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1. INTRODUCTION AND PRELIMINARIES

Heat flow on a fractal § has been the subject of recent and vigorous investigations. See, for example,
the survey article [2]. As in the more classical studies of heat flow on smooth manifolds (cf. [16]),
a probabilistic interpretation of such problems comes from the description and analysis of “the
canonical stochastic process” on §, which is usually called Brownian motion on §. One of the
many areas of applications is heat flow along fractures. In this vein, see [14,17,20,21,22,26,39]
These articles start with an idealized fracture (usually a simple geometric construct such as a
comb) and proceed to the construction and analysis of Brownian motion on this fracture. Let us
begin by attacking the problem from a different point of view. Namely, rather than considering a
fixed idealized fracture, we begin with the following random idealization of a fracture: we assume
that R is a vertically homogeneous, two—dimensional rectangular medium with sides parallel to
the axes. Then the our left-to-right random fracture R looks like the graph of a one-dimensional
Brownian motion. (To make this more physically sound, one needs some mild conditions on the local
growth of the fracture together with the invariance principle of Donsker; see [6].) Approximating
the Brownian graph by random walks and once again applying Donsker’s invariance principle ([6]),
it is reasonable to suppose that Brownian motion on a Brownian fracture is described by (Y3, Z;),
where Y is a one-dimensional Brownian motion and Z is the iterated Brownian motion built from
Y. To construct Z, let X* be two independent one-dimensional Brownian motions which are
independent of Y, as well (throughout this paper, we assume that all Brownian motions start at
the origin). Let X be the two-sided Brownian motion given by

XT(t), ift>0
X =
X (—t), ift<DO.
Iterated Brownian motion Z can be defined as
Zy = X (V).

As is customary, given a function f (random or otherwise), we freely interchange between f(t) and
fi for typographical ease or for reasons of aesthetics.

The above model for Brownian motion on a Brownian fracture appears earlier (in a slightly
different form) in [13]. Our model is further supported by the results of [11]. There, it is shown
that iterated Brownian motion arises naturally as the (weak) limit of reflected Brownian motion
in an infinitesimal fattening of the graph of a Brownian motion.

Recently iterated Brownian motion and its variants have been the subject of various works;
see [1,4,5,8,9,10,11,13,15,23,24,25,29,30,38,40]. In addition to its relation to heat flow on fractures,
iterated Brownian motion has a loose connection with the parabolic operator $A% — 8/9t; see [19]
for details.

In this paper, we are concerned with developing a stochastic calculus for Z. It is not sur-
prlslng that the key step in our analysw is a construction of stochastic integral processes of form
fo Zs)dZs, where f is in a “nice” family of functions. Since Z is not a semi-martingale, such a
constructlon is necessarily non—trivial. (A folk theorem of C. Dellacherie essentially states that for
[ HdM to exist as an “integral” for a large class of H’s, M need necessarily be a semi-martingale.)
Our construction of fg f(Zs)dZ is reminiscent of the integrals of Stratonovich and Lebesgue. More
precisely, for each nonnegative integer n, we divide space into an equipartition of mesh size 2-"/2.
According to the times at which the Brownian motion Y is in this partition, one obtains an in-
duced random partition {7} ,; 1<k < 2"t} of the time interval [0,¢]. One of the useful features of
this random partition is that it uniformly approximates the more commonly used dyadic partition
{k27™;1 <k <2"t}. Having developed the partition, we show that

/O F(Z5)dZ, = nll_{lgo Z f( Z(Ths1, n) + Z (T, n)) (Z(Tys1,0) — Z(Tie,n))

1<kL2nt
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exists with probability one and can be explicitly identified in terms of other (better understood)
processes. This material is developed in §2. The use of the midpoint rule in defining the stochastic
integral is significant. The midpoint rule is a symmetric rule, and symmetry will play an important
role in our analysis. As we will show later in this section, the analogous partial sum process based
on the right—hand rule does not converge.

Based on Donsker’s invariance principle, we have already argued that iterated Brownian mo-
tion is a reasonable candidate for the canonical process on a Brownian fracture. This viewpoint is
further strengthened by our results in the remainder of this paper which are concerned with the
variations of iterated Brownian motion. To explain these results, define — for smooth functions f,

Vn(j)(fa t) _ Z f( (Tk—i-l n) + Z(Tk n)) . (Z(Tk+1,n) _ Z(Tk,n))ja (] =1, 2’3’4)

1<kL27t

When f = 1, we will write Véj)(t) for Vrgj)(l,t), which we call the j—th variation of Z. A more
traditional definition of the variation of iterated Brownian motion has been studied in [9]. In §3
and §4 we extend the results of [9] along the random partitions {7}, }. In fact, we prove that with
probability one, for a nice function f,

lim 272V (f,t) / fz
lim V() =0

n—oo

and

hm V(4) (f,t) —3/ fZ

Further refinements appear in the second—order analysis of these strong limit theorems. In essence,
we show that appropriately normalized versions of V(Q)( t) — 2"/?t and V(4)( t) — 3t converge in
distribution to Kesten and Spitzer’s Brownian motion in random scenery (see [27]), while an

appropriately normalized version of Vn(?’) (t) converges in distribution to iterated Brownian motion
itself. Indeed, it can be shown that — after suitable normalizations — all even variations converge
weakly to Brownian motion in random scenery while the odd variations converge weakly to iterated
Brownian motion.

Our analysis of the variation of iterated Brownian motion indicates the failure of the right—
hand rule in defining the stochastic integral. If f is sufficiently smooth and has enough bounded
derivatives, then, by Taylor’s theorem, we have

Z f( (Tk n)) ’ ( (Tk—i-l,n) - Z(Tk,n))
1<kL2nt

1 1 1
= VL8 + V) + VI (0 + V(7,0 + o(),

where o(1) — 0 almost surely and in L?(P) as n — oo. It follows that

i [ F(E) - (AT - ZT) — VO (0

nee 1<k<L2nt
/f VdZ, + = /f”’(Z )ds.
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Consequently, the right—-hand rule process will converge if and only if the associated quadratic
variation process converges. However the quadratic variation process diverges whenever f’ is a
positive function, to name an obvious, but by no means singular, example.

Our construction of f(f f(Zs)dZs is performed pathwise and relies heavily on excursion theory
for Brownian motion. It is interesting that a simplified version of our methods yields an excursion—
theoretic construction of ordinary It6 integral processes of the type fg f(Ys)dYs for Brownian
motion Y (see §5 for these results). While stochastic calculus treatments of excursion theory have
been carried out in the literature (cf. [37]), ours appears to be the first attempt in the reverse
direction.

A general pathwise approach to integration is carried out in [35]. This is based on a construction
of Lévy—-type stochastic areas. It would be interesting to see the connection between our results
and those of [35].

We conclude this section by defining some notation which will be used throughout the paper.
For any array {a;,, j € Z, n>0}, we define Aa;,, = aj11,, — a;j,. Whenever a process U has
local times, we denote them by Lf(U). This means that for any Borel function f and all £>0

[ swais= [~ rariw,

almost surely. We write [{A} for the indicator of a Borel set A. In other words, viewed as a random

variable,
1, ifwed

{A}(w) = {
0, ifwdA.

Let C?(RR) be the collection of all twice continuously differentiable functions, f : R — R. By CZ(R)
we mean the collection of all f € C?(R) such that [fllcz®) < oo, where

1l ) = sup (IF @I+ 1 @]+ (@)]). (1.1)

It is easy to see that endowed with the norm |- [|cz2g), CZ(R) is a separable Banach space. For

each integer j and each nonnegative integer n, let r; , = j27"/2 . Recalling that X is a two-sided
Brownian motion, we let
Xjn =X(rjn)
X(rjt1,n) + X(rjn) (1.2)
5 .
Finally, for any p > —1, u,, will denote the absolute p—th moment of a standard normal distribution,
that is,

M;, =

o 2 1
Hp = (271')_1/2/ z[Pe™ /2da = 77_1/22”/2F<1%>. (1.3)

—00

ACKNOWLEDGMENTS. We thank Chris Burdzy for several interesting discussions on iterated Brow-
nian motion. The presentation of this paper has been improved, largely due to the remarks of two
anonymous referees to whom we wish to extend our thanks.

