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1. Introduction.

For local times of one-dimensional Brownian motion, there is a huge body of literature
for both the modulus of joint continuity and for invariance principles. However, when one
turns to d—-dimensional Brownian motion, much less is known. Local times at points do
not exist, and the appropriate analogue to study is additive functionals L}" corresponding
to certain measures p. For continuity, there are a few results concerning joint continuity
in ¢ and pu, such as [B] and [Y]. There are some results on the convergence of functionals
of random walks to a single additive functional (see [Dy]), but nothing, as far as we know,
on uniform convergence to a family of additive functionals.

The purpose of this paper is to study continuity properties and invariance principles
which are uniform over large families 9 of measures p. We use the term “local times on
curves” instead of “additive functionals” because (1) most of the examples we look at have
p’s supported on curves and (2) the term “additive functional” is strongly associated with
probabilistic potential theory; we make no use of this deep subject, but instead rely on
stochastic calculus methods.

Our first set of results concerns the continuity of L} as a function of ¢ and . If 901 is
a family of measures pu, each of which satisfies a very mild regularity condition, we show
that L}’ is jointly continuous in ¢ and p, even when 90 is a very large family. Largeness,
here, is measured by the metric entropy of 99t with respect to a certain metric for the space
of measures on R? with the topology of weak convergence.

The majority of the paper is concerned with invariance principles. We suppose that
X1, Xo,...1s a sequence of mean 0, lattice valued i.i.d. random variables with finite vari-
ance, and possibly satisfying additional moment conditions. We let .S,, denote the partial
sums. We suppose that for each p € 91, there is a sequence of measures p, converging
weakly to p. Since the X; are lattice valued, we suppose the p,, are supported on n~1/27¢.
Then, if the u,, satisfy the same mild regularity condition as we imposed on the p and the
metric entropy of the p, is suitably bounded, then the local time for S;/+/n corresponding
to p, converges weakly to L}, uniformly over u € 9. The size of the family 90t that is
allowed is determined by the number of moments of the X;.

Although our theorems are quite general, they also seem to be quite powerful, as a
number of examples show. For example, in the case of classical additive functionals, where
the p’s have densities with respect to Lebesgue measure, we get continuity results and
invariance principles over a large class of functions, with minimal smoothness assumptions.
If 1 is a measure supported on a curve and we approximate p by curves containing the
support of S;/y/n, we get an invariance principle that is uniform over a large family of

curves.
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One of the most interesting examples is that of intersection local times. If a(x, s,t)
is the intersection local time of two independent Brownian motions, then o measures the
amount of time that the two Brownian motions differ by x, z € R?. LeGall [LG] and
Rosen [Ro] have shown that the number of intersections of two independent random walks
converges to the intersection local time of two independent Brownian motions at a single
level  when the random walk has two moments. This result can also be obtained as a
corollary of our methods. In addition, if the random walk has 2 4+ p moments for some
p > 0, we get the new result that weak convergence holds uniformly at all levels x. LeGall
and Rosen also have results for invariance principles for k—multiple points. Again, with
2 + p moments, we can get the corresponding uniform invariance principle.

To get some idea of the relative sharpness of our theorems, we look at the case of local
times of one—dimensional Brownian motion. A problem that has been studied by a number
of people is the question of an invariance principle that is uniform over all the levels x; see
[Bo2] and the references therein. As an immediate corollary of our theorems, we get an
invariance principle, uniform over all levels z, provided the X; have 2+ p moments for some
p > 0. The reader should compare this with the results of [Bol]; there, using techniques
highly specific to one-dimensional Brownian motion, the uniform invariance principle is
obtained under the assumption of finite variance.

Our results on the joint continuity of local times of curves with respect to ¢ and the
measure j are given in Section 2. We also remark there that many of the results have
analogues for symmetric stable processes.

In Section 3 we prove a local central limit theorem. The theorem is that of Spitzer
[S]; we derive an estimate of the error term that may be of independent interest.

In Sections 4 and 5, we derive exponential estimates for the tails of the difference of
two local times for the random walk. Some of these ideas seem likely to have applications
elsewhere: the theme is that if one wants weak convergence or exponential estimates for
additive functionals, one only has to compute first moments.

In Section 6, we give our invariance principles, with different versions depending on
how well-behaved the tails of the X; are. The fewer moments, the smaller the family 9
that is allowed. If one has only finite variance, one can still get convergence of the finite

dimensional distributions if d < 3, but not (by our techniques) uniform results.

Finally, we give our examples, already discussed above, in Section 7.

2. Construction and Joint Continuity.

Let Z; be Brownian motion on d-dimensional Euclidean space R?. Let g be the Green

2
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function of Z; if d > 3. If d =1 or 2, g shall denote the 1-potential density of Z;. So

_ o ps(z,y)ds ifd>3
g(«ray) - {fOOO eisps(l',y)ds lf d:l or 2

where pg(z,y) is the transition function of Z. We define the potential of a measure p by

gu(z) = / oz, y)u(dy).

Then it is well-known [Br| that if the map = — gu(x) is bounded and continuous, then

there is a continuous additive functional {L}'} so that
M{ = gu(Zy) — gu(Zo) + LY (2.1)
is a mean zero martingale. L} is called a local time of Z on the support of u.

If 9 is a family of positive measures on R?, define

da(p,v) = sup lgu(x) — gv(@)[,  pveM
A

Define Hg(e) = HZ(€) to be the metric entropy of 9 with respect to the norm dg.
In other words, Hg(€) = log N¢(€), where Ng(e) is the minimum number of dg—balls of

radius € required to cover M. If
Hg(x) < coqz™", x <1, (2.2)

for some r, we say that the exponent of metric entropy of Hg is < r.
We then have

Proposition 2.1. If gu is bounded and continuous for each p € M and if dg(p,v) <1,
then

PY(sup |L{ — LY| > A) < capexp(—=A/ca3v/ da(p,v)), pv €My e RY,
<1

where cy 3 depends only on sup ,con [|94/|co-

Proof. Let Ul' = gu(Z;) — gu(Zy) and similarly for UY. Note |U}' — U}| < 2dg(u,v).
Write N; for M} — M} . Applying Itd’s formula,

t t
W -vpp =2 [ wr-vzan, -2 [ r-vnyaes - 1)
0 0
+ U - U, U* - U,

3
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Since [U* — UY,U* — U"]; is [N, N];, we take expectations to get

EYN? =EY[N, N, < 4(dg(p,v))* + 2dg(p, v)EY (L + LY)
< c2.4dc(p,v) (2.3)
for bounded stopping times .
Consider arbitrary bounded stopping times 7' > S. Then denoting the shift operator
by eta

V= B (NN~ [N Vs | s

EY {|{Nr — Ns|| Fs} < [EY {|Nr — Ns|*|Fs}]
< [EY {[N, N]s 0 05| Fs}]"/? < [sngx [N, N]oo} .
< /¢ (da(u, )2 (by (2.3).)
Using (2.1), we get
EY{|(Ly — Ly) — (L% — LY)] | Fs} < (4+ &5 (da(p, v) 2.

An application of [DM] p. 193, completes the proof. O

Theorem 2.2. Let 9 be a family of positive measures on R%. Suppose
(i) Sup,egraSUp,con gi(z) < 0o, and for all p € M, x — gu(z) is continuous;
(ii) H¢ has exponent of metric entropy < r < 1/2.

