THE ANNALS OF APPLIED PROBABILITY 8(3), 708-748 (1998)

BROWNIAN MOTION IN A BROWNIAN CRACK

Krzysztof Burdzy
Davar Khoshnevisan

Abstract. Let D be the Wiener sausage of width ¢ around two-sided Brownian
motion. The components of 2-dimensional reflected Brownian motion in D con-
verge to 1-dimensional Brownian motion and iterated Brownian motion, resp., as
€ goes to 0.

1. Introduction. Our paper is concerned with a model for a diffusion in a crack. This
should not be confused with the “crack diffusion model” introduced by Chudnovsky and
Kunin (1987) which proposes that cracks have the shape of a diffusion path. The standard
Brownian motion is the simplest of models proposed by Chudnovsky and Kunin. An
obvious candidate for a “diffusion in a Brownian crack” is the “iterated Brownian motion”
or IBM (we will define IBM later in the introduction). The term IBM has been coined in
Burdzy (1993) but the idea is older than that. See Burdzy (1993, 1994) and Khoshnevisan
and Lewis (1997) for the review of literature and results on IBM. The last paper is the
only article known to us which considers the problem of diffusion in a crack; however the
results in Khoshnevisan and Lewis (1997) have considerably different nature from our own
results.

There are many papers devoted to diffusions on fractal sets, see, e.g., Barlow (1990),
Barlow and Bass (1993, 1997) and references therein. Diffusions on fractals are often
constructed by an approximation process, i.e., they are first constructed on an appropriate
e-enlargement of the fractal set and then a limit is obtained as the width € goes to 0. This
procedure justifies the claims of applicability of such models as the real sets are likely to be
“fat” approximations to ideal fractals. The purpose of this article is to provide a similar
justification for the use of IBM as a model for the Brownian motion in a Brownian crack.
We will show that the two components of the reflected 2-dimensional Brownian motion in
a Wiener sausage of width € converge to the usual Brownian motion and iterated Brownian
motion, resp., when € — 0.

It is perhaps appropriate to comment on the possible applications of our main result.
The standard interpretation of the Brownian motion with reflection is that of a diffusing
particle which is trapped in a set, i.e., crack. However, the transition probabilities for
reflected Brownian motion represent also the solution for the heat equation with the Neu-
mann boundary conditions. Our Theorem 1 may be interpreted as saying that inside very
narrow cracks, the solution of the Neumann heat equation is well approximated by the
solution of the heat equation on the straight line which is projected back onto the crack.
We leave the proof of this claim to the reader.

Research supported in part by grants from NSF and NSA.
Keywords: crack diffusion model, iterated Brownian motion, diffusion on fractal
AMS subject classification: 60J65, 60F99.

1



THE ANNALS OF APPLIED PROBABILITY 8(3), 708-748 (1998)

We proceed with the rigorous statement of our main result. We define “two-sided”
Brownian motion by

n [XT@®) ift>0,
X(t>_{X(—t) if t <0,

where X and X~ are independent standard Brownian motions starting from 0. For e > 0
and a continuous function n: R — R let

D = D(n,e) = {(z,y) e R® : y € (n(x) — &,n(x) + &)}

Note that D is open for every continuous function 7. Let V; = Vg, Vo = (0,0), be the
reflected 2-dimensional Brownian motion in D(X1, e) with normal vector of reflection (the
construction of such a process is discussed in Section 2).

Informally speaking, our main result is that Re Y(c(g)e~2t) converges in distribution
to a Brownian motion independent of X!, where the constants c(¢) are uniformly bounded
away from 0 and oo for all € > 0.

Suppose that X? is a standard Brownian motion independent of X!. The process

(X)L X1(X2(t)),t > 0} is called an “iterated Brownian motion” (IBM). We will identify
R? with the complex plane C and switch between real and complex notation. Let o be
a metric on C[0,00) corresponding to the topology of uniform convergence on compact
intervals.

Theorem 1. One can construct X', X? and V¢ for every ¢ > 0 on a common probability
space so that the following holds. There exist c1,co € (0,00) and ¢(¢) € (¢1,¢2) such that
the processes {Re Y¢(c(e)e™2t),t > 0} converge in metric o to {X?2,t > 0} in probability
as € — 0. It follows easily that the processes {Im Y¢(c(g)e~?t),t > 0} converge in metric
o to the iterated Brownian motion {Xy,t > 0} in probability as e — 0.

We would like to state a few open problems.
(i) There are alternative models for cracks, see, e.g., Kunin and Gorelik (1991). For which

processes X! besides Brownian motion a result analogous to Theorem 1 holds?

(ii) Can one construct Y so that the convergence in Theorem 1 holds in almost sure sense
rather than in probability?

(iii) Let B(z,r) = {y € R? : |z —y| < r} and D(X',e) = U,er B((t, X}),€). Does
Theorem 1 hold for D in place of D?

(iv) Can Brownian motion on the Sierpinski gasket be constructed as a limit of reflected
Brownian motions on e-enlargements of the state space? The standard construction of

this process uses random walk approximations, see, e.g., Barlow and Perkins (1988),
Goldstein (1987) and Kusuoka (1987).

Let us outline the main idea of the proof of Theorem 1. Although the Wiener sausage
has a constant width € in the vertical direction, the width is not constant from the point
of view of the reflected Brownian motion ). Large increments of X' over short intervals
produce narrow spots along the crack. We will relate the effective width of the crack to
the size of X! increments and show that the narrow parts of the crack appear with large
regularity due to the independence of X! increments. This gives the proof the flavor of a
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random homogenization problem. Our main technical tool will be the Riemann mapping
as the reflected Brownian motion is invariant under conformal mappings.

We would like to point out that the usually convenient “Brownian scaling” arguments
cannot be applied in many of our proofs. The Brownian scaling requires a different scaling
of the time and state space coordinates. In our model time and space for X! represent
two directions in space for ). In other words, the versions of Brownian scaling for X! and
Y are incompatible.

The paper has two more sections. Section 2 contains a sketch of the construction of
the reflected Brownian motion ). The proof of Theorem 1 is given in Section 3. The proof
consists of a large number of lemmas.

We would like to thank Zhenqing Chen and Ben Humbly for the most useful advice.

2. Preliminaries. First we will sketch a construction of the reflected Brownian motion
Y in D. We start by introducing some notation.

Since we will deal with one- and two-dimensional Brownian motions, we will sometimes
write “1-D” or “2-D Brownian motion” to clarify the statements.

The following definitions apply to D(n, €) for any 1, not necessarily X?2. The resulting
objects will depend on 7, of course. Let D, = {z € C : Imz € (—1,1)}. The Carathéodory
prime end boundaries of D and D, contain points at —oo and 400 which are defined in
the obvious way. Let f be the (unique) analytic one-to-one function mapping D, onto D
such that f(oo0) = oo, f(—00) = —oo and f((0,—1)) = (0, —¢).

We owe the following remarks on the construction of ) to Zhenqing Chen.

It is elementary to construct a reflected Brownian motion (RBM) Y* in D,. We will
argue that f();) is an RBM in D, up to a time-change.

First, the RBM on a simply connected domain D can be characterized as the continu-
ous Markov process associated with (H!(D), F) in L?*(D, dz), which is a regular Dirichlet
form on D, where E(f,g) = 1/2 [, VfVgdz (see Remark 1 to Theorem 2.3 of Chen
(1992)).

The Dirichlet form for the process f();) under the reference measure |f’(2)[?dz is
(HY(f~Y(D)), E). Therefore f(Y;) is a time change of the RBM on D. The last assertion
follows from a Dirichlet form characterization of time-changed processes due to Silverstein
and Fitzsimmons (see Theorem 8.2 and 8.5 of Silverstein (1974); the proof seems to contain
a gap; see Fitzsimmons (1989) for a correct proof; see also Theorem 6.2.1 in Fukushima,
Oshima and Takeda (1994)).

We will denote the time-change by x, i.e., Y(k(t)) = f(¥*(t)). Unless indicated
otherwise we will assume that )5 = (0,0).

The above argument provides a construction of an RBM in D(n,¢) for fixed (non-
random) 7. However, we need a construction in the case when 7 is random, i.e., D =
D(X1e).

Let {S,,—00 < n < oo} be two-sided simple random walk on integers and let
{St,—00 < t < oo} be a continuous extension of S,, to all reals which is linear on all
intervals of the form [j, j 4 1]. Next we renormalize S; to obtain processes ¢Si;/vk which
converge to X! in distribution as k — oo. Let UF agree with ¢Sk;/vk on [—k, k] and let
UF be constant on intervals (—oo, —k] and [k, c0). Note that the number of different paths
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of UF is finite. Fix an ¢ > 0. We construct an RBM Y* in D(UF, ¢) by repeating the con-
struction outlined above for every possible path of Uf. We can view (U*, V*) as a random
element with values in C'(—o0, 00) x C[0, 00)2. It is possible to show that when 7, converge
to n uniformly on compact subsets of R then RBM’s in D(n, €) starting from the same
point converge in distribution to an RBM in D(n,¢). It follows that when & — oo then
(U*, Y*) converges in distribution to a process whose first coordinate has the distribution
of X1, i.e., two-sided Brownian motion. The distribution of the second component under
the limiting measure is that of reflected Brownian motion in D(X1!, ¢).

We will use letters P and E to denote probabilities and expectations for RBM in D
when the function X! is fixed. In other words, P and E denote the conditional distribution
and expectation given X'. They will be also used in the situations when we consider a
domain D(n,e) with non-random 7. We will use P and £ to denote the distribution and
expectation corresponding to the probability space on which X! and ) are defined. In
other words, £ applied to a random element gives us a number while F applied to a random
element results in a random variable measurable with respect to X'.

For the convenience of the reader we state here a version of a lemma proved in Burdzy,
Toby and Williams (1989) which is easily applicable in our argument below. The notation
of the original statement was tailored for the original application and may be hard to
understand in the present context.

Lemma 1. (Burdzy, Toby and Williams (1989)) Suppose that functions h(z,y),g(z,y)
and hq(z,y) are defined on product spaces Wi x Wo, Wy x W3 and Wy x W3, resp. Assume
that for some constant cy,co € (0,1) the functions satisfy for all x,y, x1, x2, Y1, Y2, 21, 22,

b () = /W Wz, 2)g(z, y)dz,

h(.fl?l, 21>

h(x1, 22) = h(a;g,zg)(l —a)
and
9(z1, 1) > 029(2‘2791)
9(z1,92) 9(22,92)
Then

hi(z1,y1) S hi(z2,y1)
hi(z1,y2) — hi(z2,y2)

(1 —c1 + C%Cl).

Proof. All we have to do is to translate the original statement to our present notation.
The symbols on the left hand side of the arrow appeared in Lemma 6.1 of Burdzy, Toby
and Williams (1989). The symbols on the right hand side of the arrow are used in the
present version of the lemma.

b—1, Ur— 0, k +— x1, 3—k+— a9, v 21, W — 29,

T — Y1, Y — Ya, fr—h, g—q, h— h;. O

4



THE ANNALS OF APPLIED PROBABILITY 8(3), 708-748 (1998)

For a set A, 7(A) and T'(A) will denote the exit time from and the hitting time of a
set A for 2-D Brownian motion or reflected Brownian motion.

