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1. INTRODUCTION

In this paper, we prove two results about the unitary dual of graded affine
Iwahori-Hecke algebras. The first one, theorem 2.4, is in the case of the
Hecke algebra with equal parameters which arises from split p-adic groups.
It says that multiplicities of W-types in irreducible spherical modules are
constant over the faces of root hyperplane arrangements. This result is the
basis for an algorithm to compute the spherical dual of the graded affine
Iwahori-Hecke algebra.

The second result is in the case of graded Iwahori-Hecke algebras with
unequal parameters of type B/C. We determine all the irreducible principal
series which are unitary.

These results have consequences for the determination of the spherical
unitary dual of p-adic groups, as well as real groups. An example is in
section 4.

The starting point is Borel and Casselman’s theorem establishing an
equivalence of categories between the category of Iwahori-spherical represen-
tations and finite dimensional representations of the Iwahori-Hecke algebra.

1.1. Let F be a p-adic field. Let G be the F-rational points of a connected
linear algebraic reductive group defined over F. We assume that G is split.
Denote by A a maximal split torus, and fix a Borel subgroup with Levi
decomposition B = AN. Let

R={zeF : |z| <1}, P={zeF : |z| <1},
(1.1.1)
Q={zxeF : |z|=1}.

Then G has a maximal compact subgroup K = G(R), and there is an exact
sequence

l1— K —K—GR/P) =G, — 1 (1.1.2)

A character v € A is called unramified, if its restriction to A N K is
trivial. The principal series I(v) is the Harish-Chandra induced module
from the character v. It is normalized so that I(v) is unitary whenever v is
unitary. Fix a Borel subgroup in G(F;). Then its inverse image is an open

compact subgroup called the Iwahori subgroup and denoted by Z. The space
1
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of compactly supported biinvariant functions H := H(Z\G/Z) is an algebra
under convolution

(f*g)(z /f (zy~Hg(y) dy, (1.1.3)

and is called the Iwahori-Hecke algebra. It has a % operation, as follows:

for f € H,

[ (x) = f(z=1). (1.1.4)
If (7, V) is an admissible module for G, consider
={veV: n(zx)v=w, forall x € T}. (1.1.5)

H acts on VL by the formula

v—/f z)v da. (1.1.6)

Let
C(Z) = the category of admissible finite length representations so that
all their subquotients are generated by their Iwahori fixed vectors,
(1.1.7)

C(H) = the category of finite dimensional representations of H.

The study of I(v) and its composition factors is important for harmonic
analysis and automorphic forms. The following theorem, due to A. Borel,
is fundamental for the study of the unramified principal series, and its com-
position factors.

Theorem. ([B])

(1) The functor V. — V7T is an equivalence of categories from C(I) to
C(H). The inverse is given by W — H(G/I) @ W, where H(G/T) is
the algebra (under convolution) of smooth compactly supported right
I-invariant functions.

(2) An irreducible representation w is in C(Z) if and only if it is a sub-
quotient of an I(v) with v unramified.

This result was also proved independently by Casselman, and had a pro-
found influence on the representation theory of p-adic groups. The work of
[BK] and [HM] uses this idea as the basis for their classification of irreducible
admissible modules of GL(n). The general strategy is to prove a far reach-
ing generalization of theorem 1.1, namely that the category of admissible
representations decomposes into blocks with the following properties. Each
block is parametrized by a pair (J, o), where o is an irreducible represen-
tation of a compact open subgroup 7. An irreducible representation (7, V)
belongs to the block parametrized by (J,o) if and only if Hom 7[m, o] # 0.
One of the goals is then to show that the analogue of theorem 1.1 holds.
The Iwahori-Hecke algebra H is replaced by H(o\G/o), compactly sup-
ported vector valued functions which transform according to ¢ on the left



SPHERICAL UNITARY PRINCIPAL SERIES 3

and right. Further work in this direction has been done by [K], [Y], and
others (see references therein).

Since ‘H has a star operation, it makes sense to talk about Hermitian and
unitary modules. It is more or less clear that an admissible representation
V € C(T) of G is Hermitian if and only if V7Z is Hermitian. It is also clear
that if V is unitary, then so is V2. However the converse is not so trivial. It
was conjectured some time ago by Borel and Casselman, as well as others.
The subject of two papers [BM1] and [BM2] is to prove this conjecture. The
result is summarized in the next result.

Proposition ([BM1], [BM2]). An irreducible representation in C(Z) is uni-
tary if and only if VT is unitary.

The idea of the proof is to combine the results of [KL], [L2], [L4] and
[L5], which give a precise classification of the irreducible modules in C(H),
with techniques from the real groups, in [V1], on signatures of the Hermitian
forms of irreducible modules.

This paper is organized as follows. In sections 2.1 and 2.2 we review the
graded affine Hecke algebra, and the classification of irreducible modules
due to Kazhdan and Lusztig. Sections 2.3 and 2.4 apply these results to
the spherical case. Theorem 2.4 has been known to the authors for some
time. It is basic for establishing an algorithm for determining the spherical
unitary dual of any Hecke algebra with equal parameters. More details are
in the Remark in section 2.12. We have implemented this algorithm using
mathematica, and it played a role in our determination of the spherical
unitary dual of all Iwahori-Hecke algebras of exceptional types. The results
for type Fy are in [C], while for type E, they are in [BC]. The algorithm
was also implemented by J. Adams, J.-K. Yu, and J. Stembridge. More
information can be found at atlas.math.umd.edu.

Sections 2.6-2.12 recall results about the * operation for graded affine al-
gebras, the Langlands classification and its relation to the Kazhdan-Lusztig
classification. Sections 2.11 and 2.12 are particularly relevant for the spher-
ical unitary dual.

Sections 3.1-3.3 introduce the graded affine Hecke algebras with unequal
parameters. The main result is theorem 3.2, which says that any generic
spherical module (beginning of section 3.2) is unitary if and only if it is
part of a complementary series. The explicit set of parameters is given in
theorem 3.6. The proof is given in sections 3.3-3.8. Theorems 3.2 and 3.6
generalize results in [Ba2|, where a full description of the spherical unitary
dual of the classical groups is given.

Theorem 3.6 gives necessary conditions for spherical representations to
be unitary in the case of p-adic groups of type B/C. But also, as described
in [Bal], these results have consequences for the unitary dual of the real
groups U (p, q). Such an application is given in section 4.
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2. SrpLIT GROUPS

2.1. The Graded Hecke Algebra. The Hecke algebra H can be de-
scribed by generators and relations. Denote by “G the (complez) dual group
of G, with maximal torus A and Borel subgroup B containing “A. We
emphasize that the root datum of the Hecke algebra is the one for the dual
complex group “G, and that the roots a will be the roots of “G. Let z be
an indeterminate (which can then be specialized to ¢'/?). Let Il ¢ Rt C R
be the set of simple coroots, positive coroots, respectively coroots corre-
sponding to the split Cartan subgroup A inside the Borel subgroup B from
section 1.1. Denote by S the simple root reflections. G,, = GL(1,F) and
X =Y = Hom(Gp, A) be the (algebraic) lattice of 1-parameter subgroups
and Y = X = Hom(A,G,,) the lattice of algebraic characters. Then H can
be characterized as the Hecke algebra over C[z,z~!] attached to the root
datum R = (), X, R, R, ﬁ) The set of generators we will use is the one first
introduced by Bernstein. Let

A = rational functions on C* x FA. (2.1.1)

Then H is generated (over C[z,271]) by {Ty }wew and {6, }.ex, subject to
the relations
TwTw =Tpw (L(w) + (0" = l(ww)),
Qxey :esc—i-ya
T? =(z% — DT, + 22, (2.1.2)

em - 03m

1—0,
This realization is very convenient for determining the center of H and thus
computing infinitesimal characters of representations.

0,Ts =Ts0 + (22 — 1)

Proposition (Bernstein-Lusztig). The center of ‘H is given by the Weyl
group invariants in A.

In particular, infinitesimal characters are parametrized by W-orbits y =
(q,t) € C* x YA, We always assume that ¢ is real or at least not a root
of unity. In particular, such an infinitesimal character is called real if ¢
is hyperbolic. The subject of [BM2] is to show that the classification of
unitary irreducible modules of H with infinitesimal character y correspond-
ing to (g,t) is equivalent to the classification of the unitary dual for real
infinitesimal character. Thus we will assume from here on that the infini-
tesimal character is always real. The study of representations of ‘H can
be simplified by using the graded Hecke algebra introduced by Lusztig. Let

T={feA: f(1,1)=0} (2.1.3)
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This is an ideal in A and it satisfies HJ = JH. Set H!=H-J* (the ideal
J" consists of the functions which vanish to order at least i at (1,1)). We
can introduce the filtration

H=H’D---DH' DHT >..., (2.1.4)
and form the graded object H. It can be written as
H=Cr] @ C[W]® A, (2.1.5)

where r = 2z — 1 (mod J), and A is the symmetric algebra over a = X ®7 C.
The previous relations become

twty :tww’7
t2 =1, (2.1.6)

tsw =s(w)ts + 2r(w,d), s=54, wE a.

