A field is a set
F equipped with

”

“addition” and “multiplication

such that for all a, 8,y € F

the following hold

A wector space over a field F
is a set V equipped with

“scalar multiplication”,
“addition” and “multiplication”

such that for all o, 3 € F,
and all u,v,w € V
the following hold

An algebra over a field F
is a set A equipped with

“scalar multiplication”,
“addition” and “multiplication”

such that for all o, 3 € F,
and all A,B,C e A
the following hold

Addition Commutative: a+ 8 =0+« Commutative: v +v=v+u Commutative: A+ B=B+ A
+ Associative: (@ + ) +v=a+ (8+7) | Associative: (u+v) +w =u+ (v + w) Associative: (A+ B)+C =A+ (B+ ()
Zero: a+0=a Zero: u+0=u Zero: A+0=A
Additive inverse: a+ (—a) =0 Additive inverse: u + (—u) =0 Additive inverse: A+ (—=1-A)=0
Scalar Same as multiplication; see below. “Commutative”: a-u =u -« “Commutative”: a- A=A -«
Multiplication “Associative”: a- (8- u) = (af) -u “Associative”: a- (8- A) = (af) - A
Multiplication Commutative: a8 = fa No multiplication NOT Commutative: A-B # B - A, in general
Associative: (af8)y = a(B7) Associative: (A-B)-C=A-(B-C)
Identity: a-1=a=1-« Identity: A-14=A4A=14-A4
Multiplicative inverse:
a-(H)y=1=(1)-a,fora#0
Distribution af+v)=af+ay=(B+7)a (a+B) u=a-u+p-u=u-(a+p) (a+p) - A=a-A+B-A=A (a+p)
a-(ut+v)=a-uta-v=_(u+v) a- (A+B)=a-A+a-B=(A+B)-a
A-(B+C)=A-B+A-C
(B+C)-A=B-A+C-A
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