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Abstract

We study a quenched charged-polymer model, introduced by Garel
and Orland in 1988, that reproduces the folding/unfolding transition
of biopolymers. We prove that, below the critical inverse temperature,
the polymer is delocalized in the sense that: (1) The rescaled trajectory
of the polymer converges to the Brownian path; and (2) The partition
function remains bounded.

At the critical inverse temperature, we show that the maximum
time spent at points jumps discontinuously from 0 to a positive fraction
of the number of monomers, in the limit as the number of monomers
tends to infinity.

Finally, when the critical inverse temperature is large, we prove
that the polymer collapses in the sense that a large fraction of its
monomers live on four adjacent positions, and its diameter grows only
logarithmically with the number of the monomers.

Our methods also provide some insight into the annealed phase
transition and at the transition due to a pulling force; both phase

transitions are shown to be discontinuous.
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1 Introduction and main results

1.1 The charged polymer model

We consider a polymer model introduced by Garel and Orland in [9] for mod-
eling the trajectory of biological proteins made of hydrophobic monomers.
Let {g;}2, be i.i.d. real variables and {S;}°, an independent simple ran-
dom walk on Z% with Sy = 0. Both stochastic processes exist on a common
probability space (2, F,P).

Given a realization of ¢ and S, we consider

Qy = Z ¢il{s,—z}, and (1.1)
0<i<N

Hy = 3 Q3. (1.2)
z€Z?

We think of the ¢;’s as charges, QF; as the total charge at position x € yA3
and Hy as the energy of the polymer. In this way, we see that Q% and Hy
in fact define functions of the trajectory S of the walk. Therefore, we might
occasionally refer to them respectively as QR (S) and Hy(.5), as well.

For all 5 € R [inverse temperature] and N > 1 [the number of monomers]

. - 8
consider the quenched probability measure Py,

1
P?V(A) =—F [1,4 exp (]@HN> qo,q1s - - - 7QN—1:| , (1.3)

Zn(B)

where Zn(8) [the partition function] is defined so that P]‘i, is indeed a prob-

ability measure; that is,

B [oxs (1) ] (0
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We can write the energy in the following equivalent form:

Hy:=2Hn+ Y 4, (1.5)
0<i<N

where

Hy =Y > aigjlis,=s,} (1.6)
0<i<j<N
Therefore, if we define the quenched measure 1363\, as we did PJ’B\, but with
Hy in place of Hy, then ﬁfi, = Pﬁf/Q. Thus, the analyses of P?\, and ﬁ?\,
are the same, but one has to remember to halve/double the parameter 3 in
order to understand one in terms of the other.

In our model, like charges attract when 5 > 0 . This accounts for the
hydrophobic properties of monomers immersed in water [9]. And the scaling
Hy /N was introduced also in [9] in order to compensate for the absence of
hard-core repulsion. It will also follow from Lemma 2.5 below that this
scaling makes the energy subadditive [or extensive]. The fact that charges
interact only when they are at exactly the same position is said to account
for the screening effect: When a polymer is immersed in water, its charges
are surrounded by oppositely-charged free molecules of the solvent.

Garel and Orland [9, 10] introduced the charged-polymer model in order
to better understand the transition, in biopolymers, from a swollen state to
a folded state. In [10] the authors perform a mean-field analysis of a model
with independent, Gaussian interactions between monomers pairs. And in
[9] they introduce [a generalization of] Hy in order to model different pos-
sible attractive/repulsive forces between different monomers such as amino
acids in proteins or the base-pairs in the RNA.!

When the reference random walk {.5;}9° is replaced by a walk on a sim-
plex with d points, Garel and Orland [9] find a continuous phase transition
from a folded to an unfolded state as the temperature increases. And, for
a continuous version of the charged-polymer model, they find that a similar

continuous phase transition holds at an explicit temperature. In another

!The energy in [9] corresponds to ours when their M = 1.



paper [10], however, Garel and Orland mention that the phase transition
in biopolymers is expected to be discontinuous. Among other things, the
results of our paper confirm their prediction in the present charged-polymer
model.

The physics literature contains also the analyses of several seemingly-
similar models that are not equivalent to ours mainly because in those mod-
els like charges repel [7,8,12, 15].

In the last few years the mathematics of polymer measures has also
grown considerably [5,6,11,19]. However, it appears that little is known
about our model. We are aware only of Chapter 8 of [6] on the annealed
measure in the repelling regime 8 < 0, and that result holds for a different
scaling of the energy [for which the polymer is completely localized.]

We are aware also of some recent works on the energy Hy itself: In
[3], limit theorems for Hy are established; it was shown in [4] that the
distribution of Hy is comparable to the random walk in random scenery as
N tends to infinity, see also [13]; and large deviations for Hy were established
in [1,2].

Let us conclude this introduction with a brief outline of the paper: In the
remainder of this section we present our main results on the model. Those
results range from a characterization of the delocalized phase to a description
of the discontinuous phase transition, and finally to large-3 asymptotics.
We also emphasize some differences between the quenched and annealed
measures, and describe the effect of a pulling force. Proofs of the various
assertions are relegated to Section 2. Finally, we include some basic facts

about the local times of the simple random walk in the appendix.

1.2 The delocalized phase

Unless it is stated to the contrary, we assume that Eqg = 0, Vargg = 1, and

that the charges are subgaussian; that is, Kk < oo, where

Kk := inf {c € (—o0,00] : Ee' < /2 forall te R}. (1.7)



We have k > 1 as long as ¢g has a finite moment generating function near
zero and Eqo = 0. And k = 1 both when the ¢;’s have the Rademacher
distribution [P{gp = £1} = 1/2] and when they have a standard normal
distribution.

Now we introduce

@:z{ﬂeR: Zn(8) L5 8 asN—>oo}, (1.8)

P : . .
where “—” denotes convergence in probability. As is customary, we call

N-1
Ly =Y I{s—0} (1.9)
=0

the local time of {S; f\i_ol at x, and define

Ly = max LY (1.10)
z€Z4

to be maximum local time.

The next theorem tells us that the set & characterizes the region of 3
for which the trajectory of the polymer is [asymptotically] indistinguishable
from that of a random walk. In other words, the polymer is delocalized when
B € 2 and N is large.

Theorem 1.1. If Eqyo =0, Varqyp = 1, and k < oo, then:

1. 9 is an interval that contains (—oo,1/kK).

2. B € Z if and only if for all e > 0,

PI{LY <eN} 51 as N - o, (1.11)
3. B € D if and only if:
HP?V—P[-]qo,...,qN_l]HTvi)() as N — oo, (1.12)

where ||p — vy = supy |u(A) —v(A)| is the total variation distance.



In order to describe a consequence of Theorem 1.1, let N > 1 be an

integer, and consider the stochastic process . defined by

(0<t<1). (1.13)

Sivi1— S S
In(t) = (Nt—[Nt])( Al W>+ i

VN VN

<N is defined uniquely as the piecewise-linear function that takes the values
Sk/VN at t = k/N for all integers k = 0,...,N. Now we can mention the

consequence of Theorem 1.1.

Corollary 1.2. IfEqy =0, Varqy = 1, and k < oo, then for all B € & and
®: C([0,1]) = R bounded and continuous,

EY (@ (7y) - E[®(2)), (1.14)

N—oo

where B denotes d-dimensional Brownian motion.

Remark 1.3. Even though g € Z if and only if P%{Lj\, < eN} — 1in
probability, one can say more about the rate of this convergence when 3 in
the interior of 2. Indeed, suppose (3 lies in the interior of Z. It follows
from part 1 of Theorem 1.1 that ¢8 € Z for some ¢ > 1. Let p denote the
conjugate to ¢; that is, p~'+¢~! = 1. Then Holder’s inequality implies that

e [Zn(ap)'"

PY (L > eN} < [P {L} > N} Zn(B)

(1.15)
The fraction of the Zx’s goes to one in probability since both £ and ¢f are
in 2. Therefore, it follows from Lemma A.2 below that P%{L?V <eN} —1,

in probability, exponentially fast, as long as f lies in the interior of . [

1.3 A first-order phase transition

We show, in Lemma 2.5 below, that the normalized energy Hy /N is subad-
ditive. And it will follow from that fact that the free energy F exists when
the second moment of the charge distribution is finite. More precisely, we

have the following.



