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1. Introduction and main results.
Suppose {Z(s);s > 0} is a standard one dimensional Brownian motion starting at
zero. Let {L¥;x € R',¢t > 0} denote its process of local times. In other words, (see

Chapter VI of Revuz and Yor (1991)) with probability one,
t
(1.1) f(z)Lidx = / f(Z(s))ds, for all t > 0 and measurable f : R' — R'.
R1 0

That the null set in (1.1) can be chosen to be independent of the choice of f is
a consequence of Trotter’s theorem which states: (t,x) — L7 is almost surely contin-
uous. (Up to a modification which we shall take for granted.) For the latter theo-
rem, see Trotter (1958). A modern account appears in Theorem VI.1.7 of Revuz and
Yor (1991). For instance, let {U.(-);e > 0} be an approximation to the identity, i.e.,
Uy(x) > 0, for all z € R, le Uy(z)dr = 1 and \Ifg(x)ﬁs_lllfl (335_1). Then almost
surely, lim._q f(f V_(Z(s) — x)ds = LY, uniformly over all x € R'. An important example
is Lévy’s occupation time approximation which is obtained by taking V. (z) g 5_11[078](3:).

Borodin (1986) has sharpened this by observing that

‘é f(f 1[x,m+€](Z(s)>d8 - Ltm‘ <

(1.2) lim sup sup 2L, a.s.

el0  zER! elog(1/¢)

where here and throughout, L} 4 sup,cr1 L and logx denotes the logarithm of z in base
e. The proof of (1.2) is simple: by (1.1), e* fgl[x’m+€](Z(s))ds =¢g! f;HE Lidu. So
(1.2) follows immediately from Ray’s modulus of continuity (see Ray (1963) and McKean
(1962)), viz.,

L¥te L7
(1.3) lim sup sup 1L — i = 2(L})Y2, a.s.

elo  zer! \/elog(l/e)

Our first theorem improves (1.2) by obtaining an exact asymptotic lower bound as

well as a better upper bound. More precisely, we have the following result:

Theorem 1.1. For every t > 0, with probability one,

-1 rt T
& 1mva ds — L
lim s | fo [,+]( (5))3 t|

_ x\1/2
l0 zeRr1 elog(1/¢) = (/3L

—1—
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Remark 1.1.1. A little reflection shows that while the upper bound in Theorem 1.1 is
sharp, it is the lower bound that is difficult to prove. This is due to the fact that the level
sets are highly dependent. So any proof would have to exploit this dependence structure.

We shall do so by using D. Williams’ version of the Ray—Knight theorem. See Section 3.

The local version of Theorem 1.1 (i.e., without the supremum) is somewhat different.
We state it as a formal theorem but omit the proof as it is similar to the proof of Theorem

1.1.

Theorem 1.2. For every t > 0 and z € R!, with probability one,

_1 rt T

1y oua(Z(r)dr — L

Jim sup e Jo Lw,are) (Z(r))dr — L]
elo eloglog(1/¢)

= ((4/3)L7)"2.

It is worth mentioning that the above is a genuine law of the iterated logarithm in the
sense that the liminf of the left quantity in Theorem 1.2 is zero and hence no limit could
possibly exist.

To state and motivate the next theorem, define u.(x,t) to be the total number of
times before time t that Z has upcrossed the interval [z, z + €]. It is a well-known result
of P. Lévy that with probability one, lim._¢2cu.(z,t) = LY. See Exercise XII.2.10 of
Revuz and Yor (1991). For other proofs and variants see also Williams (1977), Chung and
Durrett (1976) and Maisonneuve (1981). Chacon et al. (1981) proved that this convergence
is uniform over all x € R'. This fact is also hinted at in Williams (1979), Exercise 11.62.7.
In particular, the null set in question can be chosen to be independent of the “level set”,

x. Borodin (1986) has proven the following refinement of this development:

(1.4) sup |2eu.(z,t) — Ly| = 0(51/2 log(1/e)), a.s.

rER?!
as € | 0. In light of Theorem 1.1, the above theorem is surprising in that the power of
the logarithm has changed. Indeed, one would guess the convergence rate to be of the
order, O((clog(1/¢))}/?). Theorem 1.4 below shows that this is the case, while Theorem

1.3 provides the corresponding local version.
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Theorem 1.3. For every t > 0 and z € R!, with probability one,

) |2euc(x,t) — LY |
lim sup
elo eloglog(1/¢)

= 2(13)”.

Remark 1.3.1. As is the case with the rest of the results in this paper, the more important
aspect of this theorem is the lower bound. The upper bound has been anticipated to some

degree in the existing literature. See Williams (1979), page 91.

Theorem 1.3 (as well as all of the subsequent theorems) are proved by means of
excursion theory. However, it is interesting that we have not found truely excursion—

theoretic proofs for Theorems 1.1 and 1.2.

Theorem 1.4. For every t > 0, with probability one,

2 t) — LY
lim sup ’ €u5(.77, ) t’ —

l0 zeRr? elog(1/¢)

2L,

To state the final pair of theorems, let e.(x,t) denote the total number of times before
time ¢ that Z makes excursions away from x with lifetimes greater than e. It is well-known
that lim._o(me/2)'/%e.(z,t) = L?. For example, see Maisonneuve (1981) or Proposition
XII.2.9 of Revuz and Yor (1991). Theorem 1.1 of Perkins (1981) states that the convergence
is uniform over all x € R!. (Due to his choice of scale function, Perkins’ local time is half of
ours thus accounting for the extra factor of 2. See (1.2) of Perkins (1981).) More recently,
Csorg6 and Révész (1986) have proved the analogue of (1.4) for the process e.. Namely,
ase | 0,

(1.5) suﬂg)1 \(me/2)Y %e.(x,t) — LF| = 0(51/4 log(1/¢)), a.s.
€

Our next two theorems provide the exact rate of convergence to (1.5) and its local version.

Theorem 1.5. For every t > 0 and z € R!, with probability one,

9 1/2 . _ Iz
ey [T/ 2l — 1]
el0 el/4,/loglog(1/¢)

= (2m)V4() V2.

Theorem 1.5 is a special case of Theorem 1 of Horvéth (1990).
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Theorem 1.6. For every t > 0, with probability one,

2)12%e (x,t) — LY
(71_/2)1/4([/:)1/2 < liminf sup |(7T€/ ) 65(.1,‘, ) t|
el0  zeg1 el/4,/log(1/¢)

2)12e.(x,t) — LY
< lim sup sup |(me/2) Zec (2, t) i
el0 zeRl el/4, /log(1/e)

< (2m) VALY,

We have not been able to identify the exact constant in Theorem 1.6 (or the existence

of a limit, for that matter.) However, the proof leads us to believe the following:

Conjecture 1.7. For each t > 0, with probability one,

2)12e.(x,t) — LY
o sy 1T/ 2es(2,1) ~ 17
el0 gert el/4,/log(1/¢)

= (2m) /(L)) .

Remark 1.7.1. Many of the approximation theorems for local times are known to hold
uniformly in ¢ € T, where T is an arbitrary nonrandom compact subset of [0, 00). These
include (1.2) through (1.5). Our proofs can be modified to show that Theorems 1.4 and
1.6 hold uniformly over ¢t—compacts. However, the proof of Theorem 1.1 does not extend

to handle t—uniform results.

Much is now known about convergence theorems for local times at a fixed level. An
umbrella method of doing this for Markov processes appears in Fristedt and Taylor (1983).
Various uniform approximation theorems are also known for some Lévy processes. See
Barlow et al. (1986a,b) and the references therein. A host of strong limit theorems related
to Brownian local time can be found in Knight (1981).

In Section 2, we demonstrate some modulus of continuity results for “smoothed”
Brownian motion. These results will then be used in Section 3 to prove Theorem 1.1.
Sections 4 through 7 contain proofs for Theorems 1.3 through 1.6, respectively.

Finally some notation is in order here. Throughout, we shall think of Z as the coor-
dinate functions in the space of continuous functions on the positive half-line, €([0, c0)).
This means that Z(t)(w) ﬁw(t) for all w € €([0,00)). Define T, 4 inf{s: Z(s) = x} and let
(9¢) be the shifts on the paths of Z. In other words, ¥+(Z)(s) = Z(t+s). More generally, if
A =A(Z(r);a <r <b) is a measurable functional of Z, 9;(A) = A(Z(r);t+a < r < t+D).

—4—
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Constants will be denoted by C; and for the sake of rigor, their dependence on any other

variable will be explicitly stated.

Acknowledgement. Some of the ideas in this paper developed in conversations with
Rich Bass, Chris Burdzy and Ellen Toby on different occasions. Many thanks are also due
to an anonymous referee for some very useful suggestions to improve the presentation of

the paper.