Then (t, ) — LY is almost surely jointly continuous. Moreover,

: Ly — Ly
limsup sup sup - —p— < 00, a.s.
5—0 0<t<l pwem O
dG(l‘Lay)Sé

Remark 2.3. One could give an integral condition that Hs needs to satisfy and also a
more precise modulus of continuity, but even in the case of one—dimensional local times
our result here is not sharp. This reflects the fact that Proposition 2.1 yields exponential

tails for L}’ — LY and not Gaussian ones.

Proof of Theorem 2.2. The theorem follows from the estimates of Proposition 2.1 by a

standard metric entropy argument (cf. [Du]). O

Define another metric on our family of measures 97t by

[~ [wa],

4

dr,(p,v) = sup
Ppel

p,v €M,
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where £ is the collection of all functions ¢ : RY — R such that [|[{)] V [[V|leo < 1. It is
not hard to show that the d; metric metrizes weak convergence of probability measures.

(This metric is equal to what is sometimes known as the bounded Lipschitz metric.)

Example 2.4. Suppose d = 1. Consider point masses, d, and J,,, on x and y, respectively.
Then dr, (6, 6y) = sup | (x) —9(y)| < |x —y| A2. This is actually an equality. To see this,
Pel

assume without loss of generality that y = 0, x > y. Then define
Yo(a) = (aV0)A2.

Then 1y € £ and we have that [1g(x) —vo(y)| = |t —y|A2. So dr. (64, 6y) > [o(x) — 1o (y)],

and hence we obtain

dr(05,0y) = |z —y| A2 r,y € R

Example 2.5. Fix two maps F; : [0,1] — R% i = 1,2. Define for all Borel sets A, the

measures

MZ(A):HOStSlFZ(t)GAH, 1=1,2,

where | - | denotes Lebesgue measure.
Choose 1 € £. Then

‘ [ v~ [ vu

and so dr(p1, pe2) < /0 (|Fy(t) — Fa(t)| A 2) dt,

[ v - [ S(Eo)],

much as in Example 2.4. The right hand side is equivalent to the Ly-metric corresponding

to convergence in measure.

Definition 2.6. Let 9t be a family of positive finite measures on R? such that for some

v E R! and constant co 5 = c2.5(7),

sup sup p (B(z,r)) < ca 5?27, r<l1.
pHEM xcR4

We call the largest such ~ the index of M. If M = {puo}, then we say that ~ is the index
of Ho-
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Proposition 2.7. If index(9) > 0 and supgy u(R?) < oo, then ||gul|so < 0o and gu(-) is

continuous for each p € M. In particular, for every p € MM, L} is a continuous additive

functional.

Proof. The second statement is a well-known consequence of the first. For the first

statement, consider the d > 3 case first. Then g(x,y) = cqlz — y|>~¢ for some cy.

gu(w)=/g(w,y)u(dy)= / 9(x, y)p(dy) + / 9(x,y)u(dy)

B(z,1) B(z,1)c

< cap(RY) + / gz, y)u(dy),
B(z,1)

where B(x, ) is the ball of radius r centered about .
But if 0 < v < index(9N),

| stwutan =3 [ ol i)

B(x’]_) (J+1>S‘m—y|<2*1
oo
<cay 127UV u(B(z,27Y)),
5=0

oo
< cCog ZQ_J'W < Q.
=0

The d = 2 case is similar, since g(x,y) < —ca.7log|x — y| for |x —y| < 1. Thed =1

case is also easy and is done in a similar fashion.

To show continuity, consider the d > 3 case again. Then for € > 2|z — y|,

lgu(z) — gu(y)| < | / 9(x, y)p(dy) — / 9(y, 2)u(dz))|

B(gjye) B(QZ‘,E)

[ (02— gty )ude)| = B+ I

B(z,e)¢

The second term is estimated as follows.

II2,4§ / \g(x,z)—g(y,z)\
B(xz,e)°

< coslr— 1 /’ux—avW—afduu@sté%u—y«

B(z,e)c

(2.4)

(2.5)
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For the first term of (2.4),

I5.4 S/ (9(z,y) + 9(y, 2)) u(dz)
B(z,€)
= T,z , 2 dz
jgo/2(j+1>e§|x—z|<2je (g( )+g(y ))H( )
< 2sup Z /2_

> , 2-d ,
< ¢2.10Sup Z <27(3+1)6) 1 (B(a,277€))
R

[ st 2t

G+ e<|a—z|<2 e

< ¢ Z 27777 < ¢y q€”. (2.6)
j=z-1

Putting (2.4), (2.5), and (2.6) together gives the existence of a constant ¢ 13 such that

sup |gp(x) — gp(y)| < caa3l6e' "+ €7 € > 20.
le—y|<o

Therefore letting € = ¢9.146*/ V4= we get,
sup |gu(z) — gu(y)| < c2.1567/ 7Y
|z—y|<o

—0 as § — 0.

This proves the proposition for d > 3. The cases when d < 2 are quite similar. O
The following relates the two metrics, dy, and dg:

Proposition 2.8. If u and v are two positive finite measures on R? so that index(p, v)

> v > 0, then for some constant cy 16 depending only on v,

da(p,v) < ca16ldr(p, V)]é

where £ = ~v/(d+~v — 1).
Proof. Take d > 3:

da(p,v) = sup |gu(zr) — gv(z)|

x€RC
< sup | 9(z,y) (1 — v)(dy)| + sup | / g9z, y) (1 — v)(dy)|
z€RY  J B(x,€) z€R
B(z,e)°
=I7+ 117 (2.7)
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We proceed to estimate each term on the right hand side of (2.7) separately. Consider
the second term first.

Ib7=$m0dt/ & — 24— v)(dy)].

z€RY
B(z,e)°

But ¥o(y) = |z — y|>7¢ A €279 satisfies ||Vl < €27 and ||[Vihglloo < co17e¢!™% for a
constant co.17. So

1137 < cp.18 sup {‘/¢d(ﬂ —v)

reRd
< coq06 " (p,v), e <1 (2.8)

quﬁgdﬁwmeleﬂ

We estimate the first term that appears in (2.7) exactly as in (2.6) to get
Ir7 < ca00€”. (2.9)
Putting (2.9), (2.8), and (2.7) together, and letting € = dp (u, v)Y/(@+7=1),
da(p,v) < ca.01 [€ +dr(p, V)el_d}
= co.00 [dr (1, V)]

The cases when d < 2 are much the same. O

Now let Hy (€) be the metric entropy with respect to metric dy,. Then Proposition 2.8
and Theorem 2.1 together yield the following

Theorem 2.9. Let M be a family of positive finite measures on R?. Assume that
index(9M) > ~y, and let £ = ~v/(y+ d — 1). If the exponent of metric entropy of Hy, is
< r < {/2, then almost surely,

: Ly — LY|
limsup sup sup - —om— < 00.
50 0<t<l pveM J "
dL(/'Lvy)S(S

Remark 2.10. Theorem 2.2 holds for many other Markov processes as well as for Brow-
nian motion. For example, if Z; is a symmetric stable process of order a the statements
and proofs of Proposition 2.1 and Theorem 2.2 go through with only minor changes.

In the stable case, g(x) = co.03|z|* %
bounded if pu(B(x,7)) < c2.047?~ Y uniformly for x € R?,r < 1. Proposition 2.8 still
holds provided we here define ¢ by ¢ = v/(y + d — a + 1). Similarly, with this change in

the definition of ¢, Theorem 2.9 holds as well.