The center of H is C[r] ® AY. Let “a = Y ®7 C be the Cartan subalgebra of
L@. The infinitesimal characters are parametrized by W-orbits of elements
X = (r,t) € Cx " a (the indeterminate r for H acts by r). Then x = (e", e!) €
C* x I'A is an infinitesimal character for H. Let T, be the kernel of x on the
center of H. Then H - Z, is an ideal in H and let H, be the corresponding
quotient algebra. Define Hy; similarly.

Theorem. ([L2]) x «<— X is a matching between real infinitesimal charac-
ters x of H and infinitesimal characters X of H and

M, = Hy.

We refer to section 4 in [BM2], in particular formula (4.2), and theorem
4.3 which shows that this algebra isomorphism is analytic in (r,f). As a
consequence, we can fix » = 1 and transfer the study of the representation
theory of H to H. In order to consider unitary representations for H, we also
need a * operation. This will be explained in section 2.6.

2.2. Standard Modules. Let Z(*G) denote the center of *G. For a set
S of elements in “G and g, let C(S) denote the (common) centralizer
in “G of all elements in S, and Ag(S) be the component group of Cg(S).

L —

Aq(S) will denote the set of equivalent classes of irreducible representations
of Ag(S). When there is no confusion, we will drop the subscript G.

We parametrize irreducible representations of H as in [KL] by “G conju-
gacy classes (t,e,1), where t € L@ is semisimple, e € g is nilpotent such

—

that Ad(t)e = ge, and certain (¢, Vi) € A(e, t). The ¢ must satisfy the addi-
tional conditions that 1| Z(tq) 18 trivial, and ¥ must appear in the Springer
correspondence (see the details below).

Embed e in a Lie triple {e, H, f}. Write t = toty where tyy = e3logaH apd
to is a semisimple element centralizing the Lie triple. As mentioned earlier,
we assume that tg is hyperbolic. In this case we may consider representations
of H only. The classification of irreducible representations is then given
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([L5]) by “G conjugacy classes {s,e, 1)} such that s € g is semisimple,
e € g is nilpotent such that [s,e] = e and ¥ € A(e, s). In view of theorem
2.1 and the remark following it, we have assumed r acts by 1.

The results in [KL] attach to each (“G conjugacy class) (e, s) a standard
module X (e, s) which decomposes under the action of A(e, s) as

X(e,s) = @ X(e,s,9) @ V. (2.2.1)
(d}’vﬁ/f)em
As a C[W]-module,

X(e,s) = H*(Be), (2.2.2)
where B, is the variety of Borel subalgebras of g containing e. The compo-
nent group A(e, s) is naturally a subgroup of A(e) because in a connected
algebraic group, the centralizer of a torus is connected. The group A(e) acts
on the right hand side of (2.2.2), and the action of A(e,s) on the left hand
side is compatible with the inclusion and the isomorphism. Let “O be the

—

L@ orbit of e in ©g. For ¢ € A(e), let H*(B.)? be the ¢-isotypic component,

H*(B.)? = Hom ()¢ : H*(Be)]. (2.2.3)
According to the Springer correspondence,
H*(B.)= P H*(B.)? @ V. (2.2.4)
$EA(e)

Furthermore, H'P(B,)? is an irreducible representation of W. It is denoted
(YO, ¢), and each representation of W is uniquely of the form o(*O, ¢).
The correspondence is normalized so that if e is the principal nilpotent
element, and ¢ is trivial, then o(*O, ¢) = sgn. Comparing with (2.2.1) and
(2.2.2), we conclude that

HomW[J(LO7 ¢) : X(ea Sa¢)] = [¢ ’A(e7s) : ¢] (225)

Furthermore, the o(X0', ¢) occuring in H*(B,) all correspond to O’ such
that O c LO'.

Consider the case when s = H/2, for a triple e, H, f. The results in
[KL] imply that the modules X (e, s,v) are irreducible, and come from the
Iwahori-fixed vectors of tempered representations of the p-adic group, so in
particular, they are unitary. Furthermore, the multiplicity of U(LO,w) in
X(e,s,1) is 1.

Definition. The modules X (e, s,v) with s = H/2 will be called tempered
irreducible.

According to [KL], whenever s is antidominant, X (e, s,1) has a unique
irreducible submodule X (e, s,1). When s is dominant, X(e,s,?) has a
unique irreducible quotient.
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The analogous formula to (2.2.4) holds whenever the data (e,s) factor
through a Levi component “MM :

X(G, S) =H ®HM XM(67 5)7
H ®m,, Xnm(e, s, 1) = EB [WAM(e,s) 2 7] X(e,s,1)

We write Ind§;[x] for the module H ®y,, 7.

Suppose M is the centralizer of v, and “P = P M N is such that (v, a) >
0 for all roots o € A(fn). Write “M = EMyF A, where YA is the center.
Then Ajs(e, s) = Ag(e, s). This is because the centralizer of e is of the form
LU with U connected unipotent, and L the centralizer of e and H. It follows
that every component of Ag(e,s) meets L, and therefore

(2.2.6)

Ag(e,s) = Agle, H,v) = Ap(e, H) = Apg(e, s). (2.2.7)
For 7 € A;(Zs) = m),
Xnmle,s,7) =X, (e, H/2,7) @ C,. (2.2.8)

The representation Xy, (e, H/2,7) is a tempered irreducible module, and if
1) is the representation 7 of Ays(e, s) viewed as a representation of Ag(e, s),
then X(e,s,v) = H ®u,, Xm(e,s,7). The usual Langlands classification
implies that X (e, s,%) has a unique irreducible quotient. It coincides with

X (e, s,1).

2.3. Spherical modules. We apply these ideas to the case when O is
the trivial orbit. In this case, A(e) is trivial, and X (e, s) is the full induced
module,

X(e,s) =H®yC,, (2.3.1)
where C, is the character of A corresponding to s (v € “a dominant). We
abbreviate it as X (s), and write X (s) for its spherical subquotient. Since
v is dominant, this coincides with the Langlands quotient. According to
[BM2], X (s) is also obtained as follows. There is a unique orbit of maximal
dimension, which we denote as “O(s), such that [s,e(s)] = e(s) (recall that
we set r = 1 earlier) for some e(s) € LYO(s).

The Iwahori-Matsumoto involution ZM is defined on the generators of H
by the formulas

IM(ty) = (-1)" @ty weW,

IMw) = -w, weEa.
It takes X (s) to X (e(s), s, triv). In turn this equals X (e(s), s, triv) because
any factor would have to have as parameter an orbit of strictly larger dimen-
sion. Write again s = H/2 + v/ where H is the middle element of the triple
containing e(s). By the above discussion, X (e(s), s,triv) is also induced ir-
reducibly from X ps(e(s), s, triv), where “M is determined by v/ as defined
right before formula (2.2.7). Applying ZM, we get

X (s) = Ind$[X pr(s)]-

(2.3.2)
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Unitary representations. One of the main features of Proposition 1.1 is
that it implies that ZM preserves unitarity. A special case of the representa-
tions X (e(s), s,triv) is when in fact (s,e(s)) can be made into a Lie triple,
i.e. there is f such that [s,e(s)] = e(s), [s,f] = —f, [e(s), f] = s. Then
X (e(s), s, triv) consists of the Z-fixed vectors of a tempered representation,
therefore it is unitary. These are special cases of Arthur parameters.

2.4. We call a face a set in the dominant chamber determined by the positive
roots of “G being =0, =1, < 1, or > 1. Fix such a face F.

Theorem. The multiplicities of the W-types in the spherical irreducible
module X (s) are constant as s ranges over the face F.

Proof. The orbit “O(s) can be characterized in the following way. Let
Lg,={Xelg : [s,X]=iX }. (2.4.1)

Then “O(s) is the unique orbit such that *O(s)N%g; is dense in “g; ([BM2]).
This intersection is also a single orbit under Cg(s), the centralizer of s in
L@G. The set of roots equal to zero, and equal to one, on s do not change as
s varies over the face F. Thus the orbit “O(s) does not change, nor does
Ca(s). Up to conjugation, we can write the parameter as s = H/2 + v, and
X(s) = Ind§;(c ® C,). Here o is anti-tempered, i.e. it is ZM of a tempered
module. In fact ZM (o) has (Kazhdan-Lusztig) parameter (e, H/2,triv). Up
to conjugation there are only finitely many possible (“M, o).

Fix such a data, and let v range over the center of “M. The only way
that the W-structure of X (s) can change is if Ag(e,s) differs from Ay (e, s).
Consider the centralizer C(e). The one parameter group exp(tH) acts on
Cg(e), and by [BV], proposition 2.4, its component group coincides with
the component group of Cg(e, H). But s commutes with H and stabilizes
Ca(e). The fixed points of s in Cg(e) also have an action of exp(tH), and
the argument in [BV] proposition 2.4, shows that all the components meet
the centralizer of H in Cg(e, s), which is also the centralizer of v in Cg (e, ).
Thus every component of C(e, s) meets C(e, s), so the only way the mul-
tiplicities of X (s) can change is if the centralizer of v becomes larger.