2. Modulus results for Brownian processes.
Throughout this section, {Z(t);t > 0} denotes a one-dimensional Brownian motion
and {f,(t);t > 0} is a Bessel process of dimension a > 0. In other words, (8,) is a

non-negative diffusion with infinitesimal generator given by the following:

LalF)@) = 5 () + 227 (2),

for all twice continuously differentiable functions, f : (0,00) — R which satisfy

lim =*2(f(<) - £(0)) = 0.

We next recall Lévy’s modulus of continuity for the processes (f,) and (Z), respec-

tively:
. |Ba(t + ) — Ba(t)]
2.1a lim su = \/5, a.s.
( ) hl0 te%F) o(h)
: [Z(t+h) — Z(t)]
2.1b lim su =2, a.s.
( ) hl0 te? o(h)

where ¢(t) i Vt(1Viog(1/t) ) for t > 0, and T C [0,00) is any (nonrandom) compact
set. The proof of (2.1) with limsup instead of the limit can be found, for example, within
the results of Revuz and Yor (1991), Ch. XI. Minor adjustments to the proof establish the

existence of the limit, see for example Csérgé and Révész (1981).

Of particular interest to us is that as h | 0,

t+h t+h
sup h_l/ Z(s)ds — Z(t)’ <suph™? / |Z(s) — Z(t)|ds
teT t teT t

(2.1¢) < V2¢p(h)(1+ o(1)), a.s.

with a similar estimate holding for (3,). The goal of this section is to prove the exact
version of (2.1c) for the processes (Z), (8,) and (52) (the latter process will be of use in

the next section on local times). More precisely, we have the following;:

—5—
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Theorem 2.1.
(a) Fix any z € R! and any compact T C [0,00). Then, given Z(0) = z,

1 (t+h
lim sup I, Z(s)ds — Z(1)] = \/2 a.s
hl0 ¢eT o(h) 3’ o

(b) Fix a > 2, z € R' and compact T C (0,00). Then, given (3,(0) = =,

_ t+h
lim sup L, ¢ Bals)ds = Ba(t)] = 2 2.5
h10 ter ©(h) 3’ o

(c) For alla > 2, x € RL and all compact T C [0,00), given 3,(0) = z,

=t [ B2 (s)ds — B2(1)] ﬁ

lim sup =

sup P (T a.s.
hl0 teT ¢(h) pfa(?)

teT
Remark 2.1.1. (i) It is clear from part (a) of Theorem 2.1 that the estimate in (2.1c) is
not sharp.

(ii) With extra effort, one can improve part (b) to all compacts T' C [0, c0). However,

as this extension is unnecessary for our purposes, we shall not present a proof here.

(iii) One can extend this theorem to the a—dimensional Bessel processes with a < 2,

by adapting the proof of part (b) using a localization argument.

(iv) Theorem 2.1 (and the corresponding Theorems 1.1 and 1.2) have recently been ex-
tended by Marcus and Rosen (1993) to a class of symmetric (nearly stable) Lévy processes

using a striking isomorphism theorem of Dynkin (1984).

There is also a local version of Theorem 2.1. To this end, let us define:

W)L \/h(1VIoglog(1/h) ),

for all h > 0. The local version of Theorem 2.1 is as follows:
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Theorem 2.2.
(a) Fixt >0 and z € R'. Then given Z(0) = =,

y = [ 2y dr — Z(8))] \F
im sup =1/=, a.s.
h10 ¥(h) 3
(b) For alla > 2,t >0 and x € R!, given (3,(0) = =,
h
P B dr — BA () \/§
lim su t = L =/ = Ba(t), a.s.

The remainder of this section contains a proof of Theorem 2.1. This is patterned
after Paul Lévy’s proof of the uniform modulus of continuity of Brownian motion mixed
together with some interpolation ideas. We omit the proof of Theorem 2.2 since it contains

no new ideas.

Proof of Theorem 2.1(a). Without loss of generality, suppose T' = [0, 1] and x = 0; the

necessary modifications in the general case are easy to make. For any h and ¢t > 0, define
of t+h t+h
I(h;t)=h"1 / Z(s)ds — Z(t) = h™* / (Z(s) — Z(t))ds.
t t

Therefore, I(h;t) is a Gaussian random variable with mean zero and variance given by,
t+h s
E( I(h;t) )* = 2h—2/ / IE(( Z(s) = Z(t) ) Z(u) — Z(t) ))duds
t t

t+h s h
= 2h_2/ / (u—t)duds = —.
¢ t 3

In particular, by elementary facts about Gaussian distributions,

lim o~ 2logP(|I(h;t)] > 2\/h/3) = —1/2.

Moreover, since the distribution of h='/2I(h;t) is independent of h and ¢, the limit is
uniform over all h and ¢ > 0. In particular, fixing # > 0 and ¢ € (0, 1), it follows that there
exist finite positive constants, C1(0,¢) < Cy(6,¢) such that for all ¢, h > 0,

(2:2) C1(0,)h?1+) <P(|T(h;t)| > p(h)\/20/3) < Ca(0,)h?0—2).

—7—
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Now a Borel-Cantelli argument is in order. Indeed, by (2.2), for any fixed p > 1,
]P’(’I<p_”; kp—VL)’ > @(p_n) 29/3) > Cl (97 5),0_n9(1+8),

for all 0 < k < [p"] and all n > 1. Since {I(p~™,kp~");0 < k < [p"]} is an independent
sequence, for all n large enough,

n

P( s (1" k™) < (p7") 20/3) < (1 - 01<9,e>p”"<1+€>)
<[p™

1
< exp ( - 501(975)P_n0(1+6)+n)7

which sums if 0 < 6 < (1+ ¢)~!. Therefore by the Borel-Cantelli lemma,

I —n. —n 2
lim inf max L(p™" ko)) > —9, a.s.
n—oo k<[pr]  (p7") 3

for all 6 € (0,(1+¢)7!). Since e > 0 and § < (1 +¢)~! are arbitrary, letting € | 0 and

6 T 1 along a countable sequence, it follows that

I(p~™t 2
liminf  sup M > \/j, a.s.
n—% gci<ipn P(P7") 3

Now for each h > 0 there exists a unique integer, Ny, such that p~(Net1) < b < p=Nnr,
Writing
t+h
1) = (o) 1 ) (2(s) ~ 2(t) ),
t+p~ Npt1)
it follows that,
I(h;t I(p~Nnt1). ¢
liminf sup [ £(h; )] > liminf sup (pNh+1h)*1‘ (p Ol
hl0 og<t<i—n @(h) hl0 og<t<1—h ¢(h)
t+h
—limsup sup (hgp(h))_l/ |Z(s) — Z(t)|ds
hl0  0<t<1—h t+p— (Np+1)

2 h—p~(Net DN | Z(s) — Z(t
zp—3/2\/;_hmsup s ( p )|<s> (t)]

110 0<s,t<1 h @(p=Nn)
ls—t|<p~Nn

> pg/Q\/g - \/ﬁ(p - 1)7

—8—
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by (2.1b). In the above, we have used the elementary inequality:

o(h) < o(p~N") = (1+0(1))/pe(p~ N tD),

as h | 0. Since p > 1 is arbitrary, the lower bound follows by taking p T 1 along a countable

sequence, i.e., we have

. |I(h;t)] 2
liminf sup >/ =, a.s.
hlo o<i<i—n @(h) 3

The proof of the upper bound uses an entropy argument together with the upper
estimate in (2.2). To this end, fix p > 1 and define

T, ﬁTn(H,s,p) ={t>0: t=jp ™1=9)n2 for some integer 0 < j < p"?1=)p=2 1,

Notice that #T,, < C3(0,e)n"2p"(1=2) for some finite positive constant, C5(f, ). There-
fore by (2.2),

P(ggi;x [I(p~";1)] > w(p”)\/29/3) < Cy(B, ) #Tp 0079

< 03(07 €>02(07 €>TL_2,

which sums in n. So by the Borel-Cantelli lemma, for each p > 1, ¢ € (0,1) and all § > 0,

I(p™™;t 20
(2.3) limsupmaXM_ —.
n—oo t€Tn (p~") 3
Now,
(2.4) sup [I(p~";t)] < max|I(p~";t)|+ sup [I(p~";t) = I(p™"; fu(t))],
0<t<1 teTy 0<t<1

where f,(t) is the point in 7T,, nearest to ¢ (with some convention about breaking ties.) We
note that,

sup |t — f(t)] = p~00 )2,
teT,

Therefore, by (2.1b),

sup |I(p™"5t) = L(p™"™; fu(t))| <2 sup |Z(t) — Z(fn(t))]
0<t<1 0<t<2

=23/2(1 4 0(1))\/p7m9(175)n2 log(p?(1=2)p—2)
— 23/2(1 + 0(1))(9(1 . 6) logp)1/2p7n0(1fe)/2n3/2
=o(p(p™™)),