Proposition 1.4. If E(¢3) < oo, then for all 8 € R,

F(8)= Jim - nZy (9) (1.16)

exists a.s. and in L' (P), and F (B) is nonrandom. The function R > 8 —

F (B) is nonnegative, nondecreasing, and convex with F (0) = 0.

Define the critical inverse temperature,
Be :=sup Z. (1.17)

Clearly, F () = 0 whenever 8 < .. We now wish to know whether or not
the converse is true.

Our next theorem shows that a first-order phase transition occurs at f,,
and that the maximal fraction L} /N of monomers on a single site jumps
discontinuously from 0 to a quantity that is at least 1/(2x5.) > 0. It might

help to recall that convex functions have right derivatives everywhere.

Theorem 1.5. IfEqy =0, Varqy = 1, and k < oo, then F (5.) = 0, whereas
F(8) > 0 for all B > .. Moreover, there is a first-order phase transition at

Be; t.e.,

F(B)
im
BlB: B — Be
Furthermore, if B > B., then for all € > 0,

€ (0,00). (1.18)

L 1—¢ 1
PN{ N7 B max <F (ﬁ)’Q/{)}—)l as N — oo. (1.19)

1.4 The folded phase

When the inverse temperature [ is large, the polymer measure concentrates
on the configurations with high energy. In dimensions d > 2 we will compute
the [quenched] maximum of Hy. It turns out that that maximum is realized

when the walk is concentrated on four points that define a square.



Recall that a™ := a V0 and a= := (—a)" for all a € R. When Z is
a random variable and € € {—,+} we always write EZ® as shorthand for
E(Z¢) [and never for (EZ)].

Proposition 1.6. Ifd > 2, then for all § € R,

+32 —\2
liminf%InZN(ﬁ) > |[(Bag)” + (Fgq )

Consequently, under the assumptions of Theorem 1.1 [that Eqy = 0, Var gy =

1, and k < 00/, the critical inverse temperature satisfies

21n(2d)
(Eqf )%+ (Bqg)?

Be < (1.21)

We emphasize that, in the case that E|gy| = oo, the preceding proposition
tells us that F (8) = oo a.s. for all 5 > 0. That proposition also tells us that
Be < 41n(2d) when gp has the Rademacher distribution [i.e., go = £1 with
probability 1/2 each] and 8. < 27In(2d) when ¢p has a standard normal
distribution.

In order to prepare for our next results we first define the following

quantities:
v:= min (Eg)?% (1.22)
e€{—+}
- ; : AP AP I
A= 5,8’161?11,4—} E {mm ((qu)qo , (B¢t )di )] ;  and (1.23)
Boi=m(2d)- |—> Vi (0<a<1) (1.24)
a T—an | '

We are interested mainly in S, [, should not be confused with the critical
inverse temperature [.]

It is possible to check that when g has a symmetric distribution [i.e., go



and —qo have the same law],

v=(Bq)’ = (/OOOP{QO >Z}d2>27

A= VTEG A =V [ P> e (125)
 4In(2d) [ 2,1 }
T e B A

Thus, for example, v = 1/4, A = 1/8, and B, = 321n(2d)/(1 — o) when
qo has the Rademacher distribution [gy = 1 with probability 1/2 each].

In addition to the preceding constants, we will need some notation: We

Ba

say that “U is a unit square” if we can write U = {x1,...,x4} as a collection
of four points that satisfy ||ze —z1|| = ||zs— 22| = [|za—z3]| = ||z1—24] = 1.
Also, for 0 < o« < 1 we define the event S,,

There exists a unique unit square U C Z¢ such that

S, = Z ‘qz‘glga Z |qz| . (126)

1<i<N:S;¢U 1<i<N

In other words, the event S, is realized exactly when there exists a unique
unit square U such that the sum of the absolute charges not on U is at most

(1 — «)/2 times the total absolute charge of the polymer.

Theorem 1.7 (The four points). Assume d > 2. Then for all § > 0, there
is cg € (0,00) such that for every N > 1 and B € R,

p {P?V (Sa) > 1— exp <N1n (2d) [1 - ufé)ﬂa])} > 1— exp(—csN).

Our result is limited to d > 2, since this is the minimal dimension in
which we can consider a square. But other results are also sometimes pos-
sible. For example, if S is replaced by the lazy random walk, then one can
adapt the present methods to prove the existence of two adjacent points
that bear most of the available charge provided that § is large enough. And

the latter assertion is valid for every d > 1.



In the usual scaling SHy/N, Theorem 1.7 shows that the polymer is
localized for any 8 > B,. But the latter theorem yields a pointwise estimate
in 5. It is instructive to also consider the scaling in which 8 = bN for
some b > 0. That is the case in which g is proportional to N instead of
being a constant. In that case, S, continues to be a typical event when
a=1-81In(2d)/((1 + 20)byN). In other words, for every b > 0, all but a
bounded amount of the absolute charges live on four points.

Given a nonempty subset A C Z?, define

d

Diam A := sup ||z —y|[1 := sup |z — il (1.27)
1

z,y€A z,y€A

this defines the diameter of A. Our next result describes the behavior of the

polymer for large values of .

Theorem 1.8 (Logarithmic diameter). For all 5 € R and K > 0 there
exist 0 < ¢ < C < oo such that

. o<
E [P?v {c< Diam{S;: 0<i< N} < CH S1_NK, (1.28)

In N
for all sufficiently large integers N > 1. Moreover:
1. If d > 1 and E|qo| < oo, then ¢ > 0.

2. Ifd>2 and

) In(2d)
B> min, [Bavaﬁmqu’ (1.29)

then C' < co.
Therefore, the polymer is “compact” for large values of 5 in the sense
that its diameter grows only logarithmically with the number of monomers.

Remark 1.9. Note, for example, that when the charges have the Rademacher
distribution [i.e., go = £1 with probability 1/2 each], condition (1.29) is
stating that 8 > 341n(2d). O
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Remark 1.10. Our proof applies equally well to the case that 3 scales with N
(see Theorem 2.15). And the endresult is that, in order to have a “bounded
diameter,” it suffices that 5 = bln N for some b > 0. ]

Although the range of the polymer diverges with N (Theorem 1.8), one
can show that the expectation of ||Sy|| remains bounded for all 8 sufficiently
large. We describe this phenomenon next.

Given a € (0,1) consider the random variable

RY .=

«

{ infl0<i<N:S; €U} on S, (1.30)

N on S§,

where U is the unique random square that concentrates most of the charges,
given S,. The quantity RY is therefore the index of the first monomer that
belongs to the unit square U on S,. And one can use RY in order to obtain
a bound on the distance from U to the origin. The distributional symmetry
of the polymer shows that the last monomer on U has the same distribution
as N — 1 — RY. Therefore, for any 0 < o < 1,

EEY|Sy| < V2 + 2EEY (RY). (1.31)

We will prove later on that the distribution of RY has an exponential tail.

Our final result is:

Theorem 1.11 (Compactness). Suppose d > 2, a € (0,1), 8 > Ba, and

p = 2dE (e—ﬁaﬁ‘%') <1 (1.32)
Then,
: p
limsup EES (RY) < — 1.33
N—o0 N ( ) (1 - P)2 ( )

Condition (1.32) is frequently easy to check. For example, when ¢ has
the Rademacher distribution [i.e., P{qo = £1} = 1/2], p = 2d exp(—pa/2),
and (1.32) holds if and only if 8 > 2In(2d)/a. Since B, = 321n(2d)/(1 — «),

11



we find that—in the case of Rademacher-distributed charges—we have

B>34n(2d) =  supEER(RN;;) < -ty <oo.  (134)

N>1 (1-p)
1.5 On the annealed measure

Our proofs can be easily adapted to describe the behavior of the annealed

measure, defined by

P (A) = WE [1A exp <J€HN>] , (1.35)

when EZn(8) < co. (The latter condition holds, for example, when 5 < 1/k

and N is sufficiently large). The annealed free energy is

F(B):= lim %hlEZN(ﬁ). (1.36)

N—oo

We can define the region of delocalization for the annealed measure and the

annealed critical point respectively as follows:

é:: {ﬁGR: ]\}1—1}1 EZN(B):QB}Q

Bc = sup 9.

