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1. Introduction

Throughout this paper, we will adopt the following notation: given x = (z1,...,24) € ]Rd,

||| will denote the (Euclidean) ¢o—norm of z, i.e.,
2l =23 + -+ 23) /2.

Given z € R', we will write log, for the natural logarithm, In(z) = In;(z) =log,(z V €)
and, for k> 1, Inj4 (z) = In(Ing ().

Let {S,, n>0} denote an R valued simple symmetric random walk. ERDOS AND
TAYLOR (1960) present a variety of results on the fine structure of the sample paths of
{Sn, n>0}. Especially noteworthy is their complete characterization of the number of
returns to origin by time n for the simple planar random walk. When d > 3, the simple
random walk is transient, and, as such, it has only a finite number of returns to the origin.

Instead they study the behavior of the associated future infimum process: for all n >0, let
Jn = inf ||Sk.
k>n

In their Theorems 8 and 9 (p. 154), Erdds and Taylor establish the following laws of the

iterated logarithm for ||S, || and J, :

lim sup M =d1/2 a.s. , (1.1a)
n— 00 2n lng(n)

lim sup __In d=1/2, a.s. . (1.1d)
n— 00 2n lng(n)

Let 0 < ¢ < 1. Then (1.1b) demonstrates that for almost all w there is an increasing

sequence {ng, k> 1} of integers such that

Iy (@) = (1S, (W) = v/ 205 Ing (ng). (1.2)

In words, J,, can be as large as ||.S,| when ||S, | is near its upper envelope. A complete
characterization (in the sense of the integral test of ERDOs (1942)) of the upper functions
of {J,, n>0} is left unresolved (see the remarks on top of p. 155). The main purpose of

this paper is to present this characterization for centered R%—valued random walks which

—1—
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satisfy certain integrability conditions (in particular, we make no assumptions about the
support of the distribution of the increments). In this way we can find increasing functions
f, g:[1,00) — oo with x — g(z) — f(x) increasing without bound such that for almost all
w there is an increasing sequence {ny, k> 1} and integer N such that

(a) Jp(w) < f(n) for all n > N, while

(b) [1Sn (@) > g(nr)-

In contrast with (1.2), this shows that whenever S,, leaves a centered ball of radius g(n),
at the very least it must return to a ball of radius f(n) at some future time.

Our approach consists of the following: first we solve the analogous problem for tran-
sient Bessel processes. Then, by way of a strong approximation argument, we solve the
problem for random walks. Although we will comment on this at greater length in Section
2, our results demonstrate that the upper class of the future infimum of a d—dimensional
Bessel process (d > 2) is identical to the upper class of a (d — 2)—dimensionl Bessel pro-
cess: this relates our work to a class of results sometimes referred to as Ciesielski-Taylor
theorems.

Future infima processes such as the ones in this paper occur naturally in the more
general setting of Markov processes. As a sample see ALDOUS (1992), BUrRDzY (1994),
CHEN AND SHAO (1993), KHOSHNEVISAN (1994), KHOSHNEVISAN ET AL. (1994), MILLAR
(1997) and PrTMAN (1975).

In conclusion, we would like to add that in the case of the simple walk in dimension
d > 3 (i.e., the problem of Erdés and Taylor), one can adapt the method of Section 3
to obtain a completely classical proof of the Erdés—Taylor problem mentioned above. We
will not discuss this approach, as it only seems to work for random walks which live on a

sublattice of Z<.

2. Statements of results

Let us first state our results for Bessel processes. Throughout this paper, X g{X,g, t>0}

will denote a d-dimensional Bessel process with d > 2. This is a diffusion on [0, c0) whose

—o—
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generator, G, is given by
1 -1
Gf(x)=5f" (@) + Tf’(w)-
(Since d > 2, there is no need to specify a boundary condition at 0.) The definition and
properties of X can be found in REVUzZ AND YOR (1991).
It should be noted that when d is an integer, the radial part of a standard d—
dimensional Brownian motion is a d-dimensional Bessel process. Of particular importance

to us is that the condition d > 2 implies that X is transient. We will define two processes

associated with X. First, we define the future infimum process: for all t >0,

I, = inf X,.

s>t

Next let Ly = 0 and for » > 0, define the escape process:
L= sup{s: X,<r}.

I and L inherit scaling laws from X. For ¢ > 0, ¢~ */21,; and I; are equivalent processes,
and ¢ 2L., and L, are equivalent processes.

The processes I and L are inverses in the following natural sense:
{w: L. <t} ={w: L; >r}. (2.1a)

We point out in passing that the transience of X trivially implies that lim; . L; =
lim; .o I; = 00, almost surely. Properties of the processes I and L are explored in GETOOR
(1979), YOR (1992a,b) and KHOSHNEVISAN, LEWIS AND L1 (1994).

Given a stochastic process {Z;, t >0} and a nondecreasing function f : [1,00) —
(0,00), we will say that f is in the upper class (respectively lower class) of Z if for almost
all w there is an integer N = N(w) such that Z;(w) < f(t) (respectively Z;(w) > f(t)) for
all £ > N. We shall write this in the compact form, f € U(Z) (f € L(Z), respectively).

Let ¢ : [1,00) — (0,00) be nonincreasing and let 1 : [1,00) — (0, 00) be nondecreas-

e [ en (- o)

)2 [ s (- )8

737

ing. Define,
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For future reference, we observe the relationship:
31 7%) = Ja2(). (2.1b)
Our first theorem characterizes the lower class of the exit process, L.
THEOREM 2.1. Let ¢ : [1,00) — (0,00) be a nonincreasing function. Then

t s t2p(t) € L(L) if and only if J1(p) < oo.

Essentially due to (2.1a) and (2.1b), we obtain our next theorem, which characterizes

the upper class of I.
THEOREM 2.2. Let v : [1,00) — (0,00) be a nondecreasing function. Then

t— Vtp(t) e U(I) if and only if Fo(1p) < 0.