2. THE STOCHASTIC INTEGRAL

In this section we will define a stochastic integral with respect to iterated Brownian motion. For
each ¢t > 0, we will construct a sequence of partitions {1} ,, 0 < k <[2"t]} of the interval [0, ¢] along
which the partial sum process,

(2741
v = 3 f (Z Tictr.n) + 2 <T’“’")) (Z(Tis1) — Z(Ten),
k=0

2
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converges almost surely and in L?(IP) as n — oo, provided only that f is sufficiently smooth. The
limiting random variable is properly called the stochastic integral of f(Z4) with respect to Z4 over
the interval [0,¢] and will be denoted by fo s)dZs. Our point of departure from the classical
development of the stochastic integral is that the partltlomng members T}, ,, are random variables,
which we will define presently. For each integer n >0 and each integer j, recall that r;,, = j2 /2
and let

n=A{rjn j €L}

To define the elements of the nth partition, let Tp ,, = 0 and, for each integer k > 1, let
T =inf {s>Ty_1n: Yy € Dy N {Y (Th1,0)} }-

For future reference we observe that the process {Y(Tkyn), k> 0} is a simple symmetric random
walk on D,,.
Here is the main result of this section.

Theorem 2.1. Let t >0 and f € CZ(R). Then
Y: 1 Y
VEO(ft) = | F(X)dX + gsen(Yy) [ f/(X.)ds
0 0
almost surely and in L*(P) as n — oo.

We have used the following natural definition for two—sided stochastic integrals:

Hdx;, ift>0

t fo
/ (X)X, =
0 St R(XD )Xo, it <0,

whenever the Ito integrals on the right exist.
Remark 2.1.1. For any f € CZ(R), define

:/0 f(XS)dXS—i—%sgn(t)/o f'(Xs)ds

Then {(f, X)(t),t € R} is the correct two-sided Stratonovich integral process of the integrand
f o X. In the notation of §1, Theorem 2.1 asserts that

In other words, stochastic integration with respect to Z is invariant under the natural composition
map: (X,Y) — Z.

Before proceeding to the proof of Theorem 2.1, a few preliminary remarks and observations
are in order. First we will demonstrate that the random partition {7} ., k € Z} approximates the
dyadic partition {k/2", k € Z} as n tends to infinity.

Lemma 2.2. Let t > 0. Then

sup |Tjgng),n — S| — 0
0<s<Kt
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almost surely and in L*(P) as n — oo.

Proof. By the strong Markov property, {ATj,n, j= 0} is an i.i.d. sequence of random variables.
Moreover, by Brownian scaling, ATj , has the same distribution as 27”7} . By It6’s formula,
exp(\Y; — \?t/2) is a mean-one martingale. Thus, by Doob’s optional sampling theorem,

E(exp(—)\QTl,o/Q)) = (cosh()))

It follows that E(T10) = 1, E(Tf,) = 5/3; consequently, var(Ty,0) = 2/3. Thus, by Brownian
scaling,

E(AT,,)=2" and Var(ATl,n)zgr%. (2.1)

Given 0 < s<t, we have

sup ‘T[Qns]m — s| < sup ‘T[Qns]vn — [2"3]2_”‘ + sup ‘[2"3]2_” - s‘

0<s<t 0<s<t 0<s<Kt
< max |Tk‘,n — ]E(Tk,n)| + 27",
1< k<27
Since
k—1
Tin = E(Ten) = ) (AT — E(AT)0)),

0

<.
Il

we have, by Doob’s maximal inequality and (2.1),

[27]—1
2, g Moo ~ )] <4 3 (ot
=0(2™").
In summary
S | Ti2ns)n — 5| 2 = 0(27"/?), (2.2)

which demonstrates the L?(P) convergence in question. The almost sure convergence follows from
applications of Markov’s inequality and the Borel-Cantelli lemma. o

For each n >0, let
Tn = T(n, t) = T[Qnﬂ,n

J* =% (n,t) = 22V (7).
In keeping with the notation that we have already developed, we have ;- , = Y (7,).
Lemma 2.3. Lett > 0. Then, as n — oo,
(@) [[Y(r,) = Y(0)]: = O(2~"/%); .
(b) [|(sgn(Y (1)) = sgn(Y (7)) (1Y ()] + [Y (ra)]) ||, = O(27/%4).

Proof. For each integer n>1, let ¢, = ||7,, — tHé/z. From (2.2) we have

£n = 0274, (2.3)
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Observe that
E([Y (1) = Y()]) = E(]Y () = Y () PL(I7 — t| < £0))

+E(]Y (1) = Y (O L(|70 — t] > e0))
= An + B,

with obvious notation. By (2.3) and the elementary properties of Browian motion, we have

Av<oE[ s ¥(9-Y0F]

t<s<tten
—QEnE[ sup ]Y(s)]ﬂ
0<s<1

= 027"/,

Concerning B,,, observe that {2"/2Y (T} ),k >0} is a simple symmetric random walk on Z.
As such,

E {(2”/25/(7”))4} = 3[2"4]% — 22",

It follows that {||Y (7,,)[/4, » >0} is a bounded sequence. By the Hélder, Minkowski and Markov
inequalities,

B <Y () = Y (OII VP70 — ] > 1)
< (Y (7)lla + 1Y (1)ll4)

= O(en)
= 0(2_n/4)7

2 ”Tn - t”2
En

which proves (a).
For each integer n>1, let 6, = ||Y(t) — Y(Tn)H;/Q and observe that 6, = O(27"/16). By
elementary considerations we obtain

jsen(Y (1)) — sgn((Y (7))| < 2LV (5)] < 80) + 20(|¥ (7)< 6.) + 2L(Y (£) = ¥ (7)| > 263,).
Consequently

[sgn(Y(£)) — sgn((Y (7)) |4 <2[TAY ()] < 0n)lla + 2[T(Y (70)] < b0l
+2L(Y () = Y ()| > 200) 4.

We will obtain bounds for each of the terms on the right.
Since t > 0, |Y(¢)| has a bounded density function. In particular,

P(Y (1) < dpn) < \/% On.-

This shows that [[I(|Y(¢)]<8,)|la < ¥/20, = O(27™/%%). Once again, let us observe that
{2"/2Y (T}, ), k >0} is a simple symmetric random walk on Z. Consequently, E(Y (7,,)) = 0 and
var(Y (7)) = [2"t]27™. From the Berry—Esseen theorem we obtain the estimate

P(IY ()| < 8a) SP(Y (1) <60/ V/[278]277) + 2—6;2

where C' depends only on t. Arguing as above, we have ||[I(|Y(7,,)] < ,)[la = O(27™/%%).
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By Markov’s inequality,

BV () — V(7| > 26,) < IO =Y ()
102
1
= Z(Sna

which shows that [[I(|Y(£) — Y ()] > 26,)]l4 = O(2~™/6%). In summary, we have
Isgn(Y () — sen(Y (7)) [ls = O(27™/4). (2.4)
Finally, by the Holder and Minkowski inequalities, we have
[ (sen(Y (8)) = sgn(Y (7)) (Y ()] + 1Y (7)) ||,
<lsgn(Y' () — sen(Y (ra)la (1Y (O)lla + 1Y (7))

As we have already observed, {||Y (7,)[l4, n >0} is a bounded sequence. Thus, item (b) of this
lemma follows from (2.4). o

We will adopt the following notation and definitions. For each integer n >0, j € Z and real
number ¢ >0, let

[274]—1

Uj,n(t) = Z H{Y(Tk,n) = rj,nay(Tk-i-l,n) = Tj—&-l,n} (25)
k=0
[274]—1

Dint)= Y I{Y(Ten)="rjt10Y (Tht1n) =i} (2.6)
k=0
Thus, Uj,(t) and D;,(t) denote the number of upcrossings and downcrossings of the interval

[7j.ns Tj+1,n) Within the first [2"t] steps of the random walk {Y (7} ), k >0}, respectively.
As is customary, we will say that ¢ : R? — R is symmetric provided that

p(,y) =y, )
for all x,y € R. We will say that ¢ is skew symmetric provided that
p(z,y) = —p(y, v)
for all z,y € R. Recalling (1.2), we state and prove a useful real-variable lemma.