3. Proof of the main result. The proof of Theorem 1 will consist of several lemmas.

Recall the definitions of D, and f from Section 2. Let M,(a,b) = {z € D, : a <
Rez < b}, M.(a) = M.(a,a), M(a,b) = f(M.(a,b)) and M(a) = f(M.(a)). It is easy
to show that f and f~! can be extended in a continuous fashion to the closures of their
domains.

The closure of the part of D between M (a) and M(a + 1) will be called a cell and
denoted C'(a). The closure of the part of D between the lines {z : Rez = a} and {z :
Rez = b} will be called a worm and denoted W (a,b). Let W, (a,b) = f~(W(a,b)). The
degenerate worm W (a,a) will be denoted W (a), i.e., W(a) = {z € D : Rez = a}.

The first three lemmas in this section deal with domains D(n, ¢) for arbitrary contin-
uous functions 7.

Lemma 2. There exists ¢ < oo independent of 1 and f such that the diameter of the cell
C(a) is less than ce for every a. In particular, the diameter of M (a) is less than ce for
every a.

Proof. It is easy to see that it will suffice to prove the lemma for a = 0. Moreover, we
will assume that € = 1 because the general case follows by scaling.

We start by proving the second assertion of the lemma.

Let 0~ M. (a,b) be the part of OM,(a,b) on the line {Imz = —1} and let 9~ M (a,b) =
f(0~M.(a,b)). Consider a point z € M,(0) with Im z < 0. 2-D Brownian motion starting
from z has no less than 1/4 probability of exiting D, through 0~ M, (—o00,0). By conformal
invariance, Brownian motion starting from f(z) has no less than 1/4 probability of exiting
D through 0~ M (—o00,0). Find large ¢; < oo so that the probability that Brownian motion
starting from f(z) will make a closed loop around B(f(z),2) before exiting B(f(z),c1)
is greater than 7/8. Suppose for a moment that Re f(z) > 0 and the distance from
f(2) to (0,—1) is greater than ¢; + 2. Then 0B(f(z),c1) does not intersect W (0), and
so a closed loop around B(f(z),2) which does not exit B(f(z),c1) has to intersect 0D
before hitting 0~ M (—00,0). In order to avoid contradiction we have to conclude that
|f(2)—f((0,-1))| = |f(2)—(0,—1)] < ¢1+2 in the case Re f(z) > 0. The case Re f(z) <0
can be treated in the similar way and we conclude that the diameter of f({z € M,(0) :
Im 2z < 0}) cannot be greater than 2(c; +2). By symmetry, the diameter of the other part
of M(0) is bounded by the same constant and so the diameter of M (0) cannot be greater
than 4(c; + 2).

The proof of the first assertion follows along similar lines. Consider a point z in the

interval 1 £ {# :Imz =0,0 < Rez < 1}. There exists p > 0 such that Brownian motion
starting from z will hit M, (0) before hitting 0D, with probability greater than p for all
z € I. By conformal invariance, Brownian motion starting from f(z) will hit M (0) before
hitting 0D with probability greater than p. Find large co < oo so that the probability
that Brownian motion starting from f(z) will make a closed loop around B(f(z),2) before
exiting B(f(z),cq) is greater than 1 — p/2. If the distance from f(z) to M(0) is greater
than co then such a loop would intersect 0D before hitting M (0). This would contradict
our previous bound on hitting M (0) so we conclude that the distance from f(z) to M (0)
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is bounded by cp. Since the diameter of M (0) is bounded by 4(c; + 2), we see that
4(c1+2) + 2¢5 is a bound for the diameter of f(I). The cell C(0) is the union of sets M (a)
for 0 < a < 1, the diameter of each of these sets is bounded by 4(c¢; + 2) and each of these
sets intersects f(I). Hence, the diameter of C'(0) is bounded by 12(cy + 2) + 2¢o. O

Lemma 3. For every § > 0 there exists 0 < ¢ < oo with the following property. Suppose
that n1,m2 : R — R are continuous and 1, (z) = n2(x) for all x > —ce. Then M (—oc0, a—
J) C M™(—o0,a) for all a > 0.

Proof. We will assume that ¢ = 1. The general case follows by scaling.
Step 1. First we show that for an arbitrary b > —oo we can find ¢; > —oo (depending on
b but independent of i) so that W(—o0,¢1) C M(—o00,b).

Suppose that W, (ca) intersects M, (by) for some b; > b and c2 € R. Planar Brownian
motion starting from (0, 0) can hit the line segment I = {z:Imz=0,b—2 < Rez <b—1}
before exiting D, with probability pg = po(b) > 0. A Brownian particle starting from any
point of I can first make a closed loop around I and then exit D, through the upper part
of the boundary before hitting M, (b — 3) or M., (b) with probability p; > 0. The same
estimate holds for a closed loop around I exiting through the lower part of the boundary.
Since by > b and W, (ca) N M. (b1) # 0, either a closed loop around I exiting D, through
the upper part of D, must cross W, (—o0, c2) or this is true for the analogous path exiting
through the lower part of dD,. We see that the 2-D Brownian motion starting from (0, 0)
can hit W, (—o0, ¢3) before exiting D, with probability greater than pop; > 0.

By conformal invariance of planar Brownian motion, it will suffice to show that for
sufficiently large negative co, Brownian motion starting from f(0,0) cannot hit W(—o0, ¢2)
before exiting D with probability greater than pop; /2.

By Lemma 2 the diameter of M (0) is bounded by ¢35 < oo. Since f(0,0) € M(0) and
M(0) N W(0) # (), we have Re f(0,0) > —c3. Find large ¢4 < oo so that the probability
that Brownian motion starting from f(0,0) will make a closed loop around B(f(0,0),2)
before exiting B(f(0,0), c4) is greater than 1 — pgp; /2. If such a loop is made, the process
exits D before hitting W(—o0, —c3 — ¢4). It follows that Brownian motion starting from
£(0,0) cannot hit W (—o0, —c3 —c4) before exiting D with probability greater than pop /2.
This completes the proof of Step 1.

Step 2. In this step, we will prove the lemma for a = 0. Recall the notation 0~ M (a, b)
and 0~ M,(a,b) from the proof of Lemma 2.

Reflected Brownian motion (RBM) in D, starting from any point of M, (0) has a fifty-
fifty chance of hitting 0~ M., (—o0, 0) before hitting 0~ M, (0, c0). By conformal invariance,
RBM in D(n;,1) starting from any point of M (0) can hit 0~ M™ (—o0,0) before hitting
0~ M (0, 00) with probability 1/2.

It follows from Lemma 2 that M"7(0) C W"(cg,00) and W, (co,00) C M, (¢, 00) for
some ¢y, ¢ > —oo and all . An argument similar to that in the proof of Lemma 2 or Step
1 of this proof easily shows that for any z € M,!(c/, 00), and so for any 2z € W,/ (cg, 00), the
probability that RBM in D, starting from z can hit M., (b) before hitting 9~ M.!(0, c0) is
bounded from above by pa(b) such that pa(b) — 0 when b — —oo.

Fix an arbitrarily small 6 > 0. It is easy to see that for all v € M,(—J) we have

Py (T(0 M.(—00,0)) < T(9” M.(0,00))) > 1/2 + ps, (1)
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where ps = p3(d) > 0. Next find b such that pa(b) < p3(d). Find ¢; < ¢y (independent
of m2) such that W"2(—o0,¢1) C M™(—00,b), as in Step 1. Suppose that n; and 7y agree
on the interval [¢1,00). This assumption and the fact that M (0) C W™ (¢p,00) yield
M™(0) C W"(cg,00). The conformal invariance of RBM implies that for the RBM ), in
D,., RBM Y in D(1,1) and any z € M (0) and v = f, !(z) we have

Py (T(0” My (—00,0)) < T(0” M.(0,00)))
= P3(T(0” M"™(—00,0)) < T(0~M"™(0,00)))
< PH(T (0" M™(—00,0)) <T(0"M™(0,00)) < T(W™(c1)))
+ Py (T (W™ (c1)) <T(0”M™(0,00))).
Since fy,((0,—1)) = (0,—1), and the same holds for f,,, we have 9~ M"(—00,0) =
0~ M™M(—00,0) and 0~ M"™(0,00) = 0~ M™(0,00). It follows that the last displayed
formula is equal to
Py(T(0” M™ (=00,0)) <T(0~M™(0,00)) < T(W"(c1)))
+ Py (T(W™(c1)) < T(0” M™(0,00))).

Since W2 (—o00,¢1) C M"™(—00,b), this is less or equal to

P5(T(0” M™(—00,0)) <T@ M"™(0,00)) < T(W"(cy1)))
+ P5(T(M™ (b)) < T(0~ M™(0,00))).
Let )’ denote the RBM in D(n;,1). In view of our assumption that 7; and 7, agree on
the interval [cq, 00), the last quantity is equal to
P (T(0”M™ (=00,0)) <T(9~M™(0,00)) <T(W"(c1)))
+ Py(T (Mm(b)) T(0~M™(0,00)))
< P35 (T(9” M™(—00,0)) <T(8~ M™(0,0)))
+ Py (T(M™(b)) < T(@fM"Q(O, 0)))
=1/2+ P3(T(M"™(b)) < T(0~ M"(0,00))).

We have z € M™(0) C W"(cp,00), so the last probability is bounded by ps(b). By
retracing our steps we obtain the following inequality

Py (T(9 M.(=50,0)) < T(0~ M. (0,00))) < 1/2 + p2(b) < 1/2 + pa(5).

This and (1) imply that f,_*(M"(0)) lies totally to the right of M., (—4). This is equivalent
to M (—o0,—§) C M"™(—00,0). We have proved the lemma for a = 0.

Step 3. We will extend the result to all @ > 0 in this step.

The mapping g df S Yo f,, is a one-to-one analytic function from D, onto itself. We
have proved that g(M,(0,00)) C M.(—9,00). In order to finish the proof of the lemma it
will suffice to show that g(M.(a,00)) C M.(a — 9, 00) for every a > 0.
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Let h(z) S g(z) + d. Tt will suffice to show that h(M,(a,o0)) C M.(a,0) for a > 0.
We already know that h(M,(0,00)) C M,(0,00). Consider any two points z € M,(a)
and v € M,(—0o0,a) \ M.(a). It will suffice to show that v # h(z). Let u be such that
Reu = Rez and Imu = Imv. Suppose for a moment that Imv > Im z. Consider a planar
Brownian motion Y starting from z. By comparing, path by path, the hitting times of
0~ M, (0,00) and OM, (0, o) for the processes Y and Y+ (u—z), and then for the processes
Y+ (u—=z)and Y+ (u — v), we arrive at the following inequalities,

P*(T(9~ M..(0, 00)) < T(M, (0, 0))) = P“(T(8~ M.(0,0))

T (DM, (0, 0)))
> PY(T(8~M.(0,00)) < T

<
<

Since h(M,(0,00)) C M.(0,00) and h(0~ M,(0,00)) C 9~ M, (0, 00

~—

PY(T(9” M.(0,00)) < T(9M.(0,00))) > P*(T(h(9~ M.(0,00))) <
> PU(T(h(0~ M.(0,00))) <
= P"O)(T(07 M,(0, 00)) <

(()))
T(h

ﬁ\
S
=
8
ﬁi

Hence
P*(T (0" M.(0,00)) < T(OM.(0,00))) > Phil(”)(T((’?_M*(O, 0)) < T(0M,(0,00)))

and so v # h(z). The case Imv < Im z can be treated in the same way. This completes
the proof of Step 3 and of the entire lemma. O

Recall the definitions of cells and worms from the beginning of this section. Let
K~ (a1, az2) be the number of cells C(k), k € Z, which lie in the worm W (a1, as) and let
K™ (a1, az) be the number of cells which intersect the same worm.