(1.37)

Our results for the annealed measure are similar in flavor to those for the

quenched measure:

1. The set  is an interval that contains (—oo,1/k); it coincides with
the localized phase in the sense that Hﬁjﬁv — P||pv converges to 0 as
N%ooifandonlyifﬁeé.

2. Theorem 1.5 continues to remain valid after we replace 3. by Bc and
F by F, and also add the restriction—to the set of 3’s—that EZy ()
is finite for all large N.

3. The proof of Lemma 2.4 shows that 9 cC 9, therefore BC < Be; but we

believe that this inequality is not sharp in general.
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It is sometimes possible to compute Bc; the following highlights an ex-

ample.

Proposition 1.12. If gy has a standard normal distribution, then EZy (1) =
0o for all N > 1. Consequently, B, = 1.

We can adapt many of our localization results to the annealed case pro-
vided that EZy(3) is finite and f§ is large [consider for instance charges
that are bounded random variables]. In those cases, as  — oo the trajec-
tory concentrates on two points, while the charges at a given parity tend to
have a constant sign and an absolute value close to the essential supremum

l1g0]| Lo (py of the charge distribution.

1.6 The influence of a pulling force

Our proofs will rely only very little on the assumption that {S;}5°, is a
simple symmetric random walk. To illustrate, let us say a few words about
the case where {S;}9°, has a bias that corresponds to the action of a pulling
force.

For every A € R? let us define a probability measure Py by the following
prescription of its Radon—Nikodym derivative with respect to P: For every

integer k > 1,
dPy  exp(\-Sk)

dP °~ Eexp(\-Si)

on fk, (138)

where Fj, denotes the sigma-algebra generated by all of the charges {g;}32,
as well as the k initial values {S;}¥_, of the random walk.

Under the measure Py the distribution of the charges ¢ remains the
same as that under P, but S becomes a biased, in particular transient,
random walk with the following transition probabilities: For every basis

vector e € Z¢,

Py{Spi1 — S = e} = EM’

As we did before, in the unforced setting, we consider the measures

(1.39)

P'JB\;)\(A) = Zjv(lﬁ)\)E)\ [1A6XP (ﬁHN> ‘ qo,q1, - - - 7qN1:| ) (140)

13



where Zx (3, \) is the partition function,

ZN(/Ba )‘) = E)\ [eXp (}f/vHN> ’ q0,41, - - - 7q1V—1:| . (141)

Then we proceed to define the “A—analogues” of the quantities of interest.

Namely:

D = {5€R3 Zn(B,A) 5 &f asN—>oo};
Be(A) := sup Dy; and (1.42)

Fa(B) = Jim % InZy (3, ).

Of course, we can write Pﬁ;)‘ (A) as follows as well:

E[lAeXp <J€HN+)‘SN—1> q07QI""7q1V—1:|
ZN(B, \)E(exp(A - §1))N -1

PIA(A) = (1.43)
The quantity A - Sy_1 is responsible for the different behavior of P]BV’)‘ from

Pjﬁ\,7 and corresponds to the potential energy of a pulling force A.
Define

1
Iy(e) = lim <Py {L¥ >eN}  foralle € (0,1/2). (1.44)

N—oo

The proof of Lemma A.1 below goes through, as no essential changes are
necessary, and ensures that Iy : (0,1/2) — (0, 00) exists and is continuous.

We will see that Theorem 1.1, Proposition 1.4, and Theorem 1.5 continue
to remain valid if we respectively replace &, P, P’]BV, Be, F, and I by 9,
Py,P2Y Be(N), F», and I

We shall also prove that Theorems 1.7 and 1.8 continue to hold, but
some of the stated constants need to be changed because the probability of
the trajectory with maximal energy Hy is no longer (2d)~%.

Our next result shows that the pulling force can sometimes trigger the

folding /unfolding transition as .(\) — oo when A\ — oo. It also prove

14



that the function A — f.()) is locally Lipschitz continuous. In order to
prepare for that result let us observe that the right derivative F\ of F

exists everywhere on (0, 00); this holds by convexity.
Theorem 1.13. If Eqo =0, Varqy = 1, and k < oo, then:

1. For all A € R%,

Yy InEexp(A-S1) ~1/2
)= [\/(Eq(TV Eq? "] 14

2In(2d)(1 + L13(d)) + 4 M|l oo

Be(A) < — (1.46)
(Eq)? + (Eqy )?
2. For all \,n € R?,
BA+ 1) = BeN) < e (147)
FA\(Be(N)
and F'\(Bc(N)) satisfies
FL(BN) > — 1< ! ) (1.48)
AR Z 3 () M\ 26800 ) '
2 Proofs
2.1 Estimates on the partition function
For every € > 0, we can consider the truncated partition function
Z% (B) = B
N (B) =E |11« cenyexp NHN 905915+, qN-1| - (2.1)

The following is the main result of this subsection, and is essential to

our characterization of the delocalized phase.

Proposition 2.1. Assume Eqo = 0 and Varqo = 1. Ife > 0 and § € R
satisfy either B < 0 or 25fe < 1, then limy_,oc EZ5,(8) = exp().

15



Note that the above statement implies the convergence limy_, - EZn(8) =
exp(f) for any 8 € R such that k8 < 1, since L}, < (IN+1)/2, and therefore
Zn(B) = Z\/PT(B) for all N > (26)71.

The proof rests on two preparatory lemmas.

Lemma 2.2. Suppose Eqyp = 0 and Varqy = 1. Let € € (0,1] and 5 € R
such that either B < 0 or 2kBe < 1. Then, for all § > 0, sufficiently small,
there exists C € (0,00) such that for every N > 1, sufficiently large,

I l 12
Eexp (fz (qo+ -~ +q:_1)2> < exp <5N + (M'N + CN2) , o (2.2)

uniformly overl € {1,...,|eN]|},

Lemma 2.3. Choose and fix 0 > 0. Then, as N — oo,

0
E |exp mZ(LW <1+ 6w, (2.3)

x€Zd

where Sy = O(InN/VN) if d = 1, 6y = O(InNJ?/N) if d = 2, and
ox =O(InN/N) if d > 3.

Before we prove the two lemmas, let us use them in order to establish

Proposition 2.1. The lemmas will be proved subsequently.

Proof of Proposition 2.1. Let us first note that for all possible realizations
of §:= {8},

E(Hy|S) =Y E[(@+-+aqzg)?| 5] =D Ly =N. (2.4)

xc€Z4 VA

Therefore, Jensen’s inequality implies that E[exp(3Hy/N)|S] > e for all

realizations of S, whence

EZ5(8) > P {Ly <eN} = ¢’ as N = oo; (2.5)

16



see Lemma A.2 below. This proves half of the assertion of the proposition.
Next we establish a corresponding upper bound, thereby complete the proof.

Thanks to Lemma 2.2, for all sufficiently small 6 > 0 there exists a
C € (0,00) such that for every N > 1, sufficiently large,

g
525 = | ] &|ex ((@0?) 8] 10
d
\7€Z (2.6)
Ly Ly (L%)?
L zeZd zeZd zeZd
Because ) .z Ly = N, it follows that
. p-615] (L3)*
EZ5(8) <e Eexp [C > N | (2.7)
YA
and the remainder of the proof follows then from Lemma 2.3. ]

Next, we set out to derive Lemmas 2.2 and 2.3, as promised earlier.

Proof of Lemma 2.2. Our goal is to derive a uniform estimate for

& :=Eexp (ff (qo+--+ QZ—1)2> : (2.8)

[This is temporary notation, used specifically for this proof.]

Depending on the sign of 5 we introduce the Laplace/Fourier transform

Eexp(t if 3> 0,
W(t) = exp(tqo) if B . (2.9)
Eexp(itqyp) otherwise.
The behavior of ¥ at the origin is given by
t2 5
U(t) = exp sgn(ﬂ); +o(t?)|] as t—0. (2.10)

17



Furthermore, for all t € R,

Kt2 /2 if
(W ()] <{ © 5 >0, (2.11)

1 otherwise.