Lemma 2.4. If p is symmetric, then

[27t]—1
Z ‘P(Z(Tk,n) Tk-l-l n Z (X g Xjt1, n)(ijn(t) + Djm(t))-
k=0 JEL

If  is skew—symmetric, then

2] —1

> o(2(Thn), Z(Thsrm)) =Y (X, Xj1,0)(Ujn(t) = Djn(1)).

k=0 JEZL
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Proof. Since each step of the random walk {Y (7% ,), k >0} is either and upcrossing or a down-
crossing of some interval [} ,,7;+1.,], j € Z, it follows that

1= (H{Y(Tk,n) =Tjn, Y (Thr1,0) =7Tjr1nt + Y D) = rjp1,0, Y (Tht1,n) = Tj,n})-

JEL
Consequently
[2™t]—1 [2"t]—-1
Y e(Z(Thn) Z(Tiin) = D 2(Z(Thn), Z(Tisr,n))
k=0 JEZ k=0

X (H{Y(Tk,n) =7Tjm, Y (Tht1,0) = Tjt1,n}
+ H{Y(Tk,n) =Tj+1,n» Y(Tk—‘rl,n) = Tj,n}) .

Observe that from (2.5) and (2.6) we have

[27t]—1
S o(Z(Ten), Z(Tisr,n) ) Y (Thn) = 750, Y (Thp1n) = 10}
k=0
(X] ny X; +1,n)Uj,n(t)
[27t]—1
Z ‘P(Z(Tk,n)v Z(Tkﬁ-l,n))H{Y(Tk,n) =Tj+1,n, Y (Thy1,n) = "”jyn}
k=0
= o(Xjr1,n, Xjn)Djn(t)

The remainder of the argument follows from the definitions of symmetric and skew symmetric. ¢

Our next result will be used in conjunction with the decomposition developed in Lemma 2.3;
its proof is easily obtained by observing that the upcrossings and downcrossings of the interval
[7j.nsTj+1,n) alternate.

Lemma 2.5. Lett > 0. For each j € Z,
[0<j < %) if 7 >0
Ujn(t)—Djn(t)=40 if 7 =0
—I(j*<j<0) ifj* <0.
We will need a set of auxiliary processes. For s > 0, let
XF = X*(r;,) whenrj,<s<7rjiin.
For s € R, let
~ X+ i
X—, ifs<0.

S

We will adopt the following conventions: given t € R, let

t Jo f(XHdXF  ift>0
| r®oix .
_tf(Xs—)dXs— ift <0,
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whenever the integrals on the right are defined. Due to the definition of {X,, s € R}, we have
ST FXT)AXS,  ifk>0
Tk,n ~
/ f(Xs)dXs =40 if k=0 (2.7)
0

SIS F(X S )AXS, ifk <0

j=0 J.;n

Similarly, by consideration of the cases, we obtain
S PG Ar itk >0

Tk,n ~ .
sgn('rk,n)/ f(Xs)ds = 0 if k=0 (2.8)
0
S (X ) Ay, ik <.

j=0

It will be convenient to rewrite the results of (2.8) in a modified form. For k£ > 0, it will be preferable
to write

%Mww4%7@mm= FXE)(AXE)?
(2.9)

=0

The obvious modifications should be made for the case k < 0.

Proof of Theorem 2.1. Recall (1.1)—(1.3). For each integer n >0, let

~ Ti*.n ~ 1 Ti*.n ~
OG0 = [ IR+ gy [ 5 (R as
0 0

. Y (Tn) Y (mn)
VO = [ S0, + g ) [ o)

Y: 1 Y
VO = | FXAX, + gsen(¥s) | F/(X.)ds

In this notation, we need to show that Vn(l)(f, t) — V) (f,t) almost surely and in L?(P) as n — oco.
To this end, we have

VO f, 1) = VO < VI, 1) = VO UL D2 + VO (F.8) = VO F, 1)
FVOf, ) = VOUF, D)o

We will estimate each of the terms on the right in order. We will begin by expressing Vn(l) (f,t)
in an alternate form. We will place a £ superscript on M; ,, whenever the underlying Brownian
motion is so signed. Since the function

ez, y) = f <y;x> (y — )




THE ANNALS OF APPLIED PROBABILITY, 9, 629-667 (1999)

is skew symmetric, by Lemma 2.4 we have
VO (fit) =D f(Mn)AX; 0 (Ujn(t) = Djn(t)).
JEL

In light of Lemma 2.5, there will be three cases to consider, according to the sign of j*. If 7* = 0,
then U; ,(t) — D; »(t) = 0 and, consequently, (f, t) =0.If j* > 0, then U; ,(t) — D o(t) =1
for 0<j<j* — 1 and 0 otherwise; consequently,

j =1

VA (f,t) Z FOM)AXHE
If, however, j* < 0, then U;,,(t) — D, ,(t) = —1 for j* <j < —1 and 0 otherwise; consequently,

VA (f,1) Z f <M> (Xji1m — Xjn)

*

-1 _ _
X— 1n+X—'n — —
_zf( s e ) ()
J

— gk

l7%1—1

Z F(M;)AX; .

In summary,

-1 + + L%
S M )AKS, >0
V(£ =140 if j* =0 (2.10)

S (M, )AX G, i 5T < 0.
By combining (2.7), (2.9) and (2.10), we have

VIO(f.t) = V(£ 1) = A, + By,

where
S 08k - 506 - brOcaaxg | axg, it >
A, =40 if 7* =0
Sl [f(M;n)—f( X7~ LK )AX ]AX;,n it j* <0,

and

Z] iy ' jn)((AXjn)Q - ATj,n) if 7 >0
B,=<0 if = 0

;¥ _1 _ — . 3
LT XL ((AXG,)? = Aryy) if 5 <0,
Note that by Taylor’s theorem

1
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Hence,
8”f”CQ(R) ZJ e AXT, [P if 5 >0

[ An| <

)

if j* =

i*|—1 — op .
§l oz S IAXG P it g <.
However, for any integer m, we have, by the triangle inequality and Brownian scaling,

mi—1
Yo IAXGEP| <Iml IAXG, )l

2

= |m| pg/*273"/4,

Since the random variable j* is independent of X, by conditioning on the value of j* and applying
the above inequality we obtain

1/26—3n »
I 4nllo < gl ez eymd 2 BT .
Since {2"/2Y (Ty ), k >0} is a simple symmetric random walk on Z, it follows that for each ¢ > 0

E(|5*[) < 15[z = V2] = O(2"/?). (2.11)

Consequently
|Anll2 = O(274). (2.12)

Let us turn our attention to the analysis of B,,. For each j € Z, let

+ +
€ = (AXG)? = Arj,.
Observe that E( ) = 0 and V&I’(E ) = 27"var(X(1)?). Let m € Z. Since the random variables

= .0< < j < |m| — 1} are pa1rw1se uncorrelated and since ei is independent of f/(X3 ),
] n N VAL
it follows that

|m\ 1 |m|—1
1
Z F'(x =1 > E(S'(G)% var(e,)
j=0
<Cilmj27",

where C = H]‘H%jg (R)var(X(l))2/4. Arguing as above, since j* is independent of X, it follows that

1Bal3 < Cr27"E(5*)
= 0(27"/?).