REMARK 2.2.1. Theorem 2.2 had been independently conjectured by CHEN AND SHAO
(1993) and KHOSHNEVISAN, LEWIS AND L1 (1994). (In fact, Theorem 4.3(3) of the latter
reference constitutes the so—called easy half of Theorem 2.2. There it is shown that if

¥ : [1,00) — oo is nondecreasing and J2(1)) < oo, then t — /tp(t) € U(I).)

For purposes of comparison, let us recall the celebrated Kolmogorov—Dvoretsky—Erdos

integral test (see, e.g., ITO AND MCKEAN (1965), p. 163):

THEOREM A. LET ¢ : [1,00) — (0,00) BE A NONDCREASING FUNCTION. Then

t— Vtp(t) € U(X) if and only if /100 Y (t)exp (—¢2(t)/2)% < 0.

Theorems 2.2 and A together show that the upper class of I in dimension d is the
same as the upper class of X in dimension (d—2). It should be noted that when d = 3, the
comparison is stronger still; see PITMAN (1975) and REVUZ AND YOR (1991) for details.

Let 70 20 and, for all r > 0, let 7. ginf{s > 0: Xs = r} : this defines the exit time of X
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from the interval [0, 7]. Then the lower class of L in dimension d is the same as the lower
class of 7 in dimension (d —2). Results relating d and (d — 2)—dimensional Bessel processes
are sometimes known as Ciesielski-Taylor theorems and can be found, for example, in
CIESIELSKI AND TAYLOR (1962), JAIN AND TAYLOR (1973) and YOR (1992b).

Now let us state our theorems concerning random walks. Throughout let &, {&;, i > 1}
be a sequence of independent and identically distributed R%valued random variables,

d>3. Let Soio and, for all n > 1, let
SpZ& 4.+ &

We will extend the definition of our random walk to continuous time by simply setting

S, £5 iy for all £ > 0. Here [t] is the greatest integer less than or equal to ¢. For all ¢ >0, let

J; £ inf ||S,|I.
t ulgtH ull

THEOREM 2.3. Let £ have zero mean vector and identity covariance matrix and suppose
there is a 6 > 0 such that IE (||¢]|>T°) < oo. Let ¢ : [0,00) — (0,00) be an unbounded
function such that t — \/t1(t) is increasing. Then

t— Vtp(t) eU(J) if and only if Fo(1p) < co.

REMARK 2.3.1. It is easy to see how the above includes the promised solution to the
Erdos—Taylor problem. Indeed, suppose £ is as in the statement of Theorem 2.3, except
that its covariance matrix is 021, where o > 0 and I is the d x d identity matrix. Obviously,

Theorem 2.3 holds with S,, and J,, replaced with S,,/o and J,, /o, respectively.

It is worth noting that the nature of the problem changes entirely when the random
walk does not have identity covariance matrix; nonetheless, we can prove various laws of
the iterated logarithm. Let d >3 be an integer and Q denote a d x d symmetric positive

definite matrix with eigenvalues

AMZ2A=...2 g > 0.
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Let W ={W,, t >0} denote a d-dimensional centered Brownian motion with covariance

matrix Q and define the associated future infimum and escape processes by
Iq(t) = ir;ft |Ws|| and Lgq(r) Ssup{t=>0: |Wy| <rl,
sz

respectively. Likewise, let {S; : t >0} denote a d—dimensional centered random walk with

covariance matrix Q, and define the associated future infimum and exit processes by

df

Jq(t) = iI;ft |Sull and Kq(r) Ssup{t > 0:[|S]| < r},
respectively. Our theorem follows:

THEOREM 2.4.  Suppose &, {&;, i > 1} form a sequence of i.i.d. random vectors taking
values in R? with d > 3. We assume that £ has mean vector zero, covariance matrix
Q and that there is a § > 0 such that IE (||¢]|?T°) < oo. Let {S; : t>0} denote the
associated random walk and let {W;, t >0} be a d-dimensional centered Brownian motion

with covariance matrix Q. Then

2 11’12 (t)
12

2hal) h;;(w Lq(t) = K

Kq(t) = liminf

(@) Bt i

. Jq(t) : Iq(t)
b) imsup —————~—— = limsup ————— = /A a.s.
( ) tﬂoop 2t lng(t) tﬂoop 2t lng(t) !

An alternative approach is to view our processes as taking values in a certain Rie-
mannian sub-manifold of R?. To do this, we define a metric which is compatible with the
underlying process. Because Q has orthogonal eigenvectors, there is an invertible matrix
V such that Q = VV7T. The standardized random vector V¢ has identity covariance
matrix. For x € ]Rd, let

lzlv = [Vl

which defines a norm on IR?. Clearly, ||-||v and || -|| are equivalent norms and Theorem 2.3
holds if we measure distance by the norm || - [[yy. The inner product on the aforementioned
space is the obvious one, by polarization. Moreover, the intrinsic volume element is given
by dm =(detQ)'/2dzx. This notion of geometry, however, is not natural to the study of the

paths of random walk.
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The remainder of this paper is organized as follows. In Section 3, we develop the
relevant probability estimates. In Section 4, we prove Theorems 2.1 and 2.2. In Section
5, we prove a strong approximation theorem which is then used to prove Theorem 2.3.

Finally, in Section 6, we prove Theorem 2.4.
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matical Sciences at the University of Wisconsin—-Madison. We would like to express our
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3. Preliminary estimates

The main purpose of this section is to present some lemmata which will be useful in the

proof of the theorems. For all 3> 0, let

The density of L; is well known (see, for example, GETOOR (1979), YOR (1992b) or

KHOSHNEVISAN, LEWIS AND L1 (1994)):

T

1
H'(z) = yqz~?exp ( — 2—)](96 >0), where o 5

L aro@a-2)2p (ﬂ) .