Let £ be independent of {g;}:2,, and have a standard normal distribution.
Then,

l
(g—EeXp<\/?(qo+...+qll)§> —E \I/< 2]|V6’§>

l (2.12)
2|B]
< Lol
According to (2.10), there exists some A(J) > 0 such that
12
|W(t)| < exp <(sgn(ﬁ) + 6)2> when [t| < A(9). (2.13)

Because Eexp(ag?) = (1 — 2a)~1/2 for every a < 1/2, (2.12) implies that &
is bounded above by

RR%
1—2(5+5IBI)N} +E[exp(ew+§2) 1{‘£|>A(5)\/W} . (2.14)

A Taylor expansion of the logarithm shows that if & < 1/2 then there
exists C' € (0,00) such that —3In (1 — 2az) < ax + Cz? for all z € [0,1].
Consequently if § > 0 is sufficiently small, then In & is bounded above by

l 12
(8+618) % + Cz (2.15)

z
+1n <1 + \/1 = 2(B+ 0| B |exp (erB7€?) 1{|5>A(6>\/W}D 7

18



and the logarithm is at most

V14 2|B|E |exp (5n6+§2)1{|£‘>A(6)W} . (2.16)

By the Cauchy—Schwarz inequality, the latter expectation vanishes exponen-
tially fast as N — oo, because ex" < 1/2; in particular, it is uniformly
smaller than [2/N? for all sufficiently large values of N. The lemma fol-

lows. O

Proof of Lemma 2.3. Because Y, za(L%)* < NL%, it remains to bound
Elexp(6L /N)]. First of all, we note that for all k > 0 and N > 1,

B[(8)] = 33 P LS, = =5, =0}

0<t1,e i, <N

<KDY S P(S, = =5, =0}

0<i1 <. < <N

<K (BLY)"

Consequently,

L0 1 L0 \*
E N = —E N < 2. 2.1
o ()] -2 [(zm&)] (210

Therefore, Chebyshev’s inequality, (2.17), and (A.8) together imply that for
all N > 1 and y > 0,

NE

=
Il

yN
P{L% > yN} < 2(2N)? - ) 2.18
(L5 >y} < 229 exp (~ 25 (2.18)

We will use this bound only if the right-hand side is < 1; i.e., when

2ELY, x In[2(2N)¢
y > ay, where ay:= N X]\I;[ (2N) ] (2.19)
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Else, we use the trivial bound P{L} > yN} < 1. In this way, we find that

/ P{Ly > yN}eay dy
0 (2.20)

o0

d yN
<aN+O(N)></aNeXp{9y—2EL9V} dy.

Since ELY;, = Zfi 1 P{S; = 0}, the local-limit theorem [and excursion theory,
when d > 3] together show that

N/m ifd=1,
ELY = (14+0(1) x{ (2r) 'InN ifd=2, (2.21)
1/p(d) if d > 3,

where p(d) := P{infx>1 ||Sk|| > 0} € (0,1) for d > 3. It follows readily from
this and (2.20) that

2In N//7N ifd=1,
ay=(1+0(1))x< 2(InN)?/(zN) ifd=2, (2.22)
2dIn N/(p(d)N) if d > 3.

Moreover,

/ P{L% > yN}e" dy
0 (2.23)

o0

d yN
<aN+O(N)XANeXp{9y—2EL%} dy,

and direct computations show that the preceding is O(In N/vV/N) if d = 1,
O([ln NJ?/N) if d = 2, and O(In N/N) if d > 3. Integration by parts then
shows that

L* [e.e]
E [exp <0NN>} =1 —i—/ P{L% > yN}e" dy. (2.24)
0

Therefore, the lemma follows from the bound Y 74(L%)* < NL},. O

20



2.2 The delocalized phase

Before we give the proof of Theorem 1.1, we state and prove an easy conse-

quence of Proposition 2.1:

Lemma 2.4. Assume Eqop = 0, Varqp = 1 and Kk < co. Let ¢ > 0 and
8 € R such that either 8 <0 or 2kPe < 1. Then

Z5(8) =5 ¢® as N > o (2.25)

Proof. First, we prove that, when § < 0 or 4xf8e < 1,

2
L2(P) o

Z5(8) — as N — oc. (2.26)

Because (Z5,(8))? < Z5(28) [Jensen’s inequality],
E (‘va(ﬁ) - eﬂjz) < EZ5(28) + % — 2PEZ5(B). (2.27)

The latter quantity goes to 0 as N — oo, thanks to Proposition 2.1, and
this proves (2.26). Now we conclude the proof of the Lemma and assume
f < 0 or 258 < 1. The variable Z5,(8) — Z]avm(ﬁ) is non-negative and
its expectation goes to 0 as N — oo, cf. Proposition 2.1. Therefore it
converges to 0 in probability. By (2.26) we know already that Z]EV/2 (B) — e

in probability as N — oco. The conclusion follows. O

Proof of Theorem 1.1. Let us first prove that (—oco,1/k) C 2. We choose
and fix 8 € (—oo,1/k). There is § > 0 such that 2x3(5 + &) < 1. We have
seen already that Zy(5) = Z](\}/Q)M(B) for all N > (26)~!, therefore B € 2
is a consequence of Lemma, 2.4.

Next we prove that Z is an interval. Thanks to the topology of R, it
suffices to show that 2 N (0, 00) is connected.

Let us choose and fix §1, 82 € Z such that 0 < 81 < 5. For all § €
(B1,B2) and v > 1, (Zn(B))Y < Zn(7fB), thanks to the conditional Jensen
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inequality. Tt follows that Zx(51)%/%* < Zn(B) < Zn(B2)?2/8. We can pass
to the limit [N — oo] to deduce that § € 2. This implies the connectivity
of &, and completes the proof of part 1.

Assertion 2 of the theorem holds because

Z5(B)
Zn(B)’

P? (L% <eN} = (2.28)
and Z5,() — ¢ in probability for all sufficiently small € > 0 [Lemma 2.4].

Finally we demonstrate part 3. Assume first § € 2. For N fixed, the
total variation is at least P]ﬁV{L}*\, < eN} — P{Ly < eN}, which does not
converge to 0 in probability as N — oo according to assertion 2 and to
Lemma A.2.

Now we consider 3 € Z and € > 0 such that 4x3%e < 1, and consider
some event A that might depend on all {S;}°, and {¢;}°,. We have

‘P?v (4) =P (Algo, -, an-1)| < d1 + da (2.29)

where

dy = ‘P@ (AN{L% <eNY) —P(AN{LY <eN}ao, ... qv_1)|, and

dy =P} ({Ly > eN}) + P ({Lx >N} qo, -, qv-1).
(2.30)

According to assertion 2 and to Lemma A.2, do — 0 in probability as N —
0o. So it suffices to prove that d; — 0 in probability as N — oo, uniformly
in A. It follows from the definition of P]BV that

Hy/N
dl <E |: eXP(zi](ﬁN)/) — 1‘ 1AQ{L;V<EN} q0, 41, - - 'aQN1:|
(BHN/N) 2 1/2
<E expzTg) -1 1{L7V<EN} qo,q1, - - - ,qN_1] (2.31)
_ (2628 25 (5) . 12
_[ZN(ﬁ)Z_2ZN(5)+P({LN<€N}|QO"”’qN—1)] .
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And the latter quantity, which does not depend on A, goes to zero in prob-
ability as N — oo; see Lemma 2.4 and Lemma A.2. O

Finally we prove the invariance principle of the introduction.