We have used (2.11) to arrive at this last estimate. This estimate, in conjunction with (2.12), yields
VO (f,0) = VIO ()]l = 027, (2.13)

Recalling that rj« ,, = Y (7,), we have

V(1) = VO (f,8)] <

/0 T ) - f(R)dX,
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For j > 0 we have

(/0 (f(Xs) —f(fs))dxs)zl = /Orj’nE[yf(j(’j) _ f(Xj)P] ds

T‘j,n -
<2 / E[lx; - X P ds

E

Tk+1,n
- ||f||02<R)Z / E[|X* () = X (ron)[?] ds

Tk,n
T1,n
= 11712 a9 / sds
1 .
EHfHQCf(R)jTin‘

A similar argument handles the case j < 0, and in general

E

( / ) —fo?s))czxs) ] < Iy lil2 (2.14)

Since j* is independent of the X, by conditioning on the value of j* and applying (2.14), we obtain

A 2
T]*,'n, — ~ 1
E X )dXs — f(X,))dX, = —||fll %2 2 " E(]5*
([ 0@oax. - rRopax. ) ] 517122 "B ) -
=0(27"/?).
We have used (2.11) to obtain this last estimate. Similarly, for any integer j > 0, we have
|7 e - s@as| < [ 1) = 1E5aas
0 2 Jo
<Iflezey / |XF = X [lods
Tk+1,n
—HfHCmR)Z / 1X°4(5) = X (1) ods
Tk,n
= Iz i / Vads
2 .
= I oz @iri-
A similar proof handles the case j < 0, and in general we have
Tjn ~ 2
E </0 (f(Xs)ds — f(Xs))d8> ] LLETESY 227302, (2.16)

Since j* is independent of X, by conditioning on the value of j* and applying (2.16), we have

E

([ s - r&as) ] < I )2 PE(G)?)

=002 ""?).

(2.17)
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We have used (2.11) to obtain this last estimate. From (2.15) and (2.17), we have
V(0 = VR0l = 0@, (218)

Recalling that r;- , = Y (7,), we have

Y ()
/ F(X,)dX,

Y ()

VO (f,8) = VO (f,1)] <

Y(t) Y (mn)
(o) [ s sV (n) [ 7).

Let a,b € R. Then by the It isometry

( / bf(Xs)dXs>2] - / bb B(f3(X,))ds

<12y b — al.

E

Since X are Y are independent, by item (a) of Lemma 2.3 we obtain

Y (t) 2
E / f(Xs)dXs> <2 B([Y (1) = Y (1)
(] 11 BV ) -
=0(27"/8).
By consideration of the cases,
Y (t) Y (0)
sen(v (o) [ s sV () [ £(X)ds
0 0
is bounded by
Y () 1 Y (1) Y(mn)
[ reeds| + glsen(ve) sl | [ ras+ [ £,
Y () 0 0
However, by an elementary bound on the integral and item (a) of Lemma 2.3,
Y;:
F(Xs)ds|| <[[fllczllY () = Y (7
/ oy 7| <l Y)Y ()l o)

=0(27"®).

Finally, note that

Y(t) Y ()
lsn(Y (1)) — sgn(¥ ()| / F(X.)ds + / F(X.)ds

< llez @lsen(Y (1) = sgnY (m)) (1Y ()] + Y (7)])-
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By Lemma 2.3(b),

Y(t) Y (7n)
(sgn(Y (t)) — sgn(Y'(12,))) (/0 f(X)ds —I—/O f’(Xs)ds> =027/, (2.21)

2

From (2.19), (2.20) and (2.21) we obtain
IV () = VO£, 1)) = 0275, (222)
Combining (2.13), (2.18) and (2.22), it follows that
VA (£,8) = V(£ D)2 = O™,

which yields the L?(IP) convergence in question. The almost sure convergence follows from appli-
cations of Markov’s inequality and the Borel-Cantelli lemma. o

3. THE QUADRATIC VARIATION OF ITERATED BROWNIAN MOTION

Given an integer n > 0 and a real number ¢ > 0, let

(27 -1
VA = Y (Z(Thsrn) — Z(Tin))
k=0
(271 —1
vy = Y g (Zee FE ) (a0, - 200,00
k=0

In this section, we will examine both strong and weak limit theorems associated with these
quadratic variation processes. Our first result is the strong law of large numbers for VTSQ)( fit).

Theorem 3.1. Let t > 0 and f € C(R). Then,

27" PV (f,1) — /t f(Zs)ds,
0

almost surely and in L*(P) as n — oo.

As a corollary, we have 27"/ 2y,(2) (t) — t almost surely and in L?(P) as n — oo. Our next
result examines the deviations of the centered process (2_”/ 2Vé2) (t) — t) and was inspired by
the connection between the quadratic variation of iterated Brownian motion and the stochastic
process called Brownian motion in random scenery, first described and studied in [27]. Since the
introduction of this model, various aspects of Brownian motion in random scenery have been
studied in [7, 31, 32, 33, 34, 36,

We will use the following notation in the sequel. Let Dg[0, 1] denote the space of real-valued
functions on [0, 1] which are right continuous and have left-hand limits. Given random elements
{T’,} and T in Dg|0, 1], we will write T,, = T to denote the convergence in distribution of the {7}, }
to T (see [6, Chapter 3]). Let {B1(t),t € R} be a two-sided Brownian motion and let {Ba(t),t > 0}
denote an independent standard Brownian motion. Let

5(t) = /R LE (By) By (de),
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The process {G(t),t € R} is called a Brownian motion in random scenery. Our next result states
that V,{¥ (t), suitably normalized, converges in Dg[0, 1] to G(t).

Theorem 3.2. Asn — oo,
on/4

S (20 —0) = ()

We will prove these theorems in order, but first we will develop several lemmas pertaining to
the local time of Brownian motion.

Lemma 3.4. For real numbers p,q > 0,

3L ()l = 0(2?).

JEZ
Proof. We will use the following notation: given = € R, let

T, =inf{s>0:Y, = z}.

Let C = E((LY)P). Then, from the strong Markov property, elementary properties of the local time
process, the reflection principle, and a standard Gaussian estimate, it follows that

E(LE (Y))P) = / E(LF (V)7 | 72 = 5)dP(r, < 5)

= [ B 0o <o
SE((LY (Y))P)P(2 <)

— 20 B(Y; > [a])

< 2Ctp/2exp (—:c2/(2t)) .

Consequently, for real numbers p,q > 0,

/RHLf(Y)Hgdx < oo,

Since the mapping = + [|L¥(Y')[|7 is uniformly continuous,

T SO ILE W)l =t ST ILElgAn, = [ L)l

JjE€EZ JEL -

It follows that
S (g = 0@ ),

Jj€Z
which proves the lemma in question. o
Lemma 3.5. Let a,b € R with ab> 0. Then there exists a positive constant u, independent of a, b

and t, such that
IL2(Y) = LE(Y)l2 < p/[b — alt*exp ( — a®/(41)).
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Proof. Let c € R and ¢t > 0. From [37, Theorem 1.7, p. 210] and its proof, there exists a constant

v, independent of ¢ and ¢, such that

E((L;(Y) = LY (Y))?) <7lelt!/2.

