-
plicated [particularly if k > 2]. Therefore, instead we might wish to look
for approximate confidence sets that are easier to work with. Before we
move on though, let me mention that if you want to know whether or
not Hy : B1 = B1o, B2 = B2, then we can use these confidence bounds
fairly easily, since it is not hard to check whether or not (81, B2,0)" is in
Q2: You simply compute the scalar quantity

~1 (B1o
(B1.0.B20) X <52,o>'

and check to see if it is < y3(a/2)! But if you really need to imagine
or see the confidence set[s], then this exact method can be unwieldy
[particularly in higher dimensions than 2].

3. Bonferonni bounds

Our approximate confidence intervals are based on a fact from general
probability theory.

Proposition 1 (Bonferonni's inequality). Let Ey, ..., E, be k events. Then,

k k
P(Eyn---NEg)>1-Y PE)=1-)"(1-P(E)).
j=1 j=1

Proof. The event E{ U---UEj} is the complement of E1 N---N Eg. There-
fore,

P(EiNn---NEy)=1-P(EfU---UE}),

and thisis > 1 — Zfzi P(E?) because the probability of a union is at most
the sum of the individual probabilities. O

Here is how we can use Bonferonni’'s inequality. Define

Cpi= B+ iy S\/[(XX)1], (=12
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We have seen already that
a
5

[This is why we used a/4 in the definition of C;.] Therefore, Bonferonni’s
inequality implies that

P{BicCj}=1-

P{,B1EC1,ﬁ2€CQ}21—[%+%] ~1-a.

In other words, (C; , Cy) forms a “conservative” (1 — a) x 100% simultane-
ous confidence interval for (B1,B2). This method becomes very inaccu-
rate quickly as the number of parameters of interest grows. For instance,
if you want Bonferonni confidence sets for (81, B2, B3), then you need to
use individual confidence intervals with confidence level 1 — (a/3) each.
And for k parameters you need individual confidence level 1 — (a/k),
which can yield bad performance when k is large.

This method is easy to implement, but usually very conservative.!

4. Scheffé’s simultaneous conservative confidence bounds

There is a lovely method, due to Scheffé, that works in a similar fashion
to the Bonferonni method; but has also the advantage of being often
[far] less conservative!l [We are now talking strictly about our linear
model.] The starting point of this discussion is a general fact from matrix
analysis.

Proposition 2 (The Rayleigh—Ritz inequality). If L., is positive defi-
nite, then for every p-vector b,

'Rh\2
b'L~'b = max [(h b) } .
h#0

h'Lh
The preceding is called an inequality because it says that
_ (h'b)?
b'L'b <
~ h'Lh

and it also tells us that the inequality is achieved for some h € RP.

for all hpx1,

10n the other hand, the Bonferonni method can be applied to a wide range of statistical problems
that involve simultaneous confidence intervals [and is not limited to the theory of linear models.
So it is well worth your while to understand this important method.
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Proof of Rayleigh-Ritz inequality. Recall the Cauchy-Schwarz inequal-
ity from your linear algebra course: (u'v)* < |ul®- | v|? with equality if
and only if v = au for some a € R. It follows then that

r47\2
nmxvuf)}=nuw.
v#0 v'v

Now write L := PDP’, in spectral form, and change variables:
vi= (1) h
in order to see that
uv=u <L1/2> h, v'v = h'Lh,
and so

— R

[w h#0 h'’Lh

24 to see that

‘ 2

Change variables again: b := L

u|? = ||L‘1/2b — b'L'b.

This does the job. O

Now let us return to Scheffé’s method. Recall that
B-B~N, (O,GQ(X’X)_1> ,

so that . )
= (B-8) %) (B-B) ~ 22,
and hence
(B-8) xx)(B-8) (B-B) XX (B-B)Ip

pS? s ~ Fon-p.