The cell count is relative to the conformal mapping establishing equivalence of D, and
D. We will say that a conformal mapping f : D, — D is admissible if f(—o0) = —oo and

f(0) = oc.

Lemma 4. There exists ¢c; < oo with the following property. Suppose that a; < as and
m,1n2 : R — R are continuous functions such that n;(z) = na(x) for all x € [ay — c1€, a2 +
cig]. Then K, (ai,a2) > K, (a1,a2) — 12 and K,j;(al,ag) > K,;Fl (a1, a2) — 12 where the
cell counts are relative to any admissible mappings.

Proof. Let ¢y be such that the cell diameter is bounded by coe (see Lemma 2). According
to Lemma 3 we can find ¢3 so large that if n3(x) = n1(x) for x > —c3e then M (—o00, a —
1) C M™(—00,a) for a > 0 and similarly with the roles of 1, and 73 reversed.
We can assume without loss of generality that n;(a; — coe — c3e) = n2(a1 — cae — c3¢).
Let
_f me(x) for x <ay — coe — e3¢,
ms(7) = {771(3:) otherwise.

The conformal functions f used to define conformal equivalence of D, and D(7n,¢) in
the proof of Lemma 3 have the property that f((0, —1)) = (0, —¢), by assumption. In order
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to be able to apply Lemma 3 we introduce functions f,, : D, — D(n,, ) with f,(c0) = oo,
f(—=o00) = —o0 and f,,((0,—1)) = (a1 — c26,Mp(a1 — c26) — €). Lemma 3 now applies with
a suitable shift. Let jo, and j; be the smallest and largest integers k with the property
M(k)NW(ay,as) # 0. Then M (jo,jx) C W (a1 — c2¢,as + c2e). Now we use Lemma 3 to
see that

Mnl(_ooaj()) C Mn3(—OO,jO + 1)

and
Mn3(—00,j1 - 1) - Mnl(_ooajl)

assuming that these sets are defined relative to f,’s. This implies that K;Lg (a1,a9) >
K{; (al, CLQ) — 2.

It is easy to see that by switching from the mapping f,, to any admissible mapping we
change the number K;Ln (a1,az) by at most 2. Hence, K;Lg(al,ag) > K;FI (a1,az) — 6 with
the usual choice of conformal mappings.

The analogous estimate applies to n3 and 72, by the symmetry of the real axis. Thus

K} (a1, a2) > K} (a1, a2) — 12.

The proof of the inequality K, (ai1,a2) > K, (a1,az2) — 12 is completely analogous.
O

Before stating our next lemma we introduce some notation. Recall that {X1(t), —oco <
t < oo} is a one-dimensional Brownian motion with X*(0) = 0. Suppose € > 0 and let
So =0,

Sk = (Sp_1 +e%/4) Ainf{t > Sp_1 : | X (Sp_1) — X ()| > /4}, k>1,
Sk = (Sk—1 —%/4) Vsup{t < Sps1 1 [ X (Sp1) — X' ()| 2 €/4}, k< -1

Suppose that b > 2¢2. Let J = J(b,€) be the smallest k such that Sy > b and let

m—+1
N = Np(b,e) = > (Sk = Sk—1) ™"

k=0
Lemma 5. We have EN;(b,e)* < c(k)bke=** for k > 1.

Proof. First we will assume that € = 1. Since Sy — Si_1 is bounded by 1/4, we have for
0<A<1/2,

Eexp(=A(Sk — Sp_1)) < E(L = 1A (Sk — Sp_1)) = 1 — 1 AE(Sk — Sp_1) < exp(—ca).
We see that for A € (0,1/2) and n > 2,
P(J >n) =P(Sp_1 <b) <eEexp(—AS,_1)
= M (Eexp(-M(Si —Sim1)) < epAb— (n - 1)e)).

9
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Let a = n/b and A = 1/b to see that for a > 1/b,
P(J > ab) < c3exp(—coa). (2)
For all x > 4,

P(l/(Sk — Sk—l) > l’) = P(Sk — S < 1/1’)

< 273( sup X(Sk,1 + t) — X(Skfl) > 1/4)
0<t<1/z

< AP(X(Spo1 + 1/2) — X(Sk_1) > 1/4)

= 4P(X(Sk,1 + 1) - X(Skfl) > \/5/4)

< exp(—z/32).

T\ 27x

Therefore, € exp(1/64(Sk — Sk—1)) < e with ¢4 < co. Hence for m > 1,

P(Nm = z) < e /%€ exp(N,, /64) < ™ */%4(E exp(1/64(Sy — Sp-1)))"
< e—m/64em04 — e—x/64+m04‘ (3)

Putting (2) and (3) together, for a > 2/b and y > 0,

P(Ny > yb) <P(J > ab) +P(Nay > yb)
< Cge—CQG + e—yb/64+04ba‘

Let a = (128¢4)'y. Since a has to be bigger than 2/b and b > 2, the following estimate
holds for y > 128¢y,

P(Ny/b>y) < cze™ Y + e V12 < cpem0Y 4 o7u/04,
We conclude that for all k,b > 1,
E(N)" < (k)b
By Brownian scaling, the distribution of N;(b,¢) is the same as e 2N ;(be~2,1). Hence,
ENj(b,e)* =2k EN;(be™2,1)* < c(k)bFe™**. O

Let ¢y be the constant defined in Lemma 2, i.e., cg is such that the cell diameter is
bounded by cpe. Recall that K~ (a1, a2) (K*(a1,as)) is the number of cells C(k), k € Z,
which lie inside (intersect) the worm W (a1, asz).
Lemma 6. For D = D(X' ¢), k > 1 and sufficiently small € < (ay — a1)/(3co), we have,

(i) EK~(a1,a2) > c1(ag — ay)e 3,

(ii) EK~(a1,a2)™ % < c(k)(az — ar)~*e3*,

10
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(iii) EKV (a1, a2)* < c(k)(ag — ay)*e=3*.

Proof. (i) Find p > 0 with the following property. If z; and 29 lie on the line L 4 {z:
Imz = 0} and |21 — 22| < 2 then 2-D Brownian motion starting from z; can make a closed
loop around z, before exiting D, with probability greater than p. Let co < oo be such that
2-D Brownian motion starting from z has more than 1 — p/2 chance of making a closed
loop around B(z,e?) before exiting B(z, coe?). Note that ca may be chosen so that it does
not depend on € > 0 and z € C.

Let ti, = a1 + coe + ke? for k > 0. If the event

£
Cr. d {Xl(thrl) > Xl(tk) + 36}
holds we let by = X' (t) + € + jeae?, 1 < j < 1/(cae) — 2. Let
F;? ={z€D:Imz = b?,Rez € (tg, tks1)}-

Since tp1 — tp = €2, the diameter of F;? does not exceed 2. Choose a point z;? which

belongs to f(L) N F?. 2-D Brownian motion starting from z;? can make a closed loop
around B(zf, g2) before exiting B(zf, coe?) with probability greater than 1 — p/2. Since
the diameter of F? is bounded by €2, the chance of making a closed loop around 27,
before exiting D is less than p/2 assuming (n,m) # (k,j). By conformal invariance,

the probability that 2-D Brownian motion starting from f *1(z§“) will make a closed loop

around f~'(z)) before exiting D, is less than p. Hence, |f~*(2) — f~'(z,)| > 2 and so

k

z; and z;, belong to different cells. Therefore K t(ay + cog,as — coe) is at least as big as

the number of different points z;“ for 0 < k < (az — a; — 2cpe)/e? — 2. Note that for small
e we have (az — a3 — 2cge)/e? — 2 > c3(az — ay)/e?. Since cell diameter is bounded by cpe
we have K~ (ay1,a2) > K1 (a1 + coe, as — coe) and so

03((127@1)/52

K*(al,ag) ZK+(CL1+CO€,CL2_CO€) Z Z (1/(026) _2)1Ck'
k=0

Note that P(Cy) = p1 for some absolute constant p; > 0 and so for small ¢,
EK ™ (a1, a2) > p1(1/(c2e) — 2)es(az —ar)e™? > calaz —ag)e .
(ii) Let Uy = (1/(c2e) — 2)1¢,, Vi, = Y op—y Uk and ng = c3(az — aq1)/e?. Let us assume
that ¢ is small so that Uy > (c5/€)1¢, . Since Uy’s are independent we have for A > 0,
Eexp(—AV,) = (8 exp(—)\Uk)> < pl exp(—ncsA/e) = exp(neg — nesA/e).
Hence, for A > 0, u > 2/(c3c¢s),
P((CLQ — al)Eig/Vno Z u) = P(Vng S ’U,il(ag — al)ef?’)
< exp(hu (a3 — a1)e)E exp(—AVy,)
< exp(hu!(
(

ag — CL1)€73 —+ nogcg — 77,005)\/6)

(
< exp ((az — ar)e(caco — cacs)/(22)) ).

11
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Now take
\ 2e U n
- c3C6 |-
c3cs \ (ag —aq)e™2 o
Then
(ag — CL1)€72(CSCG — 350 /(22)) = —u
and so

P(az — a1)e > /Vny > u) < exp(—u).

This implies that for £ > 1,
SK_(al,ag)_k < EVn_Ok < cr(as — ar)Fe3k,

(iii) Fix some py < 1 such that for every a € R and z € M, (a), the probability that planar
Brownian motion starting from z will hit M, (a — 1) U M, (a + 1) before exiting from D, is
less than py. By conformal invariance of Brownian motion, the probability that Brownian
motion starting from z € M (a) will hit M(a — 1) U M(a+ 1) before exiting from D is less
than pog.

We choose p > 0 so small that the probability that Brownian motion starting from any
point of B(z,rp) will make a closed loop around B(z,rp) inside B(z,r)\ B(z,rp) before
exiting B(x,r) is greater than py. Suppose that two Jordan arcs V; and V5 have endpoints
outside B(z,r) and they both intersect B(z,rp). Then Brownian motion starting from
any point of V4 N B(x,rp) will hit V, before exiting B(x,r) with probability greater than
po- It follows that if B(x,r) C D then either M(a) or M(a + 1) must be disjoint from
B(z,rp).

We slightly modify the definition of Sj’s considered in Lemma 4 by setting Sy =
a1 — coe. The rest of the definition remains unchanged, i.e.,

Sk = (Sp_1 +e2/4) Ainf{t > Sp_1: | X1 (Sp_1) — X ()| > /4}, k>1,
Sk = (Sk+1 — €2/4) Vsup{t < Sks1 1 [ X (Skg1) — X' ()] > £/4}, k< -1

We will connect points (Sg, X*(Sk)), ¥ > 1, by chains of balls. The chain of balls
B(zk,r¥), 1 < j < my, connecting (Sk, X'(Sk)) and (Sk41, X' (Sk11)) will have centers
on the line segments

{z:Imz = X"'(Sk), Sk <Rez < (S + Sk11)/2},

{z:Rez = (S + Sks1)/2,Imz € [X'(Sk), X' (Srs1)]},
{Z Imz = Xl(Sk_H), (Sk + Sk+1)/2 <Rez < Sk+1}.