Thus, by an application of 'Hopital’s rule, we obtain the following asymptotic estimate

for the small-ball probability of L:

H(B) ~ 274> 2exp (—1/(28)) as 8 — 0. (3.1)

JFrom this, it is clear that for any T' > 0, there exists a positive constant ¢, which depends

only on T, such that

vl

%x2%exp (—1/(22)) < H(x) <ca® Zexp(—1/(2x)) for all z € [0, T]. (3.2)

477
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In the course of proving Theorem 2.1, it will be necessary to estimate the distribution

of the increment L, — L, for 0 < s < 1. Our first lemma is a useful step in this direction.

LEMMA 3.1. Let B,a >0 and 0 < s < 1. Then

H(B+a)

P (Ll - Ls < ﬁ) < H(as*Q) .

Proof. For any s € (0,1), and all 5,a > 0,
{w: L1—Ls§ﬁ}ﬂ{w: Lsga}g{w: ngﬁ_}_a}.

By a theorem of GETOOR (1979), {L¢, t >0} has independent increments. The rest of the
proof follows from the scaling law for L, since L, has the same distribution as s2L1; hence,
P(Ls<a)= H(as™?). O

Our next lemma is a direct application of Lemma 3.1; it provides a useful estimate

for the distribution of L; — Ls when s is relatively small.

LEMMmA 3.2. Fix A > 0. Then there exists a positive constant ¢, depending only on A
and d, such that
P (L1 — Ly <B) <cH(B),

for all 0 <A< A and 0< s < \S.

Proof. Since s — P (L1 — Ly < ) is increasing for all 0 < s < \S, it suffices to prove the
lemma for s = A\(3. To this end let p to be the median of Ly, i.e., H(u) = 1/2. Applying
Lemma 3.1 with a = pA252, we obtain:

B+ uA*B)

H ()
= 2H (B + p\*52).

]P(Ll—LAﬁéﬁ)éH(

Now fix ¢ so that (3.2) holds for all 0 <z <A™ + p. Since 3+ pA?3% < A7 + p, it follows
that

P (Ly <5+ pX*B7) S efB + uh*6%)* Fexp (‘ m)'

—8—
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However,
Lo [Be if d>4
(B+pA*B%)*72 < .
FE(l+pN2 2 ifd<4
Moreover,
1 —1/(28 2

Finally by (3.2),

I o a _
SRV CH(P),

which gives us the desired result. O
Our next lemma is an estimate for the distribution of the increment L, — L, when s is
not necessarily small. In order to state this lemma, we will need the following definition.

If d<4,let g*<1.If d > 4, let
B Esup{0 < z<et: 4(d—4zn(z™) <1/2}.

Since x — xIn(x~!) is increasing on (0,e™1), it follows that $* > 0, which is all we will

need.

LEMMA 3.3. Let € > 0. Then there exists a positive constant ¢, depending only on &

and d, such that

]P(L1—Ls<ﬁ)<cexp<— a ;ﬁs>2),

for all 3<(2e) P AB* and 0< s <1 — Be.

Proof. First fix ¢; > 0 such that (3.2) holds for all 0 <z <2/e. We will consider two cases:
fe<s<1— e and 0<s< fe.

In the first case, apply Lemma 3.1 with a = s/(1 — s) and observe that

1

fra=-—L<l

1—s "¢

S 1—s "¢

1 1 (1—s)?
_ + - _

26+a) 2as? 20
B+a
as—2_s

797
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Thus, by (3.2) and our choice of ¢;, we obtain

P (L, —Lsgﬁ)g(ﬁs?%exp(— (12_;)2) (3.3)

In the second case, 0 < s< fe. Then, by (3.3) and the monotonicity of r — L,, we

obtain
Pua—ngﬂ<Pua—L&<ﬁw@ﬁwa*%wp(—ﬂiiﬁf)

However, since 0 < s < e, it is easy to see that

o (057 e (-457)

. _d .
Setting ¢y = 22~ 2¢f, we obtain:
1 )

IP(Ly — Ly < f) S c2f* Fexp ( _a ;ﬁs)2). (3.4)

If d <4, then we are done, since s and 3 are bounded by 1. If, however, d > 4, then
we need to consider two additional subcases. If 1/2 <s< 1 — (¢, then, by bounding §2%
by 27272 in (3.3), we obtain the desired result. If, however, 0 < s < 1/2, then by (3.3) and
(3.4) we obtain

IP(Ly — Ls < 3) < coexp ( _a ;ﬂs)z + d ; 1 ln(ﬁ_l)).

This last exponent may be expressed as:

(1- 2], (d—4)8In(s™)
25 [1‘ 1-5)? }

However, since 0 < s <1/2 and < %, it follows that

(d—4)BIn(5~) _ 1

(1—s)2 ~ 2

which is what we wished to show. O
REMARK 3.3.1. Equations (3.2) and (3.4) already yield good estimates for the distribution

of the increment L; — Lg; however, for our applications, it is better to place all of the
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dependency on € and d into a constant. Although it complicates the proof of the lemma

and weakens the result, it will make the application cleaner.