Just as above, gp will be continuous and
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3. A local central limit theorem.

In this section, we derive a local central limit theorem, which is that of Spitzer [S]
pp. 7678, but we use the additional moments to get better estimates of the error terms.
We apply this to the problem of estimating the potential kernel of a random walk (cf. [NS]).

Let X1, Xa,--- be i.i.d. R¥~valued random vectors. Here X; = (le, e ,de). We
consider the case d > 3 for a random walk, S,, = 2?21 Xj. Assume the X;’s take values in
Z?, are mean 0, have the identity for covariance matrix, are strongly aperiodic, and have
finite third moments. Let ¢(u) = Eexp(iu - X1), where a - b is the usual inner product.

Also let p,,(z,y) = P*{S,, = y}. Then we have the following local central limit theorem:

Proposition 3.1. There is a constant c3 1 such that for all n,
sup |py(z,0) — (27rn)_d/2e_‘”|2/2”] < cg1(1+ B[ X, [P)n~ @D/ 2(1ogt n)d+3)/2,
(Here log™ (n) = log(n) Vv 1.).
Proof. We follow the proof of P9 given in [S] pp. 76-78 closely. Let
E(n,x) = |pn(0,2) — (27Tn)*d/267|x|2/2”|.

Then

4
sup(2mn)Y2E(n, z) < (2m) "2 ZIJ(TL)
T =1
where

Y

Il(n) = sup / <¢n(om_1/2) - 6_|0‘|2/2) e~ /N o
z la|<A,

b

™ = sup / e~lal?/2—iw-an™V2 g
v |Jial>an

I:,(,n) = sup " (an M2 em eV | | and

/Anga&rﬁ

Lgn) = sup ~U2)emima/Vngg |

T

alsrym @ (0
a€+\/nC

Here C = {z € R? : max;<q4|2!| < 7} is the unit cube of side m. Furthermore, A, =
V20 logn for some large # and r > 0 is a constant that is small. We proceed to estimate

each term separately. Take n > 1.

I < n/ ’(b(om_l/z) —e7lol*/2n] gq
|a|<An

9
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since for all a,b € R?,
n n n—1
lla]™ = [b"] < nfa = b| (|la] v [b)™ .

By definition, A,,/\/n — 0. So a Taylor expansion implies

plan™?) =1 — @ +FE
- n 1(0&,77,)

2
n

and for all |a| < A, Ei(a,n) < czo(1+EX?)(Jal?/n3/?), i=1,2.
Therefore there exists a constant c33, independent of a € {z € R? : |z| < A,}, so
that

| S|up plan™V/2) — eIl /20| < g 5(1+ B|X, [P) A3 5/
a|<A,

< ¢5.3V8G% (1 + E| X1 [*)n/%(logn)3/2.

Therefore,

Ifn) < ec34(1+ElX, lg)nAZn*?’/Q(log n)3/2\B(O, 1)]

= c35(1 + E|X, [2)n~ 2 (logn)@d+3)/2, (3.1)
Next,
I < / ™1 2da < ¢y en~". (32)
|| > A

The upper bound for IPE”) and [ in) is done exactly as in [S]: for r small enough
™ <onr. (3.3)
Also, for r small enough, there exists ¢ € (0, 1) so that

Iin) <(1=0)"|{a:|a] >rvn; o€ /nC}|
< eqn P, (3.4)

where |B| is the Lebesgue measure of the Borel set B. Putting (3.1)—(3.4) together, the

proposition is proved. O
Recall that X, is subgaussian if there exists r > 0 such that for all ¢ > 0,
Eetl X1 < 217", (3.5)

10
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Define the potential kernel for the random walk:
G(z,y) =Y palz,y).

Recall d > 3 and hence G is well-defined and finite. Also recall that for some constant cg,

g(z,y) = cq|lr — y|?>~¢. Then the above proposition implies:

Proposition 3.2. Assume the X'’s are subgaussian. Then there is a constant c3.g so that

for every z,y € 7.2,

_ 1+d
1G(z,y) — g(z,y)| < caslz —y/" " (logT |z —y|) .

Proof. By translation, it is enough to do this for y = 0. Clearly we shall only need to
consider the case || > 1. By Chebyshev’s inequality and (3.5), for all z € R?,

P{|S,| > |z|} < 26Xp(—|x|2/4nr). (3.6)
Let f(z) = [%g'ix'], k large. Then
f(z) f(z) f(x)

Z E(n,z) < an((),x) + Z(zﬂn)*d/%*lxﬁ/?n. (3.7)

We bound each term on the right hand side of (3.7) separately:

f(=) f(z)
S pa(0,2) < 3 P{IS0] = [al}
n=1 n=1
f(z) )
<) e lel/anr ( by (3.6) )
n=1
<2f(:1:)exp(— ‘ |2 ) < s |$|2 _‘x’—k/ﬁlr
- drf(x)” = 7 klog |x|
< |zt if k is large enough. (3.8)
Similarly,
f(z) ,
Z(an)’d/ge"x| /2n < gt if k is large enough, |z| > 1. (3.9)
n=1

Then (3.7), (3.8), and (3.9) imply that if & is large enough,

f(z)
Z E(n,z) < 2Jz|'~% (3.10)

n=1

11
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Now we estimate Zflo:f(m) E(n,y) as follows:

Z E(n,x) <310 Z 7”L_(d+1)/2(logJr n)(d+3)/2 (Proposition 3.1)
n>f(x) n>f(x)
< egaalz) " (log™ |x) T (3.11)

Putting (3.11) and (3.10) together implies

Z E(n,z) < 03,12|ac|1’d(logJr \x|)d+1.
n>1

This in turn implies
G(0,2) — Y (2mn) =2 17/20) <1 4 ¢y pp|2| " (log T |x]) .
n>1

However, it is easy to show that

| Z(Qﬂn)*d/ge*mz/% —g(z,0)| < czaslz|' " (log™ [x]).
n>1

This proves the proposition. O

Corollary 3.3. If d > 3 and the X;’s are subgaussian,
(a) G(0,7) < c3.14(1 A |z|?79);
(b) For each (8 € (0,1), there exists c3.15 = ¢3.15(3) such that

|z — y| s |z —y[t =P .
(Jz| Alyl)a—t (el A lyl)dt=8

1G(0,2) = G(0,y)] < ¢35 (3.12)

Proof.
G(0,0) = po(0,0) + an((), 0) <1+ 263,16n_d/2 < ¢3.17-

n=1 1

by Proposition 3.1. So part (a) follows by this equation if £ = 0 and by Proposition 3.2 if
|x| > 1.

Note that part (b) is trivial if z = y or if z = 0 or y = 0. So let us exclude these
cases. By Proposition 3.2, if 8 € (0,1),

1G(0,2) — g(0,2)| < c3.18]x|~417F),

12
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and similarly for |G(0,y) — g(0,y)|. But

19(0,2) = 9(0,9)| < cz0ly — /(2] A ).
Since |z — y| > 1, part (b) follows by the triangle inequality. O
Remark 3.4. Note that if Cov(X;) = @ for @ any positive definite matrix, Corollary 3.3

still holds. To see this, one merely needs to replace the proofs of Propositions 3.1 and 3.2

with ones where the identity matrix I is replaced by @ (cf. [S]).

Remark 3.5. The assumption that the random walk be strongly aperiodic may be re-

moved by the method of Spitzer.
4. Moment Bounds.