Here [X1(Sk), X (Sk+1)] denotes the interval with endpoints X*(S;) and X*'(Sk11), not

necessarily in this order since X! (Sk1) may be smaller than X! (S). Let J be the smallest

k such that S > as + coe. It is elementary to check that we can choose the balls so that
(i) B(af,r}) c D,

(ii) the set U;<;j<pm, B(x¥,r¥p) is connected and contains (S, X'(S))

and (Sk+1,X1(Sk+1)>7

12
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(iii) the radii r;‘?, 1 < j < my, are not smaller than min,,—x k11 k+2(Sm — Sm—1)/2 and so
(iv) my is not greater than (4e/p) maxy,— k+1.k+2 1/(Sm — Sm—1)-

The total number m of balls needed to connect all points (Sg, X(S)),1 < k < J, is
bounded by

In the notation of Lemma 5,
m < cseNj(az — a1 + 2cpe, €).

Since cell diameter is bounded by coe (Lemma 1), none of cells which touch W (a1, as)
can extend beyond W(a; — coe,as + coe). Every curve M (a) which lies totally inside
W (a1 — coe, az + coe) must intersect at least one ball B(:c;?,r;? ), 1<kE<J 1<j5<
my. Since M(a) and M(a + 1) cannot intersect the same ball B(z},r}p) it follows that
K™ (ay,az) is bounded by cgeNy(az — a1 + 2¢pe, ). Note that as — a; + 2coe < ¢g(az —aq)
for small e. Hence by Lemma 5, for all £ > 1,

EIKT (a1, a:)]® < EcEeP"N¥(co(ag—ay),e) < ckePek(ay —ar)Pe™ = ciplaz —a1)*e™3F. O

Lemma 7. There exist constants 0 < ¢; < c2 < oo and c(e) € (c1,c2) such that for
every fixed d > 0, both c(g)e3 K+ (0,d) and c(g)e3 K~ (0, d) converge in probability to d as
e —0.

Remark 1. Since the functions d — K1(0,d) and d — K~(0,d) are non-decreasing
we immediately obtain the following corollary: The functions d — &3¢(e) K+ (0,d) and
d — &3c(e) K~ (0,d) converge to identity in the metric of uniform convergence on compact
intervals, in probability as ¢ — 0.

Proof. Let c3 be the constant defined in Lemma 4. Suppose that a > c3 is a large positive
constant; we will choose a value for « later in the proof. Let ar = k(2¢3 + «)e for integer
k. Let m be the continuous function which is equal to X! on [ag,ax;1] and constant
on (—oo,a] and [ak41,00). Let Dy = D(ng,e). For every k find a conformal mapping
fx : Do — Dy so that fi((0,—1)) = (ag, X*(ag)), f(—o00) = —oo and f(oc0) = oo. Let
I~(,; = K~ (ar + c3¢,ap+1 — c3e) be defined relative to Dy and f;. Then random variables
K, are independent and identically distributed. According to Lemma 6,

El?k_ > 045_2a,
EIN(,; < C5€’2a,
S(I?k_)2 < cge o’ (4)

Hence, EK » = cr(e)e”2a where ¢7(¢) are uniformly bounded away from 0 and oo for all
E.

13
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Let D = D(X1!,¢). We let K, = K~ (ai + c3¢, ar4+1 — c3e) be defined relative to D

and the usual conformal mapping f : D, — D. By Lemma 4, |I} . — K | <12 for every
k.
Fix some d > 0 and let kg be the largest integer such that ax, < d. Then

lko — d/(e(2¢5 + a))] < 2.
Note that K~ (0,d) > 21120:1 K, . Recall that I?,;’s are independent and so & 21120:1 ~,; =

20:1 EIN(k_ and Var Ziozl K, = 20:1 Va,rl?k_. We use Chebyshev’s inequality and (4) to
see that for arbitrary 6, p > 0 one can find g > 0 such that for € < g¢,

P(E(0,d) > (1= d)cr(e)e ™ ald/(e(2c5 + ) — 2]) ()

P(Z Ky > (1= 0)er(e)e"ald/ (e(2e5 + @) — 2])

v

ko
> P(Z K, > (1—0/2)cr(e)e2ald/((2¢3 + a)) — 2]) >1—p.
k=1

In the same way we obtain

ko+1
P( Z K, < (1+6/2)cr(e)e2ald/(e(2¢3 + @) + 2]) >1—p/2.
k=-1

The maximum cell diameter is bounded by cge according to Lemma 2. A cell must
either lie inside | J, W (ax +cse, ary1 —cse) or intersect | J, W (ax — cse — cse, ap +c3e +cse).
It follows that

ko+1 ko+1
KT0,d)< Y K+ Y Kf
k=—1 k=—1

where K: = K (a — c3e — cge, ay + c3e + cge) and the cells are counted in D relative to
the usual conformal mapping. By Lemma 6,

c‘,’K/l;F < cg2(c3 + cg)e™? = cipe 2

and so,

ko+1
P30 K 2 @/pa/(eCoes + ) + 2w ) <p/2

k=—1

14
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Now choose oo = «(9, p) sufficiently large so that for all € < g,
(2/p)[d/(e(2¢c3 + @) + 2]c10 < (6/2)cr(e)ald/(e(2¢3 + «)) — 2].
Then for sufficiently small ¢ > 0,

P(KT(0,d) < (1+6)cr(e)e 2ald/(e(2¢3 + a)) — 2])

ko+1 ko+1
>p((3 K+ D K < (1 Der()e o/ (c(2es + o)) 2]

k=-1 k=-1

ko+1
> (3 Ki < (14 8/2)er(0)=ald) (e(2ca + ) +2])

k=—1

ko+1
_P( > K> (2/p)]d/(e(2c5 + @) +2]Cl25_2)

k=-—1
>1-p/2-p/2=1-p.

Since 0 and p can be taken arbitrarily small and « can be taken arbitrarily large, a
comparison of (5) with the last inequality easily implies the lemma. O

Lemma 8. There exists ¢ < oo such that for all b > 0 and small ¢,

£ (mei‘al/f(o) E*(1(W(=b,b)) | T(W(=b)) < T(W(b)))) > ch*e 2.

Proof. Fix some b > 0. Let G%(z,y) be Green’s function for the reflected Brownian
motion (RBM) in D, killed on exiting A C D,. We define in an analogous way G4 (z,y)
to be Green’s functions for RBM in D killed on exiting A C D. The Green function is
conformal invariant so

Gw (o) (f(2), f(¥) = Gy, (—pp) (@, )

for x,y € W,(=b,b).
Lemma 7 implies that for any p < 1 and ¢; > 0 we can find small ¢y such that for
€ < g9 we have

(1—c)K(0,b)/2 < K=(0,b/2) < (1+¢1)K~(0,b)/2,
(1— 1)K~ (=b,0)/2 < K~ (=b/2,0) < (14 ¢1) K~ (=b,0)/2,
(1 —c1)K~(=b,0) < K=(0,b) < (1 +¢1)K~(=b,0), (6)

with probability greater than p.
Standard estimates show that G, jQ)(ac,y) > co(jo — j1) for z,y € (1 + (J2 —

J1)/8,J2 — (j2 — j1)/8)-
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Suppose that z € W, (0). Lemma 2 and (6) easily imply that for small e, Re x belongs
to the interval with endpoints

(K7 (=b,0)) + (K7 (0,b) = (=K~ (=b,0)))/8

and
K=(0,b) + (K~ (0,b) — (=K~ (—b,0)))/8

with P-probability greater than p. If this event occurs and (6) holds then
?\/l*(fK_(fb,O),K_(O,b))(x7 y) > CQ(K_ (0, b) + K_(—b, 0)) > CgK_(O, b)
for y € M,(-K~(-b/2,0), K—(0,b/2)). By conformal invariance,

G (=K (=b,0),5K-(0,0)) (f(),y) > c3K(0,b)

for y € M(—K~(-b/2,0), K—(0,b/2)). Since M(—K~(=b,0), K—(0,b)) C W(-=b,b), we
have for z € W (0),

Gw (=b,p)(2,Y) > Grr(— k- (—b,0), k- (0,6)) (2, y) > 3K~ (0,b)

for y € M(—K~(0,b)/4, K—(0,b)/4) C W(—b/2,b/2), for small € with probability greater
than p. Since the area of W(—b/2,b/2) is equal to be we obtain for z € W(0) with
‘P-probability greater than p,

B (W(~b,b)) = / v (o (2, y)dy
W (—b,b)

> / Gw (b (2, y)dy > becs K~ (0,b). (7)
W(=b/2,b/2)

Next we derive a similar estimate for the conditioned process. Assume that (6) is true.
Then the process starting from a point of W (b/2) has at least 1/8 probability of hitting
W (—b) before hitting W (b) and the probability is even greater for the process starting
from W (—b/2). The probability of hitting W (—b/2) before hitting W (b/2) for the process
starting from W (0) is very close to 1/2. The Bayes’ theorem now implies that for the
process starting from a point of W (0) and conditioned to hit W (—b) before hitting W (b),
the chance of hitting W (b/2) before hitting W (—b/2) is between 1/16 and 15/16. We have
therefore, assuming (6) and using (7),

E*(t(W(=b,b)) | T(W(=b)) < T(W(b))) > 1/16E*T(W (=b/2,b/2)) > becy K~ (0,b/2).
Let A denote the event in (6). Using Lemma 6 and assuming that p is large we obtain,

1/2
E14.K~(0,b/2) < (1—p)'/2 (51ACK*(0, b/2)2) < (1—p)Y%cbe™ < 1/26K7(0,b/2).
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Again by Lemma 6,

£ ei‘glvf(o) E*(1(W(=b,b)) | T(W(=b)) < T(W (b)) > ELabecs K (0,b/2) > czb*< 2. O

Lemma 9. Suppose that 7 is a continuous function, € > 0 and D = D(n,€). Assume that
the diameter of M (a —1,a+ 1) is not greater than d. There exists ¢; < oo independent of
n and e such that for all a € R and all x € M(a),

E*T(M(a—1)UM(a+1)) < ¢1d?,

E*T(M(a—1)UM(a+1))* < ¢1d*,
E*[T(M(a—1)UM(a+1)) | T(M(a—1)) < T(M(a+1))] < c1d?
E*[T(M(a—1)UM(a+1)* [ T(M(a—1)) <T(M(a+1))] < crd'

Proof. First we deal with the case d = 1.

Consider a point € M(a). As a consequence of the assumption that the diameter of
M(a —1,a+1) is not greater than d = 1, the set M (a — 1,a+ 1) lies below or on the line
Q={yeC:Imy=Imz+1}. Let L = f({y € D, : Imy = 0}). Let V be the union of
M(a—1), M(a+ 1) and the part of L between M(a — 1) and M (a + 1).

Without loss of generality assume that = lies on or below L. The vertical component
of the reflected Brownian motion ) in D starting from z will have only a nonnegative
drift (singular drift on the boundary) until ) hits the upper part of the boundary of D.
However, the process ) has to hit V' before hitting the upper part of dD. Let S be the
hitting time of V. Since V lies below @), there are constants ¢y < co and py > 0 independent
of 7 and € and such that the process ) can hit V before ¢y with probability greater than
po- At time S the process ) can be either at a point of M (a — 1)U M (a+ 1) or a point of
L.