Let vy be such a point, and assume there are v; — 1 such that H/2 + v;
are conjugate by a single w € W to points in F for all ¢ > 0. Assume
that the centralizer in “g of all the v; for i > 0 is m’, while the centralizer
of vg is m(ry). Then m’ & m(vy), is a Levi component. Since the zero
subspace of s cannot change in F, H cannot have any kernel on m(vy).
There is a decomposition m(rg) = n’ + m’ + n’. The Lie triple is in m’,
so the corresponding s/(2) acts on both n’, n’. Since it has no eigenvalues
of zero, all the eigenvalues of H/2 are half-integers. But the component
group A(e) in any semisimple Lie algebra [ is the same as the component
group in A(e, H), so it is the same as A(e,exp(imH)). The Lie algebra of the
centralizer of exp(imH) is formed of even eigenspaces of H only. Applied to
[ = m(vp), this implies that the component group with respect to M’ and
M (vy) are the same.
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The argument implies that a face F is a finite union of closed (in F) sets
on which the W-structure of X(s) does not change. Since F is connected,
these sets cannot have empty intersection, and this implies that the W
multiplicities in X (s) are constant for s over F. O

2.5. Unequal Parameters. We consider the following modification of the
graded Iwahori-Hecke algebra 2.1. Let

L:R—RY (2.5.1)
be a function which is constant on W-orbits, and write
co = L(a).
Then replace relations (2.1.6) by
tuwte =tww
t2 =1, (2.5.2)
tsw =s(w)ts + co{w,d), s=54, wE a.
Many, but not all, of the results for the case ¢, = 1 extend to this situation

(¢f. [L4]-L7). In particular, except when mentioned explicitly, we will not
use any results established only for ¢, = 1.

2.6. Hermitian Modules. The * operation also transfers to the graded
version. We refer to §5 of [BM2] for the details. Here is a summary of what
we need. Let wyg € W be the longest element and tg be the corresponding
element in C[W]. Since a = X ®z C, it has a conjugation coming from the
complex conjugation on C. We denote it by ~. Let t(w) = (—~1)99“% and
@ = wot(w).

Theorem. (§5 in [BM2]) Let w € A. Then
by =tw-1,
w* =ty - - tp.
In particular, if w € a, then
W=—T+ Y cp(@, Btsy, (2.6.1)
BERT

where sg € W is the reflection about 3.

In the case when ¢, = 1, recall that (e, H, f) is a Lie triple corresponding
to e. Write s = sg 4 sy, and recall that sg is assumed to be hyperbolic. An
irreducible representation admits a Hermitian form if and only if (s, e, 1) is
conjugate to (s’ = Sgsy, e, 1) (theorem 5.2 in [BM2]).

Fix a (standard) parabolic subgroup “P with Levi decomposition P =
LMYN. Let Hjs be the corresponding (graded) Hecke subalgebra (with roots
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Ry C R) and let W(M) C W be the corresponding Weyl group. Every
element a € H can be written uniquely as

a= > tume (2.6.2)
weW/W (M)
with m,, € Hjs. Thus there is a well defined map
ey H — Hyy, em(a) == mq, the component of a in Hy;. (2.6.3)

Recall the Bruhat order on the elements of W. Write w’ — w if there
exists a reflection s,, for some root «, such that w = w’s, and £(w) > £(w').
Define w’ < w if there is a sequence w' = w; — wy — -+ — Wy = w.

Proposition. Denote by *5; the map corresponding to the star operation
x)s :a— a® in Hys, and denote by *g the corresponding map in H. Then

er(xga) = *preps(a) for all a € H.
Proof. First observe that

e (tmy atmy) =ty €nr(a)tim,, for m; € W(M). (2.6.4)

Let w € A. The longest element wy decomposes as wy = wlwéw , Where wéw

is the longest element in W (M). w; has the property that it is a minimal
element (in the Bruhat order) in woW (M). Let to,t; and )/ be the corre-
sponding elements in H. Since t5* =ty and (t}/)~! = t}!, the relation

to = titd" =314, (2.6.5)

holds. Then we get
xq(w) = to- @ -to = titd" - ww; e (w)) - el (2.6.6)

On the other hand,
wiwi t(w) -t =t w  wd w e (w) + Z towe =t - wil v(w) + Z towy,

r<<wy r<<w;

(2.6.7)
where the sum ranges over £ € W which are smaller than w; in the Bruhat

order. Combining this with (2.6.6), and the formula for *,; in theorem 2.6,
we get
sa(w) = s () + Y tity tawstp! (2.6.8)
r<w

Therefore, using 2.6.4,
e(xq(W)) = *ar(w) + ) e(t; Hp)watd! = *ar(w) + té\/le(twflx)wwty. (2.6.9)

To prove the formula in the proposition for ¢ = w, we must show that
e(twf1m) = 0 for x < w;. But if w; 'z = m € W(M), then w; = am~! with
x < wy, contradicting the minimality property of w;.
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Now consider an element ¢,,w such that w ¢ W(M). Then € (t,w) = 0.
We need to show that ey (*g(w)t,-1) = 0 as well. For this, write *g(w) =
to - @ -ty and decompose

to @ty ty1 =to @ty = Z twpewWe, — wz €A, (2.6.10)

r<wow 1L

To prove the claim we need to show woz ¢ W (M). Suppose woz = m. Then
x = wom, and so wom < wow ™. It follows that wow ™' € woW (M), because
wp is the long element. But this implies w™! € W (M), a contradiction. Thus
em(*¢(w)t,—1) = 0 as claimed. O

If W is a module for Hj;, then we can form the induced module
Ind§; (W) := H @, W. (2.6.11)

This has a basis {t; ® v} where v € W and = € W/W (M). We will denote
by W" the Hermitian dual of the module W.

Corollary. The Hermitian dual of Ind$§;(W) is Ind§;(W") = H @g,, W".
More precisely, let t, ® v, € Ind$;(W), t, @ vy, € Ind§;(W"), and (| )i
be the pairing of W with W". Then the pairing between Ind]%(l/\/) and
Ind$§,(W") is given by

(tz @ Vg, ty @ vy) 1= <6M(t2tx)vx, Uy) M-

Proof. First observe that these spaces are finite dimensional, so it is sufficient
to construct an injection

H ®m,, W' — [H@m,, W] (2.6.12)

The pairing ( , ) gives such an injection with the required properties by
proposition 2.6. O

2.7. Langlands Classification. In order to simplify the notation, we will
drop the superscript L in the notation of Levi components M. Note however
that all Levi components are still in the dual group. The reference for the
Langlands classification, in the context of graded Hecke algebras, is [E]. See
also [KR] for additional results.

Suppose a is an isomorphism between two root data Ri and Rs. This
induces an isomorphism of the corresponding Hecke algebras,

a: Hy — Hj. (2.7.1)

In particular, let M7y, Ms be two Levi components of standard parabolic
subgroups. Suppose w € W satisfies wMjw™! = M, and is minimal in its
double coset W (My)wW (M;). Then the above discussion gives an isomor-
phism

Qqy - HM2 I HMl (2.7.2)

which we use to transfer representations V of Hjs, to wV of Hyy,.
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If V is a (finite dimensional) irreducible H-module, then V' has a gener-
alized weight space decomposition with respect to the abelian subalgebra
A:

V=P (2.7.3)
Aela
The set of A in the decomposition are the weights of V. Let w; € a denote
the fundamental weight corresponding to the simple coroot &; € “a.

Definition. Let V' be an irreducible H-module. V is called tempered if all its
weights A have the property that (Re\,w;) < 0, for all fundamental weights
Wi.

It follows from the definition that, if W is a tempered module, then W"
is also tempered.

For ¢, = 1, definition 2.7 agrees with definition 2.2 ([KL]). In [L6],
Lusztig gives a geometric classification of the tempered H-modules for some
particular families of (unequal) parameters c¢,, which correspond to unipo-
tent representations of split p-adic groups ([L4],[L5],[L7]). In these cases,
the situation is the same as for equal parameters. For arbitrary parameters
Ca, the results needed about the unitarity of tempered representations are
still lacking. See [O] for results in this direction.

According to the (classical version of the) Langlands classification, ev-
ery irreducible module can be realized as the unique irreducible quotient
L(M,W,v) of a standard module

XM, W,v) :=Hen, Wel,], (2.7.4)
where
W is tempered irreducible (definition 2.7) and
(Re v,a) >0, for all « € RT — R}, (2.7.5)

The module X (M, W,v) of course coincides with Ind{;(W ® 1,,), but we
use the notation (2.7.4) to emphasize that it satisfies (2.7.5). Two Langlands
quotients L(M,W,v) and L(M’', W' V') are isomorphic if and only if there
is w € W such that

w(M,W,v) = (M' W' /). (2.7.6)

If on the other hand (Re v,a) < 0, then the module Ind§;(W ® 1,) has a
unique irreducible submodule, namely L(w, M, w,, W, w,v), where w,, is
the minimal element in W (woM )woW (M).