In this section we consider the analogues of some of the results of Section 2 with
random walk in place of Brownian motion. Fix n. Let u, be a finite measure supported
on n~ /272 Let 9M,, be a family of such measures.

Let us define index,,(9M,,) to be the largest v such that there exists ¢4 1 with
pin(B(x,5)) < cq.15472, e R s € [1/2vn, 1], iy € My (4.1).
Note, taking € n~'/2Z% and s = 1/2/n, then in particular
wn({x}) < cant @2 <o) plmd/2, (4.2)
Define i
Lt = /203 (18 /). (43
§=0
Proposition 4.1. Ifindex, (uy,) > 7, then sup, E* LT < ¢4 5, where ¢4 5 depends only
on p,(R%),~, and the constant c4., of (4.1).
Proof. By translation invariance, it suffices to suppose x = 0.

B0 Lo =m0 S S (/v p (0.9)

j=0 yezd

= nd/2-1 Z G(0,y)pun({y/Vn})

y€eZd

Seesn®71Y Y WP e ({y/viad) + 027G (0, 0)u ({03)

k=0 2k <[y] <2k +1

< egqan®?71Y RN (B(0,28 V) 4+ n2T1G(0, 0)n ({0})
k=0

=Iy5+ 1145 (4.5)

13
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1145 is bounded using (4.2) and Corollary 3.3(a). For I4 5, note

> 2k D (B0,2 fyn) = Y+ Y
k=0 2k</n 2F>\/n

S Ca1 Z 2k(2—d) (2k+1/\/ﬁ)d—2+’y 4 Cas Z 2k(2—d)
28 <V/n 2k>/n
< cyen'~2. (4.6) O

Corollary 4.2. Let y € n~Y/2Z%. If i is p, restricted to B(y,r) — {y}, then BY L' <

C4,7T’7.

Proof. The proof is very similar to that of Proposition 4.1, except that we may omit 114 5

and in estimating Iy 5 in (4.6), we need only look at > o, /. O

Recalling the definition of d;, from Section 2, notice that

dr(pnvn) = sup{ > ¥(y/vn)(pn — va)({y/vV/n}) : ¥ € £}.

yEZ4

Taking o = c4.8/v/n at € n~2Z% and 0 on B(x,1/2/n)¢, we see

pn({z}) — vn({z}) < caov/ndr(pn, vn). (4.7)

Lemma 4.3. Suppose ||| < 1, p(R?), v(R?) < ¢4.10, and [¢(z) — Y(y)] < |z — y|®.
Then | [ (y)(p—v)(dy)| < canr(dr(p, v))*.

Proof. Let ¢ be a smooth, nonnegative, radially symmetric function with compact support

and [, o(x)de = 1. Let @c(z) = e Yp(x/e), e =1 * @, for € > 0.
First,

(@) — ()] = | / Wz — ) — $(@))pely) dy

< [lled dy = [yl eo)dy < curae.

Next, let u be a unit vector, V, f = V f-u. Without loss of generality, we may assume
u=(1,0,...,0). Then

/VUSOE(y)dy:/'"/Vugfie(yl,...,yd)dyl...dyd

:/-~-/Ody2...dyd:0
14
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since . has compact support. So

Vuthe()] = | / (e — y)Vupe(y) dy| = | / W — ) — (@) Vuely) dyl
: /|y\a€_(d+1)¢(y/€) dy < cq13¢*

Hence,

| [vdta=wl < [1o=vdda+v)+| [oedi-v)

< 04_1260‘(M(Rd) + V(Rd)) + 64,1360‘_1dL(,u, v).

Now take € = dp,(u,v). O

Let 9%, be a family of measures supported on n~1/2Z% with index,(IM,) > v. We

now obtain:

Proposition 4.4. For each 3 > 0,

sup  sup E¥ (LZFn — L) < cqq4(dr (pns vn)) ",
P Vn €My @

where
lpg=~(1=0)/(d+v—-1-0) (4.8)

and c4.14 depends on c4.1, 7, B3, and supgy | fon (RE).
Proof. By translation invariance we may suppose x = 0. Write ¢ for dr,(p,, vy), £ for £y.
Let Gk (y) = G(0,y) A K. As in (4.5),
E° L Hn —E L

=n"2"N [G(0,y) — G (W) (tn — vn) {y/V0}) + 027 " Gre(y) (i — va) (/)

y

y#0
+n?71G(0,0) — Gk (0)) (1 — va)({03})
=Iyg+I1l49g+111,49 (4.9).

Note G(0,%) — G (y) = 0 if |y| > c4.15 K/ =D So, writing ¢ = K1/(2=)

Lg <n®?70 3" G(0.y)(kn + va)({y/v/n})

0<|y|<ca.15¢

— (B0 LI + BO L) < dey 61,

15
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where r = ¢4.15(//n.
;From Corollary 3.3 it follows easily that if =,y € n~'/2Z, then

|G (zv/n) — Gx (yv/n)| < cgan! =42 (’ Cd%‘ﬁ + ’Cd?‘)

and
|Gk (zv/n)] < cqrgn'~ Y224,

Define ¢(x) = n¥?71G g (x\/n) for x € n~/2Z% and define 1)(x) by some suitable
interpolation procedure if x & n=1/2Z?. Looking at the cases ¢ > |z — y| and ¢ < |z — y|

separately, we see

— ylt—-8
90 = vl < e (4 A ).

Applying Lemma 4.3 to ¢ 1o¢% 1754, we get

518
Iy < €4.20 F=1=5
Finally, by (4.7) and (4.2)
[ < cao <nd/ 2-1/25 p\ n—W) . (4.10)

Looking at the cases when n(4=1)/2 i greater than and less than n~7/2 separately,
Iy < c4.226".

Choose K so that ¢ = (§17Fn2/2)1/(v+d=1=5) g,

Iig+IIsg+ I111g < cg03nV/P/ETIHFA=B) = syA=0)/(d=1H7=0) 4 ¢ 55°

< c4.246%,
sincen >1and v/(d—14+~v—p05)—1<0. O
5. Martingale Calculus estimates.

As in Sections 24, we restrict attention to the case d > 3. Let 901, be as in Section
4. Fix pip, v, € M, and let

AR = Lpt — LY, U"(x) = E°A%.

16
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There exists a mean 0 martingale M}’ so that
Up =U"(Sk) —U™(So) = M} — Ay

Define B}, = maxy<n, |A}|. Fixing n allows us to drop the n subscript. We proceed to

estimate EY B2 with this convention in mind.
Proposition 5.1. There is a constant c¢51 = ¢5.1(9M,,) so that

sup  sup  EY|BL|? <516
n>1  pyn, v, €M,
dr, (llfn yVn)S(S

where {3 is defined in (4.8).
Proof. Fix n. We shall temporarily drop the n superscripts. Notice that
[Akl? < 2|Uk[* + 2| My |?
< 2¢3 1,62 4 2| My |? (Proposition 4.4).

where § = d(p,v). Hence

EY |Boo|* < 26§ 146°% + 2B sup | M|
k

<263 ,,0%% + 8V | Mo |? (Doob’s inequality). (5.1)

But
| Moo|? < 2|Uso]? 4 2| Ao |®

< 262 1,627 4+ 2| A )? (Proposition 4.4).