We apply the Rayleigh-Ritz inequality with b := 8 — B and L := (X'X)!
in order to find that

) 9
o, n(p-p
(B-8) xx)(B-8)- max {hf(gc/xr)h}

Therefore,

. 2
p ! max M < Fpnpla) ¢ =1

pS? ht0 | R/(X'X)-'h e
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Equivalently,
h'B-hB

1 < \/pS®F,n pla)forall h e RP + =1 — a.
pox) g - VP el

If we restrict attention to a subcollection of h’s then the probability is
even more. In particular, consider only h’s that are the standard basis
vectors of RP, in order to deduce from the preceding that

N

B — B
]7]) <\/pS?Fpnpla)foralll <j<pt>1-a.

[(X'X));

In other words, we have demonstrated the following.

Theorem 3 (Scheffé). The following are conservative (1 — a) x 100%
simultaneous confidence bounds for (B1,...,Bp)"

B+ \[pS?[(XX)1], Fonpla)  (1<j<p).

When the sample size n is very large, the preceding yields an as-
ymptotic simplification. Recall that x,%ﬁp/ (n —p) - 1 as n — oco. There-
fore, Fpn_pla) = X%(oc)/p for n » 1. Therefore, the following are
asymptotically-conservative simultaneous confidence bounds:

Bi + S\/[(X’X)—i]” x5 (a) (1<j<p)forn>1.

5. Confidence bounds for the regression surface

Given a vector x € RP of predictor variables, our linear model yields
Ey = x'B. In other words, we can view our efforts as one about trying
to understand the unknown function

flx):= x'B.
And among other things, we have found the following estimator for f:
flx) == x'B.

Note that if x € RP is held fixed, then
flx) ~N <f(x),62x'(X’X)“1x> .

Therefore, a (1 — a) x 100% confidence interval for f(x) [for a fixed
predictor variable x] is

flx) = Sy/x/(X'X)1x t,(la_/,%).
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That is, if we are interested in a confidence interval for f(x) for a fixed
x, then we have

p {f(x) = Flx) + S/ (X' X)~1x tﬁ{’i’?} =1-a.

On the other hand, we can also apply Scheffé’s method and obtain the
following simultaneous (1 — a) x 100% confidence set:

P {f(x) = flx) + S\/px’(X’X)—ix Fpn-pla) forall x € RP} >1-a.

Example 4 (Simple linear regression). Consider the basic regression
model

Vi=a+Bx;+ & (1 <i<n).

If w=(1,w), then a quick computation yields

[ﬁ —2wx + w2

’

w(X'X) 'w = e
X

where we recall s2 := YF ,(x; — x)2. Therefore, a simultaneous confi-

dence interval for all of a + fw’s, as w ranges over R, is

A 2 11—
&+ Bw + S\/2 [xQ —2wx + w2 Fg,n_g(a).
ns?

This expression can be simplified further because:

x2 = 2wx + w? = x2 — (¥)% + (2)% - 2wX + w?
=52 + (¥ —w)2

Therefore, with probability 1 — a, we have

a+ﬁw=d+3wi5\/2<1+ (@ - w)?

2> Fan_Q(a) for all w.
n nss

On the other hand, if we want a confidence interval for o + fw for a
fixed w, then we can do better using our t-test:

You should check the details of this computation. ([
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6. Prediction intervals

The difference between confidence and prediction intervals is this: For
a confidence interval we try to find an interval around the parameter
x’B. For a prediction interval we do so for the random variable y, :=
xoB + €0, where x( is known and fixed and &g is the “noise,” which is
hitherto unobserved (i.e., independent of the vector ¥ of observations).

It is not hard to construct a good prediction interval of this type: Note
that

9o := x\B
satisfies
Do — o = x;, (B —B) —g ~N <0,62 [xé(X'X)‘ixo + 1}) )

Therefore, a prediction interval is

90 % S\ [oh(X7X) g + 1.
This means that

p {yo € 9o + St,(la_/f,)\/xé(X’X)“ixo + 1} =-1-aq,

but note that both yy and the prediction interval are now random.