In the case ¢4 = 1, the module X (M, W, v) corresponds to data (e, s, ),
where (e,1)) determine the tempered representation W (see section 2.2),
and s can be written as s = sy; + v, where sjs is the tempered part of the
parameter. A factor of X (M, W,v) has Langlands parameter (M’, W', /)
with ||/|] < ||v]|, with equality if and only if (M', W', v') = (M, W, v). This
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follows from lemma 2.8. in chapter XI of [BW]. Therefore, all factors of an
X (e, s,%) other than X (e, s,1) correspond to Lo satisfying

Lo 5 Lo, Lo' £ L0,
In particular, in the notation of section 2.1, X(e,s,) is characterized by

the fact that it contains the Weyl group representation o(*O, ¢) with mul-
tiplicity [¢ ‘A(e,s) : 1/}]

Proposition. The Hermitian dual of L(M, W, v) is L(woM, w,, W", —wo7).
In particular, L is Hermitian if and only if there is an element w such that

w- (MW, v) = (M,W", —7).

Proof. The Hermitian dual of X (M, W, v) is Ind{;(W"®1_). Thisis not a
standard module because —7 fails to satisfy (2.7.5). However (—Re 7, &) <
0, so Ind§{;(W" @ 1_3) has L(woM,w,W", —wo¥) as unique irreducible
submodule. Thus

L(M, W, )" 2 L(woM, w,, W", —wD) (2.7.7)
as claimed. ]

For ¢, = 1, all tempered irreducible modules are known to be unitary, and
therefore Hermitian, so the Hermitian condition in the proposition becomes
w- (M, W,v) = (M,W,—v). For arbitrary c,, we will only consider, in this
paper, the case of spherical modules with real infinitesimal character. In
the Langlands classification, they correspond to M = A (the maximal split
torus), W = T'riv, and v dominant. Thus, the condition in proposition 2.7
is equivalent to the requirement that wr = —v, for some Weyl element w.
In types B/C (and v real dominant), wor = —v, and therefore all spherical
modules are Hermitian.

2.8. Intertwining operators. We use the notation of sections 2.6 and 2.7.
Suppose that wMjw ™! = M; is minimal in its double coset W (Ma)wW (M)
(or rather the “M’s). Given a simple reflection s,, we can form the element

ro € H,
Ta 1= ts, 0 — Cq. (2.8.1)
Lemma. The elements ro satisfy wrq = ros(w). Let w = 84, - -+ - 84, be

a reduced decomposition. Then ry, = [[ra, does not depend on the reduced
decomposition of w.

Proof. The first relation is a simple application of the defining relations for
H :
w(ts,a — o) = (ts, s(w) + colw, @))a — cqw =

= (oo — €a)S(W) + ca(s(w) — w) + cow, @)a = (ts, a0 — co)s(w).
(2.8.2)
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More generally if f is a rational function in one variable, then
f)ra =raf(saw).

Recall from [L2] (proposition 5.2) that

= o Ca 1
=t — = , 2.8.3
Ta adc, a+cy, —a—i—cara ( )

and that 7, = [[7; is well defined (independent of the reduced decomposi-
tion). Write

Ry = {a1,8109,...,8180...8_1ax} = {B>0 : w B <0} (2.84)
Then substituting (2.8.3) for each r; and applying (2.8.2) repeatedly we get

[Tri=][ci+ca)mi=(I] B+ [[7i=C]] (~8+ca))Tu.

BERW BERy
(2.8.5)

The claim follows. O

Proposition. Let V be a representation of Hyy,. Then the operator A, :
IndJ\G/Il(V) — Inalj\cz,2 (wV) defined by

Aw(ty OHyy, V) 1= tyTy OHyy, v
18 an intertwining operator.

Proof. We need to check that A,, is well defined, i.e. it satisfies

WTy = rww_l(w), tsoTw = Twly-14, @ € A(Mj) a simple root.
(2.8.6)
The first relation follows from a repeated application of lemma 2.8. For the
second relation, 7o’y = Twry-14 holds. We verify that ar, = rpwla. It
is sufficient to check for w = sg, a simple reflection.

ates3 — o) = sy B — ot = (ts,58(a) + ca(B,0))B — cacx
= tsgﬁsﬁ(a) - Ca(Oé - <B7a>6) = (tsﬁﬁ - Ca)Sﬁ(Oé).

Substituting r = ts, o — ¢ and using ar,, = row o, we get the second
relation. The fact that the map is an intertwining operator follows from the
nature of the action of H which is by multiplication on the left. O

(2.8.7)

2.9. We apply the results in 2.8 to the Langlands classification. Recall w,,
the minimal element in the double coset W (M )woW (woM). Then multipli-
cation on the right by r,, := 7y, is an intertwining operator

Ay X(MW,v) — IndS (w0 W @ Lyg,). (2.9.1)

This is identically zero precisely when r,, ® [v1,] = 0 for all v € WW. When
it is not identically zero, the image is precisely L(M,W,v) because this
submodule is generated by any vector whose generalized eigenvalue under
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A projects onto v. On the other hand, observe that the leading term of r,,
i8 Ty [[(a0)50 @ But

( H a)-vl, = H (o, v+ x) v1,, (2.9.2)

(a,v)>0 (a,v)>0
where x is the infinitesimal character of W. This is because H(a’y)>0 o is
invariant under W (M) therefore in the center of Hs. Thus A,, is not iden-
tically zero as a function of v. For a full principal series (2.9.2) implies that
Ay, is not identically zero for any v satisfying (2.7.5). But for more gen-
eral induced representations A,, could be zero for certain values of v. On
the other hand, it follows from the theory of intertwining operators on the
p-adic group, that there exists a family of intertwining operators B, (v)

Byt X(MW,v) — IndS, 1 r(wan,W @ Lwy,v) (2.9.3)

w

which is analytic as a function of v and whose image is L(M, W, v) for all v
satisfying (2.7.5). We claim that there is a meromorphic function f(v) such
that f(v)A,, = By, (v). This goes as follows. Recall (section 2.2) that X
has a lowest K-type p occuring with multiplicity 1. Then there are analytic
functions g and h such that for any vector v € X transforming according to
u, we have A,,(v) = g(v)v and B,,v = h(v)v. Then f = hg~ .

We will not need this refinement.

2.10. Suppose W is Hermitian tempered, and that L(M, W, v) is Hermitian
with v real. Let w be such that w(M, W,v) = (M, W, —v), minimal in its
double coset W (M )wW (M). This double coset is also W (M )woW (M). This
is because both wr and wov are antidominant (so wor = wrv = —v) and
Ry ={a € R : {a,v) = 0}. Recall the isomorphism a,, from (2.7.2), and
denote by 7 : W — W an isomorphism (unique up to a scalar) satisfying
7(h - v) = aw(h) - 7(v). Recall that we can decompose M = OM - A, where
A is the (split part of the) center of M. Then we can write any element
m € Hy; as m = > m;a; with m; € H o, and a; € A. Thus it makes sense
to evaluate m € Hjs at v. We write this as m(v). With this notation

Zmiai(v]lu) = Zmiai(l/)vllv = (m(v)v)L,. (2.10.1)

Corollary. Suppose W is Hermitian tempered and that X (M, W,v) is Her-
mitian irreducible with v is real. Then up to a nonzero scalar the inner
product is given by the formula

(te @ v 1y, ty @vylly) = (e(tytarw) V)T (v2), vy) 0
Proof. This follows from sections 2.3-2.9. g

2.11. Let M be a proper Levi component, and o be a tempered module of
Hjps. Assume that v is such that (v,v) = 0 for v € Ry, but (v,a) > 0 for
some simple root «. This is always the case, unless v is antidominant. Let
M., be the Levi component generated by M and the root vectors correspond-
ing to +a. Then there is a shortest Weyl group element w, € W (M,) so that
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weV is nonpositive on the roots in Rjys,. By using a reduced decomposition
for w,, we can construct an intertwining operator

As(v) - Hey ol, —>H®wa(M) ’wa(O')]lwa(y), (2.11.1)

which is induced from the corresponding intertwining operator for H ;. The
data (we (M), ws(0)) are similar to (M, o). But w,(v) is positive on fewer
roots than v. Furthermore, M and w, (M) are Levi components of maximal
parabolic subgroups of M,,.

Apply this idea repeatedly to a Langlands parameter (M,o,v) (with v
positive on roots not in Rjys). We find that the element w,, (notation as in
section 2.9) decomposes into

Wy, = Hwai, Uwp,) = Zﬁ(wai). (2.11.2)
As before, write w; = wa,_,,, - - - Wq, - The intertwining operator A,, decom-
poses accordingly into a product

A (v) =[] Ai(wi (M), wi(o), wi(v)). (2.11.3)

Each A; is induced from a similar operator on a Levi component, and there
are no poles when (M, o, v) is the parameter of a standard module.