Therefore (5.1) yields
EY|Boo|? < 18¢2 1,6% 4 16FY | A |2 (5.2)

Letting AA; = Apy1 — A, note that

o

Ago — Z(AiJrl — Ai) = ZAAk(Ak'H + Ag)
k=0 k

= AAL (24541 — AAy)
k

=2) App1AAp =) (AAL)?
k

k

17
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So

A2, =2 (Aco — Ar1) DAL + > (AAR).
k k
=I53+ 1153

Bl =Y B {]E(Aoo - Ak+1\.7:“k+1)AAk} (s = o{X1,...
k

= EY {E% [An]AAL}
k
< 204146 Y EY|AA;|  (Proposition 4.4)
k

< 204140 BY (LH + L)

< 4ey 140410, (Proposition 4.1).
Next, using (4.2) and (4.7),
sup | (1 — va) ({}) < es.2(v/nd Ant=@H2),
So

EYII53 = n’ Y Z[(Mn - Vn)({5j+1/\/ﬁ})]2

J

(5.3)

(5.4)

< 0?2 sup (s = ) (e DB/ S (o 4+ 0) (1Y)

< 05,2[n(d*1)/25 A n*7/2][EyLZ(;“" +EY L.

By the argument following (4.10) and Proposition 4.1,
EY 153 < c5.36".
Adding, we get Proposition 5.1.
Using this, we prove the following exponential estimate:
Proposition 5.2. For all x € (0,00), all 8 € (0,1),and all 6 < 1,

T

n>1  ppn,vn, €My

sup sup PY {sup |Liptr — L > a;} < 2exp {—
k
dL(Hnyyn)Sé

18
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Proof. Define A"(t) = Aj; and B = sup ., |A"(t)|. Then ¢ — Bj" is predictable and
increasing. Since t — B}’ is also a sub-additive functional, Proposition 5.1 and Cauchy—

Schwarz show that
EY {B:o — Br?v’fT} < vV C5,15€5.
Therefore, by [DM] p. 193, for every § < 1, all z > 0, and X € (0, (c5.16%)71/2/8),

. —1
sup sup EYeMPxl < (1 — )\\/05,1(543) .

n21 ﬂny’/nemn
dL(,U,n,Vn)g(s

Hence 1
sup sup  PY{|BL| > a} < e (1= Ao )
n>1 Hn:Vnemn
dD(Hnﬂjn)Sé
Letting A\ = 1/16+/c5.16%, we get the result. O

6. Invariance Principles.

Throughout this section assume that X;, Xs, - - - are mean zero random vectors taking
values in Z¢ and that Cov(X;) = I, the identity matrix. Further moment conditions will be
imposed later. Let S, = 2?21 X;. Let 90t be a family of positive measures on R?. Suppose
for each p € 9N there exists a sequence of positive measures, u,, = u(n) converging weakly

to p1, and for each n, , is supported on n~=/2Z4. Let
M, = {u(n) : peM}.

Hypothesis 6.1.
(a) There exists cg.1, independent of n, such that ji,,(R?) < cg.1, fin € My;
(b) for some ~ > 0, there exists cg.2 € (0,00), independent of n, such that

sup i (B(z,8)) < e 08t if1/2n<s<1, n>1, p, € My;
xr

(cg) there exists c.3 and € > 0, independent of n, such that if H}' is the metric entropy of

9N, with respect to dy,, then

Hi(z) < 06,3x_(£5/2_6), Hp(z) < 06_3x_(£5/2_6), x € (0,1).

In what follows we will formulate a number of invariance principles. See [Bi] for the

appropriate definitions concerning weak convergence on metric spaces. But perhaps the

19
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simplest way to describe what converging weakly uniformly over a family means is to say:
one can find a probablility space supporting a Brownian motion Z; and a random walk with
the same distribution as the S,,’s such that Sj,4+/y/n converges uniformly to Z;, ¢ € [0, 1],

a.s., and Lanf]" converges uniformly to LY, t € [0,1], u € M, a.s.

A. Subgaussian case.

In this subsection, assume d > 3 and assume that the X;’s are subgaussian. The follow-
ing proposition follows from Proposition 5.2 just as Theorem 2.2 followed from Proposition

2.1, by standard metric entropy arguments.

Proposition 6.2. If Hypothesis 6.1 holds for some 3 € (0,1), then for each n > 0

limsupsupP< sup  sup  |LpH" — Ly | >np =0.
6—0 n>1 k>1 pin,vn €M,
dr, (fn,vn) <6

Theorem 6.3. If Hypothesis 6.1 holds for some 3 € (0,1), then the process

{028y, L") 0<t <1, pem}

converges weakly to the process {(Xy, LY) : 0 <t <1, pe M}

Proof. In order to keep things as simple as possible, we will prove that Lm]” = L' A
standard modification to our argument will show the joint convergence of the local time
together with the random walk.

We start by showing the convergence of the finite dimensional distributions. We give
the proof for the one dimensional marginals, the general case being entirely analogous.

Define ¢ and ¢, as in the proof of Lemma 4.3. Recall ¢ * fi,(2) = [ @e(@ —y) pin(dy).
Define pf to be the measure on n~/2Z¢ that puts mass n=%2p. * u,({z/v/n}) on the
point z/y/n, z € 7%

First, we show dr,(p, 1 * p.) — 0 as € — 0. We write

dr(p, p* pe) = sup | [ (y)p(dy) — /w(y)u* ve(y)dyl|
YpeLl

=sup | [ Y(y)u(dy) — /w * o (y)pu(dy)|. (6.1)

YeLl

Since 1) € L, 1) * ¢, converges uniformly to 1) as e — 0. Hence the right hand side of (6.1)

tends to 0. A similar argument shows that dp (i, pin * ) — 0 as € — 0, uniformly in n.

20
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Secondly, we calculate, using Hypothesis 6.1(b),

pn(B(x,8) =n""2 3" > ocly/Vn)u.({(z — y)/vn})
|s—zl<svA ¥

<cgan” Y p(y/Vn)st T
Yy

< 06.4nid/2€7d||90Hoo=9d72+7#{y . y/eyv/n € support(p)}

< cg.5877 21, (6.2)

if 1/2y/n < s < 1. A similar calculation shows that sup,, ué(R?) < cg.6, independently of
n and e.

Thirdly, we show that for each € > 0, uf, converges to i * ¢, uniformly on compacts,
as n — oo. Since uf(z) = [@c(x — y)un(dy), the p, are uniformly bounded, and ¢, is
smooth, then {u, : n Z 1} is an equicontinuous family of functions of z. For each fixed
, 15 () = [ el = y)u(dy) = p* pe(x), since pu, = p.

In view of (6.1), (6.2), and Propositions 5.2, 2.1, and 2.8, to show {Li" + 0 <t <1}
converges weakly to {L} : 0 <t < 1}, it suffices to show that L 4" = L“ #< for each e.

[nt]
But
[nt]

nn?]n =n~! Z Pe * ,Un 1/2‘93')- (6-3)

Since ¢ * 1, converges to @, * L umformly on compacts, the desired convergence follows
immediately by Donsker’s theorem.

To complete the proof, it remains to establish tightness of {Ln A 0<t <1, py, €
9, }. But this follows from Proposition 6.2. O

B. 3+p moments.
We still assume d > 3, but now only require that E|X; [>T# < oo, for some p > 0.

Theorem 6.4. If Hypothesis 6.1 holds for some 3 € (0,1), then the conclusion of Theorem
6.3. is still valid.