—0—
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if & > (1 —&)~!. Therefore, for all § > (1 — &)™t by (2.3) and (2.4), almost surely,

I(p~™;t 20
lim sup sup s 0l <t/ 5
n—oo 0<t<1 ©(p™") 3

Since § > (1 —e)~! and ¢ € (0, 1) are arbitrary, we have

I(p™";t 2
(2.5) limsup sup M <i/=, a.s.
n—oo 0<t<1 @(p7") 3
It remains to show that the behavior of the limsup in question is the same along any
subsequence. To this end, fix p > 1 as above. For each h > 0 (small), there exists a unique

integer, N}, > 1, such that p~(M»*1 < h < p~Nr. Proceeding as in the proof of the lower

bound,

t+h
I(hst) = h_l/t (Z(s) - Z(t) )ds

t4+p~ NntD t+h
:hl/ ( Z(s)— Z(t) )ds—f—hl/ Z(s) — Z(t) )ds
t t+p~ (Npt+1)
t+h
= (P (i b (2(s) - () )ds.
t+p~ Npt1)

Therefore by (2.1b), as h | 0 (and hence Nj T o0), the following holds uniformly in
0<t<1:

I t)] < 1~V H050) 4 p(p— 1) sup |2(s) — Z(0)
|s—t|<p~Nn
0<s,t<1

< \/g(1 +o()e(p” M) +v20(p — 1)(1+ o(1)p(p™ ).

Note that as h | 0, ¢(h) > p(p~NetD) = (14 0(1))p~/2p(p~™r). This implies that for
all p > 1,

1(h; 2
limsup sup ‘(h’t)‘ﬁ\/;—k\/ipg/g(p—l).

Rl0  0<t<l—h SO(h)
Since p > 1 is arbitrary, the proof of Theorem 2.1(a) is completed upon taking p | 1 along

a countable sequence. O

Proof of Theorem 2.1(b). Fix o > 2. Without loss of much generality, suppose that
T = [e,1] for some € > 0. For any E C R! , let €(E) denote the collection of all continuous

—10—
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functions from E in to R'. As usual, we endow €(FE) with the compact open topology.
An application of Girsanov’s theorem (see Revuz and Yor (1991), p. 419, exercise (1.22))

reveals that for any s,z > 0 and for all measurable A C &([0, s]),
(2.6) P(7s(8a) € AlBa(0) = z) = xi(ail)pE(Ds La(ms(X))|Z(0) = z),
df .
where Tp =inf{s : Z(s) = 0},
1 S
Dy 4 Z(s NTp) @™ V/2 exp ( — g(a —1)(a—3) / Z(r)_2d7°>,
0
and for any s > 0 and f € €(F), w4(f) denotes the element of €([0, s]) given by
df
ws(f)(r)=f(r) forall 0 <r <s.

Taking A° to be the collection of all elements, f, of €([0, 1]) which satisfy:

. =t [ f(r)dr — f(1)] \ﬁ
lim sup =13

hl0o<t<1-h o(h)

part (b) follows for z > 0 as a consequence of (2.6). It is therefore enough to prove part
(b) when z = 0.
By the Markov property and the case x > 0 proved above, for any 0 < € < 1,

_1 t+h
lim sup (P2 Jy " alr)dr - fa () = \/§ as
hlOe<t<1-h ¢(h) 3 '
This proves part (b). O

Proof of Theorem 2.1(c). Fix a > 2. Suppose, without loss of much generality that
T =1[0,1] and x = 0. Define

s Ln | g,
_ t+h
T(hyt) Ly / (Ba(r) — falt) )dr.

Then for all ¢ € [0,1] and all A > 0,

|7 (h;t)]
o(h)

|J(h;t) = B2(t)]
¢(h)

= 2504 (t)

+ R(h;t),

—11-
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where by (2.1a), as h | 0,

Bt IS 1Balr) = fa(t)Pdr

sup  |R(h;t)| < sup

0<t<l—h 0<t<1—h ¢(h)
< 2(1+ o(1))p(h) = 0, s,
It is therefore enough to prove:
. T (h;t)] \/5
2.7 lim su W () ————— =1/—= su (1),
(2.7) hioogtﬁ,hﬁ (t) o) 30§t21ﬁ (t)
almost surely. Suppose instead, that we could prove that for any € > 0, with probability
one,
. T (h;t)] \/5
2.8 lim su (T =4/= su o (1).
(2.8) hloegtgll)fhﬂ (t) o) 35§t£1ﬁ (t)
It is not hard to see that (2.8) implies (2.7). Indeed, (2.8) would imply that for all € > 0,
. | T(h;t)] \f
liminf su (T >4 /= su (1), a.s.
hl0 ogtgli)—hﬁ ®) @(h) egt%ﬁ ®)

which proves the lower bound in (2.7) by taking € — 0 along a countable sequence. (Recall

that t — [,(t) is almost surely continuous.) To see the upper bound in (2.7), note that

|J(h; )] |J(h;t)]
osig?—hﬁa(t) o(h) S(OZEEJFE;E?—!L )Balt) o(h)

Therefore by (2.8),

: [T(h:t)] _ . | T(h; 1)] \F
limsup sup [a(t) o) < limsup sup [u(t) o) + 3 sup Ba(t)

hl0  0<t<1-—h hl0  0<t<e e<t<1

< /2 sup ﬁa(t)+\/g sup fBa (1),

0<t<e 0<t<1

by (2.1a). Since the left hand side of the above inequalities is independent of € and € > 0
is arbitrary, (2.7) follows by sample path continuity of ¢t — (,(¢). Hence it is sufficient to
prove (2.8) for all € > 0.

Recall that the compact set mentioned in part (b) is an arbitrary compact subset of

[e,1]. As a result, by part (b) of Theorem 2.1, with probability one,

h;t 2
lim sup |k )|:\/j for all rational a,b: ¢ <a<b<1.
noa<i<e  (h) 3

—12—
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By a condensation argument, this implies that the (random) set, f, defined by

- J(h;t 2
Ti 5§t§1:lim‘(’)|: — 2,
nio  @(h) 3
has a dense trace on [g, 1], with probability one. (In other words, TN [e,1] = [e, 1], a.s.)

Evidently, with probability one,

liminf sup ﬁa(t)u(h;t)‘Zlir}?ionfﬁa(to)w

hl0  c<t<1-h o(h) ! ¢(h)
= \/gﬁa (tO)a

for all ty € T'N [e,1]. Here we have only used the definition of T. Therefore by the (a.s.)

density of TN [e,1] in [¢,1] and the (a.s.) path continuity for ¢ — B.(t), the lower bound
in (2.8) holds. The upper bound in (2.8) is even simpler, for

: |T(h;t)] .
lim sup su o (t < limsup su . (t) su
h]0 psgt%B ( ) @(h) hl0 psgt%ﬁ ( )agtlg)l @(h)

2
a0
e<t<l1

by part (b). This finishes proof of (2.8) and hence part (c) of Theorem 2.1. O

3. Proof of Theorem 1.1.
Let us enlarge the probability space so that it includes an exponential random variable,

A, which is independent of Z and whose mean is 2. Define,

af . df
m= Inf (r) and 021:2/\ (r)

Let x¢ > 0 be fixed. Moreover, suppose we have enlarged the probability space even further

so that it includes independent Bessel processes, (34, 84 and (32, with dimensions: 4, 4 and
2, respectively. The point is that these processes are totally independent of Z and A as

well as each other, except that they are conditioned to satisfy:

34(0) = B4(0) = 0
Ba(1) = Ba(1 —€*™)

54(672;50 o 672M) _ ﬁQ(GQxO).
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Then according to Ray’s description of L), (see Ito and McKean (1965) and Williams
(1974)), one can construct a version of L) (which we shall continue to write as L)), with

the following realization:

0 fe<morax>M
alz) G 22 2(e2® — ™) ifm<2<0

(3.1) 203 = df :
b(w) & e 2 33 (%) 0 < @< 2

c(x) L e G2 (e —e=2M) if gy <z <M

conditioned on the event {Z(0) = zp}. (We note here that our speed measure is half of
that of It6 and McKean and hence their 4L is replaced by our 2L).) Applying Theorem
2.1(c) to this version of L), we see that for any compact set T" C R!, conditioned on

Z(0) = o > 0,

et [77F 208 dx — 2%

o(e)
8
:\/;max{ sup a1/2(z), sup 51/2(2’)7 sup 01/2(2’)}
16

lim sup

m<z<0 0<z<xg ro<z<M

=/ = (sup L)'/,
3 zeT

By considering —Z(-) instead, since P(Z(\) = 0) = 0, we see from (1.3) that for all compact

T C R', almost surely,

1A -
’5 1f0 1[x,m+€](Z(T)>dT_L)\‘ .

lim su = ((4/3) sup L¥)/2.
elo mel; o(e) 4/ )meIT)’ )
Therefore,
—1 rA
iy mre (Z(r))dr — L7
]P’(lim sup =7 Jo s (2(r)dr = L] — ((4/3) sup L%)Y2, for all n > 1) = 1.
el0 |z1<n o(e) lz|<n

Taking n = n(w) 4 M(w) V (—m(w)), it follows from (3.1) that,

A
sup L5 = sup [y (Z0r))dr =0,
|z|>n |z|>n J0O

—14—
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almost surely. Therefore, P(A(X\)) = 1, where for all ¢ > 0,

g [ e (Z0)(@))dr — Li(w)
A(”‘{”'E?&f;@ } -

_ <<4/3>L::<w>>1/2}.