Suppose Y(S) € L. Tt is easy to see that the reflected Brownian motion in D, starting
from any point z of {y € D, : Imy = 0} between M,(a — 1) and M,.(a + 1) can hit
M.(a — 1) U M,(a + 1) before hitting the boundary of D, with probability greater than
p1 > 0 where p; is independent of z or a. By conformal invariance, reflected Brownian
motion in D starting from any point z of LN M(a—1,a+ 1) can hit M(a —1)UM (a+1)
before hitting the boundary of D with probability greater than p;.

Since the diameter of M (a — 1,a + 1) is bounded by 1, there exists ¢; < oo such that
2-D Brownian motion starting from any point of M(a — 1,a + 1) will exit this set before
time t; with probability greater than 1 — p;/2. It follows that the reflected Brownian
motion in D starting from any point z of LN M(a—1,a+ 1) can hit M(a—1)UM (a+1)
before time t; and before hitting the boundary of D with probability greater than p; /2.

Let to = tg + t1. Our argument so far has shown that the process ) starting from x
will hit M(a — 1) U M(a+ 1) an hence exit the set M(a — 1,a + 1) before time t; with

probability greater than po df pop1/2.
By the repeated application of the Markov property at times 5 we see that the chance
that ) does not hit M (a —1) UM (a+1) before t§ is less that (1 — py)¥. Tt follows that the
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distribution of the hitting time of M (a —1)UM (a+ 1) for reflected Brownian motion in D
starting from any point of M (a) has an exponential tail and so it has all finite moments.
This proves the first two formulae of the lemma in the case d = 1.

The probability that the reflected Brownian motion in D starting from a point of
M (a) will hit M(a — 1) before hitting M(a + 1) is equal to 1/2. This and the first two
formulae imply the last two formulae when d = 1.

Note that the estimates are independent of  and € and so we can apply them for all
d with appropriate scaling. O

Let v denote the uniform probability distribution on M,(a) and let v, = v} o f~1.
For a planar set A, its area will be denoted |A|.

Lemma 10. There exists ¢; < oo such that for all a,

E"(T(M(a—1)) | T(M(a—1)) < T(M(a+1))) < c1|M(a—1,a+1)|.

Proof. Let G*M*(a_l a+1)

in D, with the initial distribution v} and killed upon exiting M,(a —1,a+1). By analogy,
Gr(a—1,a41) (Va,y) Will denote the Green function for the reflected Brownian motion in D
with the initial distribution v, and killed upon exiting M(a — 1,a + 1). It is elementary
to see that

(v¥,y) be the Green function for the reflected Brownian motion

*M*(a—l,a—i—l)(yzv y) = 62’1 - Rey/a’

for y € My(a — 1,a 4+ 1). In particular, G}k\al*(a—l a+1)(y;,y) < ¢9 < oo for all y. By the
conformal invariance of the Green function, Garg—1,0+1)(Va, f(¥)) = G}kw*(a—l a+1)(1/;,y).
Thus Gara—1,a41)(Va, ) < co for all x and so

ET(M(a— 1)U Ma+1) = [ Crtto vy (Vs 2) < 2 M(a— 1,0+ 1)].
M(a—1,a+1)

The event {T'(M(a—1)) < T(M(a+ 1))} has probability 1/2 so

E"(T(M(a—1)) | T(M(a—1)) < T(M(a+1))) < 2c2|M(a—1,a+1)]. O

Lemma 11. There exists ¢ < oo such that for all a,b > 0 and small ¢,

8( sup E*(t(W(—a,b) | T(W(—a)) < T(W(b)>))
zeW(0)

<& sup E*(t(W(—a,b)? | T(W(-a)) < T(W(b))) < cala + b)3c*.
€W (0)
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Proof. Step 1. The estimates in Step 1 of the proof do not depend on X'. In other words,
they are valid in D(n, ¢) for any continuous function 7.

Let Y} be the reflected Brownian motion in D,, Y*(0) = xg € M, (0), let T§ = 0, let
di be defined by Re Y*(T) = dj and let

Ty =inf{t > T;_, : YV € Mu(dj_y — 1) UM.(dj_y +1)},  k>1.

Note {d} is simple symmetric random walk.

Fix some sequence (jo, j1,J2,...) of integers such that jo = 0 and |ji — jx—1]| = 1 for
all k. We will denote the event {dy = ji,Vk} by J..

Note that if |j — k| = 1 then k = 2j — k is different from k and |k — j| = 1.

For j and k such that |j — k| = 1 we define g; x(z,y) for z € M.(j) and y € M.(k) by

gjk (2, y)dy = P*(V(T(M(K))) € dy | T(M(k)) < T(M.(2] — k)))-

Recall that v} denotes the uniform probability distribution on M, (a). It is easy to see
that there exists ¢; < oo such that for all j, k, such that |j — k| = 1 and all x1,x2 € M. (),
y € M. (k),

gj,k(l'l,y> <. (8)
95.k(22,Y)

It follows that for all z1, 29 € M, (ji) and y € M. (jr+1),

P (V*(Tiyy) € dy | T, YV*(T) = 1)
P2o(Y*(Ty, ) € dy | T, Y*(T}) = x2)

<61

and so
PV (Tiyq) € dy | T, Y*(Ty) = 1) < o, (dy). 9)

We now introduce a few objects for the reflected Brownian motion in D which are
completely analogous to those defined for V*. Recall that ) is the reflected Brownian
motion in D. Let Y(0) = yo = f(zo) € M(0), let Ty = 0, let dj, be defined by Re V(1) = di
and let

T = inf{t >Te_1:) € M(dk,1 - 1) U M(dkfl + 1)}, k>1.

The dy’s are the same for ) and Y* because ) is an appropriate time-change of f()*).
The event {dy = ji,Vk} will be called J in this new context. We obtain from (9),

Pyo(y(Tk+1> c dy ‘ j,y(Tk) = l'1> < CQij+1(dy), (10)
where v, = 1% o f~1. Hence for all x € M (ji) and m > k + 1,

EY(Trg1 — T | T Y(T)) = )
< BV (T(M (jims1)) | T(M (1)) < T(M(2jm — jm+1)))-

Lemma 10 yields
EyO(Tm—i—l - Tm ’ j7y(Tk) = -771) < C3‘M(jm - 17jm + 1)‘
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and so
E"(Tmgr — T ) (T = Tio—1) | T, F(Tk)) < e3|M (G — 1, i + D|(Th — Th—1).

If we remove the conditioning on F(T}), apply again (10) and Lemma 10, we obtain the
following estimate for all m > k + 1 and k > 2,

EY (T — Ton) (T — Th—1) | T) < ealM(Gm — 1, jm + DM (r—1 — 1, je—1 + 1)|. (11)
By Lemma 9 for all m > 0,
EY ((Trn1 — T)? | T) < esdiam(M (i — 1, jm + 1))
and so, by Cauchy-Schwarz inequality, for any &£ > 1, m > 0,

EY(Trng1 — Ton) (T — Th—1) | T)
< cdiam(M (fim — 1, jm + 1))*diam(M (jr—1 — 1, jr—1 + 1))*.
This and Lemma 2 imply
EY (Tog1 — Ton) (T — The1) | T) < e (12)

Fix some integers I, < 0 and I, > 0 and let kg be the smallest integer such that
Jke = la oOr jg, = Ip. Let Ny be the number of m such that m < ko and k = j,,,. Let
N = maxy Nj,. We use (11) and (12) to derive the following estimate,

ko—1 2
oz, 17) =20 (( X Ten - 1) 19)
k=0

ko—1
< Eyo( Z (Tons1 — Ton) (T — Te) | .7)

k,m=1
lk—m|>2

ko—1
+E90( Z (Tons1 — Ton) (T — Te) | j)

k,m=0
lk—m|<1

L o (2 koz_l(TmH CT(T - Ty) | J)

m=0
I ko—1
< D N M(m— 1m+ DN M(k—2,k)| + ) ese?
km=I, k=0

Ib 2
gci( ZN\M(m—l,m+1)]) + cgkoe?
m=1

2
+ Cgk?0€4.

U cim)

m=I,

S 09N2
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Now we remove conditioning on J. The quantities N' and kg become random variables
defined relative to the random sequence {dy} in place of {ji}. We recall that {d;} is a
simple random walk on integers and so Fko < cio|loIp| and EN? < c11|I,1p|. This implies

that
I

J cim)

m=I,

2

EYT < cio|l ] + 13| IaDy|e?.

Before we go to the next step of the proof we note that the last estimate applies not
only to yo € M(0) but to yg € W(0) as well. To see this, note that if yo € W(0) then
Yo € M (k1) where k; is not necessarily an integer. Then T}, represents the exit time from
M(l{il — I, k1 + ]b)-

Step 2. Fix some a,b > 0 and apply the last result with I, = —K*(—a,0) and I, =
K7*(0,b). With this choice of I, and I, we have 7(W(—a,b)) < Ty, for yo € W(0). By
Lemma 2, cells which intersect the worm W (—a, b) cannot extend beyond W (—a—c14¢,b+
c14€). Hence the area of Uﬁ:[d C(m) is bounded by ¢15(a + b)e. This yields for small ¢,

EWT? < cigllads|(a+ b)e® + crs|ladple < crr|Lady|(a + b)%e?.
The probability of {T(W(—a)) < T(W (b))} is bounded below by
K=(0,0)/(K*(~a,0) + K*(0,b)).
Thus
EY (r(W(=a,b))* | T(W(=a)) < T(W(b)))

< B (1(W(=a,0)2(K* (—a,0) + K*+(0,0))/K~(0,0))

< Ew (T,fo (K*+(~a,0)+ K+(0,b))/K (0, b))

< errllalyl(a+ )% (K (=a,0) + K*(0,0))/K(0,0))

< c1s K (=a, 00K (0,6)(a+ b)*e* (K (~a,0) + K*(0,0)) /K~ (0,1))

K+(—a,02K+(0,b) K*(—a,0)K*(0,b)?
K—(0,b) K~=(0,0) )

= 018(a + b)2€2 (

Lemma 6 implies that

K*(—a,0)2K+(0,b) 1/3

K 0.0)

1/3 1/3
< (5K+(—a, o>6) (5K+(o, b)3> <6K*(0, b)*i”)
< (619a65—18>1/3(C2Ob35—9)1/3(C2lb—359>1/3 — 022a25_6.
We obtain in a similar way

K*(—a,0)K+(0,b)2

< be 6.
K—(0,b) = (23408

&
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Hence

g( . Eywvv(—a,b))|T<W<—a>><T<W<b)>))
yOGW(O)

<¢ b E*(r(W(=a,0)* | T(W(=a)) < T(W (b))

< c1s(a + b)%e? (copa”e ™% 4 cozabe™%) < cogala + b)3€_4. O

The following definitions are similar to those used in the proof of Lemma 11 but not
identical to them. Suppose that b > 0. Let ) be the reflected Brownian motion in D,
Y*(0) =z € W,(0), let T =0, let dj, be defined by Re Y*(T}¥) = dj, and let

Ty =inf{t > Tj_, : YV € Wo((dret — D)D) UWa((doy +1)B)}, k> 1.