Proof of Corollary 1.2. Theorem 1.1 implies that E’]B\, (@ (AN)] — E[®(SN)]
converges in probability to zero, as N — oo. And, according to Donsker’s
invariance principle, E[®(#n)] — E[®(#)]. The corollary follows immedi-

ately from these observations. O

2.3 The existence of free energy (proof of Proposition 1.4)

In this section we show that the normalized energy Hy /N is subadditive,

and then conclude Proposition 1.4 from that fact.
Lemma 2.5. Let Ni, Ny > 1 and § = {qn+i}2, S = {Sn,4i — SN0
Q% =Nt (Gimays and Ay =3 c7a(Q%)?. Then,

HN1+N2 < HN1 + EINQ
Ni+Ny — Ny Ny

a.s. [P]. (2.32)

Furthermore, Hy, and Hpn, are conditionally independent, given {q;}52,
and the conditional distribution of Hy, is the same as the conditional dis-

tribution of Hy, given the charges q.

Proof. Clearly,

$+SN1

QN,+n, = QN, + Q) for every z € Z<. (2.33)

Therefore, the convexity of h(z) := x? implies that

1

1 45,
N (@) < 5 (QF)°+ (Q 2 ) (2.34)

We can sum the preceding over all z € Z? to deduce (2.32). In addition, the
conditional distribution of H N, given the charges ¢, depends only on the

distribution of S, which is the law of a simple random walk. O
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Proof of Proposition 1.4. Let

F?V(B) = %ln Zn (B) = %IHE [exp (57\]]\[) qo, q1, - - - ,qu} (2.35)

denote the free energy corresponding to a finite and fixed N > 1 and to a
given realization of the charges ¢ := {¢;}92,.

By the conditional Jensen’s inequality,

o . Hy
1%11510@ [F% (B8)] = ﬂhﬁaE <N2) =0, (2.36)
since as N — oo,
EHy = N Var(q) + (Eqo)*E ) (L%)? = o(N?); (2.37)
x€Z4

see Lemma 2.3. This proves that if F () exists [as the proposition asserts]
and is nonrandom, then certainly f (3) > 0.

Now we prove convergence.

According to Lemma 2.5, for every fixed Ny, No > 1, we can bound
F N, +n,(B3) from above by

H H
mlnE exp (5 ]\Zl) X exp (5 ]\?f) QO7QI7-~~7(]N1+N2—1]
1 q q
NN, (N1FN1 (B) + Naf Y, (ﬁ)) . (2.38)

Because F {(8) = ¢¢ has a finite expectation and because of the minoration
(2.36), Kingman’s subadditive ergodic theorem [17,18] tells us that F % (5)

converges a.s. and in L'(P). In particular,
. 1
F(8)= lim NEIH Zn (B) . (2.39)

N—o0

The monotonicity and the convexity of 3+~ N~1In Zy(f), and hence of f,
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follow respectively from the following relations:

d q _ Z (/6) B HN .
dB(FN(B))_]VgN(B)_EN(]Vg)a

2.40
C o ZRBINE) ~ (B myy, Y
5 (F(8) = 3 = Varps | —73 |
dp N [Zn(B)] ~ \ N3/
together with the fact that both of these quantities are nonnegative. O

2.4 The first-order phase transition (proof of Theorem 1.5)

Our proof of Theorem 1.5 requires three preliminary Lemmas.

Lemma 2.6. For all 5 >0 and e, > 0,

L 1—-
B N ny_p
Py {5< < 5 } —0 as N — oo. (2.41)

Proof. We assume of course that ¢ < (1 —n)/(2k5). Because Zn(5) > 1,
2y~ ) — 25,()

8 Ly _1-m\] _
E[PN{5< o < QHﬂH_E 726

<E |2y () - Z5(8)] -

(2.42)

This proves the lemma because according to Proposition 2.1 the preceding

converges to zero as N — oo. O
Lemma 2.7. If E(¢}) = 1, then for alle, 3 > 0,

P@{%V>F(ﬁm—s}i>1 as N — oo. (2.43)
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Proof. Whenever we have Hy /N? < —e + [F (8)/8], then we certainly have

exp(BHN/N) < exp(NF (8) — feN). Therefore,

Nr(8)—BeN
P%{HN<F(5) }ée

NPT g Zn(B)

It follows from Proposition 1.4 that for every € > 0,
pf {HN AC)

N ]\72//8—6};1 as N — oo.

Next we prove that the preceding implies the result.

In accord with the Cauchy—Schwarz inequality,
N
Q%) < <Z q?l{si:x}) x Ly for all z € Z¢
i=1

N
< (Settisen ) <o
i=1
We sum this inequality over z € Z% to find that
N
Hy <Ly-) q
i=1
The lemma follows from (2.45) and the law of large numbers.

Lemma 2.8. For everye, >0 and 0 < < I(g)/p,

P {Hy <S6N? Ly >eN} =50 as N - cc.

Proof. According to Lemma A.2,

) 1
h]{/nsup—lnE eBHN/Nl{HN@N?,L}‘\,>5N} qo,--->qN-1
— 00

< po—1(e) <0,

26
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almost surely. Because Zy(8) > 1, P?V{HN < ON% Ly > eN} is as.
bounded above by the conditional expectation in the preceding display. [J

Proof of Theorem 1.5. For all 5 € R we define

L*
~v(B) = leig]lh]{fnj;lopE [P]BV {]\17\7 > 5}] . (2.50)

Theorem 1.1 shows that v(8) > 0 if and only if 8 &€ 2. We will prove that,
for all g > 0,

FB+6)—F(B) B, (1
151%1 ( ; ( = (5 I<2/€,3> . (2.51)
Before we address the proof of (2.51), we explain how it implies (1.18). For
any 8 > ., we have y(8) > 0 [Theorem 1.1] and therefore a consequence
of (2.51) is that F(8) > 0, for all 8 > S3.. Then, from Lemma 2.7 it follows
that F (5) > 0= ~(B) = 1, therefore v(5) =1 for all 8 > ., and reporting
in (2.51) yields the positive slope of f at the critical point, that is (1.18).
Eq. (1.19) follows from the fact that f () > 0 for all 5 > f., together with
Lemmas 2.7 and 2.6.

Now we turn to the proof of (2.51). We fix § > 0 and ¢ > 0. According

to Lemma 2.6 we have as well

Iy 1-
lwft?E[P%{l$'> %ﬁ:}]z’ﬂﬁ) (2.52)

Since Zn () and Z5,(B) are nondecreasing functions of 3,
Ly 1—¢
inf P71y ZN
nér[%)ﬁ] N { N g 2k }
B Z](\}*E)/(Qﬁﬂ)(B_F(S)
Zn(B)

L 1—¢
2135 =N _
N{N>2/£ﬁ} &

>1 (2.53)
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almost surely on 7']{3, where

7(1=¢€)/(2K) _ z(1=e)/(2x5)
Zn(B)
According to Lemma 2.4, for all § > 0 small enough, ZJ(\}_E)/(QH’B) (B) — &°
while Z](\}_a)/ (215) (B + 0) — €19 in probability, as N — oco. Consequently
P(73) — 1 and

Lx 1—¢
li inf E|PSMIIN > > - 2.55
Nosed nel0.g] [ N {N 218 U (2:55)

for all § > 0 sufficiently small. In view of Lemma 2.8, this yields also

limsup inf E [P?VJ”? {I;\;}; > ;I <12;;> }] > y(B) —e. (2.56)

N—oo n€[0,9]

Consequently, we can integrate (2.40) over all n € (8,5 + ) to see that

, Y(B)—e (1-¢
limsup (B (1 (5 + 9)] ~ ElF w(3)] > 87 =51 ( » ) (2.57)

and letting € — 0 we conclude the proof of (2.51). O

2.5 Energy and the distance to optimality: The four points
(Proofs of Proposition 1.6 and Theorem 1.7)

The aim of this subsection is to prove Proposition 1.6 and Theorem 1.7. We
consider henceforth the following related problem: What is the maximum
value of Hy given qq, ..., qnv—1, where the maximum is taken over all possible
random walk paths.

Let us introduce some notation. We say that « € Z% is odd (resp.

even) when the sum of its coordinates is odd (resp. even). Given N > 1,
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e€{—,+}, and p € {odd,even} we define

Q= > ¢, (2.58)
0<i<N:
i=p
where “i = p” means that “ has parity p.” The quantity Q% is the total
value of charges of sign ¢ available at positions of parity p.