(3.2)

By symmetry, it is enough to consider the case 0 < a < b. By the strong Markov property, Brownian

scaling, the reflection principle, item (3.2), and a standard estimate, we obtain

E((Ly(Y) = L{(Y))?) = /a E((L{(Y) = L (Y))? | 7o = 8)dP(74 < 8)

/ E((E2=0(Y) — L9, (V))2)dP(, < 5)

~v(b— a)tl/QIP’(Ta <t)
(b — a)tl/QeXp( —a®/(2t)).

o

NN

The desired result follows upon taking square roots and setting p = v/2.
What follows is an immediate application of the preceeding lemma.

Lemma 3.6. Let t > 0. In the notation of (1.2),
3 f00,) 5 V)ary — [ 102
JEL

almost surely and in L*(P) as n — oo.

Proof. By the occupation times formula,

/ ' f(2)ds = | ez

Tj+1,n
=> LY(Y)du.
JEL T
It follows that

t
[ 12 S HOb 10

JEL 9

JEZ

Since f € CZ(R) and X is independent of Y, we have

1F (X)L (V) = (M) Ly (V)2

<Ifllezy (ILE(Y) = Ly (V)2 + 11X = Mjall2ll Ly (YV)]l2) -

However, by Lemma 3.5,

J£808) — £ )], <€y By (- hrzenal),

<Z/T%”Hf WLEY) = F(M; )L (Y)|2 du.

(3.3)

(3.4)
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where C' depends only upon t. By the integral test, the sums,
(Tjn ATjt1 n)?
e ~Db  JT ) Ay
Z Xp ( (4t) r],?’“
are bounded in n. Thus,

Tj+1,n )
Z/ |LEY) = 2 (1) du = O(y/Bry )

(3.5)
= 0274,
For 7, <u<rji1,, we have || Xy, — M |2 = \/Arj . Thus, by Lemma 3.4, we have
jtl,n )
S [ I = M2 (1) e = 0 (36)

JEL " TIm

Combining (3.3), (3.4), (3.5) and (3.6) we see that

FI——

JEL

= 0(27"/%),
2

This demonstrates the convergence in L?(P). By applications of Markov’s inequality and the Borel—
Cantelli lemma, this convergence is almost sure, as well. o

Our next result is from [28, Theorem 1.4] and its proof. See [3] for a related but slightly weaker
version in LP(P).

Lemma 3.7. There exists a positive random variable K € L¥(P) such that for all j € Z, n >0,
and t >0,

on/2
Ujn(t) — 5 L:”"(Y)‘<Kn2”/4 L7 (Y)
2n/2 Tj,n n/4 Tj,n
Djn(t) — 5 L7 (Y)| < Kn2 L7 (Y).

Proof of Theorem 3.1. Since the mapping

p(z,y) = f (y;x> (y —x)?

is symmetric, by Lemma 2.4,
n/2V(2) f t 22 n/2f ] " ( )2 (Uj,n(t) +Dj,n(t))
JEZL

where

= 32 F(My)(BXj0)? (Usin(t) + Djn(t) = 27277 (V)
JEL
B, = Z f(M;0) (AX;0)° —E((AX;0)%)) L7 (Y),
JEL

Co=> f(Mj )L (Y)Ar) .

JEL
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By Lemma 3.7, since f € CZ(R),
[An| < I fllcz@m2™™* D (AX; 2) KA/ L7 (V).
JEL
Since X is independent of Y, by Holder’s inequality, for each j € 7Z,
Tin Timn 1/2
IAX; )2 K L (V)| < HAX )% 2| K [l 27 (V)15
By scaling, ||[(AX;,)?|l2 = 27"/2 /5. Hence, by the triangle inequality and Lemma 3.4,

T n 1 2
1Anll2 <2724 K ||ay/iia 1L (V)]

JEL
= O(n2_n/4)7

which shows that A, — 0 in L?(P) as n — oo. By Markov’s inequality and the Borel-Cantelli
lemma, the convergence is almost sure, as well.

Let
n T\ Xy, ifj<O.

Then we may write B,, = BT(LI) + Bff), where

BY =3 (f(My0) = F(X],)) (AXj0)* —E((AX;0)%) Ly (Y),

JEL

B =Y f(X5,) (AX;n)® = E((AX;0)%) L (V).
JEL

By noting that [M;,, — X;» | = 3|AX; |, we see that
1 .
1BLV| < I fllez @) D 1Al (AX;0)? = E((AX;0)%)) L™
JEL
Since X and Y are independent,
1 .
1B 2 < I fllez @) D AKX nlla [[(AX50)* = E((AX;0)?) [, 12477 (V)2
N/

=0(27"/*).

We have used Brownian scaling and Lemma 3.4 to obtain this last estimate.
Observe that the collection {f(X7,) ((AX;n)? —E((AX;n)?)),j € Z} is centered and pair-
wise uncorrelated. Since X and Y are independent, we obtain

var(BE) = A IB1Le7" (V) [avar (AX;0)? = E((AXj0))) -

JEZL
Since f is bounded, by Brownian scaling,

var ((AX;,)? —E((AX;.)?) =0(27").
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Therefore,
IB& |l = 027"/%).

In summary, ||By|l2 = O(27™/*), which shows that B,, — 0 in L?*(P) as n — oco. By applications

of Markov’s inequality and the Borel-Cantelli lemma, this convergence is almost sure, as well.
Finally, by Lemma 3.6, C,, — f(f f(Zs)ds almost surely and in L?(P) as n — oo, which proves

the theorem in question. o

We turn our attention to the proof of Theorem 3.2. In preparation for the proof of this result,
we will prove several lemmas. For each integer j, each positive integer n and each positive real
number ¢, let

Ljn(t) =272(Ujn(t) + Djn(t)).

Lemma 3.8. For each t >0,

S TE(1L. () = 0@2"?).

JEZL

Proof. By the triangle inequality and a standard convexity argument, it follows that
E([Ljn(OF) <4E(ILy"" (V)P) + 4E(|L50(t) — L (V).

By Lemma 3.4,
STE(IL7(V)]F) = 0@2"?).

JEL
By Lemma 3.7,
Tj,n —3n Tjin 3/2
[L5n () = L™ (V)P < KPnP2 =304 (L (v)) 2.
By Holder’s inequality,
Tjm — Timn 3/2
E(|Ljn(t) — L (V)P) < | K [§nd2 /4 L (7)1

From Lemma 3.4, it follows that

D E(|La(t) = L (YV)]?) = O(n®27/4).
JEL

This proves the lemma in question. o

Lemma 3.9. For each pair of nonnegative real numbers s and t we have,
lim Y E([Ln(5)Ln(t) — L (V)L (Y)]) 27 = 0.
n— oo ez

Proof. We have the decomposition

L5 ()L () = L& (V)L (V)< (&jn(s) = LE (V) (Ln () — L (V)
+ (Ljin(s) = Lo (V) Ly (V) + (Lgn(t) = Ly (V) LY (Y).

By Lemma 3.7,

[©5ns) = LT (V) (B () = L (V)] < K022\ [L (V)27 (1),
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By Holder’s inequality, we have

E(|(L5n(s) = L2 (V) (L5n(8) = L™ (V))])
<K |32 2| Ly (V)55 127 (V)l5)s-

By applications of the Cauchy—Schwarz inequality and Lemma 3.4, we obtain the following:

S E(|( = L (V) (Ljn(t) — Ly (V) [) 27772

JEZ
—n Tjn 2/3 Tin 2/3
<K ST W3 S ILe (0l
JEZ JEZ

=0(n27"/?).

The remaining terms can be handled similarly. o

Lemma 3.10. Let 0<s<t<1. Then,

S Ly (VILP (VA — [ L5()LE(Y)da,
R

in L'(P) as n — oo.

Proof. We have

Tji+1,n
/Ll’( YL (Y dx—Z/ LE(Y)LE(Y)dz.