LEMMA 3.4. Suppose a >0, 1, g2 € (0,1), and 0 < 3 < (2e2) "t A B* A . Then for all

€1 <s<1— (e there is a constant ¢, depending only on €1, €2 and d, such that

P (L. < 5%, L <) <cH(a)exp ( -2 )

Proof. Choose ¢; so that (3.2) holds for all 0 <z < 1. By the independence of increments

and scaling we obtain:
P(L,<s%q, Li<B) <P (Ly<s*B) + P (s°8 < Ly <s%a, L1 — L, <B(1 —5%))
<P (Ly<Bs)+H(a) - P (L — L, <B(1 —5%))

We will estimate each of the terms on the right hand side. First, by (3.2),

P (L <Ps)< 61(58>2_%6_1/(2ﬁ8).

d
2

Since 0 < s < 1, it easily follows that s2
e 1/283) ¢ =18 [~ L g _ ).
20
Thus, by another application of (3.2) we see

P (L <Bs)<c3(1V 6?7

e (- 550-9)). (3.5

Next we will apply Lemma 3.3 to estimate IP (L; — Ly < 3(1 — s2)). The conditions of

this lemma are satisfied; hence,

P (Ly — L, < B(1 - s%)) < eXp(_%)’

where co depends only on 5 and d. However,

(1—s5)? 1—s >1—s
48(1 —s3)  4B(1 +s+s2)~ 128"
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Consequently,

P (Ly — L < A(1 — %)) < s exp ( - “1;;)). (3.6)

To achieve the final form of the lemma, combine (3.5) and (3.6), noting that

o (15 s (- 52)

and H(f)< H(«). O

4. Proofs of Bessel process results

Before proceeding to the proof of Theorem 2.1, let us make a few prefunctory remarks.

Essential to the proofs will be the function x +— t,, which is defined for all real x by

ts Zexp (hlfw) ) . (4.1)

We note that this function is increasing in z. Primarily we will be interested in the values

of ¢, at the positive integers, but occasionally we will write, e.g., t,, {1n(n), Whose meaning

is given by (4.1). By an application of the mean value theorem, it follows that

tn - tn
lim 2" In(n) = 1.

n—oo ot

Since t,,11/t, approaches one as n tends to infinity, evidently the same limit is obtained
upon replacing t, 11 by t, in the denominator. These considerations lead us to the follow-

ing: there exist universal positive constants c¢; and co such that for all n > 1,

1 <tn+1_tn< C1

ciln(n) ©  tn,y1 In(n)’
(4.2)

1 gtn+1_tn< C2 ‘
c2In(n) tn In(n)
Recall from KHOSHNEVISAN, LEWIS AND LI (1994), the following law of the iterated
logarithm for {I;, t > 0}:
I

limsup ————==1 a.s.
t—o0 2t 1112 (t)
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The above together with (2.1a) easily yield,

21no(t
fminf 2220 p (4.3)
t—o00 t2
Let ¢ : [l,00) — (0,00) be nonincreasing and, for each positive integer n, let

df

©n =p(ty). In light of (4.3) (with respect to the proof of Theorem 2.1) we may assume

without any loss of generality that there exists a universal positive constant ¢ such that

C ln2 (t)

Thus, without loss of generality, we may assume that there exists a universal positive

constant ¢ such that

1 c
S¢n < 4.4
cln(n) v In(n) (44)
First we will prove
J1(p) < 00 = P (L; > t%¢(t), eventually) = 1. (4.5)

For each positive integer n, define the event
Fo={w: Ly, < to 190}
First we will demonstrate that Y - P (F,) < oo. To this end, observe that

tn 1
/ ot g1/ e S p1mar -1/ (et =)
t - t
t n+1

n

Thus, by (4.2) and (4.4), there exists a universal positive constant ¢; such that for all

n > 1, we obtain

tni1 dt —
/ P12 (1) (20(0) = > Cl¢i+ci/2e_1/(2cpn+1). (4.6)
t

n

By scaling, (3.1) and some algebra, it follows that there exists a universal positive constant

¢ such that

P (F)) < ((bnya /tn)2onsa)> S e/ Cont)exp (

(1- <tn/tn+l>2>).

290n+1
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This last exponent is easily estimated: observe that

1 (1_ t2 )< 1 (tn+1—tn)
2¢n+1 tr i1 Pn+1 tnt1

Now (4.2) and (4.4) show that this exponent is uniformly bounded in n. Thus, there exists

a universal positive constant co such that
2—-d/2 _
P (F,) < caply VPem 1/ Zont), (4.7)

Combining (4.6) and (4.7) with J1(¢) < co we see that )" _, P (F,) < oo. Thus, by the
first Borel-Cantelli lemma, it follows that P (F,,, i.0.) = 0. Consequently, for almost all w,

there exists a (random) index N beyond which

Lt'n. > t721+190(tn)'

Finally, given n > N and s € [t,, t,41] it follows that, with probability one,
Ly > Ly, >ty 19(tn) > 5°0(s),

where we have used the fact that s +— ¢(s) is nonincreasing. This demonstrates (4.5).

Next we will show that
J1(p) = 00 = P (L; > t?¢(t), eventually) = 0. (4.8)
To this end, for each positive integer n, define the event
E, g{w Ly, gtigon}.

To demonstrate (4.8), it suffices to show that IP (E,, i.0.) = 1. Since {F,,i.0.} is a 0-1
event, by KOCHEN-STONE (1964), it is enough to show that there is a universal positive

constant ¢ such that

> P(E,) =0 (4.9)

N

> ]P(EkﬂEn)gc(Z]P(Ek)) : (4.10)

1<k<n< N k=1
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The verification of (4.9) is straightforward. For all n sufficiently large, there exists a
constant ¢; such that
tnt dt - tng1 —t
/ P2 (p)e oD <Pl 21/ Con) vt o
t n
<ey2 2ot/ (2en), (4.11)

n

where we have used (4.2). By scaling and (3.2), it follows that there exists a universal

positive constant co such that
P (E,) > cop?~ %271/ (2en), (4.12)

Combining (4.11) and (4.12) with J1(¢) = oo demonstrates (4.9).
We are left to demonstrate (4.10). To this end, we introduce the following sets of

indices:

GN={1<Ek<N: k>In(n)- lIny(n)}
BY ={1<k<N: In(n) <k<In(n)-Iny(n)}

UN ={1<k<N: 1<k<In(n)}

AN(j)={1§k§N: bt j+1}
In(n) lntk In(n)