Given a realization of (¢, S) we define 2% as any one of the points of Z¢
with parity p such that eQ%; is maximal (since positions with no charge exist
we always have an\g > 0). It is not hard to see that we can ensure that 2P
is always a random variable [measurable with respect to the sigma-algebra
generated by (q,5)].

Let us also observe that if there exists a point x of parity p such that
eQ% > QF/2, then there is a unique choice for 2%, namely £ = z.

We may think of

Dy= Y3 @r(e--a¥) (2.59)
86{_7"1—}
pe{odd,even}

as the charge distance to optimality. Clearly, Dy > 0.
Lemma 2.9. The following are valid for all N > 1:

1. For everyd > 1,

Hy< )Y (@) -Dy. (2.60)

56{77+}
pe{odd,even}

2. For every d > 2,

— 2
max Hy(S) = > > (Q))? (2.61)
ee{—,+}
pe{odd,even}

”

where “maxg” refers to the mazimum over all possible random walk

paths.
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Proof. In order to prove part 1 we first decompose, and then estimate, the

energy as follows:

YY) (@w)? (2.62)

ee{—+} ze€Z:z=p,
p€{odd,even} eQ% >0

ZZ max (eQ%) X Z Q% (2.63)

Z%: x=p
e€{—,+} e z ’ €Z4: z=p,
pe{odd,even} cQx>0 IEQf\,iOp
P
DY Q< Q. (2.64)
e€{—,+}

pe{odd,even}

We express the latter in terms of Dy to complete the proof of part 1.
Next we demonstrate part 2.

Thanks to part 1 of the lemma,

max Hy < ) (@) foralld>1. (2.65)

ee{—,+}
pe{odd,even}
Now we assume d > 2 and describe an “optimal trajectory” in order to
establish the second part of the lemma.
In order to be concrete, we will consider the case that gy > 0; the case

that go < 0 can be considered similarly. Define

o' :=(0,0,0,...),  o®":=(1,1,0,...), (2.66)
09 :=(0,1,0,...),  ¢%:=(1,0,0,...). (2.67)

[When ¢ < 0, we exchange the roles of 09" and o¢"*" in the following ar-

gument.] Now let us consider the following possible random walk trajectory:

Si = oo for i >0 (2.68)

A direct inspection shows that: (i) S is a realization of the simple random
walk; and (ii) this realization of the random walk path achieves the max-

imum energy maxg, Hy. [In particular, for this realization of the random

30



walk we have 22 = of.] O

Our next Proposition is a ready consequence.

Proposition 2.10. Ifd > 2, then a.s. [P],

+12 —\2
lim max — = (Eqy )" + (Eqg )
N-ooo S N2 2

€ [0, ). (2.69)

This result immediately implies Proposition 1.6 because the random walk
piece {S;} V5! is equal to the argmax of S+ Hy with probability (2d)~.
And therefore

Zn(B) = (2d) "N exp <B max }]I\][V> . (2.70)

Proof of Proposition 2.10. Owing to Lemma 2.9, we can decompose the

maximum energy as
max Hy = (QX)? + (@) + (Q9™)? + Q™). (2.71)

And one can check readily that the strong law of large numbers for i.i.d.

nonnegative random variables implies that a.s. [P],

. QF
A}gnoo N;2 =Eq; foralle e {—,+} and p € {odd,even}. (2.72)
This completes the proof. O

Next we present a lower bound for Dy in terms of four nonadjacent
points. This bound will play an important role in the proof of Theorem 1.7.
It also will lead to an upper bound on the maximum energy maxg Hy in
the case that d = 1.

Lemma 2.11. Ifd > 1 and e,&’ € {—,+} satisfy [|2294 — 28| # 1, then

Dy > Z min (Q?dde ; QEYeanl_l) : (2.73)
1<i<N:i odd
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Proof. First of all, let us observe from the definition of D that

even

odd
Dy > Q0¥ (did — Q% ) +Qeyen ( even _ /0% ) . (2.74)
Next we note that

dd odd
M-y = > 4, and
i odd: §; #z2dd
even 1 AT e (275)
QU™ —£'Qy Yo .

y . . even
i even: S; #a:s,

WV

Ifie{l,...,N —1} is odd, then we necessarily have either S;_; # " or

5’
S; # ﬂ?gdd. Therefore, the lemma follows. ]

The following lemma will also be useful in our forthcoming analysis.

Lemma 2.12. Foralld>1, 6>0,e>0, N>1, and qp,...,qv-1 € R:

P, {mngN —Hy > 5N2} g eNV[n(2d)=5e], (2.76)

Proof. Because

bd o o e exp (% (maxs Hy — 5N2)) -
- 2 < ) .
ety ez o7} e e
the lemma follows from (2.70). O
Now we conclude the proof of Theorem 1.7. We introduce
.= min )2,
i (Q2)
pe{even,odd} (2.78)

L . . odd e even &’
A= /21{1n+} Z min (QE q; , QY qi—l) .
&€ T 0<i<N:i odd
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Recall from (1.22) and (1.23) the quantities v and A. Then a direct

inspection reveals that

lim ——— = lim —— = A\ 2.79
Nose (N/2)2 ~ 1 N3 (N/2)2 (2:79)
For every fixed § > 0, let us consider the events
r A A
5 v
1

C. gf\; > %Q? for all e = + and p = odd/even (s

|wodd — zeyen|| =1 for all €, &’ = £1
so that C, is the event that the points :cidd /even re adjacent and possess each

a proportion at least (1 + «)/2 of the available charge. Note, in particular,
that
Co C Sa, (2.82)

where the event S, was defined in (2.82).

Proof of Theorem 1.7. In accord with Cramér’s theorem there exists cs > 0
such that
P(E}) > 1 —exp(—csN) forall N > 1. (2.83)

Next we observe that if stﬁg < (14 a)Q%/2 for some p € {odd,even} and
e € {—,+}, then

o= (50) @z (150 (284

in accord with the definition (2.59) of Dy. If, on the other hand, [z —
& # 1 for some €,¢’ € {—,+} then Dy > A [Lemma 2.11]. There-

fore, we may apply Lemmas 2.9 and 2.12 in conjunction to deduce that the
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following holds almost surely on 5;5\,:

Py (C2) <P?V{DN>min(1;“ -F,A)}

D 11—« A
B N . g
< - > L2 )
\PN{(1+5)N2/m1n< 5 4,4)} (2.85)
8 D f(l—a v A
< PR — = .
< exp (N [ln(Zd) [ g min 5 10
This and (2.82) together imply the result. O

Our next result estimates the maximum allowable energy maxg Hy /N2
in the case that d = 1. It might help to recall that \ was defined in (1.23).

Lemma 2.13. If d =1, then

(Bgg)> + (Bgg)® A

1
I ~5 max Hy < 5. [P]. 2.
1]1\}1_210[) 2 max Hy 2 1 a.s. [P] (2.86)
And, for all e € {—,+},
lim inf < max (2.87)
i 5 g Hy .
(Bqg)® + (Bgg)® | as,p, -2 (B cazBgf)
> - (B - - : 2.
1 + o (B)” + (= 5 (2.88)
almost sure [P], where
ay = [P{go = 0}]* + [P{qo < 0}]* for k =2,4. (2.89)

Remark 2.14. In the case that go has the Rademacher distribution [i.e.,
P{qo = £1} = 1/2], the preceding tells us that

19 e 1 . 1
58 < lﬂlgofmmgxﬂlv < hj{]njllopﬁmgXHN < 37" (2.90)

[Note that 19/128 ~ 0.1484375 and 7/32 ~ 0.21875.]
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Proof of Lemma 2.13. We use the same notation as in the former proof.

Since we have d = 1 it is not possible that 2399 are adjacent to x§°". In

view of Lemma 2.11 this implies that

for all ¢ € &%, (2.91)

and hence maxg Hy/N? is bounded above by

(Qg_dd)Z 4 (Q(idd)Q 4 (Q:i/en)Q 4 (Qe_ven)Z B Y
N2 4(1+46)

(2.92)

for every q € 5%,. This yields the first assertion of the lemma.