JEZ

From this it follows that

/ LE()LE(Y )da — 3 Lo (V) LY (V) Ary
R =/ )

Tj+1,n )
<Z/T |ZE(V)LE(Y) — L (V)L (V) da.

JEL " TIm

By the Holder and Minkowski inequalities, we obtain

[LEWV)LEY) = Ly (V)L (V)| S ILE(Y) = L (V)N LE (V)2
HILS () = LE (V)21 L (V)2

Since s,t € [0, 1], it follows that ||LZ(Y)|2 and ||L¥(Y)||2 are bounded by 1. Therefore, by Lemma
3.5 and Jensen’s inequality, there exists a universal constant C' such that

. 2
LTV (V) — Lo (V)L ()], <© rr]nexp< ++1>>

By the integral test, the sums,

AN 2
I e L
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are bounded in n. Since /Ar; , = 2—n/4,

/ LY(Y)LF(Y)dz =Y Ly (V)L (Y)Ar .| = 0@
R

JEL 1

This proves the lemma. o

Given a function f defined on [0,1] and § > 0, let

w(f,6) = S |f(t) = f(s)]-
st <

Lemma 3.11. There exists a universal ¢ € (0,00) such that for all a € R and § > 0,

(LY, )3 < (6 1n(1/6)) A lalexp(~a?/2) ).

Proof. Since local times are increasing in the time variable, we have w(L*(Y),d) < L{(Y). Con-
sequently, by Lemma 3.5,

(LYY, 8)[|5 < LS (V)3

clalexp(—a?/4).

ININ

However, by Tanaka’s formula,
t
LY(Y) =Y —a|l —|a| — / sgn (Y, —a)dy,.
0

Hence, for s < t,

t
LiY) — L) < ¥ - Vel = [ sn (¥, - a)ay,,

By Lévy’s representation theorem (see [37]), t — fg sgn (Y, —a)dY, is a standard Brownian motion.
Thus, there exists positive numbers ¢ and dy such that for all 0 < < dy,

lw(L*(Y), 8) |3 < cd log(1/9).

We have used Lévy’s theorem concerning the modulus of continuity of Brownian motion to obtain
this last result; see [37] for details. o

Proof of Theorem 3.2. For each integer j and each positive integer n, let

2n/2

i = 2 (82,07 - B(8X,7) ).

For each n, the random variables {¢;,, j € Z} are independent and identically distributed. A
scaling argument shows that ¢, is distributed as e = (X? — 1)/v/2 for all admissible integers j
and n. Let ¢ denote the characteristic function of e. Since E(e) = 0 and E(¢?) = 1, we have, as

z — 0,
2

log ¢(z) = —% +0(2%).
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Thus, there exist v > 0 and 0 < § <1 such that

22

log ¢(2) + <7z, (3.7)

for all |z| < 6.
By Lemma 2.4 and the definition of {L;,,(t),j € Z},

22y D) =3 (AX;,)L;0(0).
JEZ

Noting that E((AX;,)?) = Ar;,, = 27"/2, we arrive at the following:

2PV () = V2 n L n (B2 427 (U n(t) + Djin(t)).
N/ JEL

Concerning this last term on the right, we have

27" Y (Ujn(t) + Dju(t)) =27 2" =t + O(27"),
JEZL

since the number of upcrossings and downcrossings of all the intervals [r; ,,7j41,,] by the random
walk is equal to the number of steps taken by this same random walk. It follows that

on/4
7 (V) — 1) = ejnljn(t)2"/* + 02734,
2 JEL
Letting
Gult) =D ejnljn(t)2/2,
JEL
it is enough to show that
Inlt) = 5(2). (3.8)

First we will demonstrate the convergence of the finite-dimensional distributions and then we will
give the tightness argument.

Let 0<t; <to < -+ <ty <1landlet A, Ao, -+, Ny, € R To demonstrate the convergence of
the finite-dimensional distributions, it is enough to show that

E{exp(iiAkSH(tk))} - E[exp(iiAkg(tk))], (3.9)
k=1 k=1

as n — oo. For simplicity, let,

aj, =2"""4 Z Ao (tr)
k=1

m
G =274 N LZ(Y),
k=1

We have the following:

‘E[exp(i i )\kSn(tk))} — ]E[exp(i i )\kg(tk))} ‘ <A, + B, +C,,
k=1 k=1



THE ANNALS OF APPLIED PROBABILITY, 9, 629-667 (1999)

where,

A, = E:exp(ii)\an(tk))} _ E[exp( _ % Zain)] '

k=1 JEZ
_ 1 1 ~
By = [Elexp( = 5 3" a2,)] ~Elexp(- 5 Y a@.)] |
JEZ JEL

C, = ]E:exp( — % Zﬁ?n)] - E[exp(izm:)\kg(tk))} ‘
k=1

JEZ
We will estimate each term in turn.
Observe that
m
Z )\kgn(tk) = Z Ejntjn-
k=1 JEL

Let Y denote the o-algebra generated by {Y:, ¢t >0} and observe that the random variables
{ajn, j € Z} are Y-measureable. Thus,

E[eXp(’i i )\kgn(tk))} = E{E[ H PRLTRARY 9] }
B[ [T ¢te)].

JEL

Assuming that >, |laj.n|® <83, we have, by (3.7),

D

JEL

<’YZ ’aj,nls-

JEL

1
log ¢(a;n) — 5%2‘%

From this it follows that

‘ H dlajn) — exp( — % Za?m) <ve? Z laj.q 2.

JEL JEZ JET

Since 1
‘ H d(ajn) — exp( ~3 Z ain) <2,

jEZ JET

we may conclude that

‘ H P(ajn) —exp(— % Zain) <ve? Z lajnl® + QH(Z lajnl® > 6°).

jez JET JET jez

Upon taking expectations and applying Markov’s inequality, we obtain

A, <C Y Ellajal®),

JEL

where C' = (ve7 + 2673). However, by a convexity argument and Lemma 3.8, we have

> E(lajal*) <m®270 Y NP Y E(L] (1))
k=1

JEL JEZ
=002,
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which shows that A,, — 0 as n — oo.

Note that,
1 _
B, <5 > E(la}, —a5,))
JEL
L$~ Ak E(|L L Ly (V)L™ (Y)])2~ /2
522 k| elz (1L (tr)Ljn(te) — (V)L™ (Y)]) :
k=1 /(=1 JEZL

By Lemma 3.9, we see that B,, — 0.
Finally, observe that

E[exp(ig)\kg(tk))} :]E{exp(—%/R(kzm::l)\kak(Y))zdx)}.
Thus,

%E“JEZZ / Z)\kL da:‘]

%,é j Akl [ Hj%;;j,n(tk);;m(mmj,n_/RLfk(y)Lge(y)dxul.

By Lemma 3.10, C,, — 0, which, in conjunction with the above, verifies (3.9).
To demonstrate tightness, observe that

9n7 22 n/4 €5, nw jna(s)

JEL

It follows that
Val" 9n7 ZQ n/QHW Jsms )HQ (3'10)

JEL

By Lemma 3.7, the triangle inequality and the fact that the local times are increasing in the time
variable, we have

W(Ljn,0) <2KN2 A L7 (V) + w(L™(Y), 6).
Thus, by a simple convexity inequality,
2

K\/Ly (v)
2

= A(n) + 2|w(L7(Y), 8)|2,

lo(Lyn, )13 < 8R%27/2 +2[w(L7(Y),0)]3

with obvious notation.
By Hoélder’s inequality and some algebra,

i

Thus, by Lemma 3.4, we have

2
SIENEILY " (V)2
2

> 2724, = 0(n*27?). (3.11)

JEL
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Given § > 0, let us divide the integers into two classes J; and .Jy, where
Ji={j €T |jl<s? 22
Jo = J7.
Then by Lemma 3.11,

Z 2_n/2”w(L7’j,n’5)Hg < C’J1’2_n/2(510g(5_1)
JjeJ1

<2¢Vlog(67Y).