Proof. Let or=1/8, a, =n/?7% If X; = (X},..., X9), define X; = (X},..., X¢) by
X;:X;1(|X;|<an)7 Zzl,,d

Let e; = EX{ and define X/ by (X!)’ = X! — Y/, where Y/ is a random variable
independent of the X’s that takes the value [a,]sgn(e;) with probability |e;|/[ay], and the
value 0 with probability 1 — |e;|/[an]-
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Since EX? = 0,

oo

le;| = \/ rP(X! € dz)| < 2/ P(|X}| > x)dx
[_a”rwa’ﬂ-]c

an

<20, [ R > 0)da

n

< cg.7a, FTOE|X] PP (6.4)

If n is large enough, |e;| < 1.

Note that the X J’ are mean 0, have finite 3 + p moments (with a bound independent
of n), have covariance close to the identity matrix, are bounded by 2a,, for n large, and
still take values in Z? (which is why we did not simply define X’ by X —EX ). We have
by Chebyshev’s inequality

d
P(X} # X;) <P(X; # X))+ Y lejl/lan] < cosa, CTPE[X; P10

j=1

=o(1/n). (6.5)

Let S}, = Z?:l Xj. By Bernstein’s inequality,

a2
P(|S],| > <2 = > 1.
(1842 Iol) < 200 (). e

The expression on the right hand side is largest when n is the largest, and so if f(z) =

[|z[*/Klog]]],

f()

| S
P(|S 2 X

D PS> Jxl) < 2f(x)e p(zf(a:)+4af<x>\w!/3

Jj=1

< ¢l ¢ (6.6)

if £ is large enough.
We now use (6.3) in place of (3.8), and proceeding exactly as in the proofs of Propo-

sition 3.2 and Corollary 3.3, we conclude that
|G/(0,$)| S 06.10(1 A\ \x|2_d) (67)
and that for each 3 € (0, 1), there exists a ¢g.11 = ¢6.11(3) such that

|z —y[t =7 N |z —y| )
(Jz] Ay))a=1=8 " (x| Alyl)d=t )7

|G'(0,z) — G'(0,y)] < 11 (

22
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where G’ is defined in terms of X’ just as G was defined in terms of X.
All the estimates of Sections 4 and 5 and of Proposition 6.1 are still valid, provided
we replace L™ by (L") = n/2-1 Z?Zl pin({S%/+/n}). Then for all n > 0,

P(sup  sup |LF$‘]” - Lﬁiaﬂ > 1)
t<1 ﬂny’/nemn
dL(/lnﬂ/’n.)Sé

<P(up  sup (L") = (Lpg)' = n)
<1 pn,vn €My
dL(,U,n,Vn)g(s

+ P(X; # X for some j < n). (6.9)

The first term on the right hand side of (6.9) can be made small, uniformly in n, by taking

d small and using Proposition 6.1 (applied to L’). To bound the second term, we write
P(X; # X for some j <n) <nP(X; # X]) =0

as n — oo by (6.5). Tightness follows readily.
The proof of the convergence of the f.d.d.’s given in Theorem 6.3 goes through without
change. O

C. 2 4+ p moments.
Still assuming d > 3, we now assume only that E| X |?T* < oo, for some p > 0.

Theorem 6.5. Suppose Hypothesis 6.1 holds with 3 = 1 — p. Then the conclusion of
Theorem 6.3 holds.

Proof. Let a =p/8, a, = n'/2=2_ Define X, X' as in subsection B. As in the proof of
Theorem 6.4,
le;| < ca;(1+p)E|X1|2+p,

and in place of (6.5) we get

d
P(X) # X;) <P(X; # X))+ Y _lejl/lan] < ca,*TPEX [P = o(1/n).  (6.10)

j=1

Using Bernsteins’s inequality, we get (6.6) as before. However,
E|X!|° < 3/ 2?P(|X| > x)dx
0
an
< 3a}lp/ o TPP(|X| > 2)dx < 06_12a71fp
0
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and

ElY]|? = [an)®|eil/[an] < co1sa, "

So

E\XJ/-\S < cg.14a, "

Hence in Proposition 3.1 we can only conclude

sup [P*(S, =0) — (27m)*d/2e*|x|2/2”| < cgqgn(dtP)/2—e
T€Z4

for some small € > 0. Using this estimate in (3.11),

Z E(n,x) < 06,16\x]_d_p+2. (6.11)
n>f(x)

Following the proofs of Proposition 3.2 and Corollary 3.3, but using (6.6) in place of (3.8)
and (6.11) in place of (3.11), we get (6.7) and (6.8) with 5 =1 — p.
As in the 3 + p moment case, using (6.10), we get tightness. No changes are needed

to the proofs of the convergence of the f.d.d.’s. O
D. Second moments.

When the X;’s have only finite second moments, our methods do not give uniform

invariance principles. But we still can prove the convergence of the f.d.d.’s when d = 3.

Theorem 6.6. Suppose d = 3, E|X;|? < oo, and Hypothesis 6.1(a), (b) hold. For mea-
sures pt, ..., pN € M,

(Lg;gf?: 0<t<1l,i=1,...,N)

converges weakly to (Lf :0<t<1l,i=1,...,N).

Proof. We give the argument for N = 1, the general case being analogous. Examining

the proof of Theorem 6.3, we see that we need only show that for each n > 0

P(sup |Lp"" — Ly | = ) — 0 (6.12)
k<n
as € — 0, uniformly for n > ny(n).
Let > 0, ¢, = 0n'/? and K,, = (2~% = (In'/?)2=%. As in the proof of Proposition
4.4, define
wn(l') — nd/2_1GKn (xn1/2)
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for x € n=1/27Z% and by a suitable interpolation procedure for z ¢ n=*/2Z¢. Write v,, for
s . By Spitzer [S], |G(0, 2)| < ce.17(1 A |2]2~%) and G(0, 2) = g(0,2)(1+0(1)), as |z] — oo.
So given a, there exists M; such that |G(0,2) — g(0,z)| < a|z|*~¢ if z € Z9, |z| > M;.
Hence if |w|, |2| > My, w,z € Z9,

c.18|w — 2| 2a
(Jw[ Af2[)d=1  (Jw| A |2[)d=2

Now |1, (y) — ¥n(2)| will be largest if |y|, |z| > c6.100, y, 2 € n~'/2Z4 for some con-
stant cg.19 independent of m. So suppose |y|,|z| > cg.190. Then for n large enough,
lylv/n, |2|v/n > M;. So by (6.13), for n large enough,

_ 2a
. — b, < pd/2—-1 C6.18]Y Z’\/ﬁ
[¥n(y) = Pn(z)| <n (Jy| A |2])d—1n(d=1)/2 + (|y| A |z])d—2n(d=2)/2
c6.20|y — 2| 2a
= i1 + gz (6.14)

Let b > 0. Choose # small enough so that §7 < b. Since the sequence {u,} is tight,
we choose My large so that u, (B(0, M2)¢) < b. By the estimate (6.14),

n () — 1 % 0e(y)] < / n(y) — nly — e)lp()da

C6.20€| 2| 2a
= T gd—1 gd—2 <b

if we take a and € small, and n sufficiently large. Therefore,

!/wn(y)(un —vp)(dy)| = | /[wn(y) — Y, * @ (Y)] n (dy)| < c6.210.