By independence,
| = P(A(N) = / P(A(t))P() € dt)
0
1 oo
= / P(A(t))e t/?dt.
2 Jo

Let u > 0 be any positive real number. By considering u\ instead of A\, the above analysis
together with Brownian scaling show that for all u > 0,

1 oo

= — P(A(t))e t/ 2w gt
20/, (A(t))e

1

Therefore, by the inversion theorem for Laplace transforms, P(A(¢)) = 1 for all ¢ > 0. This
concludes the proof of Theorem 1.1. O

4. Proof of Theorem 1.3.
By Brownian scaling, it suffices to consider only the case t = 1. Furthermore, since
for all € > 0:
L{ = us(z,t) =0, on {t <T,},

by considering the Brownian motion, {J7 (Z)(t);t > 0}, it suffices to prove the theorem
when z = 0.

For every w > 0, define Q, (- - ) to be a nice version of the regular conditional prob-
ability, P(--- |LY = w). In light of the above discussion, it is evidently sufficient to prove
that for all w > 0:

1/2

2 0,1)—
(4.1) limsup| cue(0.1) = w =2w/°, Qu — a.s.

el0 77Z}(€)

where 9 (h) i V(1 Vloglog(1/h) ), as in Section 3.

Define the inverse local times by:

(4.2q) #Linf{s > 0: LT =},
(4.20) 7(t) irto.
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Also define the excursion process, {€%(:);s > 0} of (Z) from x as follows:

Z(t¥ 4r) ,if0<r<7¥—-71%

S
es(r)=< =z ,ifr=0 )
) , otherwise

where ¢ is the “coffin state”. The reader will note that {eZ(-); s > 0} is a stochastic process

whose state space is U, U {d}, where
U, < {f € ¢([0,00)) : f(0) =z, and f(u) =z, for all u > R, for some Rj;}

The o—field on U, is the one inherited from €([0,00)). For any ¢t > 0 and all measurable
A C U, define, NF(A) ﬁzsgt 1a(e?). We note that Nj(A) is at most a countable sum
and hence well-defined. Define the corresponding It6 measure, n®, by n®(A) gIEN{*" (A).
It is not hard to see that {Nj(A);t > 0} is a Poisson process with intensity n”(A), if the
latter is finite. In this case, { N7 (A) —n*(A)t;t > 0} is a mean zero martingale and hence

a monotone class argument implies the following “exit system formula” for all ¢ > 0:

B V() =B [ Yo (L.

s<t

for all bounded (say) predictable processes, (Y), and all bounded measurable functions, f :
UyU, U {8} — R, such that f(d) = 0. Here, as is customary, n®(f) ﬁfUzu{é} fle)yn®(de).
One can write a similar equation for excursions from any other x # 0. Moreover, by the
exit system formula, under Q,, N2 (A) is a Poisson random variable with mean n°(A4)w.

Fix w > 0 throughout and define,

A L{fety: swp f(r)=e}.
0<r<R]

Since |uc(0,1) — NPo(A(e))| < 1, it is sufficient (by (4.1) and the preceding discussion) to

prove that:

(4.3) lim sup = 2uw!/?, P—as.

It is (4.3) that we shall prove; but first, we next need two technical lemmas.
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Lemma 4.1. Suppose {X(a);a > 0} is a Rl —valued stochastic process satisfying the

following for every a > 0:

(a) EX () £ p(a) < oo

(b) VarX (a)Zo2(a) < oo;

(c) for allt > 0, Eexp(itX(«)) = (f(t))*, where f is a characteristic function (indepen-
dent of ).

Then uniformly over x = o(a'/%),
B(X (@) — (o) > z(a) = |/ 2 =" expl(=22/2) (1-+o(1))

Proof. This lemma is a trivial modification of a large deviations theorem of Cramér. See

Theorem 8.1.1 of Ibragimov and Linnik (1971) for Petrov’s refinement of this result. O

Lemma 4.2. Fixw > 0 and 6 > 0. Then as ¢ | 0,

0 2/7T
(‘M( (€)) — wl 2 2v0uyte )) [@0ogloa(1/2) 2 (log(1je))? (- o)

Proof. Fix # > 0 and let X (¢) i N2 (A(e)). Then by the discussion preceding Lemma 4.1,
{X (g);e > 0} satisfies the assumptions of Lemma 4.1 with pu(e) = 02(¢) = n’(A(g)), which
is equal to (2¢)™! by Proposition XI1.3.6. of Revuz and Yor (1991). Hence by Lemma 4.1,

uniformly over all 2 = o(e~1/12),

P(INGA) — (/29 = Va@Te ) = |/ 2~ exa(-42/2) (1400

as € | 0. The lemma follows upon letting = a V/201loglog(1/¢). O

Now we can finish the proof of (4.3) and hence Theorem 1.3. As in the proof of the
law of the iterated logarithm for Brownian motion, the proof consists of establishing an
upper bound as well as a lower bound. We shall start by proving the former:

daf

Fix p € (0,1) and let p(n) = p™. Then by Lemma 4.2, for any 6 > 0,

P(|2p<n>N3<A<p<n>>> > N%wp(n)))
= (fmlogn) "' /2(nlog(1/p)) % (1 +0(1)),
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as n — 00. Therefore by the Borel-Cantelli lemma, for all 8 > 1,

2p(n) Ny (A(p(n))) — w| < 2v6w,

lim sup a.s
n—00 Y(p(n))
Taking 6 | 1 along a countable sequence, it follows that
2 NP (A —
(4.4) lim sup [20(n) Ny (A(p(n))) — | < 2¢/w, a.s.

n—o0 ¥(p(n))
Now for every € € (0,1), there exists an integer N, such that p(N: + 1) < e < p(N.). By

sample path continuity, everytime Z upcrosses [0, ], it has also upcrossed [0, p(N¢ + 1)].
Therefore, N2 (A(e)) < N2(A(p(N: +1))). Likewise, N2 (A(g)) > NO(A(p(Ne))). Hence
by (4.4) and some arithmetic,

0 —_
s IZENS(AE) — u)
el0 77Z}(€

Since p € (0,1) is arbitrary, we can take p T 1 along a countable sequence to arrive at the

< 2v/w/p, a.s.

~—

desired upper bound in (4.3):

0 _
o sup (228 (A()) — v

10 () 2w -

Next we prove the lower bound, thus completing the proof of Theorem 1.3. Through-

out the rest of this proof, let us redefine p(n) by p(n)d:fn*”. The key lemma is the

following:

Lemma 4.3. With probability one,

|p(n+ 1) Ny (A(p(n + 1)) — p(n) Ny (A(p(n)))| Jw.

lim sup =

Assuming the truth of this lemma for the time being, (4.3) and hence Theorem 1.3

follow from the following inequalities:

[2e Ny (Ae)) — wl 12p(n) Ny (A(p(n)) — w]

lirrellsoup o) > lirrLILSolip ()
(46) 9/ 1im sup 21+ DVE(A(p(n +1))) — ul
n—oc ¥(p(n)
—2v/w.
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In proving (4.6), we have used Lemma 4.3 together with the proven upper bound in (4.3)
as well as the fact that ¥(p(n 4 1))/1(p(n)) = (en) 2(1 4+ 0(1)) — 0, as n — oo.

