Math 3210-1, Summer 2016
Solutions to Assignment 9

5.1. #1. Here, 2p = 1, x1 = 5/4, x5 = 3/2, 23 = 7/4, and x4 = 2. Because f is decreasing,
ma = infoeq s/ (1/2) = 5, ma = infacsas(1/7) = 3, my = infoep g (L/e) = 47,
and my = infe[7/49/(1/2) = 1/2. Because @), — 2y = 1/ for all k, this implies that
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Similarly, My = sup,epy 574 (1/2) = 1, Mo = Sup,c(5/4.3/2)(1/®) = 4/5, M3 = sup,e3/5,7/4(1/2) =
%/3, and My = sup,¢(7/4.9(1/2) = 4/7. Therefore,
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5.1. #5. Consider an arbitrary partition P = {xo,...,z,} of [0,1], where as usual we

write 0 = 29 < 27 < -+ < 2,1 < x, = 1. Because [z}_1, x| contains rationals and
irrationals for all k, it follows that M, = 1 and m; = 0 for all k. This implies that

n

U(f,P)=Z(a7k—a:k_1):xn—$0:1,

k=1

because of properties of telescoping sums. Similarly,
L(f,P)=0.

Since U(f,P) — L(f,P) =1 for all partitions P, Theorem 5.1.7 implies that f is not
integrable on [0, 1].

5.1. #9. Let P be an arbitrary partition of [a,b]. Since M; =m; =k foralli=1,...,n,

n

U(f,P) = Zk(xz - xi—l) = k(b - a)v
i=1
using properties of telescoping sums. Similarly, L(f, P) = k(b—a). Because U(f, P)—

L(f,P) =0 < ¢ for all £ > 0, Theorem 5.1.7 implies that f is integrable and f:f =
k(b—a).



5.2. #9. Let M := sup,e,y |f(2)]. Since f*(z) — f*(y) = (f(z) = f(y))(f(z) + f(y)) for
all z,y € [a,0], it follows that

[f2(x) = FP)] < {IF@1+ 1@} (=) = F)] < 2M[f(z) = fy)].

Let P = {zo,...,z,} be a partition of |a,b] as before. For every k = 1,...,n we can
find a sequence 1, 9, . .. ,—depending on k—such that lim; o f(2;) = SUp,cp, 0 f() =
My(f) and a sequence yq, ¥, . .. ,—depending on k—such that lim;_,, f(y;) = m(f).
Now,

|f2(5) = FPyp)| < 2Mf(xy) = fly)l V5
The right-hand side converges to My(f) — my(f) as j — oo. The left-hand side

converges to My, (f?) — my(f?) since f? is maximized and/or minimized where f is.
[This is because g(z) := z? is increasing.] In this way we find that

Mi(f*) —mu(f?) < 2M [My(f) —mu(f)]  Vk=1,....n.

Therefore,

3

U(f?,P)—L(f*,P) =) (Mp(f*) — mp(f?)) (xr — z-1)

k=1

2M Y (Mi(f) = ma(f)) (wx — 1)

k=1
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By Theorem 5.1.7 for every ¢ > 0 we can find a partition P of [a,b] such that U(f, P)—
L(f,P) < ¢/(2M). The preceding implies that, for the same (¢, P), U(f?,P) —
L(f?*,P) <e. A second appeal to Theorem 5.1.7 shows that f? is integrable.

5.2. #10. Because (f +¢)? = f2+2fg + ¢,
fg= % (f+9)° = f 9]

By the previous exercise, the right-hand side is integrable. Therefore, so is the left-hand
side.