Fix some sequence (jo, j1, j2, .. .) of integers such that jo = 0 and |ji — jr—1| = 1 for all
k. We will denote the event {dy = ji,Vk} by J.. The corresponding definitions for the
reflected Brownian motion in D are as follows. Let ); be the reflected Brownian motion
in D, Y(0) =z € W(0), let Ty = 0, let dj, be defined by Re V(1)) = dj, and let

T, = 1nf{t >Te_1: )V € W((dk_l — 1)b) U W((dk_l + 1)b)}, k> 1.

Recall that the process ) is constructed as a time-change of f()*) and so dj’s are the
same for ) and Y*. The event J, = {dx = ji, Vk} will be also called 7.
Let hi(z,y) be defined for x € W(0), y € W (jxb) by

hi(z,y)dy = P*(Y(Ty) € dy | J).

Lemma 12. There exist €y, c1,ce € (0,1) such that

hi(21,y) = hyp(22,y) (1 — c1c5)
and

hi(z1,y) < hi(z2,y) (1 + cich)
for x1,x2 € W(0) and y € W (jib) provided € < .

Proof. Recall that if |j — k| = 1 then k 4 95 — k is different from k and k—j|=1.
For j and k such that |j — k| =1 we define g} ; (z,y) for x € W.(jb) and y € W.(kb)
by
9i.k(@,y)dy = P*(V(T(W.(kb))) € dy | T(W. (kb)) <T(W.((2] — k)b))).

For small ¢, the sets W, (jb) and W, (kb) are separated by at least two cells in D,, by
Lemma 2. This and (8) easily imply that there exists ¢; < oo such that for all j, k, such
that |j — k| = 1 and all x1,x2 € W, (jb), y € W.(kb),

95 k(21,9)

- < 1. 13
gj7]g($27y> ( )
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Let h}(x,y) be defined for z € W, (0), y € W, (jib) by
hZ(.’B,y)dy = Px(y*(TID €dy ’ j*)
By the strong Markov property,
Malo) = [ il 2)g () (14)

We will prove by induction on k that there exist constants 0 < c¢q,c2 < 1 such that
for all x1, x5 € W,(0) and y1, y2 € Wi (jrb),

h;;(l‘byl) > h ($2,y1)

k 1 —cick). 15
h}i(ﬂfl,yz) h};(l’myz)( ' ) ( )

It is elementary to verify that the inequality holds for k = 1 and some ¢y, co € (0, 1) using
(8) and the fact that W, (0) and W,(j1b) are separated by at least two cells for small €.
We proceed with the proof of the induction step. Assume that (15) holds for k. We
have from (13),
g;kajk+1 (-771,ZJ1> g;k:ijrl (x2’y1>
> c3

g;kajk+1 (21,92) — g;fk,ijrl (72,92)

(16)

for some constant ¢z > 0, all k > 1, 21,29 € W, (jrb) and y1,y2 € Wi(jr+1b). We can
adjust ¢; and ¢ in (15) for the case k = 1 so that co > 1 — c%. Lemma 1 implies in view
of (14), (15) and (16) that

h2+1($17y1> > hlerl(va yl)

hi_ i (z2,
: > Ui (1= erck) + Berch] > M (T210)
hk+1(l‘1,y2) hk+1('r27y2)

5
~ R (2, 0)

(1 —-cyc

for x1, 29 € W,(0) and y1,y2 € Wi (jgkr1b). This completes the proof of the induction step.
We conclude that (15) holds for all .
Formula (15) easily implies

hi(x1,y) 2 B (22, y) (1 — cacs) (17)

and
hi(z1,y) < hj(22,y) (1 + cack) (18)

for z1,xo € W,(0) and y € W, (jrb), with ¢4, c5 € (0,1).

Now we will translate these estimates into the language of reflected Brownian motion
in D. Recall the definition of T}’s and J given before the lemma. The function hy(z,y)
has been defined for x € W(0), y € W (jib) by

hi (2, y)dy = P*(V(Tk) € dy | T).

The conformal invariance of reflected Brownian motion allows us to deduce from (17) and
(18) that for 1,22 € W(0) and y € W (jib),

hi(z1,y) > hi(z2,9)(1 — cqck)
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and
hi (21, y) < hi(m2,y) (1 + cack)

with cq4,¢c5 € (0,1). O
Remark 2. We list two straighforward consequences of the last lemma.

(i) An application of the strong Markov property shows that for m < k, =z € W (0),
21,22 € W(jmb), y € W(jxb),

P*(Y(T3) € dy | Y(Tw) € dz1,T) 2 (1 — exes™™)P*(V(Ti) € dy | Y(T) € d22, T) (19)

and
P*(Y(Ty) €edy | Y(Tin) € dz1,T) < (1 —|—clck ™MYPT(Y(Ty) € dy | Y(Trm) € dzo, T). (20)

(ii) By averaging over appropriate sequences {ji} we obtain the following estimate. For
every a,b > 0 and 6 > 0 we can find small £ > 0 such that for € < &g, x1, 22 € W(0) and
y e W(_a)a

(1 =0) P (V(r(W(=a,b)) € dy | T(W(=a)) <T(W(b))))
< P2 (V(r(W(=a,b)) € dy | T(W(=a)) <T(W(b)))
< (A +9)PYV(r(W(=a,b)) € dy | T(W(=a)) <T(W())).

Lemma 13. Forb > 0 and an integer N1 > 1, let bj = bj/N;. There exist 0 < ¢; < ¢3 < 00
and c(e) € (c1, c2) independent of b with the following property. For every § > 0 and p > 0
there exists No < oo such that the following inequalities hold with probability greater than
1 —p when N1 > Ny and € < g9(Vq),

Ni—-1

L= c(&)eNib™2 Y sup B (T(W(bj1,b541)) | T(W(by11)) < T(W(b;1) )| < 8,
=0 mEW(bj)
Ni—-1

L= c(&)e2Nib72 Y sup B (T(W(bjo1,b541)) | T(W(by11)) > T(W(b;1) )| < 6,
= O x€W (by)
N1 1

LN D (W (b1, b50)) | T (by12)) < TW(bj-1))) | < 6,
N1 1

L ()N 2 xe%) <T bi—1,bis1)) | T(W (bjsr)) > T(W(b;_ ))) <.

Proof. Fix some d > 0. Suppose a, d1, 62 > 0 are small. For z € W(0),
E*(r(W(=d,d)) | T(W(=d)) <T(W(d)))
= E*(r(W(=a,d)) | T(W(-a)) <T(W(d)))
B (r(W(=d,d)) — 7(W(=a,d)) | T(W(~d)) < T(W(d))).
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Remark 2 (ii) and the strong Markov property imply that the Radon-Nikodym derivative
for P** and P*2 distributions of the post-7(W(—a, d)) process is bounded below and above
by 1 — 67 and 1+ §; for all z1,x29 € W(0) provided € is small. Suppose z; = (0,0). We
use Lemma 11 to see that

(1=01)EE™ (1(W(=d, d)) = 7(W(=a,d)) | TW(=d)) < T(W(d)))

<& Inf (BN (r(W(=d,d)) = r(W(=a,d) [ T(W(=d)) <T(W(d)))
<& Inf (EN(r(W(=d,d) | T(W(=d)) <T(W(d)))
<& sup E(r(W(—d,d) | T(W(=d)) <T(W(d)))

x€W(0)
<& sup E*(r(W(-a,d)) | T(W(=a)) <T(W(d)))

x€W(0)

+& SSVIEO)(T(W(—d, d)) —=7(W(=a,d)) | T(W(=d)) <T(W(d)))

< e3a'/?(a + d)¥/2e?

+ (1 +0)EE" (T(W(—d,d)) —T(W(—a,d)) | T(W(—=d)) < T(W(d))).

Since a and d; can be taken arbitrarily small, the following estimate holds for any d, > 0
provided ¢ is sufficiently small,
€ sup EY(r(W(=d,d)) | T(W(=d)) <T(W(d)))
xeW (0) (21)
S(+6)E nf B (r(W(=d,d)) | TOV(=d)) < T(W(d)).

xre

Lemma 11 applied with a = b shows that

e[ sup EREW(b,o1by0) | TOV (b)) < TOW(byn))] - < ea(b/N)'e™.
x€W (by)

Lemmas 8 and 11 imply that the random variables

sup  ETT(W(bj-1,bj41)) | T(W(bj—1)) < T(W(bj11)))
x€W (b;)

are i.i.d. with the mean bounded below by c3(b/N1)*¢~2 and variance bounded above by
c4(b/Ny1)*e=%. Hence the mean is bounded above by c5(b/Ny)%2e=2. The first formula of
the lemma now follows easily from the Chebyshev inequality. The second formula follows
by symmetry. The last two formulae follow in a similar way. The only thing to be checked
is that the normalizing constants c(¢) may be chosen the same for the the last two formulae
as for the first ones. This, however, can be deduced from (21) applied with d = b/N; since
05 can be taken arbitrarily small. O

We recall some definitions stated before Lemma 12. For the reflected Brownian motion
Y in D with Y(0) = z € W(0), we let Ty = 0, let dj, be defined by Re Y(T) = dj, and let

T, = 1nf{t >Te_1: )V € W((dk_l — 1)b) U W((dk_l + 1)b)}, k>1.
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We consider a sequence (jo, j1,j2, - - .) of integers such that jo = 0 and |jx — jx—1| = 1 for
all k. The event {dy = ji, Vk} is denoted by J.

Lemma 14. There exists ¢ < oo such that for all b > 0, integers n > 1 and sufficiently
small € > 0,
EE*((T, — E°(T,, | 7))* | J) < cnb*e™

Proof. We start with an estimate for the covariance of T,,, — T},—1 and T}, — T,._1 when
k—1>m+ 1. Remark 2 (i) implies that

E* (T = Tr1 | V(Ting1) = 4, T) = (1 — x5 ™ E*(Tp = Ti1 | J)
and
E*(Ty = Tre1 | YV(Toni1) =4, T) < (1 + x5 ™ E(Ty = Tiy | J).
These inequalities imply that
E*(|Ak 1T = E* (A i T | D) | V(Topgr) = 4, T) < cacs "E* (A 1T | T) - (22)

where AT = Tyy1 — Tx. For small e, the sets W (j,+1b) and W (j,b) are separated
by at least two cells, by Lemma 2. Some standard arguments then show that the ratio
of densities of Y( m) under conditional distributions given {Y(T),4+1) = y1} N J or given
{V(Ti+1) = y2}NJT is bounded above and below by strictly positive finite constants which
do not depend on y1,y2 € W (jim41b). It follows that for every y € W(j,,41b),

E*(Ap T [ Y(Tmsi1) =y, T) < sE* (AT | J).
This, (22) and an application of the strong Markov property at 73,41 yield
E*([(Ae—1T = E¥(ApaT | T))(ApmaT = E* (A1 T [ T)| | T)
< sl METN (A AT | TVE* (A 1T | T).