However, recalling that Ar;,, = 2-"/2 and applying Lemma 3.11,

> 2" Pw(@m 8)E<e Y Irjmlexp( = r3,/2) Ar,

JjEJ2 JEJ2

~2C/ |z|exp( — 2°/2)dx
s

—1/2

(3.12)

(3.13)

Combining (3.10), (3.11), (3.12) and (3.13) gives the requisite tightness. This demonstrates (3.8)

and the theorem is proved.

4. HIGHER ORDER VARIATION

o

In this section, we will examine strong and weak limit theorems for the tertiary and quartic variation

of iterated Brownian motion. Let us begin by recalling a theorem, essentially due to [8].

Proposition 4.1. Let t >0 and p > 0. The following hold in L?(P) :

(2"/21]

(a) Z (Th41,n) — Z(Tk:,n))s — 0;

(27/24]

(b) Z (Tht1,m) — Z(Tk,n))4 — 3t.

Our next two theorems generalize the above along our random partitions. Given an integer

n >0 and a real number t > 0, let

2

[2"t]—
V(3) (f,1) Z f( (Tht1,n) + Z(Tk,n)> (Z(Tk+1,n) _ Z(Tk,n))g,

[2t

VA (f,1) Z f( (Tht1,0) + Z(Tk,n)> (Z(Thsrn) Z(Tk,n))4.

2

Whenever f =1, we will write v, )( t) and v, (t) in place of Vé?’)(f, t) and VT§4)(f, t), respectively.
Our first result is a strong limit theorem for the tertiary variation of iterated Brownian motion

and is related to Theorem 2.1 and Proposition 4.1(a).
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Theorem 4.2. Let t > 0 and let f € CZ(R). Then
V(S =0,

almost surely and in L*(P) as n — oo.

Our next result is a strong limit theorem for the quartic variation of iterated Brownian motion
and is related to Theorem 3.1 and Proposition 4.1(b).

Theorem 4.3. Let t > 0 and let f € CZ(R). Then

t
V([0 — 3 / F(2,)ds,
0

almost surely and in L*(P) as n — oo.

As corollaries to Theorem 4.2 and Theorem 4.3, we have Vég) (t) — 0 and Vn(4) (t) — 3t almost
surely and in L?(P). Our next two results concern the deviations of v, (t) and v, (t) — 3t : we

will demonstrate that V,* (t) and A% (t) — 3t, suitably normalized, converge in distribution to
an iterated Brownian motion and to Brownian motion in random scenery, respectively. As in §3,
let {B1(t),t € R} denote a standard two-sided Brownian motion and let {Bz(¢),¢ >0} denote an
independent standard Brownian motion. Observe that {B; o Ba(t),t >0} is an iterated Brownian
motion and that

(1) = [ L(B2)Br(do).
R
is a Brownian motion in random scenery.

Theorem 4.4. Asn — oo,
Theorem 4.5. Asn — oo,

We will prove these theorems in order.

Proof of Theorem 4.2. Since the mapping

da) =1 (57) -

is skew symmetric, by Lemma 2.4 we have

VO (f,1) =D F(Mn)(AX; ) (Ujn(t) = Djn(t)).

=
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By Lemma 2.5 and by following the argument preceeding (2.10), we obtain

YIS FMAXS)? i >0

VOt =40 if j*=0

S A(ML)(AX,)R if <0,

However, for any integer m, by the triangle inequality, the boundedness of f and Brownian scaling,
we have

|m|—1
3
ST rE)AXEN)| <Iflloze I(AXE)? 2lm|
j=0
2
= (£ |2y lmlpg 273"/,

Since the random variable j* is independent of X, by conditioning on the value of j* and applying
the above inequality we obtain

2 —3n "
E((VEO0)) <11 a2 *B((G7)?)
=0(@2™"/?).
We have used (2.11) to obtain this last estimate. This demonstrates the L?(IP)—convergence in
question. By applications of Markov’s inequality and the Borel-Cantelli lemma, the convergence

is almost sure, as well. o

Proof of Theorem 4.3. Since the mapping

o(z,y) = f (y;x> (y —z)*

is symmetric, by Lemma 2.4 we have

VO (£,4) =D F (M n)(AX;0)* (Ujin () + Djin(t))
JEL

where

An = 3 FMy)(AX )" (Usin(t) + Dyn() = 27217 (1))
JEL

By =3 f(Mj0) (AX;0)" = B((AX;0)") 2772107 (V),
JEL

Co = 3 3F (M) L (V) A .
JEL

Since f € CZ(R), by Lemma 3.7 we have

Aul < Ifllezm2™* STAX, ) KL ().

JEL
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Since X is independent of Y, by Hélder’s inequality we have, for each j € Z,
R i 1/2
IAX; ) B L (V)| < IHAX ) 2| K flall 257 (V)57

By scaling, ||(AX;,)* 2 =27"/us. Hence, by the triangle inequality and Lemma 3.4,

n 7’]” 1/2
1Anll2 < [1f le2 @yn2 > 41 K lav/ms D IIL7™ (V)3

JEZ
= O(n27"%),

which shows that A, — 0 in L?(P) as n — oo. By Markov’s inequality and the Borel-Cantelli
lemma, the convergence is almost sure, as well.

Let
i T\ X if § <O0.

Then we may write B,, = B(l) + B(z) where

B =% (f(Mjn) = F(X])) (AXj0)* = E((AX0)*)) 22" (Y),
JEL

B =Y (X5, (AX; )" —E((AX;.)*) 2"/2L7 " (V).
JEL

Noting that [M;, — X7, | = 3|

AX; |, we have

Ifllczwy ., r
1BW| < 2 P IAX W] (AX ) = E((AX;0)") L7 (Y).
JEZ

Since X and Y are independent,

I fllc2 ) .
1Bl < =22 3 AKX alla || (AX50)" = E((AX; )Y ||, L7 ()]l2
JEL
=0@27"*).
We have used Brownian scaling and Lemma 3.4 to obtain this last estimate.

Observe that the collection {f(X7,,) (AX;,)* —E((AXjn)*)),j € Z} is centered and pair-
wise uncorrelated. Since X and Y are independent,

var(BY) =27 Y | F(XG ) IB1Le " (V) [3var (AX )" = E((AX;0)*)) -
JEL

By Brownian scaling,

var ((AX;,)" —E((AX;.)Y) = 0(27%").

Therefore,
1B |2 = 027").

In summary, ||By|l2 = O(27™/*), which shows that B,, — 0 in L?*(P) as n — oo. By applications
of Markov’s inequality and the Borel-Cantelli lemma, this convergence is almost sure, as well.
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Finally, by Lemma 3.6, C), — 3 fo s)ds almost surely and in L?(IP) as n — oo. This proves
Theorem 4.3. <

Proof of Theorem 4.4. Since the mapping
p(z,y) = (y — @)’

is skew—symmetric, by Lemma 2.4 we have,

VW) =3 (AXj0) (Ujn(t) — Dyn()).

JEL

From Lemma 2.5 and some algebra, it follows that

Z (AX},)" i >0
Jj=
V() =40 if j* =0 (4.1)
5|1
” if j* < 0.
j=0

For each j € Z and each integer n > 0, we have
var<(AXj,n)3> — 15.279/2,

Let 1

+ 3n/4 + )3

Sin = g2 M(AXF,)" (4.2)
A scaling argument shows that, for each n, the random variables {f-:;fn,j >0} are independent

and identically distributed as e = X3 /1/15. For future reference, let us note that E(¢) = 0 and
E(e?) = 1. For each t >0, let

[2/2t]—1
9—n/4 et ift>9on/2
XE(0) = 2, <
0 ifo<t <27 m/2,

For t € R, let
[ XF() ift>0
X"(t)_{X_(t) it ¢ < 0.

n

In order that we may emphasize their dependence upon n and ¢, recall that

Tn — T(n,t) = ﬂznth
J* =7 (n,t) = 22V (7).

