
Math 5090–001, Fall 2009

Solutions to Assignment 10

Chapter 15, Problem 25. We know:

σ̂2 =
(Y −Xβ̂)′(Y −Xβ̂)

n

[
which is =

1
n
‖Y −Xβ̂‖2

]
.

Since (Y −Xβ̂)′ = Y ′ − (Xβ̂)′, we can write the numerator of σ̂2 as

Y ′Y − Y ′Xβ̂ − (Xβ̂)′Y + (Xβ̂)′(Xβ̂) = Y ′Y − Y ′Xβ̂ − β̂′X ′Y + β̂′X ′Xβ̂

= Y ′Y − Y ′Xβ̂ − (Y ′Xβ̂)′ + β̂′X ′Xβ̂

= Y ′Y − 2Y ′Xβ̂ + β̂′X ′Xβ̂

[The last line holds because all of these terms are scalars. In particular,
Y ′Xβ̂ is a scalar. So it is equal to its own transpose.] Plug in β̂ =
(X ′X)−1X ′Y in this to obtain:

Y ′Xβ̂ = Y ′X(X ′X)−1X ′Y ; and

β̂′X ′Xβ̂ = Y ′X(X ′X)−1X ′X(X ′X)−1X ′Y

= Y ′Xβ̂.

Therefore, the numerator of σ̂2 is Y ′Y −Y ′Xβ̂ = Y ′(Y −Xβ̂). Divide
this by n to finish.
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