N ' t j+1
Niy=dl<k<N: 4 <1 JT° 1
A (7) { - = In(n) — tnir — In(n)

In fact, we will prove that there exist universal positive constants c¢i, ¢o and cg such that

for all N >1 we have

P (E, N Epys) < 1

EN: )2 (4.13)

E

/N

n=1kegl n=1

N N

> P(E,NE, ) <c Z (4.14)
n=1keBY n=1

N N

Z P(E,NE, 1) <c Z (4.15)

1keuN

which would suffice to verify (4.10). The verifications of (4.13) through (4.15) involve

various counting arguments, which are contained in the following lemmas.
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LEMMA 4.1. There exists universal constant ¢ such that

1
Etn—l—ln(n) Ina(n) Sty ln(n) < Ctn—l—ln(n) Ing(n)-

Proof. Let

daf tn ln(n)
& ————.
tn+ln(n) Inz(n)

It suffices to show that lim,, ... ¢, = 1. However, by some algebra,

] 1 In(n) Ing (n))
In(g,) = a ( + n " nlng(n) + In(n)(Iny(n))?
) = In(n) Iny () nin(n + In(n)Ing(n))

n

Since 71 In(1 + z) — 1 as © — 0, it follows that In(g,) — 0 as n — oco. O

LEMMA 4.2. There exists a universal positive constant ¢ such that for all k, n>1

k < c In(n) (M)

tn

Proof. Observe that j — t; - (In(j)) ! is increasing. From this and (4.2), it follows that

k—1 k—
+
lntk — Z n+j+1 = n+J Z n S
— — cIn(n + j)
3=0 J=0
> kot )
~ ¢ In(n)

Solving for k, we obtain the lemma. O
LEMMA 4.3. There exists some ¢ > 0 such that for all N >n > 1 and all j > 0,

#(By NAL (7)) < c(j +1)%

Proof. Let k € BN N AY(j). We will show that

k<c(j+1)% (4.16)
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By Lemma 4.2,

k < c In(n) (M)

tn

t, t,
=c ;k In(n) (1 — )

n tn—l—k

tn—i—k
> t

(7 + 1)v/In(n).

But for k£ in question,

ke < tn+1n(n)~ln2(n) < cly - ln(”)?

by Lemma 4.1. Therefore,
k < e(j+1)(In(n))*/2 (4.17)

On the other hand, by the definition of the annulus, A% (5),

J+1 > tn
In(n) btk
>poIn
tn—l—ln(n)
1
~1—-.
e

Hence, for some ¢ > 0, (j + 1) > cy/In(n). Equivalently, In(n) < ¢(j + 1)%. By (4.17), we
obtain (4.16) and hence the result. O

LEMMA 4.4. There exists some ¢ > 0 such that for all N >n > 1 and all j > 0,

#UY NVAN () < e(f+1).

Proof. Let ke UN N JZLJY(]) By Lemma 4.2,

k< c In(n) (M)

tn

n n
=c In(n) ;k (1 — )

n tn—l—k

< tn—l—ln(n) (] + 1)
> t

<c(j+1).
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Therefore #UYN N AN (5)) < ¢(j + 1), thus proving the result. 0
In the verification of (4.13) and (4.14), we will use the following inequality: for 0 <z <

y and a, b > 0 we have
IP(Ly,<a, Ly<b)<IP(L,<a)lP(L,— L;<D), (4.19)

where we have used the fact that ¢ — L; is nondecreasing and that the process {L;, t >0}

has independent increments; see GETOOR (1979), for example.

Verification of (4.13). By (4.19) and scaling we have
P (En 0 Epp) KPP (Ly, <o) P (Li,y = Lty Stoyipnn)

=P (En)]P (Ll - Ltn/tn+k < 90n+k)-
We wish to demonstrate the conditions of Lemma 3.2 prevail with s = t,,/t,+, and § =
@n+k- To this end we need to show that there is a universal A\ for which

t
—— < )‘§0n+k
thrk

forall N>1,n>1and k € GY. Since j — t;¢p; is increasing, it is enough to show that

n
lim sup < 00. (4.19)
n—00 tn—i—ln(n) Inz (n) Pn+In(n) Ing (n)

This, however, follows immediately from (4.4) and Lemma 4.1. By Lemma 3.2 and the

definition of z — H(x), we obtain,
P (Ly = Ly, jt, e < Pntk) < cH(onik)
=clP (Epik).
In this way we have shown that there is a universal positive constant ¢ such that
P(E,NE, ) <cP(E,)P (E,x),
for all n > 1 and k € GY. This verifies (4.13).

Verification of (4.14). It suffices to prove the result for N sufficiently large. By (4.19)

and Lemma 3.3, there exists ng > 1 such that for all N > n > ng and all k € Bﬁl\] ,
I (En N En+k) <P (En) P (Ll - Ltn/tn+k < 90n+k)
< P (Ey) - exp(—3In(n) - (1= (ta/twsr))?), (4.20)
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since by (4.4), if ng is large enough, for all N > n > ng and all k € BY,

fn < fn < 1 <1-
tntk Un+1n(n) 2e In(2n)

S 1- CoPn+k-

By (4.20) and Lemma 4.3, for all N > n > ny,

N N oo
DY PENE)< DY D> > P(Eyexp(—c In(n) (1- (tn/thsr))?)
n=1keBN n=no j=0keBYNAJ(5)

70

+1In(ng) - Ing(ng) - Y P (En)

N oo B N

<D D> #BINATG)) P (En)-exp(=er®) + 2 )P (En)
n— ]\‘]j— n—

<c Y P(Ey),

verifying (4.14).