We will use this decomposition in the spherical case, when o is the ZM
of a tempered module.

2.12. We specialize to the spherical case. With notation as in 2.10, M = A,
W = Triv, and wp the long Weyl group element. Let v € “a and assume
that wor = —v. Formula (2.9.1) becomes

A(v) : X (v) — Ind§ (1), r @1, — xry, @1L_,,. (2.12.1)

If wy = sa, - - - Say, is a reduced decomposition, let w; = sq,_,, | - - - Sa,- Then

write
ruy (V) = [ [(—tsa, (i, wiv) = ca). (2.12.2)
The operator A(v) is rewritten as
T @1y zry, (V)@ 1_,. (2.12.3)
Taking into account that X (v) = C[W] = >V, ® V,+, A(v) induces an
operator
a(o,v) : Vor — Vs, H(—a*(tsai)mi,wiw — Cq)- (2.12.4)

When o = Triv, this operator is the scalar

[T~ (i, v) = ca). (2.12.5)

This scalar is never zero if v is dominant. We divide A(v) by it. This new
operator gives rise to an a(o, v) with the property that a(triv,v) = Id. More
general, for any ¢ and any v, define a;(o, ) by the relations

(2.12.6)

ca—{,V)

1 on the (41)-eigenspace of s,, on o*
a;(o,v) =
Ccat{a;,V)

on the (—1)-eigenspace of so, on o*
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If w=sy...s; is a reduced decomposition, and w; = Sg—_;+1 ... Sk, define
ay(o,v) = Hai(a, w;iv). (2.12.7)

Then ay, (0, v) = a(o, v) from before. Choose a positive definite W-invariant
inner product on each V.. Because wg = wg ! the operator a(o,v) is Her-
mitian (wor = —v).

Proposition. X (v) is unitary if and only if a(o,v) is positive semidefinite
foralloc e W.

Proof. This follows from the previous discussion. g

Remark. Proposition 2.12 implies that for determining unitarity of any
given parameter, it is enough to compute the signatures of the A(o,v).
Theorem 2.4 is crucial for implementing this calculation by computer; divide
the (—1)-eigenspace of wp in the dominant chamber into faces according to
whether the positive roots are 0 or 1. Then X (v) is unitary if and only if
it is unitary for any other v on that face. Thus, it is sufficient to choose a
sample point on each face of the root | hyperplane arrangement, and calculate
the signature of a(o,v) for all o0 € W.

3. TyrE B/C wiTH UNEQUAL PARAMETERS

3.1. We will consider the particular case when the root system is of type
B, and

if v is sh
Ca:{ c if «v 1s short, (3.1.1)

1 if « is long.

We call this algebra H.(B,,). The general case reduces to (3.1.1) by rescaling
the parameters. In particular, ¢ = 1 is the case of Iwahori-Hecke algebra of
type B, while ¢ = 1/2 is identical to the case of the Iwahori-Hecke algebra
of type C with ¢, = 1. Aside from the p-adic case, these Hecke algebras are
related to the spherical unitary dual of U(p, q) [Bal].

We emphasize again, that since we only deal with the spherical unitary
dual, the explicit determination of the tempered representations as defined
in 2.7 is not necessary. For example, the reduction to real infinitesimal
character has an elementary proof. Let v = Re v++/—1 Im v be a parameter
such that

(Re v,a) > 0. (3.1.2)
Define the standard parabolic subgroup P = M N with Lie algebra p = m+n
so that

R, ={a : (Rev,a) > 0}, Ry ={a : (Rev,a) =0}. (3.1.3)

Then the standard module X () has a unique irreducible quotient L(v), and
the corresponding objects X s (v) and Ljs(v) on M have the same properties.
In addition, up to the unitary character I'm v, Lj;(v) has real infinitesimal
character.
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Proposition.

L(v) = IndG[Las(v)).
In particular, L(v) is unitary if and only if Ly (v) is unitary.

Proof. The Weyl group element satisfying wy = —7 fixes Im v, so belongs
to W(M). Thus the intertwining operator A,,(v) is induced from the corre-
sponding Apz,(v) on M. The result follows; we omit further details. O

We use the realization of the roots in a & R" (Il C Rt C a) given by
RY ={-€+e¢, eite, 1 <i<j<n},

(3.1.4)
= {e1, —€i + €1}
A dominant parameter s is then represented by
s=(V1,...,Vn), 0<uv; <--- <y (3.1.5)

3.2. We will focus on the case
(s,a) # cq, for all a € RT, (3.2.1)

when the standard module X (s) is irreducible. We call it the generic case.

This definition is motivated by the results in [BM3]. For a split p-adic
group, the Iwahori-spherical generic representations (in the sense that they
admit Whittaker models) are precisely the subquotients of unramified prin-
cipal series which contain the Steinberg representation of the maximal com-
pact K. At the level of Hecke algebras (with ¢, = 1, for all «), the condition
is that the corresponding module should contain the sign representation of
W. In particular, it is proven in [BM3] that the generic spherical represen-
tations are the irreducible spherical principal series.

Before we give a version of the main result, we recall the notion of irre-
ducible deformation of a parameter. Let I(v) be a finite dimensional module
so that the action depends analytically on the parameter v. Assume that I(v)
is irreducible Hermitian in a path connected region C' C R™. Then the sig-
nature is constant in this region, so determined by its value at a particular
vy. We say that I(v) can be deformed irreducibly to v, if there is a path
connected region C' containing v, vg, and satisfying the above conditions.
When C C R, we say that v can be deformed upwards to vg if v < 1, and
downwards if v > vq. Finally, if vg € C,

(1) if I(vp) has a nonunitary factor, then I(r) is not unitary,
(2) if I(v) is unitary, then every irreducible factor of I(r() is unitary.

Theorem. A generic spherical representation is unitary if and only if it
is a complementary series. In other words, X(s) is unitary if and only if
s can be deformed irreducibly to a point such that X(s) is unitarily and
irreducibly induced from a unitary generic spherical parameter on a proper
Levi component.

A combinatorial description of the unitary parameters can be found in
section 3.6. The proof will be given over several sections.
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3.3. Recall that representations of W = W(C),) = W(B,,) are parametrized
by pairs of partitions (see [L1])

(@) x (b) = (a1,...,ap) X (b1,...,by), > ai+> bj=n.  (3.3.1)

The representation o parametrized by 3.3.1 is obtained as follows. Let
k=>a;, l=>b;. Recall that W = 5, x Z. Let £ be the character of Zj
which is trivial on the first k Zo’s and sign on the remaining . Its centralizer
in S, is Sk X S;. Let o1 and o9 be the representations of Sy, .S; corresponding
to the partitions (a) and (b). Then o is Ind(vgkxsl)ng[(al ® 09) ® &].

In particular, (n) x (0) denotes the trivial representation, (0) x (1™) the
sign representation, and (n — 1) x (1) the reflection representation of W on
the Cartan subalgebra.

Recall the setting of section 2.12. The Hermitian matrix associated to a
representation o € W, is

a(o,v) = H(O'*(tsaix—wil/, i) — co ) ((—wiv, i) — co,) 7" (3.3.2)

The individual terms in the product in (3.3.2) can be rewritten as

(3.3.3)

Ca; — <w’L Vyai>
Cay +<wi Vyai>

1 on the (41)-eigenspace of s, on o*,
a;(o,v) =

on the (—1)-eigenspace of s,, on o*.

Note that a(o,v) =1, for 0 = (n) x (0).

An open connected component in the complement of the arrangement of
hyperplanes (3.2.1) will be called region. We prove first that the unbounded
(open) regions are not unitary.

Lemma. If the open region F is unbounded, and v € F, then the operator
a(o,v), for o = (n—1) x (1), is not positive definite.

Proof. This result holds in general with o the reflection representation. We
do not assume that the root system is type B/C, but we do assume that w
acts by —Id on the Cartan subalgebra for simplicity. For special values of
the parameter ¢ > 0 (in particular ¢ = %, 1) this fact follows from the results
in [KZ] on the signature of Hemitian forms for real Lie groups.

Since the operator a(o,v) does not change sign inside the open region
F, it is sufficient to prove the statement for one particular v. The region
F is unbounded, therefore there must exist a simple root a and a point
x € F, such that («,z) > ¢q and {z + vw, : v > 0} C F (w, denotes the
fundamental coweight corresponding to a/). Since we assumed wg = —1d,

WoWa = —Wa, W = —a, wWoer = —x.

We use the canonical realization of the reflection representation o := refl
on the Cartan subalgebra, and compute

(a(0,V)Wa, Wa)o-



20 DAN BARBASCH AND DAN CIUBOTARU

We will show that this is negative for large enough v. Let p = m + n be
the subalgebra determined by wy, :

Rm:{ﬂ : <ﬂ7wa>:0}7 Rl‘l:{/g : </8?w06>>0}
The long Weyl group element decomposes wy = wy,w™ . Then
a(o,v) = ay,, (o, wMv)a,u(o,v).