As in the proof of Proposition 4.4 (see (4.9)),

[E” L3 —BP L™ [ < 07 + | /wn(y)(un — vn)(dy)| + co.22(dr (ins )" (6.15)

So taking e smaller if necessary, we can make the right hand side of (6.15) less than
(2 + cg.21)b. Plugging the estimate (6.15) into the proof of Proposition 5.2 and using
Chebyshev’s inequality, we get finally

]P)O(Slli-p ‘Lz,un _ LZ:Hn’ 2 77) S 77_2E0 [Sl;lp ‘Lz,un _ LZyHn ’2]
< ce.23n °b
if n is sufficiently large, which is precisely what we wanted. 0
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E.d=1,2.
The results for d = 1, 2 follow by the usual projection argument.

Theorem 6.7. Theorems 6.3, 6.4, 6.5, and 6.6 hold for d =1 and 2.

Proof. Fix M > 0. Given yu defined on R?, d = 1 or 2, define 1 on R?® by
(A x B) = p(A)|BN B(0, M), ACR?, BCR,

B(0, M) the ball in R3~¢. Similarly, given ju, defined on n=/2Z<, define fi,, on n~1/273,
Define X ; = (X;,Y;), where Y; is simple random walk on Z3~%, independent of the
X;’s. Define

k
Lyt =n'2y " p({8;/v/n}).
j=1
Then by Theorem 6.3, 6.4, or 6.6, fLFnﬁ" converges weakly to f)f , Where L is the additive
functional associated to fi.

But it is clear that for all p,, L7#" = L™** up until the first time n~1/2| 3% | v}

exceeds M, and for all y, L = L* up until the first time (3 — d)-dimensional Brownian

Ty hn
[nt]

to LY follows easily. O

motion exceeds M in absolute value. Since M is arbitrary, the weak convergence of L

7. Examples.
A. Classical additive functionals — LP functionals.

Suppose p > d/2, and p~1 4+ ¢! = 1. Let § be a subset of {f € LP(B(0,1)): f > 0}.
Let H, denote the metric entropy of § with respect to d,(f1, f2) = ||f1 — f2l|,- Note in

what follows we do not assume our f’s are continuous.

Theorem 7.1. Ifsup .z ||f|l, < oo and the exponent of metric entropy of H, is less than
1/2, then f; f(Zs)ds is jointly continuous in t € [0,1] and f € § (with respect to the d,

metric.)

Proof. Here 9t = {u: u has a density f(z) with respect to Lebesgue measure, f € §},
and LY = f(f f(Zs)ds. By Holder’s inequality,

H(RY) = / F(@)dz < era 1 £l
B(0,1)
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and u(B(2.8)) = [p01) Loy @) F@dy < [Lagelly [1F]ly < crass, for s < 1 and
fes.

So the total mass of the u’s is uniformly bounded and the index of M is d/qg—d+2 =
2—d/p>0.1If u(dz) = f(x)dz and v(dx) = h(z)dz, then

da(p,v) = Sgp\/g(ow)[f(fﬂ) = h(z)ldx] < |[f = hllp [19(0,)llg < er.3dp(f, h),

since g € LI(B(0,1)) when p > d/2.
Our result now follows by Theorem 2.2. O

Since changing f on a set of measure 0 does not affect L} (here u(dx) = f(x)dz), but
can have a drastic effect on = 3" f(n~1/25;), for an invariance principle one must have

some additional regularity for f (cf. the next example).
B. Classical additive functionals — indicators.

Let 2 be a subset of {A : A C B(0,1)}. Suppose that for almost every y € R?,
r € (0,1], and A € A, as n — o0,

n*d/g#{nfl/QZdﬂAﬂB(y,r)} — |AN B(y,r)|. (7.1)
Define ds(A, B) = |AAB].

Theorem 7.2. Suppose the X; satisfy the assumptions of Section 6 and have 2 4+ p mo-
ments. Let 3 = 1—p and let {g be defined by (4.8). Suppose U satisfies (7.1) and the expo-
nent of metric entropy of A with respect to dg is less than £5/2. Thenn™! Zgﬂ 14(S;/+/n)
converges weakly to f; 14(Zs)ds, uniformly over t € [0,1] and A € 2.

Proof. For A € 2, define g by pa(dr) = 14(dx). Define pia,, by ,uA,n({nfl/Qx}) =
n~%214(n=Y2z). That ua,, converges to i follows by (7.1) and [Bi]. That Hypothesis
6.1 (a) and (b) hold is easy. Hypothesis 6.1 (c) follows from the crude estimate

|/¢(m)[1A(5L‘) _ 1p(x))dz] < |AAB], ver,
and a similar formula for d(pa n, tB,n). Now apply Theorem 6.5. O

C. Local times on curves.
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This example works for hypersurfaces in R? for any dimension d, but for simplicity

we restrict ourselves to d = 2 and the curves of form

C={trf®): t€l0,1], l|fllec < cr.a}- (7.2)

We will use C' to denote the graph of C'. Let € be a collection of such curves. Let
po(A) = I{t: (&, fo(t) € A},

For such C € €, we let fc,, be a function from [0, 1] to [—2¢7.4, 2¢7.4], such that fc,
takes values in n~'/2Z, has jumps only at ¢’s in n=*/2Z, and f, — f in L' norm. Denote
the curve and graph of {(¢, fc.n(t)) : t € [0,1]} by C,,. If C' and C? denote two curves of
the form (7.2) (corresponding to fi1, and fa, resp.), let da(f1, f2) = ||fer — foz||1-

Theorem 7.3. Suppose the X; satisfy the assumptions of Section 6 and have 2 4+ p mo-

ments. Suppose that for some c7 4 and € independent of n
HE(v) < can™ /279, Ho(z) < crqn= /279 2 €(0,1),

wher HJ(x) (resp. Hc(z)) is the metric entropy of € (resp. €, = {C,, : C € €}) with
respect to de. Then n=Y /23" 1 (n=1/28,) converges weakly to L!¢, uniformly over
te[0,1], C e €.

Proof.  Define pcn(A) = n V24 {k < /n : (nY2k, fo.(n"'/2k)) € A}. Since
fom — fin LY, pon~ pc. Note that pc ., (RY) < 1, while

pen(B(x,r)) < crsr,

so the index of €, is 1. The result follows from Theorem 6.5. O
D. Local times in R'.

Even for local times in R!, our results are fairly strong. For z € R!, let u, be the
point mass at . The L{* (usually written as L}) is just local time at x. Clearly the p,
are uniformly bounded with index 1. By Example 2.2, Hy,(d) < ¢7.6|log(d)|.

Define T'(n, ) to be n~1/2 times the unique integer lying in the interval [z+y/n, z/n+1].

Theorem 7.4. If the X; have finite 2 4+ p moments for some p > 0, and are as in Section

6, then n~1/2 Zgnzt]l 1| /ma,ymo+1)(Sj) converge weakly to Ly, uniformly over all levels x.
Proof. Tt suffices to prove the result uniformly over x € [—M, M| for each M. Define

fn, to be point mass at I'(n,z). Clearly p, 4 = uy as n — oo, the [in,o are uniformly
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bounded, have index 1, and entropy is of order |log(z)|. The result follows by Theorem
6.5 and the observation that S; € [v/nx,v/nx + 1] if and only if p, .({n"'/28;}) =1. O

The question of invariance principles for local time has a long history, dating back to
[CH]. Using techniques highly specific to one-dimensional Brownian motion, Borodin [Bol]
has proved Theorem 7.4 when the X;’s have finite second moments. For a slightly different
notion of local time, [P] has a uniform invariance principle if the X; have 1 4+ /2 ~ 2.732

moments.
E. Fractals.