Hence we obtain

B (T, — B*(T, | 7)) | J) = Em((nzl[m— (AT | J)])2 17)

k=0
n—1 (m+2)A(n—1)
<E" (2 3 (AT = E*(AGT | 7)) (BT — E*(AnT | 7)) J)
m=0 k=m
n—1 n—1
B (2 (ART = E*(AT | I) (AT — E*(AnT | 7)) | J)
m=0 k=m+3

n—1 (m+2)A(n—1)

<2 >

m=0 k=m

(Eﬂf([AkT E* (AT | )P | )P (B2 (AT — B (AT | D)) | 7))
+2 Z 4T ET (AT | TE® (AT | J)

m=0k=m-+3
d e+,
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In order to estimate £Z; we apply Lemma 11 to see that

e(B=(ar -t | 21 ) (B (T - B AT )2 )

VRS

£ (B (57~ BT | )P 19)) (6 (B (8T — B30T | )7 1 9))
S (Clb4674)1/2(61b4€74)1/2 — Clb4€74
We obtain

n—1 (m+2)A(n—1)

(B*([ALT — E*(ART | )2 | )2 (B2 (AT — E* (AT | D | ) ?

n—1 (m+2)A(n—-1)

<2 Z Z c1bte™ < conbte™

Next we estimate £Z,. We use Lemma 11 again to obtain

2\ 1/2 2\ 1/2
EE*(AKT | T)E*(AnT | 7) < (E[B7 (AT | 7)2) 7 (EIB“(AnT | 7))
< (clb4€’4)1/2(clb4€’4)1/2 — bt
and so

5:.2 522 Z 0402 mEmAT|j)Em( mT|\7)

m=0k=m+3
n—1 n-—1
<2 Z Z 04c§*mc5b45_4 < cgnbte™?
m=0 k=m+3
We conclude that

EE*(T, — E*(T,, | J))* | J) < EZ1 + EZy < epnb*e™™. O

We will need two estimates involving downcrossings of 1-dimensional Brownian mo-
tion. For convenience we will state the next lemma in terms of a special Brownian motion,
namely Re V*. Let U*(x, x+a,t) be the number of crossings from x to x+a by the process
Re V* before time t.

Lemma 15. (i) For every §,p > 0 there exist (y,vo > 0 and My < oo such that if { < (o,
v < o0, M > My, and for some random time S both events

oo

{ UG =G G+ 1+9)E8) SM}

j=—o0
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and
o0

{3 viG+m6G+1-965) 2 b}

j=—o0

hold with probability greater than 1 —p/4 then |1 —S/(M(?)| < § with probability greater
than 1 — p.
(ii) Let

Qu= _min o U(( = 9)¢/N, (G + 14+ 9)C/ Ny (1= ) M)

For every 9, p > 0 there exist My, ng,vo > 0 and No < oo such that for any ¢ > 0, M > My,
n <no, v < and Ny > N, we have

(1-0)MN <Ny > Q,

< D UG H+E/N, (41 = 3)¢/N1, (14 m)ME?) < (14 8)MNY

with probability greater than 1 — p.

Proof. (i) Fix arbitrarily small §,p > 0. Let L{ denote the local time of the Brownian
motion Re Y* at the level a at time ¢. See Karatzas and Shreve (1988) for an introduction
to the theory of local time. By Brownian scaling, the distributions of L{ and cilL?C% are
the same. We will use the following inequality of Bass (1987),

> A\/T/s> < e A, (23)

1
U*(a,a+e,t) — —L}
£

P sup
a€R,t€[0,T]

Let S; = (1 — 6)M(? and suppose that jg is a large integer whose value will be chosen
later in the proof. The following eqalities hold in the sense of distributions,

< > UG+ )¢ (j+1—7)C751)> -M (24)
j=—00
= > UG+ +1=7)¢5)
|71>30
D I (R et A
l71<d0 [71<d0

= > U(G+76G+1-7)¢5)

|71>Jo
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. 1 G+)¢
+Z ( J+’YC(J+1—’Y)C751)—ML5?17 )

171<d0
LGN/ =M ) 1-0%,  &-2v,,

1 — 2y 1 -2y

<1_7|JZ<:\/7

Suppose that « is so small that (6% — 2y)M /(1 — 2v)
c1 so large that the probability that the Brownian motion hits (jo + 1 — v)¢ or (jo + 7)¢

before time S; is less than p/16. With this choice of jg, the sum

> (62/2)M. Let jo = c1vV M with

S UG+ G +1=7)¢S)

|71>Jo

is equal to 0 with probability exceeding 1 — p/16. Recall that a — L{ is almost surely
> L%a = 1. Hence, we can increase the value

continuous and has a finite support, and ffoo
of ¢y, if necessary, and choose sufficiently large M so that

o

1
Z \/7 (]+’7)/\/(1 HM _ <a +5)/ Loda = (1+0),
l71<3o -

with probability greater than 1 — p/16. Then
(1—0)M 1 Gn//a—om) 14
(ﬁ ) \/1_7L1 1 M <0
l71<do

with probability greater than 1 — p/16.
Let A = co/+/C. First choose co so small that

2joA/S1/(C(1 = 29)) = 2c1V M (c2/+/C) /(1 = )M /(C(1 = 27)) < (8°/4)M

Then assume that ¢ is so small that e=* < p/16. In view of (23) we have

> (U*((J’ +7)¢ G +1=7)¢5) — ﬁLgf”)C) < 2joA/S1/(C(1 — 27))
171<d0
< (6% /4)M

with probability greater than 1 — e~“* > 1 — p/16. Combining (24) with the estimates

following it we see that

( > UG+, (j+1—7)<,51)> - M <0,

j=—oc
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with probability greater than 1 — 3p/16. The function s — U*((j + )¢, (j + 1 — )¢, s) is
non-decreasing, so if we assume that

< > U*((j+7)<,(j+1—7)<,5)> - M <0,

j=—o0

for some random variable S with probability less than p/4 then it follows that S > S; =
(1 — §)M(? with probability greater than 1 — 3p/16 — p/4 > 1 — p/2. We can prove in
a completely analogous way that S < (1 + §)M¢? with probability greater than 1 — p/2.
This easily implies part (i) of the lemma.

(ii) We leave the proof of part (ii) of the lemma to the reader. The proof proceeds
along the same lines as the proof of part (i), i.e., it uses an approximation of the number
of upcrossings by the local time and the continuity of the local time as a function of the
space variable. 0O

Suppose b > 0 and Ny > 11is an integer. Let Ty = 0, let dj, be defined by Re Y(T}) = dj,
and let

T, = 1nf{t >SL_1: )V € W((dk_l — 1)b) U W((dk_l + 1)b)}, k>1.

Let R = [1/b%] and b; = jb/N;. Let U(z,x +a,t) denote the number of crossings from the
level z to & + a by the process Re ) before time ¢ and N; = U(b;,b;41,Tr). Let

Q, = min N;

7'LN1Sj<(7‘L+1)N1
and /\/'jJr = Nj — Q,(j) where n(j) is an integer such that n(j)Ny < j < (n(j) + 1)N1.

Lemma 16. For every p,d > 0 there exist €g,bg > 0 and Ny < oo such that if € < &g,
b < by and N1 > Ny then with probability greater than 1 — p,

(1=0)(N,/b)* < Ny i Qn < i N < (14 6)(Ny1/b)?

n=-—00 j=—0o0

and so

i /\/jJr < 6(N1/b)*.

j=—00

Proof. Find large My as in Lemma 15 (i) with J replaced by 1 = 19/2 of Lemma 15 (ii).
Then suppose that b < Mo_l/z/Q.

Let Ny be so large that the process V* starting from a point of M, (0) will cross from
—a to a more than R times before hitting —Nya/4 or Npa/4 with probability greater
than 1 — p (Ng does not depend on a by scaling). By Lemma 7, if ¢ is sufficiently
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small, K~ (—Ngb,0) > NoK*(—b,b)/4 and K~ (0, Nob) > NoK™T(—b,b)/4 with proba-
bility greater than 1 — p. The conformal invariance of reflected Brownian motion then
implies that for x € W (0),

Tr < T(W (—Nob) UW (Nob)) (25)

with P*-probability greater than 1 — 2p.

Suppose that N; is greater than Ny in Lemma 15 (ii). Let ¢(¢) be the constants from
Lemma 7, let £ = be™(e)e 3N, ! and recall that b; = jb/N;. Suppose that v > 0 is less
than both constants 7 of parts (i) and (ii) of Lemma 15. Let ¢; < oo be so large that
the diameter of a cell is bounded by c;¢, as in Lemma 2. We invoke Lemma 7 to see that
there exists €9 > 0 so small that all of the following inequalities

|€3C E)K+(—61€, bj + c1e
€3C(€)K7(616, bj — C1€
YKt (=bj — c1e,c1¢

(
lec(e) K™ (=bj + c1e, —c1e

—bj| <b/N1,  1<j<2NoMNy,
—bj| <b/N1,  1<j<2NoMNy,
—bj| <~b/Ny, 1 <j <2NoNy,
—bj| <~b/Ny, 1 <j <2NoNy, (26)

e3¢c(e

— — —

hold simultaneously with probability greater than 1 — p provided e < ¢y. Inequalities (26)
imply that for all j = —NgNy, ..., NoNy,

(i) M((j — 7)) lies to the left of W (b;), and

(il) M((j + 7v)&) lies to the right of W (b;).

Let ¢ = be™t(e)e™ = ENy. If (25), (i) and (ii) hold then an upcrossing of ((j —
Y)¢, (j+14+7v)¢) by Re Y* must correspond to an upcrossing of (jb, (j+1)b) by Re Y. Vice
versa, an upper bound for the number of upcrossings of (jb, (j + 1)b) by Re ) is provided
by the number of upcrossings of ((j + v)(, (5 + 1 — v)¢) by Re Y*. Recall that x denotes
the time change for f(V*), i.e., Y(k(t)) = f(V*(t)). Let S = k1 (Tr). We have

Z UG-G G+1+9¢S) <R
and
Z U*((5 + )¢ (G +1-7)¢,5) > R.

Lemma 15 (i) implies that with probability greater than 1 — 4p,
(1—-mRC < S <(1-nRC. (27)

We apply similar analysis in order to compare the crossings of intervals ((7 —7)&, (4 +
1+7v)¢&). An upcrossing of ((j—7)&, (7+1+7)¢) by Re Y* must correspond to an upcrossing
of (bj,b;1+1) by Re Y, assuming (26). The number of upcrossings of (b, b;4+1) by Re) does
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not exceed the number of upcrossings of ((j + )&, (j +1 —)&) by Re Y*. This, (27) and
Lemma 15 (ii) yield

oo

. 2< . (s . o 2
(1=0)RNy <Ny nzz_ooanéﬂ'HQ%EH)NlU (5 =7)¢/N1, (§ + 1+ 7)C/N1, (1 —n)R¢7)
<N i Ubi bisy,T
< 1%:2300”%3;22“”\’1 (bj, bj11,TR)
< Y Ul bj1,Tr)
j=—00
< D UG +9C¢/ N, (G + 1= 9)¢/Ne, (14 n)R¢?) < (14 6)RNY.
j=—00

Since (27) holds with probability greater than 1 — 4p, the probability of the event in the
last formula is not less than 1 — 5p provided b and ¢ are small and N; is large. O

Recall Ty from the last lemma.

Lemma 17. Let R = R(t) = [t/b?]. There exist 0 < ¢; < ¢ < 0o and c3(g) € (c1,ca),
e > 0, with the following property. For every t > 0 and § > 0 we can find by > 0 and
€o > 0 such that

P(les(e)e®Tr —t| > 0) <p

provided b < by and € < g.