We propose the following strategy in order to establish the asserted
[asymptotic] lower bound on N~?maxg Hy: Choose and fix a sign € € {+},
and place odd monomers at positions S; = 1 if ¢; > 0, S; = —1 otherwise,
and even monomers—whenever possible [that is, S;_; = S;11]—at position
S; = £2 if sign(¢;) = € and S; = 0 otherwise. A computation, involving the

strong law of large numbers, then shows that almost surely [P],

+1 +
lim =& — Eay
N—oo N 2’
+2 €
E
A}im ]<TV =c ;10 (P{qo > 0})?,
—00
L 8 (2.93)
N 90 2
. Q[}V Eqo Eqg
1 -40 240
N N 2 T"7
This yields the lower bound. O

2.6 Logarithmic range and bounded expectation of |Sy| (Proofs
of Theorems 1.8 and 1.11)

In this Section we prove Theorem 2.15 below and derive Theorem 1.8 from

it. We also present here a proof of Theorem 1.11.
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Given N > 1 and L > 1, define

1i+€—1
dr = min (z > qu|>- (2.94)
z k=i

0<i<N—¢

Theorem 2.15 (Logarithmic diameter). 1. If d > 1 and E|g| < oo,
then for every B € R and ¢ > 0 there exists ¢ > 0 such that for
all sufficiently large integers N > 1,

Diam{S;: 0 <i < N}
E |P? >
{ N{ In N

CH >1—exp(—cN'"¢). (2.95)

2. If d > 2, then for every a € (0,1), N >1,0< L< N, and € R,

Py ({Diam{s;: 0<i< N} > L+1}nc.,)

. (2.96)
In(2d) — 20 N\/f qL]> .

< N2exp <L

First we present a quick proof of Theorem 1.8 that uses Theorem 2.15.
Then we establish the latter result.

Proof of Theorem 1.8. We apply (2.95) and (2.96) with L := C'ln N to ob-
tain all but part 2 immediately. And part 2 follows from Theorem 1.7 and

from Cramér’s theorem, since

P{d. < Elo| — ¢} < N?supP {“”*l“‘”’ < Elao| - } (2.97)
I>L

decays more quickly than N~% provided that C' is large enough. ]

Our proof of Theorem 2.15 hinges on an analysis of the trajectory of a
certain portion of the polymer, conditional on the charges and the remaining
portions of the polymer. We begin with a Lemma that is useful for bounding

the range of the polymer from above.
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Choose and fix an integer N > 1, and let I be a contiguous subset of
{0,...,N — 1} with |I| < N. Given a realization of the polymer S that

satisfies C, for some 0 < a < 1, we say that monomer i € {0,..., N — 1}
parity(7)
when 5 = o)

Si € {xﬂarlty(z), a:parltY(Z)}). By extension, we say that S is nonoptimal on I

is optimal when §; = x (when ¢; = 0, monomer 7 is optimal when

when none of the monomers ¢ € I are optimal. Define

N(I) := {S is nonoptimal on I}, and

(2.98)
C(I) := C, N {S is optimal at the position(s) next to I},

where o € (0,1), and C, is the event defined in (2.81).

Lemma 2.16. Let N, «, and I be fized as above. Given a realization of q
and S € N(I)NC(I), define S as follows:

S; ifidl,
Si={ 220 yrie T & g >0, (2.99)
PO i e T & g < 0.,

Then the trajectory (SZ — go)f\igl s a possible realization of a simple random

walk and

Hy(S)—Hy(S)>2a D % |Qx > 4. (2.100)
ee{—,+} i€l i=p
pE{odd,even}

Proof. Because S is optimal off I, S is a simple random walk [but it might
not start at the origin].
Next we decompose Hy (S) — Hy(S) as

> (@) - @]
wef{zgddevenyu{s;iel}
- > (@59 + Q1 (9) (4 (5 - Q% (5)).

we{atd/ VmyUS s ieT}

(2.101)
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Now we observe that: (i) If x = 22, then

QRS =N+ > @

i€l:i=p,eq; >0

and (ii) If x = S; for some i € I, then

S =S - Y a

i€l:S;=x

Consequently, we can write

Hn(S) — Hy(S) :== T — Tb,

where
P
DIP I ELICIED DR B DR
ee{—,+} i€l:i=p,eq; >0 i€l:i=p,eq; >0
p&{odd,even}
and

13 = Z (QN( + Q¥ (S ) Z -

ze{S;;iel} iel: Si=x

Since Q% (S) > (1 + a)/2Q2(S),

(14 «) ZZ QP x Z q: .

ee{—+} i€l i=p
pef{odd,even}

Let us write, temporarily,

xedd.— 16,5 e I odd}.
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(2.103)
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(2.105)

(2.106)

(2.107)

(2.108)



Then clearly

Z (QN )+ Qy(S ) Z qi

reXxodd iel: S;=
5

Z Z ( S) + Q% (S ))E ZE% 0

56{ 4} z€xodd (2.109)
< Z max (QN( )+ Q¥ (S ) Z q;
ce{ 4} ¥ oddiaAey ieli odd
<A-a) > @Y > g
ce{—+1} iel:i odd

the last line is valid because, whenever  # 2399 is odd, the quantities Q% ( S)

and Q%(S) both lie in the interval [—1(1—a)Q°4, 1(1—a)Q9%9]. It follows
that

L-—a) D> @ > g. (2.110)
ee{—,+} i1€l:i=p
pe{odd,even}
The claims follows from (2.104), (2.107), and (2.110). O

Proof of Theorem 2.15. We begin by deriving (2.95).
With probability exponentially close to one [as N — o0], the total charge

of the polymer satisfies

N-1
> Jail < 2NEgo- (2.111)
=0

Therefore, by conditioning, we may [and will] assume that the charges satisfy
the former inequality.

Because the ¢’s satisfy (2.111), it follows that if we modify a single
position S; of the polymer, then we change Hy(S) by at most 8NE|qo| X |gi]-
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Consequently,
Diam{S; : N1 <i < Ny}

A S S g SNy 1, SN SN
N( > (N2 — N1 —1)/2 0 N1=1,9Ng5 - - -3 ON-1

(2.112)
1

Z @dye

o)

—8IBIElgol > lail ]

N1 <i<No

almost surely for every Ny < Ny in {0,...,N}. Given L € {1,...,N — 1},
define

Kp:=<Ske{l,...,[N/LI}: Y l|a| <2LE|g ¢ - (2.113)
(k—1)L<i<kL

Then, (2.112) leads to the bound

L—-1
p? Di i (k—1)L<i<kL}) <=2 ——
N {1?61%); iam{S; : ( )L < I < 5 }

(2.114)
< (1 _ aL)UCLI 7

where a := exp (—16|8|(E|qo])?) /(2d). Now we choose L judiciously; namely,
we let L := Ly := [~¢In(N)/In(a)]—so that a*/N—¢ — 1 as N — oo—in

order to deduce the following;:

EF%{&MM&:i<N}<L;1H

N
N —e\IV/(2L
gP{Z’Qi’>2NE|QO’}+P{|ICL‘g2L}+(1_N ) /L)

=1

(2.115)

This yields (2.95).

We prove (2.96) next.