For simplicity, we confine ourselves to d = 2 and fractals of the following form: let
Fy = [0,1]2, let F} be the union of R closed squares of with sides ofsize a, such that the
interiors are pairwise disjoint. To form Fj, replace each of the squares making up F; by
replicas of F}, and continue.

To be more precise, if S is any square, let Ug be the orientation preserving affine map
that takes S to Fj. Let

U{ Uy L(Fy) : S is one of the R squares with sides of size a making up F},

Frpt1 = U{ U (Fy): S is one of the RF squares with sides of size a* making up F},}.

Let F' = ﬂZO:O Fk
For example, if F} = [0,1]? — (1/3,2/3)?, F will be the Sierpinski carpet. If '} =
([0,1/3]U[2/3,1] )2, we get the 2-dimensional Cantor set.

Let p be the Hausdorff-Besicovitch measure on F', normalized to have total mass 1.

Theorem 7.5. If the Hausdorff dimension of F' > 0,

1 .

Remark 7.6. The convergence in probability is a consequence of results in [B].

Proof. It is not hard to see that sup, u(B(z,s)) < c¢7.7s8?, where 7 is the Hausdorff
dimension of F.

Suppose 1 € L, and let Si,...,Sg be the squares making up Fy. Let p,(dz) =
|Fy| Mg, (z)dx. Let z; be the lower left corner of S;.
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Since po, p11 both have total mass 1,

/5- Y(z)[p2(dz) — pa(dr)] = |F1|1/ [¢p(z) — (zs)][| Fi| ' 1k, () — LR, (2)]da

i

= |Fy| " a? : Yi(x)[p1(dr) — pa(dz)], (7.2)

where ;(z) = 1 o Ugl(z) — ¢ o Ug'(z;). Since |Viyi(z)| < a, and ;(0) = 0, then
|[1i]]oo < V/2a. So the right hand side of (7.2) is bounded above by |Fy|~*v2a®dr (o, 11)-

Summing over i, and taking the supremum over ¢ € L,

dr,(p2, 1) < V2P R|Fy |7 dy (s, 1) = V2ad (1, o).

By an induction argument,

dr(e+1, pe) < (\/ia)de(Mla 10)- (7.3)

If R =1, so that F} is a single square, then F'is a single point. This case is ruled out
by the assumption that the dimension of F' is strictly bigger than 0. So R > 1, and hence
a<1/2.

Let M = {pn o>, U{pu}. To cover M with dp—balls of radius 0, first put a ball B of
radius ¢ around g. Since py, — 1, (7.3) shows that dr, (g, 1) < c7.8(v/2a)F. So B covers all
but |log(d/cr8)/log(v/2a)| + 1 of the p,’s. So at most c7 9| log(8)| balls are needed, hence
Hp(6) ~ |log|log(d)]|.

By Theorem 2.2, L} is continuous with respect to dr, for v € 9t. This implies our
result. O

F. Intersection local time — double points.

Let S! and S2 be two independent identically distributed random walks converging
in law to two independent Brownian motions, Z}, and Z2. By redefining these processes
on a suitable probability space, we may assume that the convergence is almost sure.

Define pi,, .(A) = |{t € [0,u] : Z} + z € A}|. In [BK], it is shown that a(x,s,u) =
L™ is the intersection local time for (Z', Z?2). Let us consider the corresponding invari-
ance principle. We discuss the case d = 3 first. (If d > 4, the paths of Z! and Z? do not
intersect.)

If = (21, 22), let Ta(n,z) = (I'(n,z'),T(n,2?)), where I is defined in subsection D.
Define

[nu]

fuan(A) = nt Z ]‘A(sz/\/ﬁ + 2 (n, 2)).
k=1
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Lemma 7.7. There exists v > 0 such that for each M, with probability one,
paen(B(y, s) —{y}) < craos' ™7, z,y € B(0, M), s <1,
where c7.109 depends on M and w.

Proof. For simplicity, we prove this when x = 0, the general case being similar.

E* Hoo,0 n( ( ) {y} _1 Z G 2Ny 1B(y s)( 1/2w)
w#y

<n'Y > 27TV 2By, svin) N 24N [B(z, 28 — B(2,29)]}
k=0 2k <|w—z|<2k+1

14+
<cris 7,

for v =1/2.
This estimate is uniform in z, hence the potential of fi0,0.n(B(y, s)—{y})/a is bounded
above by 1, where a = sup, E? ji00 0.0(B(y, s) — {y}). By [DM], p. 193,

P*{ o0 (B(y, 8) = {y}) > c7.115”/%} < er1g exp(—crass™ /).

For each k, we can choose Ni, = c7.1423F balls, each of radius 27%12, so that for every
y € B(0, M) and every s < 27k+1 B(y, s) is covered by one of these N balls. Hence,

P*{ ftoo.0.m(B(y, s) — {y}) > c7.115%/8 for some y € B(0, M) and some s € [27F,27F+1]}

< Nicr.12 eXP(—C7.132k/8)-

Summing over k and using the Borel-Cantelli lemma, we conclude

SUP  floo,0,n (B(y,8) — {y}) < 714878, a.s.
y€B(0,M)
0<s<L1

O

Theorem 7.8. Let X}, X2 be two independent sequences of i.i.d. r.v.’s, identically dis-

tributed, and satisfying the assumptions of Section 6 with 2 + p moments. If d = 3,

Ny, n,x
L)

Proof. We apply Theorem 6.5. Since sup, ,, PY{sup,,, |S7/v/n| > M} — 0 as M — oo,
it suffices to look at the p, o restricted to B(0, M).
For each wu, the metric entropy of {pyen : = € B(0,M)} is bounded above by

converges weakly to a(x, s, u), uniformly over x € R3, s,u € [0, 1].

c7.156 3. For each z, the total variation of Mg zn — Muy z,n 1S bounded above by ug — u;.
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So Hypothesis 6.1 (cg) holds for every 5 > 0. Hypothesis 6.1 (a) is clear and 6.1 (b) is
Lemma 7.7.

Since S2%/\/n converges uniformly to ZZ, fiyn.x = iy, The result follows. O

To handle the case d = 2, we use the projection technique of Section 6 E, and get
Theorem 7.8 for the case d = 2 as well.
For both the d = 2 and d = 3 cases, weak convergence at a single level = follows by

Theorem 6.6 or 6.7 under the assumption of finite variance only.
G. Intersection local time — multiple points.

In [BK], we gave a method for constructing intersection local time for the intersection
of k+1 independent Brownian motions in R? from the intersection local time of k indepen-
dent planar Brownian motions. A completely analogous construction can be made for the
number of intersections of £ random walks. We then can get the analogue of Theorem 7.8:
for d = 2 only, the number of intersections converges weakly to the k—tuple intersection
local time, uniformly over all the variables, provided the X’s have 2 + p moments. As in
the proof of Theorem 7.8, the only work is in finding the index of the family of measures,
and as in [BK], the estimates needed for k + 1-intersection local time follow from those
obtained for k-intersection local time.

For multiple points, we cannot use a projection argument, and must work with 2—
dimensional random walks killed off at a geometric rate. So it is necessary to rework the
results of Section 3 for d = 2 with G replaced by the A-resolvent of S,,. We leave the

(numerous) details to the interested reader.
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