Proof of Lemma 4.3. Recall that p(n) =n~" and w > 0 is fixed. To simplify the nota-
tion, let us define N(n) d:ng(A(p(n) ) and 1y, ﬁw(p(n)). From the exit system formula,
it follows that conditioned on {N(n) = k},

N(?’L+ 1) = ZAj’n’

j=1

where {A, ;7 > 1} are i.i.d. geometric random variables with distribution given by,

j—1
. _ p(n+1) p(n+1) e o
]P)(A]_’n — ]) —= (1 p(n) ) ( p(n) ) lfj — 1,2, cee

0 otherwise
Therefore, in particular,
(46@) IIﬂAl n — M?
o p(n+1)
(p(n) — p(n+1))p(n)
4.6b Var Ay, = .
(4.6b) ar A, p%(n+1)

Let zjm & Aj, —EA;,. For 6 > 0, define,

g [ ot DN+ D) = pmNmIW) .,
(4.7@) E@(TL) = { : ¢n > 9\/_},
(4.7b) E(n) i {k € ZL : 12kp(n) — w| > 2v/2wp(n) logn}.

Since N(n) is Poisson with mean w(2p(n))~!, Lemma 4.2 implies that as n — oo,

P(N(n) ¢ E(n) =/ 5-(logn) /202 (1 + o(1))

(4.7¢) o(n™?).

Therefore,

P(E¢(n)) = Y P(Eo(n) | N(n) = k)P(N(n) = k)
k=0

k
=Y ]P’(] Z Ajnl > 0w, /pn+ 1))]P(N(n) = k) +o(n™?).
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Now fix 6 € (1,/2). Next we will prove that uniformly over all k ¢ E (n):

k
48)  P(13 Kyl 2 0V ol + 1)) = o) 207 (1-+.o(1)

Indeed, by (4.6b), for all k & E(n),
k

Var (z-:zl Ajn) = #@1) (1 + o(an)),

where a, £ n~("=1/2(logn)'/2. Therefore,

P( S Byl = O/t + 1)) = P(1k0] > Ov/ET T ofa ) Tozn )

Jj=1

S GRELE ﬁZm)

— \/%(logn)lpne2 (1+o0(1)),

proving (4.8). In the above, we have applied Lemma 4.1 to the normalized sum:

k k
Sk,n ﬁ(Var Z ﬁi,n)71/2 Z ﬁj,n'
i=1 =1

As a result, (4.7¢) and (4.9) together imply the following:

(4.9) P(Ep(n)) = (log n)_1/2n_92 (1+o0(1)).

1
/70
In particular, picking 8 € (1,v/2), we see that Y. P(Ep(n)) < oo, and hence by the
Borel-Cantelli lemma — letting 6 | 1 along a countable sequence — it follows that with

probability one,
g 12 DN (0 +1) = p(m) N ()

n—oo rQZ}’I’L

< Vuw,

which proves the upper half of Lemma 4.3.
For the lower half, fix any 6 € (0,1). Then by (4.9),

(4.10) > P(Ey(n)) = .
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By the strong Markov property (or by using the exit system formula), conditioned on

N(n+m), Eg(n+m) and Ep(n) are independent. Therefore,
P(Eg(n+m) N Eg(n)) =

= Z]P’(Eg(n—l—m) | N(n+m) =k)P(Eg(n) | N(n+m) =k)P(N(n+m) =k)
k=0
(4.11) = D () toal(ntm)?),

kQE(n—l—m)

by (4.7¢c). By (4.8), however, uniformly over all k ¢ E(n +m),
1
P(Eg(n+m) | N(n+m) = k) = —=5(log(n +m))~2(n+m) ™" (1+0(1).
Therefore by (4.11), (4.9) and (4.7c):

2

(log(n +m))~/>(n +m) =" x

P(Eg(n+m) N Ey(n)) = \/17;0
x B(Eg(n); N(n+m) ¢ E(n+m)) (1+0(1))

(4.12) — (1+ 0(1)) P(Ey(n + m))P(Ey(n)).

Hence, by Kochen and Stone (1964), (4.10) and (4.12) imply that P(Ep(n), i.o.) = 1.

Taking 6 T 1 along a countable sequence, we arrive at the lower bound in Lemma 4.3. This

finishes the proof. O

5. Proof of Theorem 1.4.
Let A be an exponential holding time — independent of the process Z — such that

EX = 1. We shall start with some technical lemmas.

Lemma 5.1. For all x € RY, P(T,, < \) = exp(—v/2|z]).

Proof. Since P(Ty = 0) = 1, it suffices to prove the lemma for x > 0. By independence of
T, and A:
PA>Ty) = / P(A > a)P(T, € da) = Eexp(—T5).
0

Now from It6’s formula (see Theorem IV.3.3 of Revuz and Yor (1991)),
{exp(V2Z(t NTy) — Ty At);t > 0},

is a positive bounded martingale. Therefore, by the Doob’s optional stopping theorem:

Eexp(—T,) = exp(—v/2x). The result follows. O
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Lemma 5.2. For all z € R,
P(LS > a) = exp(=V2(|z| + @))1(0,00)(a) + ( 1 = exp(=v2]z]) )10} (a).
Proof. We first write,
(5.1) P(LS > a) = ]E(l[o’,\)(Tx)]P’(Lf\ > a | FTI)).
However, on {w : Tp(w) < Aw)}: A = T, + Y1, (N), almost surely. (Notation being
obvious.) Since t — L7 is an additive functional, it follows that on {w : T, (w) < AMw)}:
LS = LT + 971, (L5 _1,) = 91, (L5). Therefore if a > 0, by (5.1),
(5.2) P(L% > a) = P(T, < MP(LS > a).
It remains to compute P(LY > a). First off, for any a,b > 0,
P(LS > a+b) =P(r(b) <\, LS > a+b),

where 7(-) is the inverse local time at zero as defined in (4.2b). But by independence,
on {w : 7(b)(w) < A} A = 7(b) + 9-)(A), almost surely. Therefore, on {7(b) < A}:
LY = LY ) + Y7y (L]) = b+ U70)(LY)- Since Z(7(b)) = 0, a.s., we see from the strong
Markov property that,
P(LY > a+b) = P(1(b) < X\, 0,4)(LY) > a) =P(r(b) < NP(LS > a)
= P(LY > b)P(LS > a).
Evidently, P(LY = b) = 0. From this fact, it follows that L} has an exponential distri-

bution. To compute its mean, we recall that by Tanaka’s formula (see Theorem VI.1.2 of

Revuz and Yor (1991)),

Z(0)] = /0 N (2(s))dZ(s) + L2,
Since the stochastic integral in question has mean zero,
ELY =E|Z(\)| = \/%WX =271/2,
Therefore, P(LY > a) = exp(—v/2a)1[,00)(a). If z # 0 and a > 0, by (5.2) and Lemma 5.1,
P(L% > a) = exp(—V2(a + |z])).

If a =0: P(LY = 0) = P(T, > \) = 1 —exp(—+/2|z|). This finishes the proof of the lemma.
U
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Lemma 5.3. Let 6 > 0 be fixed. Then as e | 0,
]P’(|25u€(x, A)—L3| > 2¢(e)/0L%, T, < )\) (Omlog(1/e)) ™Y 2% exp(—v/2|z|) (1+0(1)),
where the o(1) term is independent of x € R!.

Proof. Using the excursion theory notation (cf. the paragraph following (4.2)), let us
define,

(5.3) A2 {erm: sup f(r)Zx—i—a}.

zeR1 0<r<RI

(One can alternatively take the union over the rationals to avoid measurability problems.)
As noted earlier, almost surely, sup,cg1 |V Le (A(e))—ue(z, A)| < 1. Therefore by increasing
0 a little bit we see that it suffices to prove the lemma with N7, (A(e)) replacing uc(z, A).
Since, N}fi(A(e)) = U, (N}fi(A(e))), and LY = 97, (L), an application of the strong
Markov property shows that,

]P’(|2€Nf§ (A(e)) = L3| > 20(e)\/O0LE, T, < )\)
=P(T, < )\)]P’(]Qe:Ngg(A(e:)) — LY| > 2¢(e)y /eLg)
= ¢~ V2lel /OO P(|2€N3(A(6)) —w| > 2g0(€)\/@) P(LY € dw) (by Lemma 5.1)
0

0log(l/e) 00
— eveﬂ$|(h/n 4_0/} ) .
0 0log(l/e)

]P’(\QeNg(A(E)) —w| > 2@(5)\/@) V2e V2 duy (by Lemma 5.2)

0log(1/e)
g\@eﬁm/ P(-- )™V dw + R, e),
0

where R(z,¢) > 0 for all z € R! and ¢ > 0 and satisfies:

(5.4) sup R(z,e) < V2 exp(—V2w)dw = eV,

z€R? 0log(1/e)
On the other hand, as pointed out in Section 4, N2(A(e)) is a Poisson random variable
with mean (w/2¢). Therefore proceeding as in Lemma 4.2, by Lemma 4.1, uniformly over

all w € (0,0log(1/e)):

P( REND(AE)) — ul = 2p(6)Vah ) = (Bmlog(1/2) 2" (1+o(1)
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as € | 0. This and (5.4) together finish the proof of the lemma. O

We are now ready to prove the upper bound in Theorem 1.5. Fix R,7n,0 > 0 and
define:
K(€,77,R)£ {s eR': se en(Zl N [—R,R])}

G(a:0,6) L {w L |2eus (2, ) (w) — LE(w)] > 20(¢) 9L§(w)}.