Let v, € V, be the vector corresponding to w,. Then since (wq,7) = 0, and
therefore s,wo, = wq for all v € Ry,

a(0, V)V = au,, (0, W V)v,.

In turn this equals

1
B TT (8, walt + 1 der t in v |
v , Wa ) tw,, U ower order terms in v |.
[ser, (¢ + (v, 8)) 4eR, am e

The factor in front is positive, and so is the coefficient of ¢, v4, because
(B,wq) >0, for B € Ry. Since ty,, Vo = tw,Va = —Va, it follows that

(a(0,V)we,wWa)e < 0
for large enough v. O

Proposition. If v, > max{c, 1}, then the Hermitian form is indefinite on
one of the W-types
(-1 (1), (n-1,1)x (0)

Proof. The dimension of the (+1)-eigenspace of any s, on (n — 1) x 1 is
n — 1, while the dimension of the (—1)-eigenspace is 1. The dimension of
the representation o = (n — 1,1) x (0) is n — 1. The (41)-eigenspaces, Vo(l),
satisfy

n — 2 if « is long,

. . (3.34)
n — 1 if « is short.

dim (V1) = {

In particular, we can compute the determinant of a(o,v). We get

1 - (cvity) 1= (zvity) c—v;
gl+(_Vi+Vj)1+(—yi+l/j) HC"‘I/Z' for (n —1) x (1)

(3.3.5)

1—(—vi+v)l—(—v;+v,)
H1+(—ui+u;)1+(—ui+u;) for (n —1,1) x (0).

i<j
Thus for X(s) to be unitary, there must be an even number of v; > c.
Assume this is the case.

Assume v, > maz{c,1}. Deform v, upwards. If there is no v; such that
+v; + v, = 1, the region must be unbounded, so by the previous lemma,
the module cannot be unitary, and the form is indefinite on (n — 1) x (1).
Thus deform v,, upwards until the first time it is equal to v; 4+ 1 for some i.
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Consider the Levi component M of type A1 given by the root —e;+€,. We can
conjugate s so that v;, v, are on the coordinates n—1 and n respectively. This
s determines a character y on M so that X (s) is the spherical subquotient
of the induced module

Ind$;(x) = H®m,, X (3.3.6)

The character y of Hjs is x = triv ® C,. The module Indg\;/[(x) is in fact
irreducible (so equal to X(s)). Its Hermitian dual is Ind{;(x~!), so the
invariant Hermitian form is given by an intertwining operator of the type
defined in section 2.11, despite the fact that the trivial representation is not
tempered. The shortest element w € W that takes v to —v, and fixes the
trivial representation of M, can be decomposed into a product of factors
similar to the decomposition (2.11.3). There are several types of A, as in
(2.11.1). One type is just an a;(o,v) as in (2.12.6). The second type is
induced from an operator on an M, of type As, with M of type A1, and a
third one is induced from an M, of type Bs, with M of type A;(long). We
denote the last two as

A C Ao, Al(long) C Bs. (337)

Example. Consider the Hecke algebra of rank 3. The simple roots are
{€1,—€1 + €2, —€3 + e3}. Let M = A be the Levi component corresponding
to the root ap = —e€1 + €9 and let o be the trivial representation. The
parameter is s = (—1/2,1/2,0)+v, where v = (11,11, 19), with 0 < vy < vs.
The shortest element that takes v to —v, and fixes the trivial representation
of Hjs is w = sowg. The intertwining operator

Ap(M,o,v) :H®py,, cll, - H®py,, cll_,

is given by multiplication with r,,. The Weyl group element w decomposes
into a product wg, - S1 © Way * Wo,. In terms of simple reflections wy, =
518251, Way = 5352 and w,, = S253. The intertwining operator decomposes
accordingly into a product

Apy (=12, =1/2 —v1,1/2 — 1) 0 A, (V2, —1/2 —v1,1/2 — 1)

0 Ay (—1/2 = 11,1/2 — v1,13) 0 Agy (—1/2 4 11,1/2 + 11, 113). (3.3.8)

The factors A,, and A,, are induced from A; C A, the factor A,, is
induced from A;(long) C Ba, while the factor a,, corresponds to a single
Taq- O

Returning to the general case, we can compute the determinant of the
form. For (n — 1) x (1) we get a product of factors
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1—(£v + 1) .
—= K,
1+ (v +v) 7 7 b,
c— v .
c+ Uk k 7é ,n,
(3.3.9)

CcC—V;

for A B
el 1(long) C By,

L — (v —vn)

1— (v + )
These formulas come from direct calculations for the Hecke algebras of rank
2. See [Ba2] for some more general calculations of this kind. The factor for
Ay C By comes from the fact that the restriction of (n — 1) x (1) consists of
(1) x (1) and (2) x (0).

For (n — 1,1) x (0) we get the same factors, except the one for A; C Bo
is missing because the restriction of this representation to By consists of
(2) x (0) and (11) x (0), and only the first one occurs in an induced from
the trivial character on an A;(long) C Ba.

Comparing these four determinants, we find that the form has to be in-
definite if we assume ¢ — v, < 0. O

for A1 C As.

3.4. We prove theorem 3.2 in the case when 0 < ¢ < 1. By proposition 3.3,
a necessary condition for unitarity is that v, < 1. Assume that ¢ < wv,, < 1.
Proceeding as in the proof of proposition 3.3, deform v,, upwards until the
first reducibility hyperplane. If this is of the form v,, —v; = 1, the argument
in 3.3 applies to show that the form is indefinite.

Assume the first reducibility hyperplane is v, + v; = 1. The only dif-
ference between this case and the proof of proposition is that in order for
the parameter s to be in dominant form for the Levi component M of type
Ay (given by the root €; + €,), we need to conjugate v; to —rv;. This has
the effect that the formula for the factor A;(long) C Bs in (3.3.9) becomes
“t% — Comparing as before the four determinants on (n — 1) x (1) and

ct+uvp®

(1I,n —1) x (0), it follows that

CcC—VU;

> 0. (3.4.1)
Cc— Uy
Since we assumed that v, > ¢, it implies that also v; > ¢. The reducibility
hyperplane being v, + v; = 1, necessarily then ¢ < 1/2.

We summarize this discussion in the following proposition.

Proposition. If 1/2 < ¢ < 1, and v, > ¢, then the Hermitian form is
indefinite on one of the W-types (n — 1) x (1) or (n —1,1) x (0).
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If 0 < ¢ < 1/2, and v, > ¢, a necessary condition for unitarity is that
there exists i < mn, such that 1 —v;41 < v, <1 —1v; and v; > c.

When v, < 1/2, any v; can be deformed to ;11 without any reducibility
occuring. Then the module is induced irreducible from a Hermitian module
on a Levi component M of type gl(2) x g(n — 2), where g(n — 2) is the Lie
algebra of type B of rank n — 2. The module on ¢l(2) is a unitary comple-
mentary series for gl(2) with parameter (v;4+1,vi+1), while the parameter on
g(n — 2) is obtained from s by removing the two coordinates v;, v; 1. Simi-
larly it is possible to deform v to 0 without any reducibility; the resulting
module is unitarily induced from a parameter on a Levi component of the
form gl(1) x g(n — 1). The parameter on g¢l(1) is 0, and on g(n — 1) it is
obtained from s by removing v1. Proceeding by induction on rank, the result
follows.

Now consider the case 1/2 < ¢ < 1. By proposition 3.4, we may as well
assume that

O<m<-- <y <ec (3.4.2)

By the earlier argument, there must be a k such that
O<m< - <y <12<pypp1<--<y,<c<l. (3.4.3)

Otherwise, the earlier argument reduces considerations to a smaller rank
algebra. Suppose s cannot be deformed to a unitarily induced parameter
from a smaller group. Then there must be k; > k such that

0<1—uw <uv, (3.4.4)
and for each 1 <1 < k, there must be a k < k; such that
v <1—vg <Vig1. (3.4.5)

Thus & < n — k. On the other hand, if for any ¢ > j, we can deform v; to
vi+1 without going through any reducibility point, the resulting module is
unitarily induced irreducible from a Hermitian module on a gl(2) x g(n —2),
such that the parameter on ¢l(2) is not unitary. Thus for any j > k there
must be k; < k such that

vi <1—wg <Vji1. (3.4.6)
It follows that & > n — k.
It remains to analyze the case 0 < ¢ < 1/2. If v,, < ¢ < 1/2, the previous

argument for v, < 1/2 applies. Assume v,, > ¢. By proposition 3.4 above,
the region must be of the form

0<m < <pyj<e<yjp <<y <l—uy, or

c<in <<y, <1l—u, (3.4.7)

where the essential remark is that, in the first type of regions, ¢ > j (because
v; > C).
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We claim that a parameter in any such region can be deformed irreducibly
to a unitarily induced parameter from a smaller algebra. In the first case,
since v1 + v, < v; + v, < 1, one can deform vq irreducibly to O.

In the second case, the same argument as in (3.4.3)-(3.4.6) works to show
that there exists [ such that one can deform v; irreducibly to v4.