Verification of (4.15). It suffices to prove the result when N is sufficiently large. Take
k € UN. We want to use Lemma 3.4 with s = t,,/t,1x, @ = ¢, and 8 = @, 4k. By (4.2)

and (4.4), as n — oo,

§ 2
tn+ln(n)

tn 1
< ~[1l——— ) <1-—- .
= o ( 1n<n>) =T

Thus there exist €1 > 0, e5 > 0 and ng > 1, such that for all N > n > ng and all k£ € Q,ILV,

~Y

t, 1
(&

S

g1 < s <1—e30. By scaling H(p,,) =P (E,). Hence, by Lemma 3.4, for all N > n > nyg
and all k € U,

1 tn
P(E,NE, <clP(FE,) - — 1— .
( ) < P (E,) eXp( 12%( w))
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Therefore by (4.2) and Lemma 4.4, for all N > n > ny,

Z Z P(E,NE,1k) < Z Z Z P (E,)exp (—(¢/@n)(1 = (tn/thik)))+

=l kel =10 I=0 peuN nAY ()

+ In(ng) - ZO P(E,)

N oo N
< Z Z Z P (Ep)exp (—c1 In(n)(1 = (tn/tntr))) + c2 2:21 P (E,)

n=17=0 ey N AN (j)

N oo N
<22 AU DA ()P (Ea) 0 3P ()

This verifies (4.15) and finishes the proof of Theorem 2.1. O

Finally, we offer the following:

Proof of Theorem 2.2. Recall (2.1b); since the case J2(10) < oo is contained in the result
of KHOSHNEVISAN, LEWIS AND LI (1994), we need only consider the case J2(1)) = co. Let
©(t) = 972(t). Then ¢ satisfies the conditions of Theorem 2.1. Moreover, by exactly the

same proof as in Theorem 2.1:

t2 .
L¢n+1tn+1/¢n < Qn y 1.0. (4.21)
n+1

where t,, = exp (n/In(n)) and ¢,, = ¥(t,). Since t — 1(t) is nondecreasing, the interval
[t2 /12 1,12 11 /2] is not empty. On the other hand, (4.21) is equivalent to the existence

of a random and infinite set, N, such that

wn—i—l
It%/wi—}—l Zthrl ¢n !

Notice that for all n € N and all s € [¢2 /¢2, 1,12 /2],

for alln € N.

I, > It%/wiﬂ > tpy1

which is what we wished to show. 0O
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5. Proofs of random walk results

Throughout this section, let d >3 be an integer and let W ={W;, t >0} denote a standard
d-dimensional Brownian motion. Given a collection {&;, >1} of i.i.d. R% valued random

vectors, let Sy =0 and, for all n>1, let
Sn =&+ +n.

We will extend the random walk to continuous time by setting S; = Spy for all t > 0, where

[t] denotes the greatest integer which is less than or equal to t. For real numbers 0 <t <7,

let
df . df .
Je=if [[Sull, Jer = nff1S]);
df . df .
I, = inf ||W, ||, Iip= inf |[[W,].
u>t t<u<T

The main result of this section is the following strong approximation theorem:

THEOREM 5.1.  Let ¢ be an R%valued random variable with zero mean vector, identity
covariance matrix and IE (||€||?*?) < oo, for some § > 0. Then on a suitable probability
space we can reconstruct a sequence of i.i.d. random vectors {&;, i > 1} with L(&1) = L(§)

and a Brownian motion W such that for some q = q(0) € (0,1/2), almost surely,

I, — Jy| = o(t*/279).

REMARK 5.1.1. With more work, the condition IE (||¢]|>T°) < oo can be relaxed to the

following: there exists some p > 1 such that IE (K (&)) < oo, where

K () £ 2(In(2)) 72 (Ing (2)) (72,

The proof of Theorem 5.1 relies on a strong approximation result of EINMAHL (1987),

which is implicit in the following lemma. Given 6 > 0, let

1
246

df

’r]:

(5.1)

N |
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LEMMA 5.2.  Under the hypothesis of Theorem 5.1 almost surely

sup ||Sy — Wyl = o(tl/z_”),
0ugt

where 1 is given by (5.1).
Proof.  Since t + supg ¢, < Sy — Wl and t — t1/2=1 are nondecreasing, it suffices

to prove the result for integral values of t. Let n be a positive integer. By the triangle

inequality,

sup |Gy — Wul[< sup  [|Su — W[u]” + sup [|[W, — W[u]”

o<ugsn ougn 0<ugsn
= max | Sy — Wg|+ max max ||Ws — W]
0<k<n 0<k<n—1k<s<ktl
=1, +11,,

with obvious notation. We will estimate each of these terms in order.
A direct consequence of Theorem 2 of EINMAHL (1987) is the following: on a suitable
probability space, one can reconstruct the sequence {;, i > 1} and a sequence of indepen-

dent standard normal random variables, {g;, i > 1}, such that
max || S, — Gp|| = o(n?™"), a.s., (5.2)
k<n

where G, < Z;c:l g;- To construct the Brownian motion W, enlarge the probability space
(by introducing product spaces) so that it contains independent processes, {B;(t);0 <t <
1}i>1, where B; is a standard Brownian motion starting at G; conditioned to be G;41 at
time 1 (an interesting construction of such processes appears in PITMAN (1974)). On this

extended probability space, define
Wi 2 sy (H)Br(t — k).
k=0

It is easy to see that W is a standard Brownian motion and that W) = Gj; consequently,

(5.2) can be written as follows: as n — oo,

_ _ _ -7
I, = ooax 1Sk — Wg|| = o (n2™"), a.s. (5.3)
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Finally, by Theorem 1.7.1 of CSORGO AND REVESz (1981), as n — oo,

II, = max sup  [|[Ws —=Wi| =0 ( In(n) ), a.s.
O0SkSn—1lgp<s<k+l

which, in light of (5.3), proves the lemma in question. O

A small but important step in proving Theorem 5.1 is the following;:

LEMMA 5.3. Let 6 € (0,n), where n is given by (5.1). Then, with probability one,

I > t2=9 and Jy > 379 for all t sufficiently large.