It is clear that for all € € (0,1/10), #K(e,n, R) < C4(n, R)e™", where Cy(n, R) is a
positive finite constant. Lemma 5.3 guarantees the existence of a positive finite constant

Cs(0,m, R), such that for all ¢ € (0,1/10):

]P’( U G690 {T < A}) < #K(e,n,R) max ]P’(G(a:;Q,e:) N{T, < )\})

zeK(e,n,R
e K (e R) (& 1)

< C5(0,m, R)(log(1/2)) ™20,

Fix p € (0,1), n > 1 and 6 > n. Replacing € by p(n) ﬁp” in the above, it follows that

i]P’( U G(z;0,p(n))N{T, < )\}) < Cs(0,m, R, p) i (0= (logn)~1/? < oo,
n=1 z€K (p(n),n,R) n=1

for some positive finite constant, Cs(0,n, R, p). However, on the set {T, > A}, e.(z,\) =
L% = 0 for all € > 0, the null set being independent of z € R'. Moreover, it is trivial
that for all w: sup,¢ (e, ry LX(w) < L3 (w). Therefore, by the Borel-Cantelli lemma, the
following holds with probability one:

2 (@) — LT
(5.5) lim sup sup [2p(m)tp(m (@, ) 3 < 2(6 sup L)

1/2
n—oo zeK(p(n),n,R) ¢(p(n)) zER?

Let = € [-R, R]. By f,(z) we shall mean the element of K(p(n),n, R) which is the closest
to x. To make this choice unique, we shall require that f,(x) < x. We futher point out
that, sup,c(_g gj |7 — fu(z)] = p". By (1.3), the uniform modulus of continuity of x — L3
implies that with probability one,

sup  |LE — LI = O(V]x — fu(@)|log |z — fu(z)] 1)

z€[—R,R]
= O(p""*\/logn),
(5.6) = o(p(p(n))),
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as n — 00. On the other hand, since K (e, p(n),R) C K(g,p(n+1),R) and t — Z(t) is

continuous (a.s.),

Up(n) (fn(x)a )\) < Up(n+1) (LL‘, )‘) < up(n—i—l)(fn(m + p(n)"), )‘)
The above, together with (5.5) and (5.6) imply that almost surely:

i ’2:0(n>up(n) (l'v )‘> - Lsf\’
imsup sup
n—co (- R,H] ¢(p(n))

<2(0r3)""*.

We recall that n, R > 0, § > n and p € (0,1) were arbitrary. Arguing as in the previous

section, it follows that

2 A)— LS
(5.7) lim sup sup [2eue(w, ) = L]
el0 zeR! 90(5

By scaling, the above still holds, if A is an exponential holding time with mean u, for any
u > 0. Therefore, by considering inverse Laplace transforms — as in the end of Section 3

— the upper bound follows, i.e., (5.7) holds with A replaced by any fixed ¢ > 0.

To conclude, we next provide a proof for the lower bound corresponding to (5.7).

Throughout, fix M > 1 and for all z € R! and € > 0 define,

A(a:,e)g{f eU,: sup f(r)e [x+€,x+M5)}.
0<r<RI

Thus the excursions in A(x,¢) are exactly those which have upcrossed [z, z + €] but not

[z,x + Me). Let N(z,¢e) denote the corresponding counting measure to A(zx,¢), i.e.,
df o
N(l’, 5) = NL”;\ (A(l’, 5))

For all x € R! and all ,60 > 0, define

G(x;0,¢) J {w [2eN(z,6)(w) — (1 — MY LE(w)| < 2g0(5)\/9(1 - M—l)Lf{(w)}.

Note that:

(R1) When M is large, the collection, C~¥, is approximately the same as the complement of

(G where the latter was defined earlier in this section.
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(R2) For each z € R! and £, > 0, on the set, {T, < A}, é(a:;G,&:) = ﬁTI(é(QJ;G,e)),
almost surely.

(R3) Fix w > 0. Then given {L§ = w}, we have T, < A, almost surely, since the support
of t — L7 is with probability one equal to {s: Z(s) = x}.

(R4) Fix w > 0 and @ > Me. Then given {L{ = w}, N(z,¢) is independent of L$
and N(0,e). This is a consequence of the exit system formula and the fact that
A(x,e) N A(0,¢e) = 0.

Next we state and prove two lemmas which shall be of use in the proof of the lower

bound.

Lemma 5.4. Fix w,x > 0. Then there exist an i.i.d. sequence of random variables,
{61, 62, - -} which are exponentially distributed with mean 2z and an independent random

variable, N, such that (N — 1) is Poisson with mean w/2x, and that given {L = w},
N+1

Z 5, <If < Z 55,
almost surely.

Proof. Let Uo 50 and iteratively define,
d .
Uzjt1 4 Uzj + Vv, (1) (7=0)
d .
U2j :f U2j*1 + ﬁUZj—l(TO)7 (.] > 1)

Then the U;’s are the uppcrossing times of the interval [0,z]. Since the support of the

increasing function: ¢ — L is almost surely the set {s: Z(s) = 0},

Z U2]+1 ) + (LO L(()JQN+1)

7=0

if N

= Z L%2N+1)
7=0

where N Z max{j : Uzj+1 < A}. Note that N — 1 is the number of downcrossings of [0, z]
before time A. Therefore, by the exit system formula, given {L§ = w}, (/N — 1) is Poisson

with mean w/2x. Moreover, given {Lm =w},

N—+1

Zé <L0<Z§J,
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and the §;’s are i.i.d. exponential and are independent of N. It remains to compute the

mean of d;. By Tanaka’s formula (Theorem VI.1.2 of Revuz and Yor (1991)),

2(1)* = /0 Loy (Z(5))dZ(5) + %L?.

The above and Doob’s optional sampling theorem together imply that Ed; = IEL%z = 2.

The lemma follows. 0

Lemma 5.5. With the notation of Lemma 5.4, for all £ € (0, (2z)7'),

N+1 we
Eexp (525) (1—2x&)” exp(1_2x§).

The proof of Lemma 5.5 is omitted as it only involves basic calculations with Gamma

distributions.

We are ready to proceed with the proof of the lower bound. Fix for now € € (O, M *1),
some z € [Me, 1] and an arbitrary 6 € (0,1). For typographical ease, we shall suppress
the 6 and e in the definition of G, i.c., we write G(z) for G(x;0,¢). We first estimate
P(G(0) N G(z) N{T, < A}). Indeed,

P(G(0) N G (x) m{T <)\})

= \/_/ NG(z) | L% = w) exp ( — V2(z + w))dw (by Lemma 5.2)
_ eV /O P(G(z) | LE = w)P(G(0) | L} = w) exp(—v2w)dw  (by (R4))

€ 2log(1/¢e) 00
AL
2log(1/e)

(G(a) | L§ = w)B(G(0) | L§ = w) exp(—v/2w)dw

(/ /210g(1/a) /oo )
2log(1l/e)

( | LY = w)P(G G(0) | L% = w) exp(— V2w)dw

The last statement follows from the strong Markov property and (R2). Thus, it suffices to

estimate seperately the following terms:
(5.8a) Ei(e dff/ 0) | LY = w)P(G(0) | L = w) exp(—v/2w)dw
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af 2log(1/¢e) _ _
(5.80) Fa(e) L3 / P(G(0) | LS = w)P(G(0) | L = w) exp(—v/2w)dw
g

(5.8¢c) E3(e)Zv2 h y )P(é(o) | LS = w)P(G(0) | L§ = w) exp(—v2w)dw.
2log(l/e

Estimating Fy and Fjs is easy. Indeed,

(5.9a) Fi(e) < V2e

(5.9b) Es(e) < V2 exp(—V2w)dw = e2V2 <.
2log(1l/¢e)

We shall next estimate the terms in F5. First we note that,
P(G(0) | LY = w) = P(|2eN2(A(0,¢)) — w| < 2¢(e)\/0(1 — M—L)w),

and N? (A(0,¢)) is Poisson with mean, n®(A(0,¢)) = n°(A(e)) —n°(A(Me)) = (w/2¢)(1 —
M~1), where A(g) is given by (5.3). Therefore, as in Lemma 4.2,

(5.10) P(G(0) | LY = w) =1 — (6 log(1/2)) /%% (1+ o(1)),

uniformly over all w € (0,2log(1/¢)). To estimate the other terms in Es(e), we note that
for all w € (0,2log(1/¢)) and all z > Me:

RGO 25 =) = [ B(GO.L3 € d=] 15 = w)
0
:/ ]P’(é(()) | LS = 2)P(LY € dz | L = w),
0
since by the exit system formula, é(O) is independent of L%, conditioned on LY. Hence,

_ 4log(1/e) 0
PCO 5w = ([ [ )
0 4log(1/e)

(5.11) - P(G(0) | LY = 2)P(LY € dz | L§ = w)
g£§'4(€,U)) + E5(€,w).