Note also that if there is an odd number of v; > ¢, the region cannot
be unitary. By the deformation argument, if this were the case, one would
reduce it to a region in By with v > ¢, which is not unitary.

In summary, we have proved a generalization of theorem 3.2 in [Ba2].
Write the general parameter as before 0 < v < vy < --- < vy,

Theorem. The complementary series for type By, with parameter 0 < ¢ < 1
18
1/2<c<1:

0<v <+ <Y <1/2< g1 < Vpga < - <y <c (3.4.8)

so that v; +vj # 1 for i # j and there are an even number of v; such that
1 — vy < vy < c and an odd number of v; such that 1 — v < vy <
1-— Vigtj-
0<c<1/2:

0<1 < <vyj<e<vjyr < <y <1 —=vjq4, (3.4.9)

where j could be 0 (i.e., all entries could be > ¢) and

(1) n—j is even (there is an even number of entries > c);

(2) vjij1 < <y <1/2 <y < -0 < vy < 1osatisfy v +vp # 1
for j <1 #1I' < n and there are an even number of v; such that
1 —vp1 <y <1 and an odd number of v; such that 1 — v 11 <
v <1-— Viyl- -

Example. In the Hecke algebra of type Bs, with 0 < ¢ < 1, the unitary
generic spherical parameters are:

0<e<1/2: 0<1<wy<c and c<v; < <l-—u.

3.4.10

1/2<c¢<1: 0<wv <wvy<min{c,1 —uv1}. ( )

3.5. We now consider the case ¢ > 1. Recall s = (v4,...,1,), and because
of section 3.3 we assume that

O<yy<-- <y, <ec. (3.5.1)

Because of the arguments in section 3.4, we may as well assume 1 < v,,.
Let x be the half-integer satisfying v,, — 1/2 < z < v,. Let

s = (1, .., Un—1). (3.5.2)
Let x(z,t) be the character on gl(2z) corresponding to the coordinates
x(x,t) =(x—1/2—t,...,—x+1/2 —1) (3.5.3)
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Denote the induced module

B(n+2z
X(s,z,t) == IndBEn;rjgl)(%) [s @ x(z,t)]. (3.5.4)

Proposition.

(1) The module X (s,x,t) is irreducible for 0 <t <z — v, +1/2.
(2) The module X (s',x + 1/2,u) is irreducible for 0 < u < v, — x.

Proof. We prove (1), since (2) is essentially the same statement. We also
assume that x is an integer for simplicity. We will freely use the irreducibility
results about induced modules in type A, as in [Ba2] lemma 3.1. First we
show that

Indgl((rgg) [X(x/2,2/2 £1)] is irreducible. (3.5.5)
We consider the case
x(x/2,x/2+t)=(-1/2—t,-3/2—t,...,—x+3/2—t,—x+1/2 —1).

The intertwining operator
X(1/)24+¢t,....,2—-3/2+t,x —1/2+1t) — 256
X(-1/2—t,...,—x+3/2—t,x—1/2+1) (3:5.6)

is onto the induced module
Indfie) ) X(@/2 = 1/2,—2/2 4 1/2 = ) © X(1/2,2 = 1/2 + )] (35.7)
by induction. Since the intertwining operator
Xgo)(—1/2—t,...,—z+3/2—t,x—1/2+1t) — 958,
Koy (@ = 1/244,-1/2 —t,...,—x +3/2 — 1) 5.

is an isomorphism onto
Ind®8) ooy (/2,2 = 1/2+ ) @ X(2/2— 1/2,—2/2+1/2 - 1)] (35.9)
when restricted to the left hand side of (3.5.8), the latter module has a unique
irreducible quotient. Because z — 1/2 + ¢ < ¢, the intertwining operator
X(x—-1/2+t,-1/2—t,...,—x+3/2—t) —
( / / / ) (3.5.10)
X(—z+1/2—t,-1/2—t,...,—x+3/2 —1)

maps (3.5.9) onto
Ind%e) ey X(1/2, —2+1/2— 1)@ X(2/2-1/2,—3/2+1/2—1)]. (3.5.11)
Finally the intertwining operator
X(—z+1/2—-t,-1/2—t,...,—x+3/2—1t) —

3.5.12
X(-1/2—t,...,—~x+3/2—t,—x+1/2—t) ( )

maps (3.5.11) onto Indgl(ég) [x(z/2, —x/2—1t)]. So this module has a unique ir-

reducible quotient. But by virtue of being embedded in X (—1/2—t,..., —z+
3/2—t,—x+1/2 —1t), it also has a unique irreducible submodule, so must
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be irreducible itself. This immediately implies that (3.5.5) is irreducible as
well. The proof for x(x/2,x/2 —t) is identical.

Next we show that

Indgl(?;gg) [x(z,1)] is irreducible. (3.5.13)

The intertwining operator
X(1/2—-t,1/24+¢t,...,2—1/2 —t,x —1/2+t) —

3.5.14
X(x—1/2—¢t,...,1/2—t,x —1/2+¢,...,1/2+1) ( )
has image
2x
Ind®?) o X(@/2,/2 + 1) © X(3/2,2/2 = 1)), (3.5.15)
The intertwining operator
X(x—-1/2+¢t,...,12+t,x —1/2—¢,...,1/2 —t) — 5516
X(=1/2—t,...,—x+1/2—t,x —1/2—t,...,1/2 —t) (3:5.16)
maps (3.5.15) onto
2x
Ind2) o X(@/2, /2 — 1) © X(3/2,2/2 — 1)]. (3.5.17)
Then the intertwining operator
X(=1/2—¢t,....,—x+1/2—-t,x—1/2—t,...,1/2 —t) —
=1/ / / / ) (3.5.18)
X(x—-1/2—t,....,—xz+1/2—-1)

maps (3.5.17) onto (3.5.13). Thus (3.5.13) has a unique irreducible quotient.
The fact that it also has a unique irreducible submodule follows in the same
way as the earlier argument. Embed it in
Ind32) o X(@/2,2/2 = 1) @ X(2/2, /2 — 1)]. (3.5.19)

Changing x(x/2,z/2—t) to x(x/2, —x/2+t) is injective, because of (3.5.5).
Reordering the coordinates in decreasing order is also injective because of
the irreducibility results for gl. The claim follows.

To prove the general case, we use the same technique. Let v be the
parameter of X (s, z,t) made dominant. Then the intertwining operator

Xv)— X@x—-1/2—t,...,—z+1/2—1t,s) (3.5.20)
has image
2z+n ~
IndSee i) D@, 1) @ Xy (5)]: (3.5.21)
The assumptions on = and ¢ imply that this module is isomorphic to
2x+n ~
IndS 208" o X iy (5) © X(2, 1) (3.5.22)

This has X(s,z,t) as a quotient. Thus (3.5.4) has a unique irreducible
quotient. To show that it also has a unique irreducible submodule, embed it

in (3.5.21), use the irreducibility of I nd?l((zggz) [x(x,t)] to show that it embeds

in X(—v). O
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Corollary. The parameter s is unitary only if s’ is unitary.

Proof. Assume X (s) is unitary. Then X(s,,t) is unitary irreducible for
0<t<z—v,+1/2. At z — v, + 1/2 = t, the corresponding X (s,x,t)
is also irreducible unitary, and equal to X (s’,z + 1/2,u), with v = v,, — .
Then X (s',2+1/2,0) is unitarily induced irreducible from X (s)®triv. Thus
X (s') is unitary, as claimed. O

3.6. The explicit, combinatorial, description of the unitary generic spherical
parameters is given in the following theorem.

Theorem. The complementary series for type B, with parameter ¢ > 1 is
0< << <y <14 <vUpglp <Vppa<---<vp<c

satifying the conditions:
(1) 0 <1y < vy < -0 < vy < c satisfy the unitarity conditions in
Theorem 3.4 for Bn,;
(2) Viy1 — V5 > 1 fO’I“ (Lllj >m+1;
(3) either V1 — v > 1 or, if 1 — vy < U < 1 — v (from Theorem
3.4 k 4+ m is necessarily odd), then 1+ v; < vpy1 < 1+ vj4q, with
k>1+1 and m+ 1 even.

In view of Corollary 3.5, the proof is by induction on n, and will be given
in sections 3.7 and 3.8.

3.7. There are some regions which need to be discussed first. In each By
there is a region (v1,vs,..., ) given by the inequalities:

OS‘I/gk_l—l‘<V1<1—I/2k_2<1/2<-~<Vk_2<1—l/k+1<l/k_1<
<vop — 1<y <1 —vp 1 < Vg1 <1—Vpo <Vpyo < <o <

<l-v<pvp 1 <l4ry < <14y <vg <14y
(3.7.1)
For example, the region in By is

0< ‘1/3—1’ <N<my—1l1<wm<l-y<ryy<ld4r <y <l+4+uvs. (372)

Note that a parameter in a region (3.7.1) with k£ > 1 cannot be deformed
irreducibly to a unitarily induced irreducible parameter.