Proof. Let f: ]R}r — ]R}F be nondecreasing. Then a real-variable argument shows that

the following are equivalent:

(i) J¢ > f(t), eventually (I; > f(t), eventually)
(ii) ||S¢l] = f(t), eventually (||Wy]| > f(t), eventually).

Let 6y > 0. Then, either by direct calculation (using the Borel-Cantelli lemma and
the explicit density of I1, given in KHOSHNEVISAN, ET AL. (1994)) or by the theorem of
Dvoretsky and Erdés (see MOTOO (1959)) on the rate of escape of |[Wy]|, it can be shown
that eventually,

IWy|| >t2=%,  as. (5.4)

Now the lemma follows by Lemma 5.2, (i), (ii), (5.4) and the choice of §. O
Proof of Theorem 5.1. Construct a probability space in accordance with Lemma 5.2. Given

§ > 0, n is given by (5.1). Now, choose #, ¢ € R" such that 0 < § < 7 and

n—2=0
0
<e<1_2n,
and set
£1+2€
T 1-26°
Significantly,
1 1
Z_9)l == 5.9
o(3-9) =3+ (5.5
1 1
- —. 5.6
p<2 n)<2 (5.6)
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Our first task is to show that the infimum of ||W|| for s>t is actually attained for
s € [t, t?] (for all ¢ sufficiently large). Indeed, by Lemma 5.3 and (5.5), it follows that

L E(tp)l/QfG > t1/2+€, a.s.,
for all ¢ sufficiently large. However, by the ordinary law of the iterated logarithm,
L<|Wi]| < tY2F,  as.,

for all ¢ sufficiently large. Since I} = It » A I1», these considerations yield: with probablity
one,

It = ]t,tf’a (57)

for all ¢ sufficiently large. Likewise, with probability one,
Jt == Jtﬂgp, (58)

for all ¢ sufficiently large.
Finally, it is easy to see that

’Jt,tﬂ - It,tﬂ’ < sup HSu - WuH

oLugtr
Thus, by (5.7), (5.8) and Lemma 5.2 we obtain: as t — oo,
|Jy — L] < sup  ||Sy — W = o (tP1/27m), a.s.
ougtr

By (5.6), this proves the theorem. 0O

LEMMA 5.4. Let ¢ : [1,00) — (0,00) be nondecreasing and unbounded. For all t > 1,

let
a [P+ @)~ iyt >1
¢U(t>_{2 if0<(t) < 1.
a [Y(t) = (@)™ ifY(t) =2
wL(t)_{1 if 0 < ah(t) < 2.

Then vy and v, are nonegative and nondecreasing and J2(1)), J2 () and J2 (1) converge

or diverge together.
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Proof. That 1y and ¢ are nonegative and nondecreasing follows trivially from the fact

1

that the mappings ¢ — x +2 ! and = — x — 2~ ! are nonnegative and increasing on = > 1

and x > 2, respectively.

Since 1 is unbounded, it is easy to see that, as t — oo,

d—2 d—2 d—2
P ~ () ~ YL (E)
Moreover, there exist positive constants c¢1, co, c3 and ¢4 such that

crexp (—¥*()/2) <exp (=97 (t)/2) < caexp (—¢°(1) /2)
czexp (—¢*(t)/2) <exp (=97 (1)/2) < caexp (= (1)/2),
which proves the lemma. O

Proof of Theorem 2.3. Let ¢ : [1,00) — (0,00) be nondecreasing. As is customary, we will

assume, without loss of generality, there there exists a positive constant ¢ such that

%Mmﬂwgmwgmﬂm@)

If 32(¥) < o0, by Lemma 5.4, J2(¢1) < oo. Consequently, for ¢ sufficiently large,

t

I < \/El/JL(t) < ﬁ¢(t) —-C m,

By Theorem 5.1, J; <I; + t1/279 where 0 < ¢ < 1/2. From this it follows that, for ¢
sufficiently large,
Ji < Vt(t), a.s.

Likewise, if J2(¢)) = oo, by Lemma 5.4, J2(t)y) = oo, as well. Consequently, there

exists a (random) increasing and unbounded sequence {t,,, n > 1} for which

tn

m>ﬁmmm>ﬂmwwmlmmy

a.s.

However, by Theorem 5.1, J; > I, — t'/27%, where 0 < ¢ < 1/2, from which it follows that

Je, 2Vt Y(tn),  as.
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This proves the theorem in question. O

6. The general covariance case

Throughout this section, d >3 will be an integer and Q will denote a d x d symmetric

positive definite matrix with eigenvalues
AM=XA>=... >0

and corresponding orthonormal eigenvectors (y,...,(4. Let Bq,..., By denote d indepen-

dent standard 1-dimensional Brownian motions. Then for all ¢ >0,

defines a centered Brownian motion with covariance matrix Q. ;From this, it is clear that

Wa(t)]1* = ZA Bi(t
=||AW()||2,
where
W (t) =(Biy(t), .. ., Ba(t))

is a standard d-dimensional Brownian motion, and A is the d x d diagonal matrix

VA1 0O ... 0
Al 0 VX ... 0
0 0 ... VA
This demonstrates that it is sufficient to verify Theorem 2.4 for

Lqg(r) d:fsup{t >0: ||AW(@)||<r} and Iq(t) s iI;ft | AW (s)]].

Our first task is to derive a large deviation estimate for Iq(1), which, in turn, will
yield the small-ball probability of Lg(1). The following geometric argument will be useful
in this regard. For every t >0, let us define the ellipsoid

&%z e RY: |Az|| <t}
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LEMMA 6.1. Let
at 1 1
L= = =).
' 1(>\d Al)
Then
81C{$6Rd2H.77—|—7’61H<7“+1/\/)\1},

where e; is the unit vector (1,0, ...,0).