By Lemma 5.4, for all £ € (0, (2z)71),

Es(e,w) < P(% d; = 410g(1/5))

J=0

wé
1—2x¢

< (1—2z8) 3exp ( — 4¢ log(l/e))

28—



THE ANNALS OF PROBABILITY, 22(3), 1295-1330 (1994)

Pick §£(2x)_1 (1 —y/w/4log(1/)), we get the following estimate for Es:

w

Es(e,w) < (M)m exp <— %(\/E— m>2)-

Since 6 € (0, 1), uniformly over all z € [Me, 1],

sup Es(e,w) < (471 10g(1/5))3/2 exp ( — (2965)_1 )
e<w<2log(l/e)

(5.12) < C(M)e.

for some finite positive constant C7(M). Furthermore, as in Lemma 4.2, uniformly over

all z € (0,4log(1/e)):
P(G(0) | LY = z) = 1 — (O log(1/2)) /?e? (1 + o(1)),
where the o(1) term is independent of z > Me. Hence uniformly over all w and all x > Me,

Ey(e,w) <1-— (leog(l/g))_1/2€9 (14 0(1))
< exp (= Cs(8, M) log™'/2(1/e)”),

for some finite positive constant Cs (6, M). Therefore, by (5.11) and (5.12),

P(G(0) | L = w) < exp (— Cs(8, M) log™/?(1/¢)e?) 4+ C7(M)e
< Cy(0, M) exp (— Cs(0, M) log_1/2(1/5)59).

uniformly over all x € [Me, 1] and every w € [Me,2log(1/e)]. Here Cy(0, M) is some finite
positive constant. Therefore by (5.8b) and (5.10), there exist finite positive constants
C10(0, M) and C41(0, M) such that,

sup Es(e) < Cio(0, M) exp (— Cs(0, M) 1ng1/2(1/5)€9) X
x€[Me,1]

X <1 — (Om log(l/&:))il/2€9 (1+ 0(1>))

< Ch0(0, M) exp ( —2C11(0, M) log_1/2(1/5)59).
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Hence, from (5.9) it follows that for some finite constant C12(60, M),
(5.13)  P(G(0) N G(z) N {T, < A}) < C1a(8, M) exp (— 2C11(0, M) log~/?(1/e)e?).

By induction, the proof of (5.13) shows the existence of positive finite constants, C13 =
Ci3(0, M) and Ciq = Ch4(0, M), such that for any integer v € |[2,(Me)"!] and all
x1,%a, -, T, € [Me, 1], which satisfy z; > z;_1 + Me,

]P’(G(O) NG(z1)N---G(z,) N{T,, < )\}) < Cigrexp (— Cin log_1/2(1/5)yse)

< 013 exp ( — 0141/69) .

We shall let x; ﬁjMe, j=0,...,[(Me)~']. It follows that v = [(Me)~!] in the above.

Moreover,
]P’(é(ac; 0,) N {T, < A} for all z € [0, 1])

< P(G(O) NG(z1)N---Gla,) N{Ty, < )\})

(5.14) < C13(0, M) exp ( — C4(0, M)Ml[g]“).

With no essential changes, the proof of (5.14) can be extended to show that for all real-
valued a < b, there exist positive finite constants, C15(0, M, a,b) and Ci6(6, M, a,b) such
that

]P’(é(ac; 0,¢)N{T, < A} for all z € [a, b])

S 016(07 M7 a, b) exp ( - C115(97 M7 a, b) [5]9_1) .

Fix p € (0,1) and define p(n) ﬁ,0”. Since we had fixed 6 € (0,1), it follows at once that
for all a < b:

ZP(@(Q?; 0,p(n)) N{T, <A} forall z € [a,b]) < 0.

n

The Borel-Cantelli lemma and a sample path argument together show that

2 N —(1-MYHL*
lim inf sup 2N (z, p(m) — ( )L >2 inf /01 —M~1) L3.
n—0oo L p1 ¢(p(n)) a<z<b
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Letting 6 T 1 along a countable sequence, since a < b is arbitrary and x +— LY is continuous,

. 2p(n)N (z, p(n)) — (1 - M) L] 5 -
hnrrilor.}f sup (o) A >0/ L5(1— ML),

reR?!

However, as pointed out earlier,
Ni: (Alp(n)) = N (2, p(n) + N (A(Mp(n))).
and |uc(z, \) — Nia (A(g))| < 1. Therefore,

liminf sup \Qp(n)up(n) (a:, >\> _ L’\’
n—oo L cpi gp(p(n))

> liminf sup |2P(n)N(x,p(n)) — (1 — M_l)Lgﬂ
n—0o0 Rl @(p(n»
2p(n)NE. (A(Mp(n))) — M~1LE|

x
A

— lim sup sup
n—oo zERl o(p(n))

> 2,/ - (\/1—M1 —\/Ml).

The last inequality holding because of the (already proven) upper bound, (5.7). Since

M > 1 is arbitrary, letting M T oo along a countable sequence, we see that

liminf sup ‘QP(H)UP(M (ac, )\) _ L’\‘
n—0o LeRi ¢(p(n))

>2,/L3.

By a monotonicity argument and taking inverse Laplace transforms as in the previous

section, the lower bound follows. O

6. Proof of Theorem 1.5.
As in Section four’s proof of Theorem 1.3, we can reduce the problem to the case
where x = 0 and t = 1. Moreover, much as in the derivation of (4.1), one can argue that

it is sufficient to show that for all w > 0,

(6.1) lim sup [(m2/2)!2e<(0,1) — w)|

= (27 1/4w1/2, a.s.
i ) 2
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where k(e) 4 c1/a v/1Vloglog(1/¢). Therefore, from now on we shall hold fixed a w > 0.
Recall the process of excursions from zero: {e€?;s > 0} and the associated counting

process, {NP(A);t > 0} for measurable A C Uy U {6}. Define,
4 . pf
A(e)—{fGUOU{é}. Ry 25}.
We recall that R(J)c was the lifetime of the excursion, f, from zero. Since QQ,,—almost surely,
[Nw(A(e)) —e(0,1)] < 1,

(where Q,, is defined in Section 4), by (6.1) it suffices to show that P-almost surely,

g L7E/2) 2N (AE) )

= (2m)/*w/2.
" w(e) (2m)

However, by the exit system formula, N2 (A(e)) is a Poisson random variable with mean
n%(A(e)) = (2/me)'/?w. The calculation of the latter excursion law can be found, for
example, in Proposition XII1.2.8 of Revuz and Yor (1991). Therefore, arguing as in the
proof of Lemma 4.2, for all 8 > 0,

P(rws/z)”?NS,(A(e» > <27r>1/4<we>1/%<e>)

. Nk
(6.2) = @ologlos(1/e) Pllog(ijey W)

as € | 0. Define for all € > 0 and 6 > 0,
Sa(e) & {w  |(me) N (A(E)) (@) — w] <27r>1/4<9w>1/%<e>}.

First we will prove the upper bound for the limsup. Fix p € (0,1) and # > 1 and define
p(n) d:fp”. Then by (6.2),

S B(Sp(n))) < Cue(8) 3 (log m) 20" < o,

for some finite constant, Cy7(6). Therefore, by the Borel-Cantelli lemma (and letting 6 T 1)
it follows that,

o [T/ NS () ] o e
s K(p(n)) < @m
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almost surely. However, as € | 0, there are integers, N, for which p(N: +1) <& < p(N¢).
Since, A(p(N:)) € A(e) C A(p(N: + 1)), it follows that,

Nou(A(p(N:))) < Ny (A(e)) < Ny (A(p(N: +1))).

Hence using some arithmetic,

s LT/ 2N(A) 2|

4w/ o)1/ 2

almost surely. Letting p T 1 along a countable sequence, we arrive at the desired upper
bound.
For the proof of the lower bound define, p(n) in*”, and let

B(n+1)Z A(p(n + 1))\ Alp(n));
N(n) L NO(B(n)).