Proposition. In B, n = 2k, the form on (n —2) x (2), (n —1) x (1), or

(n) x (0) is indefinite in the region (3.7.1).

Proof. The proof is by induction on k. We do the induction step first. Deform

the pairs (vg_o,vk—1) and (Vgi1, Vgy2) irreducibly to
O<v=1—-1vp1=vp_1=Vp9=1—1p0 <1/2. (3.7.3)

If the generic parameter is unitary, then this spherical parameter is unitary
as well, because this is the first place where the standard module has be-
come reducible. The spherical representation is induced irreducible from a
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parameter on Bog_4 X gl(4). The parameter on Byi_4 is obtained from the
original one by removing the above four entries. The parameter on gi(4)
is unitary. Thus this parameter is unitary if and only if the parameter on
the Bsyy_4 is unitary. By induction, the parameter is not unitary, so the
generic one isn’t either. The assertion about the form being indefinite on
the specified K-types comes from the fact that the restriction of a W-type
(n—a) x (a) is a sum of W-types (n —4 —b) x (b) with b < a.
The initial step is formed of the cases £k = 1 and k = 2. For k = 1, the
parameter is
O<|ra—1 <1 <wvy<l4u. (3.7.4)

Deform vq upwards to v5. No reducibility occurs until the endpoint. The
resulting parameter is unitarily induced irreducible from a parameter on
gl(2), of the form (—v,v) with v > 1/2, because v > |v — 1|. This not
unitary, and the form is indefinite on the sum of W-types (2) and (11). The
claim follows.

For k = 2, the parameter is (3.7.2). Deform v to v, and v3 to v4 so that
no reducibility occurs in between. If the generic parameter is unitary, then
so is the spherical one at the endpoint. The parameter can be written as

(v,v,v+1,v+1) with 0 <v <1/2. (3.7.5)

This parameter is unitarily induced irreducible from gl(4). On gl(4), the
parameter is induced from a character on gl(2) x gl(2), but outside the
complementary series. The form is indefinite on the W-types (31) and (22).
The claim about the W-types of the generic representation follows from this
fact. O

3.8. Proof of theorem 3.6. If v,, < 1414, one can deform v, irreducibly
until v, < 1. Then the same arguments from section 3.4 apply.
Assume therefore that v, > 1 + v;. The parameter is

0< << <vp<l4+y<vpp < - <VUp_1<v,<c (3.81)

Assume it is unitary. By corollary 3.5, the string (v1,v2,..., U, ..y Vn—1)
satisfies the conditions for unitarity from theorem 3.6. So the parameter for
B, satisfies conditions (1). We need to check that conditions (2) and (3) are
also satisfied.

There are two cases, m +1 <n,and m+ 1 =n.

Case 1: m + 1 < n, which also means that v, 1 > 1+ vq. In this
case conditon (3) is satisfied by the induction hypothesis, we only need
to check (2) for j = n — 1, same as v, > 1+ v,_1. If 11 can be deformed
1rreducibly to 0, the resulting parameter is unitarily induced irreducible from
the parameter on B,,_1 obtained by removing 7. The induction hypothesis
applied to (vg,...,v,) implies the claim for B,,.

If v1 cannot be deformed to 0 irreducibly, then v,_1 > 1+ v,_o. Neces-
sarily v, > 1+ v,_1, so the parameter on B, satisfies condition (2). This is
because otherwise one could deform v,,_1 to v, irreducibly, and the resulting
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parameter would be unitarily induced from B,,_5 x gl(2), with the parameter
on gl(2) nonunitary.

Case 2: m+ 1 = n, which also means v,,_1 < 14+ v1. In this case we only
need to check that (3) is satisfied. The parameter is

0<y <<y <l+y<y, <ec

If we can deform v to 0, the proof follows by unitary induction from B, _1.
Otherwise, necessarily 0 < |1 —v,,_1| < v;. From the conditions of unitarity
of theorems 3.6 and 3.4 for 0 < v; < --- < v,_1, thereexists k, 1 < k < n—2,
such that v, <1 —vi_1 < vgy1. We can write the inequalities as

O<l—vp|l < << - <y < <1l—vp1 <y <...

< Up e <l <y <l <o <14y <vy <l4ypyg,

(3.8.2)
for some [. If we can deform any v;,1 down to v; with j < k —1 irreducibly,
the resulting parameter would be unitarily induced irreducible from B,,_o X
gl(2) with a unitary gl(2) parameter. The induction hypothesis for the
parameter on B,_» with v;, ;41 removed, implies that condition (3) holds
for B,,. So assume this is not possible. Then [ = k£ — 1, otherwise we could
deform v, down to v,_1. We are reduced to the case when the inequalities
are

O<l—vpa|l<n<wr< - <y 1<vp—1<y<1l—vpg <y <
<VUpo<l—m<y, 1 <1l4+uv<---<1l4rv_1<v, <14+

(3.8.3)
For each pair vj,vjq1, with 1 <7 <k —-2and k+1 < j < n— 3, there
is ¢; such that v; < 1 — vg; < vjy1. For vp < wvp < o0 < g, there
are k — 2 inequalities and the possible ¢; are k +1,...,n — 2. This means

n—2—k >k—2 or, equivalently n > 2k. For vy < -+ < vy_2, there
are n — k — 3 inequalities and the possible ¢; are {; = 2,...,k — 2. Then
k—3>n—k—3,and so n < 2k.

We conclude that n = 2k, and the parameter is as in (3.7.1). The nonuni-
tarity of such parameters was discussed in section 3.7. Thus to be unitary,
the parameter has to satisfy the condition that it can be deformed irreducibly
to one which is unitarily induced from a proper Levi component, which is
the content of the conditions in theorem 3.6.

4. THE UNITARY GROUPS

4.1. One of the results in [Bal], is that the spherical unitary dual of the
unitary quasisplit groups U(n,n) and U(n + 1,n) matches the spherical
unitary dual of the Hecke algebras of type B, with parameters ¢ = 1/2
and ¢ = 1 respectively. The results in this paper imply similar results for
U(p,q) with [p—q| > 1. Let ¢ = p%’“. The spherical parameters for U(p, q)
are matched with the spherical parameters of H.(B,,) with n = ¢, the real
rank of U(p, q). A spherical representation of U(p, q) is called generic, if the
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standard module is irreducible (in the quasisplit cases, these are spherical
representations with Whittaker models, cf. [V2]). In coordinates,

Vj + 14 ¢ Z>0, Vi —¢C ¢ ZZO7 1< Z,] <n. (411)

Theorem. A generic parameter for U(p,q) is unitary only if it is unitary
for H.(By,).

Proof. Let v be a spherical parameter, and denote by M the Levi component
of the minimal real parabolic subgroup of U(p,q). As explained in [Bal],
the classification of spherical irreducible and Hermitian (g, K') modules for
U(p,q) coincides with that for H.(B,,). In particular, if (u, V) is a K-type,
then there is a Hermitian operator

alp,v) : (VMY — (VM)* (4.1.2)

with the property that a parameter is unitary if and only if a(u, ) is pos-
itive semidefinite. The module (V™)* is endowed with a representation of
W, call it o(p). In section 4.9 of [Bal], a set of K-types called relevant is
defined. A relevant K-type has the property that the Hermitian matrix in
(4.1.2) coincides with a(o(u),v) in (3.3.2). Furthermore the o(u) occuring
contain the list used in theorem 3.6 to establish which generic parameters
are unitary. Thus the generic parameters for U(p, q) that are unitary, have
to be contained in the set of parameters which are unitary for H.(B,). O

For |p — q| > 2, the spherical generic unitary duals of U(p, q) and H.(B,,)
do not coincide, as seen in the next example. It is likely that for |[p —¢| = 2,
the unitary duals coincide, but we have not checked the details.

Example. In the case of U(p,2), the spherical unitary dual is well-known.
The following explicit description can be found for example in [KS].

Theorem ([KS]). The spherical unitary parameters (v1,v2), 0 < v; < 1
for U(p,2) are:

(1) the triangles vo — vy >k, vo + 11 < k+ 1 for k > 0 with vy < p—gl;
(2) the lines vy — vy =k for k > 1 with vy < p%l.
(3) the point (vo,11) = (p—;rl, 7%1) (the trivial representation).

On the other hand, the generic spherical unitary dual for the Hecke al-
gebra H.(B3) with ¢ = 7%1 is formed by two triangles v5 + v1 < 1 and
vo—v1 > 1, 1y <ec.

The two pictures below illustrate the case p = 8. The figures show the
triangle 0 < v < 1y < p%l = % (all generic spherical unitary parameters
are inside this triangle) and all the lines of reducibility inside it. The open
regions are green if they parametrize unitary representations and white oth-
erwise. On the lines, green means that the spherical representation is uni-
tary and red indicates that is not. Outside this triangle, the only unitary

spherical parameter is (%, %), corresponding to the trivial representation.
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(0,0) (1,0)

(0,00 (1,0) (2,0) (3,00 (5.0

FIGURE 2. Spherical unitary parameters for U(8,2)
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