Proof. We will only consider the case t = 1. Take any p,; € (0,1).

Choose b > 0 and N; which satisfy Lemma 16. We will impose more conditions on
these numbers later in the proof. First of all, we will assume that ?/p < 6;. Take any
d > 0 with § < §/p < §1. Recall a large integer Ny from the proof of Lemma 16 so that

we have
T < T(W(—N()b) U W(N()b)) (28)
for x € W(0) with P*-probability greater than 1 — 2p.

Recall that for Ny we write b; = jb/N; and b = mb+0b;. According to Lemma 13 we
can find large Ny, small g9 = 9(IN1) > 0, constants 0 < ¢~ < ¢t < oo and c4(¢) € (¢, cT)
such that

Ni—1
1 cy(e)Nb > Y sup B <T(W(b§”_ LUD) | T(W(BT) < T(W (b 1))) <4,
=0 mEW(b}”)
Ni—1
1—cy(e)e?Nip™ > sup  E” <T(W(b;”_1, b)) | T(W(bT)) > T(W(bgn_l))) <4,
=0 mEW(b}”)
Ni—1

IESACEST Y me‘i/él(fbm) E* <T(W(b;n_1, b7 1) | T(W(BT)) < T(W(b;”_l))) <4,
j=0 i
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N;—1
=@ Mo 30 b B (r(WOFL, D)) | TOV () > T<W<b%>>)' <.
(29)

simultaneously for all m € (—Ny, Ng) with probability greater than 1 — p when e < &.

Recall the following notation introduced before Lemma 16. We write R = [1/b%]. The
number of crossings from the level z to z 4 a by the process Re ) before time ¢ is denoted
U(xz,z + a,t) and we let Nj = U(bj,b;11,Tr). Let

Q, = min N;

nN1 §j<(n+1)N1

and let /\/j+ = N — Q,(;) where n(j) is an integer such that n(j)N1 < j < (n(j) + 1)N1.
Then Lemma 16 shows that for small €,

(1—0)(N1/b)? < Ny i Qn < i N < (14 6)(Ny/b)? (30)
and so -
> NG < (N /b)? (31)

with probability greater than 1 — p.
Let Nj = U(bj,bj_1,Tr) and define N;* and Q,, relative to N; just like NV." and Q,
have been defined for ;. It is clear that the inequalities (30) and (31) hold also for Nj,

/\7j+ and @n with probability greater than 1 — p

Suppose (jo, j1,J2, - --) is a sequence of integers such that jo = 0 and |ji — jr—1| =1
for all k. We will denote the event {dy = j,Vk} by J. By conditioning on J and X! we
have

E(Tr| T, XY (32)

5( Z N; meiwni(-‘bj)E‘”T(W(bj,l,ij) | T(W(bj+1)) <T(W(bj-1))) | T, Xl)

e( X Mt BV by) | TOV020) > TOV(-10) | 7.5,

:L'EW(bj)

and similarly
€0 | 7,X) (33)

<o SN s BV bie) | TV (b)) < TOV (55 D)1 T.x*)

j=—o0 x€W (bj)

re( 3 A s BV b) [ TV > TOVB,-2)) | 7).

j=—o0 x€W (bj)
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Assume that (29) and (30) hold. Then

20 Nt BT W b1 bi) [ TV (b)) < TV (b))

22 % ) inf  E7r(W (b1, bj41) | T(W(by+1) < T(W(b;-1)))
n=-—00 nN;<j<(n+1)N; z€W(b;)
> > Qu(1—08)es ()N > (1 6)%c; M (e)e 2.

n=—oo

A similar estimate can be obtained for /\~/j’s. Note that in order to derive the last estimate
we had to make assumptions (28), (29) and (30). They all hold simultaneously with
probability greater than 1 — 4p. Hence, in view of (32),

E(Tp | T, XY >2(1—6)%c; (e)e™? > 2(1 — 61)%c; M (e)e ™2 (34)

with probability greater than 1 — 4p.
Next we derive the opposite inequality. We have

SN; sup ETr(W(bj_1,bj41) | T(W(bj41)) < T(W(bj-1)))

<> 9 sup  Er(W(b;_1,bj41) | T(W (bj41)) < T(W(b;-1)))
n=—co  nN;<j<(n+1)N; TEW(®5)

+ 3" Nfsup sup ETr(W(bj—1,b41) | T(W (bjz1)) < T(W(bj—1)))

< Z Qn(1—|—6)051(5)€’2b2]\7f1

+ 20 N sup sup EE(W (b1, by) | TV (b)) < TOV (b))
j=—o0 J ze fi

< (146 ()

4 Z /\/j+ sup sup ET(W(bj_1,bj41) | T(W(bjs1)) < T(W(bj_1))).

The expectation of the last sum may be estimated using Lemma 11 and (31) as follows,

5( > Njsup sup ETT(W(bj_1,bi11) | T(W(bj1)) < T(W(b;j—1))) | J,/\/)

P i xeW(by)

S Z ./\/’jJrC5(b/N1)2€72 S 5(N1/b)2011(b/N1)2€72 = 055672.

j=—o0
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Hence

Z 'A/-j+ sup Ssup ExT(W(bjfl,bj+1) ‘ T(W(b3+1)) < T(W(bjfl))) S C5p715€72

with probability greater than 1 — p. We obtain

> N; sup ETr(W(bj_1,bir) | T(W(bjg1)) < T(W(bj—1)))

< (14 cgp o)y H(e)e™2,

Recall that §/p < §;. We again double the estimate to account for the term with /iv/'j’s in
(33) and we obtain

E(Tr | I, XhH <201+ po_15)cll(€)5_2 <2(1+ 0651)021(5)5_2 (35)

with probability greater than 1 — 5p.
Recall that R = [1/b%] and b?/p < 6;. We obtain from Lemma 14

EE*((Tr — E*(Tr | J))* | J) < crRb*e™* < cgb®e™%.
It follows that
EX((Tr — E*(Tr | J))* | J) < (1/p)esb’e™ < esdre™ (36)

with probability greater than 1 — p. Recall that §; and p may be chosen arbitrarily close
to 0. The Chebyshev inequality and (34)-(36) show that (1/2)cs4(¢)e*Tr converges in
probability to 1 as e — 0. O

Recall that x(t) is the time-change which turns f()*) into a reflected Brownian motion

in D, i.e., Y(r(t)) = f(V7).

Corollary 1. There exist 0 < ¢1 < ¢ < 00 and c3(g),cq(€) € (c1,c¢2) such that for every
fixed t > 0 the random variable c3(g)e?k(cy(g)e~5t) converges in probability tot ase — 0.

Proof. We will discuss only the case t = 1. Fix arbitrarily small §,p > 0.

In view of Lemma 17 it will suffice to show that c3(g)e?k(c4(€)e~°) has the same limit
as (1/2)ca(e)e*Tr. Estimate (27) in the proof of Lemma 16 shows that for arbitrarily small
n > 0 we have

k((1—0)c2(e)e™®) < Tr < k((1+6)c2(e)e™%)

with probability greater than 1 — p provided ¢ is small. A similar argument shows that
k(c™?(e)e™®) < (1 -6)"'Tr (37)
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and
(14 6)" g < k(c2(e)e™ ") (38)

with probability greater than 1 — p provided ¢ is small. By Lemma 17, (1/2)ca(g)e?(1 —
§)"1Tx and (1/2)ca(e)e?(1 + 6) 1T converge to (1 — &)~ and (1 + §)~1, resp. This and
(37)-(38) prove the corollary. O

Proof of Theorem 1. Fix arbitrarily small 6,p > 0. Let ¢; € (1,00) be so large
that for the 1-dimensional Brownian motion )} starting from 0 and any ¢ > 0 we have
P(supgegs<; |VZ| > c1v/t) < p/2. Choose a large integer Ny such that 1/Ny < 6. Lemma 2
defines a constant ¢y such that the diameter of a cell is bounded by cae.

Remark 1 following Lemma 7 and Corollary 1 imply that there exist constants cs(e)
and c4(g), all uniformly bounded away from 0 and oo for all £ and such that all of the
following statements hold simultaneously with probability greater than 1 — p, assuming
e < €,

(1) for all j = —2N0, ey 2N0,
[es(e)es(cz (€)™ /No) — 5 /No| < &;
(i) SUP(< g <e2(c)e—0 Re V| < c1v2¢; H(e)e™3;
(iii) for all b € [0, 2¢1] we have

le3ca(e) K™ (0,b — ce) —b| < 6 and le3ca(e) K1 (0,b+ cae) — b| < 6;
(iv) for all b € [—2¢4, 0],
|eca(e) KT (b — cpe,0) — b < 6 and |e3ca(e) K™ (b + c2e,0) — b| < 6.

Let s = k(t). Then f(Y;) = V(k(t)) = Vs. Now consider the following transformation
of the trajectories (¢, Re ;) and (s,ReYs),

(t.ReVf) — ((e)e"t,ca(e)e®Re V)) € (u(t), W(Re ),
(5,ReYs) — (c3(e)e®s, Re V) A (p(s),ReYs).
Assume that all statements (i)-(iv) hold true. We see from (i) that
[9(t) = ()] = [ (t) — (k)] = [c;* ()’ — e3(e)e®w(t)] < 6
for all ¢ of the form ¢3(e)e™%j/No, j = —2Np,...,2Ny. Since 1/Ng < ¢ and ¢(k(t)) is
non-decreasing, we have
() — p(s)| < 26
for all t € [—2c3(e)e™C, 2¢3(e)e~®]. Tt follows that
() — p(s)| < 26 (39)
if ¥(t) € [-1,1] or ¢(s) € [-1,1].
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Property (iii) implies that K7 (0, b+cae) < (b+0)cy ' ()e™2 and so K¥(0,b—54cze) <
beyt(e)e3 for b < 3c¢y/2. For similar reasons, K~ (0,b + 6 — coe) > bey *(e)e™3. Since
the diameter of a cell is bounded by cye we must have M (bc; 'e=3) € W (b — §,b + §).
Property (iv) yields the same conclusion for negative b bounded below by —3cs /2. Consider
at € (0,2¢;%¢75). Then, according to (ii) there exists b € (—c2v/2,c2v/2) such that
ReY; = bey ' (e)e™3. Since f(V}) € M(bc;'(e)e?) we have [Re f(Y;) — b| < §. This
implies that

Re V) — U(Re })| = [Re f(7) — bl < (40)

We have shown in (39) and (40) that for small € there exists, with probability greater
than 1 — p, a transformation of paths

df

(1), ¥(Re Yy)) — (p(s), Re Vs) = ((s(1)), Re V(r(t))) = (0(4(2)), O(¥(Re Vy)))

with the property that 6 is increasing, |6(u)—u| < 26 and |O(r)—r| < 6 for u € [0, 1], € R.
A similar argument would give a transformation which would work on any finite interval.
Note that (1(t), ¥(Re);)) is the trajectory of a Brownian motion independent of X! and
so we may assume that this is the trajectory of X2 (in other words we may construct Y*
so that W(Re);) = X?). The constants § and p may be chosen arbitrarily small so the
processes with trajectories (c3(g)e?s, Re)s) converge in probability to Brownian motion
X? as € — 0 in a metric corresponding to the Skorohod topology. Since the processes are
continuous, the convergence holds also in the uniform topology on compact sets. O
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