Let us note that N(n) = N2 (A(p(n+1))) — N2(A(p(n))). Since { B(n);n > 0} is a disjoint
sequence of sets in Uy U {d}, by the exit system formula, {/N(n);n > 0} are independent

Poisson random variables with mean,
n"(A(p(n + 1))\ A(p(n))) = n(A(p(n +1))) — n°(A(p(n)))
= (rp(n+1)/2)"2w (14 O(n~1/2)).
Let

4

So(n) {w: (mp(n+1)/2) 2N (n) () — w| > <2w>1/4<w0>1/2m<p<n+1>>},

where 6 € (0,1). Then arguing as in (6.2),
P(S(n)) = (70logn)~?n=? (14 o(1)).

Therefore, since § € (0,1), >, P(Sp(n)) = co. By the independence half of the Borel-
Cantelli lemma, P(Sy(n), i.0.) = 1. In other words, letting # T 1 along a countable

sequence,
N2N (n) —
Jim sup |(me/2) (n) — w|
n—oo K(p(n+1))

> (2m) w2,
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almost surely. Therefore,

|(me/2)! 2N} (A(e)) — wl |(me/2)! 2N (A(p(n + 1)) — wl

lim sup > lim sup

el0 K(€) T n—oo k(p(n+1))
1/4,,1/2 _ Jim su ’(75/2)1/2]\73(14(,0(”))) — w|
=2 T ol 1 1)

— (27r)1/4w1/2,

by the upper bound half (which we have already proven) together with the fact that
k(p(n)) = k(p(n+1))(en)~/* (1 +o(1)) = o(x(p(n + 1)), as n — co. This completes the
proof. O

7. Proof of Theorem 1.6.
Theorem 1.6 is proved much like Theorem 1.4. Therefore, for the sake of brevity, we
shall point out the differences in proofs. As in Section 5, we start with the proof of the

upper bound. The first result is the analogue of Lemma 5.3.

Lemma 7.1. Let 6 > 0 be fixed. Then as e | 0,
P(](Ws/Q)l/QeE(a:, A)—LE| > 2k(e)\/OLE, T, < )\) (B log(1/e)) ™%Vl (140(1)),
where the o(1) term is independent of x € R!.

Proof. We proceed almost exactly as in the proof of Lemma 5.3 with some minor adjust-

ments. Let

(7.1) pEe) L | {f cU,:R! zg}.

z€R?

Following the argument in Lemma 5.3,

1P>(|(7rg/2)1/2zvzi (D(e)) — L%| > (2m)"*k()\/0LE, T, <)\)

— /2e— V22l /0010g(1/5) ]P’(\(W5/2)1/2N3} (D(g)) — w| > (27?)1/45(5)\/%> e V2 gy
+ R(z,¢),
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where R(x,¢) > 0 for all x € R! and € > 0; moreover,

(7.2) sup R(zx,e) < eV,
z€R?T

From Section 6, NO (D(¢)) is a Poisson random variable with mean (2/7¢)'/?w. Therefore,

as in Lemma 5.3,
P(|<m/2)1/2zv3, (D(e)) — w| > (2@“%(@@) = (Orlog(1/e)) /%% (14 o(1)),
uniformly over all w € (0,601log(1/¢)). The lemma follows from (7.2). O
Fix R,n,60 > 0 and define as in Section 5,
K(e,n,R)% { eR':se€e”(z2'n [—R,R])}
V(x;0,¢) J {w : }(75/2)1/265(3:, A (w) — Lf\(w)’ > (2m) Y4k (e) 0L‘f\(w)}.
Then exactly as in Section 5, (using Lemma 7.1 instead of Lemma 5.3)

]P’( U Ve BT < A}) < Cus (0,1, B) (log(1/)) /2.

z€K(e,n,R)

Fix p € (0,1), » > 1 and 0 > 7. Replace ¢ by p(n) ﬁp” to see that

Z]P’( U V(z;0, p(n))N{T, < )\}) < 0.
n z€K(p(n),n,R)
Therefore, as in the argument leading to (5.5):

1/2
2 (@, A) — LY
(7.3) lim sup sup [(mp()/2) ™ eyt (2, ) 3! < (27?)1/4\/0L§.
n—oo weK(p(n),0,R) k(p(n))

Temporarily fix some ¢ € (0,1/2). By the modulus of continuity of ¢t — Z(t), (see (2.1b)),

a sample path argument reveals that uniformly over all z € R, and ¢ € [0, 1]:

eeo(x — 6, t) Neg,(x + 6,t) < ec(x,t) <ee (x—6,t) Ve, (x+6,t),

where g L8 +6S, &1 LI §¢, and € > 6 > 0 are small. Arguing as in the proof of (5.7),

we are led to the following:

1/2 _ Tz
(7.4) lim sup sup [(re/2) TZee(x, A) — L]

1 Sup Sup, =) (@m) VL
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which is the desired upper bound. To get the lower bound, the ideas are again similar to

those appearing in Section 5. Fix M > 1, z € R', § € (0,1/2) and £ € (0, M~ '). Define,

D(a:,e)ﬁ {f cU,: Rjj >¢eand sup ) lf(r)| <z+ (M5)1/2}.
0<r<R/

Also define,

W(a:,e)ﬁ {f ceU,: sup |f(r)]>x+ (M5)1/2}.
0<r<R{

Let N be the counting process associated to D(zx,¢), i.e., N(x, £) ﬁN”L”i (D(m,e)). Define,
n(e) ﬁ(ws/2)1/2n0(D(0,5)) and n(e) g(7r»3/2)1/2[ n®(D(0,¢)) — n®(D(0,¢)) ]. Based on
the above definitions, we define:

D(z:0,¢)% {w |(me/2) V2N (2, ) (w) — n(e) LE ()] < (2m) 4k (e) Hn(é:)Lf{(w)}.

The event l~)(x;0,s) is this section’s analogue of é(x;&,s) of Section 5. The following

lemma estimates n(e):

Lemma 7.2. For alle € (0, M~1):
n(e) € [0, (2/Mm)/?]
n(e) € [1—(2/Mm)Y/2,1].

Proof. Recall the definition of D(¢) from (7.1). Then for all w € R! and & > 0,
N (D(g)) > NJ(D(0,¢)) > N2 (D(g)) — NJ(W(0,¢)).
Letting w = 1 and taking expectations:

(me/2)/2n0 (D(e)) = n(e) > (75/2)1/2[ n’(D(e)) —n®(W(0,¢)) .

The lemma follows since from Section 6: n°(D(e)) = (2/m¢)'/? and from Section 5 and

the exit sytem formula: n®(W(0,¢)) = (Me)~ /2. O

Let z; ﬁj(]\%s)l/2 for j =0,...,v% [(Me)=1/%]. Writing D(z) for D(z;0,¢), as in
Section 5 we obtain:
P(D(0) N D(z1)N...N D(x,) N {Tz, < A}) < Croe/?exp (— Coor(log(1/e)) /%)

< Cyexp (— 0228971/2),
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for some positive finite constants, C; i C;(0,M), j=19,---,22. Fix p € (0,1) and define
p(m) g p"™ for m > 1. By Lemma 7.2 and the Borel-Cantelli arguments of Section 5, since

0 € (0,1/2) is arbitrary,

(75) lim inf sup |(mp(m)/2)!/2N (, p(m)) — n(p(m)) L] > (r/2)V/ /BT

Mmoo el k(p(m))

where (s g (1 — (2/M7T)1/2). On the other hand, let us define,

N(e.©) L Nf, (D) \ D(x,2)) = Ni; (D(e)) — N(z, ).

Then as in (7.3), we see that for all 8y > 1,

|(rp(m) /2) 2N (2, p(m)) — A (p(m)) L2

lim sup sup
m—oo zeK (p(m),00,00) Ii(p(m))
< (2m)Y*\/(2/M)8oL%
(7.6) = 23/ = VAN =12, fg, L%

Since N (z,¢) + N(z,e) differs from e.(z, \) by at most one, (7.5) and (7.6) together yield
the following:

1/2
o \(Wp(m)/Q) ep(m) (@, A) — L] 1/4
lim inf sup > (m/2)Y* /L%,
m—oo LRl ﬁ(p(m)) A

where ay; = an(6p) i ]1\/;2 — 2(6g/Mm)*/2. But M > 1 is arbitrary. Therefore, we can

let M T oo along a countable sequence. Since limy; .o By = 1, limp; o apr = 1 as well.
Hence the desired lower bound follows from the monotonicity argument of the previous

sections. !
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