For t € [0,1], let
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We observe that )

V15

Let Dg|0, c0) denote the space of all real-valued functions on [0, co) which are right continuous
and have left limits. Given a function g : R — R, let us define g™, g~ : [0,00) — R accordingly: for
each t >0, let g™ (t) = g(t) and let g~ (t) = g(—t). Let

22V (1) = X, 0 Yy (). (4.3)

Di(R) ={g:R— R : g" € Dg[0,00)and g~ € Dg[0,0)}.

Let ¢ denote the usual Skorohod metric on Dg[0,00) (cf. [18, p. 117]). Then we can define a metric
¢* on Df(R) as follows: given f,g € Di(R), let

(fr9)=alfT g ) +a(f,97).

So defined, (Dﬂ%(]R), q*) is a complete separable metric space. Moreover, {g,} converges to g in
D} (R) if and only if {g;} } and {g;, } converge to g* and g~ in Dg|0, 00), respectively. By Donsker’s

n

theorem, X,/ = B{" and X, = By in Dg[0, ) consequently,
X, = By in Dy(R). (4.4)
By another application of Donsker’s theorem,
Y, = B, in Dg([0,1]). (4.5)

From (4.4) and (4.5), the independence of X and Y and the independence of By and Bs, it
follows that
(X, Y,) = (B1,B2) in Dgi(R) x Dg([0,1]).

Since (z,y) € D§(R) x Dg([0,1]) — Dg([0,1]) > zoy is measurable and since B; o By is continuous,
it follows that
X,0oY = ByoBy; in Dg([0,1]).

Recalling (4.3), this proves the theorem. o
Proof of Theorem 4.5. For each integer j and each positive integer n, let
27’L

Fin = 56 ((AXM)4 - ]E((AX]-,”)‘*)).

For each n, the random variables {¢;,,j € Z} are independent and identically distributed. A
scaling argument shows that ¢, ,, is distributed as e = (X} — 3)/1/96 for all admissible integers j
and n. For future reference, we note that E(¢) = 0 and E(e?) = 1.

By Lemmas 2.4 and 2.5,

V) =3 (AX;0) (Ujn(t) + Dja(t))

JEL
= V96272 L5 0 () +3-27" > (Ujn(t) + Djn(t)).
JEZL JEL

Arguing as in the proof of Theorem 3.2, we have

3-27")  (Ujn(t) + Djn(t)) =3t+0(27").
JEZ
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From this it follows that

27 (VI () = 3t) = 0273+ ek ()27
JEZ

As was shown in the proof of Theorem 3.2,

> einlin(t)27* = §(1).

JEL

This finishes the proof. o

5. AN EXCURSION—THEORETIC CONSTRUCTION OF THE ITO INTE-
GRAL

In this section we show that for f € CZ(R), the Ito integral process fg f(¥,)dY, can be defined by
means of the random partitions defined in §2. For each integer n >0 and k € Z, let

Yin=YTkn)-
We offer the following theorem:

Theorem 5.1. Let t > 0 and let f € CZ(R). Then

[27t]—1

Z f(Yk,n)AYk,n _>/0 f(Yr)dYT

k=0

almost surely and in L*(P), as n — oc.

We will need the following lemma, which is a simple consequence of the mean value theorem
for integrals.

Lemma 5.2. Let a,b € R, a <b, and let f € CZ(R). Let
a=ug <uy < <Up_1<uUp,==>=

be a partition of |a,b]. Then

b n—1
/a f<s>ds—];)f<ukmuk <Ifllcglb—al |_masx _ {|dug}.

Proof of Theorem 5.1. By the proof of Lemma 2.4,

[2"t]—-1

Z f(Yk,n)AYk:,n = Z [f(rj,n)Arj,nt,n(t) - f(rj+1,n)ATj,nDj,n(t)]
k=0 JEZ

= frn) AT (Ujn(t) = Djn(t))

JEZ
- Z (f(rj—&-l,n) - f(rj,n))Arj,nDj,n(t)
JEL
=1, —1II,,
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in the obvious notation. We will next show that

Y:

almost surely and in L?(PP) as n — oo.
First observe that

Y;
I, — flu)du
0

<

:An+Bn7

in the obvious notation.
Together with an elementary bound, Lemma 2.3 implies,

[Anll2 <[ fllcz@)llY (8) = Y (7a)l2

o, (5.3)

By Lemma 2.5,

Yy Frin)Ar . i >0
0 if =0
-1 co e
=i f(rin)Arj, if j* <O0.

I, =

Thus, by Lemma 5.2,
B < fllez @)Y (ma)[2772.

In the proof of Lemma 2.3, it was shown that {||Y (7,)||, n >0} is bounded in n. It follows that
1Bullz = O(27"/%). (5.4)

Combining (5.3) and (5.4), we have the following:

Yy
I, — f(u)du,
0

in L?(P) as n — oo. By Markov’s inequality and the Borel-Cantelli lemma, this convergence is
almost sure, as well. This verifies (5.1).
Observe that

I, = Z (f("”j—s—l,n) - f(rj,n) - f/(rj,n)Arj,n)ArjvnDj,n(t)
JEZ
+ 3 (r50) (Ari) D (t)
JEZ
= An + Bna

using obvious notation. By Taylor’s theorem,

]‘ —3n
[Anl <G I llez@ 2" D Djn(?)
i€z (5.5)

=0(2""?).
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We have used the the fact that }_;.; D;n(t) <[2"t] to obtain this last bound. Observe that,

5,5 [ Fnion] <B4 382
2 )i 2

where,
(1) —n 2”/2 Tj,n
BY = | fllez2 " 3 | Danlt) = - L (V)]
JEZ
and
(2) _ Zf 7’]7 T‘Jn A,r]n /f Lu
JEZ
By Lemma 3.7,
A, < ||f||CE(R)n2_3n/4 S K\L(Y).
JEZL

Consequently, by the Minkowski and Holder inequalities,
—3n T‘jyn 1/2
IBD 2 < [ llez@ymn2™*™* S IK 4l L7 (V)]
JEL (5.6)
= O0(n2™%),

We have used Lemma 3.4 to obtain this last bound.
As in the proof of Proposition 3.3, we have

jt+1,n
BO <oz X [ IEEY) - £ (1)
jer’Tim
Consequently, by symmetry,
Tji+1,n
1B e <2 flogeey 3 [ ILEE) = L7 (V)ad
j207Tin
By Lemma 3.5,
u T] n
ILy(Y) — Y|l <Cy/Arj, nexp( ]7n/2) .
Thus,

1B 2 < 2||f||cb2(11«)02_"/4 Z exp (=77 ,,/2) Arjn
iz0 (5.7)

=0(27"*).
Combining (5.6) and (5.7), we see that,

1, — % /R F(w) L (Y)du

in L?(P) as n — oo. By Markov’s inequality and the Borel-Cantelli lemma, this convergence is
almost sure, as well. By the occupation times formula, this verifies (5.2).
We can now finish the proof. By (5.1) and (5.2),

[2"1]
ny,mAY,mH f Ydu — = /f (5.8)
0
almost surely and in L?(P) as n — oo. Let F(t fo u)du and apply Itd’s formula to F'(Y;) to
see that the right hand side of (5.8) is another way to write fo Y;)dYs. This proves the theorem.

o
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