Proof. 1In the case d = 2, parameterize the boundary of £; by

ar cos(0) ar sin(0)

4 d o2
SRR, VAV

where 6 € [0, 27]. Now the proof follows by some elementary algebra and trigonometry.

If d>3 and x € &, then
Mt 4+ Ay’ <1,

where y >0 and

)\dfl 2

y' = S S
Ad

Then, by the two-dimensional case and the ordering of the eigenvalues,
|z +rei|* = (x1 +7)° + 23+ ...+ 27
<(zp+7)% + 3
<(r+1/VA)%

as was to be shown. O

Our next result is the aforementioned large deviation estimate for Iq(1).

LEMMA 6.2.
1
. -2 - =
(a) tlggot InlP (Iq(1) >t) = o
(b) lim elnP (Lg(1)<e) = L
e—0+t Q = N 2)\1‘

Proof.  Since P (Lq(1) <¢) =P (Iq(1) >1//e), it is enough to prove (a). Given ¢t > 0,
let
DE{x: ||z +treg|| <t(r+ A1)}
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Observe that if x € &, then z/t € £&. Thus, by Lemma 6.1, & C D. Consequently,
P(Iq(l)>t) =P (W, ¢ & forall s>1)
>P (W, ¢ D forall s>1).

Now pick a > 1/4/A; and let H be the following half-space
HZ{z cR*: z;>at}.
Then we have
P (Ws ¢ D for all s>1) >/HIP(WS ¢ D for all s>1|W; = x)IP (W, € dx). (6.1)

Notice that each of the conditional probabilities is the probability that W, started from
a point in the exterior of the ball D, never hits D. Consequently, by a gambler’s ruin

calculation,

d—2
P(Ws¢ Dforall s>1|W; =2)=1-— (M)
Hx+7”t€1||

Since x € H, we know that ||z + rte|| > t(r + ). Consequently, we have the uniform lower
bound:

M) d72 L (6.2)

P (W, ¢ D fi 1s>1|W; = >1-—
( ¢ or all s W1 = x) ( o

Combining (6.1) and (6.2), we obtain:
IP(Ws ¢ Dfor all s>1) > kP (W, € H)
= kP (B1(1) > at),
where, in our notation, B; is the first coordinate of W; hence, a standard one—dimensional

Brownian motion. Simple considerations yield:

062

ool
htrggjlfﬁ InlP (Iq(1) >t) > —5

The lower bound is achieved by sending a to 1//A;.
The upper bound is easy: Iq(1) < ||AW(1)| and, by a result of ZOLOTAREV (1961),

1

. 1
Jim -5 InTP (JAW(1)] >1) = o
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This proves the lemma in question. 0O
Proof of Theorem 2.4. It is sufficient to prove (a), since the results of part (b) follow by
inversion and strong approximation respectively. The proof of (a) is standard.
Let B > 1 and let ¢, LB for all n >1. Let 0 < € < 1 and define the events: for all
n>1,
A 24w s La(ta) <(1— )2/ (20 Ina(t)) .

By scaling and Lemma 6.2, it follows that as n — oo,

1
—£

InlP(A,) ~ — | In(n)

Thus ), IP (A4,) < oo and, by the easy half of the Borel-Cantelli lemma, IP (4,, i.0.) = 0.

It follows that for almost all w there is an integer N such that for all n > N we have

Pulattn) Lo (t) >(1 - o). (63)

n
Hence for n> N and t¢,, < s < t,,41 we obtain:

(1—¢)
B )

2)\1 1H2(8>

2 La(s)>

where we have used (6.3) and the fact that t — Lq(t) is nondecreasing. This demonstrates

that
lim inf 2 Ina(s) ()

§—00 32

Lq(s) >1, a.s. .

Let e > a > 0 be chosen. Let t1 £ e and, for all n>1, let
tn-l—l = tn€xp (na>.

It follows that
nl—l—a
In(t,) ~ ,
1+« (6.4a)

Ing(t,) ~ (1 + a) In(n).

Before proceeding with Borel-Cantelli argument, let us observe that ||Wq(¢)]] = \a||W (2) ||}
for all t > 0. Moreover, by a theorem of Dvoretsky and Erdés (see MoTOO (1959)), almost

surely

Vi
(In(t))?’

W ()] =
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for all ¢ sufficiently large. Thus by a real-variable argument and inversion, it follows that

with probability one there is a positive constant ¢ such that
Lq(t) < ct?*(In(t))°, (6.4b)

for all ¢ sufficiently large.

For every n > 1, let

An={w s La(tnt1) = La(ta) <((1+€)th 11 /(221 Ina(tn11))}

D {w i Lq(tnt1) <((1+e)thir /(20 Ina(tnt1))}-

Hence by Lemma 6.2 and (6.4a) we obtain: as n — oo,

lim inf P (An) > — Lo

n—oo  In(n) 1+¢
from which it follows that > TP (A,) = oco. Since increments of the escape process are
independent, the events {A,, n>1} are independent. Thus, by the independence half
of the Borel-Cantelli lemma, P(A, i.0.) = 1. Consequently, for almost all w there is an
infinite N' C Z™T such that n € N implies

2)\1 1112 (tn+1)

2
tn+1

2)\1 1112 (thrl)

2
tn+1

Loltar) <(1+¢) + Loftn): (6.5)

iFrom (6.4a) and (6.4b), it follows that

Ingy (25,
lim %H)LQ(%) =0, a.s. .

n— oo 1
. From this, we obtain

2)\1 1112 (t)

lim inf 2

t—o0

Lo®)<(1+¢), as..

The proof is completed upon sending € to 0. O
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