If C, holds and S has L consecutive nonoptimal monomers, then we
can find a contiguous I C {0,...,N — 1} such that L < |I| < N and
S € N(I)NC(I). There are not more than N? corresponding choices for
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such an I. Therefore,

8 S has L consecutive
Py _ N Caq
nonoptimal monomers
< N? x sup P? (N(I)ncC(I)).

I contiguous:|I|>L

(2.116)

Consider such a contiguous set I. Every S € N(I) NC(I) gets mapped to
S :=5— 5y € C(I), and no more than (2d)!!! choices of S yield the same S.
In addition, Lemma 2.16 and the definition (2.78) of T" together tell us that

Hy(S) - Hy(S) =20 >3 |VIix Y ¢

e{—+} iel:i=p
pefodd.even) (2.117)

:2a\/fZ\qi\.

iel

Therefore,
Py (N(1) ne())

< exp <—2ﬁ04\]/vf > ’%") Zl/g > exp <—5HN(§)/N>

i€l N SeN(I)NnC(I)

< oxp (—wa\]/f ) |qi|> (20)1P%, (C(1)) (2.118)
el

< exp <|I\ X [ln(Qd) - QBa\]/quL]> , (2.119)

owing to the definition of qz. The claim follows from this and (2.116). [

Proof of Theorem 1.11. The proof is similar to the proof of Theorem 2.15.
Recall that RY was defined in (1.30), and define I := {0,...,r — 1} for
some fixed 1 < r < N. Then, we may use (2.118) and the obvious fact that
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P?V(C(I)) < 1 in order to deduce that

PR ({RY =r}nca) = PR (N(I)ne(D)

VI < 2.120
< exp( 20— Z > ( )

=0

Next, we choose and fix an arbitrary 6 > 0., and recall from (2.80) the event

82,. Then almost surely on £,

r—1
Py ({RY =7} NCa) < (2d)" exp (—wa,/llégqﬂ) . (2121)
=0

Because RY < N, it follows that
BB} (BY)] < N [1-P(ed)] + NE [1- P (Ca)]

N-1
+ Y B [1g PR ({RY =r}nca)|  (2122)

e o (2 )|

N-1
<o(l)+ » 7(2d)"E
as N — oo; see (2.83) and (2.85). Define

r=1

ps = 2dE [eXp <—Bo< 7 6|q0]>] . (2.123)

Since limsyg ps = p, it follows that ps < 1 for all § > 0 sufficiently small.
And hence, for all § > 0 sufficiently small,

o)

limsupE [BE2 (RM)] <> rpp = —22 2.124
o B ()] < v = 5 (2120
Let 6 — 0 to finish. O

2.7 On the annealed measure

42



Our analysis of the quenched measure can be adapted with no difficulty,
and with some simplifications, to study also the annealed measure. Here we

prove only Proposition 1.12.

Proof of Proposition 1.12. We know already from the analog of Theorem
1.1 that B, > 1. Therefore, it suffices to prove that EZy(1) = co. Let

v = v(N) := [N/2]. (2.125)

Because P{L%, = v} > (2d)™" for all N sufficiently large, it follows imme-

diately from properties of the normal distribution that

EZN(1) > (2d)’NE lexp { (q1 + N-|- qV)Q H

(2.126)
= (2d) VEe"%/N.

And the latter quantity is infinite because v/N > 1/2. O

2.8 The influence of a pulling force

First we justify our claim that the results of Theorem 1.1, Proposition 1.4,
and Theorem 1.5 continue to hold [up to a modification of the notation].
Basically, this is so because Lemma 2.3 is the only place where we explicitly
used the fact that S is the simple symetric random walk. Now the new

measure P has the following property:

P{S), = 0}

=0 = Eep(r s

(2.127)

with Eexp(A - S1) > 1 whenever A\ # 0. Therefore, the local time at the
origin satisfies E AL?\/ < EL‘]JV. This is enough for concluding that even the
statement of Lemma 2.3 continues to hold when we replace E with Ej for
A € R%. Next we prove Theorem 1.13.

Proof of Theorem 1.13. We begin with the proof of (1.45): We know already
that B.(A\) > 1/k. [Theorem 1.1]. Let us choose and fix some £ > 0. Then
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we can write

ZN(ﬁv)‘)

o /on (2.128)
= Z](\} /e B)(BvA)—i_E [ /BHN/N]'.A ‘ q0,91,--->,4N-1

where Z5,(5,A) is defined by adapting (2.1)—in the obvious way—to the

new reference measure Py, and A(N) denotes the following event:

A(N) = {]j\f*fv > ;;}. (2.129)

We know from Theorem 1.1 that Z](\}_E)/ (25) (B,\) — e in probability as
N — oo. Next we consider the second term in (2.128).

Because

E\ [eXP <J€HN> 1A

q0, 41, - "7qN1:|

2.130
BN ma Hy P L* — > 1-¢ ( )
TNz ) 23
it follows that
Eqj )2 + (Bqy)? 1—¢
m<6><max<ﬁ( %) 2( %) —IA<2R5> ,0>, (2.131)
where I was defined in (1.44).
We conclude the proof by establishing a lower bound for I).
According to (2.127),
1
E\LY (2.132)

o S 1—1/E(exp(A-S1))

By the strong Markov property, LY, has a geometric distribution with pa-
rameter

p:=P){S;#O0foralli>1}, (2.133)
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and therefore p > 1 — 1/E(exp(A - S1)). It follows that
Py {LY > aN} <Py {L% > aN} = (1 —p)loN1=1, (2.134)
and consequently
Iy(a) > alnE(exp(\- S1)). (2.135)

The conclusion (1.45) is immediate. Now we address the opposite bound
(1.46).
If e € Z% has norm 1, then

I
Py {Sis1 — Sk = e} > W, (2.136)
whence
Zn(B.2) > exp [ BN max 2N ) « exp (=2 M) ) (2.137)
N A= s N2 2d ' '

Consequently, (1.46) follows from Proposition 2.10 when d > 2; and (1.46)
follows from Lemma 2.13 when d = 1.
Finally, we prove that . is locally Lipschitz.
The density
dP )y exp(u - Sk)

= 2.138
APx |o(g.80...50)  (Exexp(p-S1))F ( )

is bounded from above and below respectively by exp(+2k||u||1). Therefore,
for all B € R,

=
(2.139)
=

This proves the claim when one chooses

14l
B> Be(A) + 2F;(BC(A))’ (2.140)
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for which F x4, (8) > 0 [thanks to the convexity of F x4,]. The lower bound
on F’(Be(X)) comes from the generalization of (1.19) in Theorem 1.5. [

A The local times of the random walk

In this appendix we collect some facts about the local times of the simple
random walk {S;}%°, on Z?. Recall that the local time at x of the walk is

denoted by the process {L% }%_;, and is defined by LY := > gc; v L{s,=2)-

Lemma A.1. There ezists a continuous nondecreasing function I : (0,1/2) —
(0,00) such that

lim %mP {LY >eN} =—I(e)  foralle € (0,1/2). (A.1)

N—oo

In fact, the limit exists for all £ > 0. But the additional gain in generality
is uninteresting because P{L%, > eN} = 0—whence I(¢) = co—when ¢ >

1/2, since the simple walk on Z% has period 2.

Proof. Let 19 := 0 and for £ > 1 define 7 to be the kth return time to the
origin by the random walk; that is, 7, := min{j > 7,_; : S; = 0}. It is easy
to see that L?V > el if and only if 7.x) < N. According to a result of Jain
and Pruitt [14, Theorem 2.1],

lim %P {menmy <N} =—-R (97'(1/e)) forallee (0,1/2), (A.2)

N—oo

where R is continuous, g is continuous and strictly decreasing, and both are

defined as follows:

g(u) == — and R(u):= —Inp(u) — ug(u), (A.3)

where p(u) = Eexp(—ur;). This implies our lemma with

I(e):=(Rog Y(1/e) foralle € (0,1/2). (A.4)
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Let us also mention that ¢ can be computed, in a standard way, by appealing

to excursion theory [16, Lemma 2.1]. The end-result is that

1 d¢
= —— _— A5
o) = G | TG (49
where G(¢) :=d~! Z;-lzl cos( - e;) for the d standard basis vectors {ej};-lzl
of R%. We omit the details of this standard computation. O

Recall that L}, := sup,cza L, denotes the maximum local time.

Lemma A.2. For every fized x € Z%, L3, s stochastically smaller than L?V.

Therefore, for the same function I as in Lemma A.1,

1
lim —P{Ly >eN}=—1I(s)  foralle € (0,1/2). (A.6)
N—oo N

Proof. Recall that the assertion about stochastic monotonicity is simply that
P{L% > a} < P{LY > a} for all @ € Z?. This is a ready consequence of
the strong Markov property [applied at the first hitting time of the origin].
Because

P{LY >a} <P{Ly >a} < > P{L} >a}, (A7)

xcZ4:
llzlli<n

stochastic monotonicity implies that for all N > 1,
P{LY >a} <P{Ly >a} < (2N)P{L} >a}. (A.8)

Therefore, Lemma A.1 finishes the proof. O
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