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Abstract

» Huygens’ Principle for waves ...

o Grobner bases as "simplification" tools of
algebraic systems of equations.

» "Pathologies” of the Multivariate Division
Algorithm (MDA)

o Grobner bases as “cure" to MDA
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lllustration of Huygens’ Principle
- o B

S\

The dash line indicates “ripples" from the event p on the Cauchy surface S to the event xg.
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lllustration of Huygens’ Principle
- o B

S\

The dash line indicates “ripples" from the event p on the Cauchy surface S to the event xg.

Intuitive idea of Huygens’ principle:

LThe solution at xy should not depend on the Cauchy data in D~ (zq) N S. J
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The Necessary Conditions

It can be shown that the validity of Huygens’ Principle is equivalent to the vanishing of a
certain quantity o.
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The Necessary Conditions

It can be shown that the validity of Huygens’ Principle is equivalent to the vanishing of a
certain quantity o.

oc=00nC%x9) = TS[0.a;--a,, | =0, for every integer m > 0.

o -
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The Necessary Conditions

It can be shown that the validity of Huygens’ Principle is equivalent to the vanishing of a
certain quantity o.

oc=00nC%x9) = TS[0.a;--a,, | =0, for every integer m > 0.

The first few terms in the Taylor seriesof o

1 1 R
1 0 = B—--AF, — A AF 4 =
(1 ean) 3k T ATy
(4egns) 0 = Hka;k
1 1
(42 eqns) 0 = Sabl]:; o ickablljkl +95 (Hak ku - Z Jab Hk:lHkl>
(43 eqgns) 0 = 3Sakakc + C’kab chk;l

p
3Ckabl;mckcd l;m + 8Ckab l;cSkld + 4OSab kSCdk

—SCkab lSklc;d — 24Ckab lScdk;l + 4Ck ablCZ ﬂszdm
+12C* 1C™ o Lim + 12HgqpcH*, — 16H,m;bH’“c;d

| —84H* CrpciH' ) — 18Hpq H" Leg
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How would you solve this (System A)?

-

o

(for o, 7, &, T)

200+ 37 4+ 2a + 31 =
2772 1+ 12a7 + 40 — 40aa +

—2188aaT + 6294107 — 158412
+11887%a — 71727a% — 5048&° o
1+28240°T + 3465772 + 1278072
—1584a3 — 1984Tac — 3960TaT
+904a + 2277772 — 5742072
+608aa? =0

From Solut

0

24da7 =0

-
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How would you solve this (System A)?

f (for o, 7, &, T) T

200+ 37+ 2+ 317 =0
2774 1 1207 + 4a® — 40aa + 2407 = 0

—2188aaT + 6294TaT — 1584102 1396aat + 13027a7 — 396Ta°

+11887%a — 71727a° — 5048a°« +132002a + 2248027 + 297772
+4734072 + 13207 — 396TaT

—324070% — 990aT? — 19873

42824027 + 3465772 + 127872
—1584a3 — 19841ac — 3960TaT

+9040® + 2277772 — 5742073 —664a3 — 99772 — 66a7>

L +608aa? =0 —2512aa2 = 0

-
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How about this (System B)?
B o

a =10
20+ 37 =0
7T=10

Surprise! Surprise!
The previous two systems are “transformations” of each

other via elementary algebraic manipulations (adding,
subtracting equations, etc.)

o -
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How about this (System B)?
B o

a=20
20+ 37 =0
7T=10

Surprise! Surprise!
The previous two systems are “transformations” of each

other via elementary algebraic manipulations (adding,
subtracting equations, etc.)

They therefore have exactly the same solutions.

o -
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| was desperate to know ...

-

How to “simplify” a system of polynomial
equations

IN a systematic fashion

so that the resulting system is “easy” to
solve.
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Commutative Algebra Trivia ...

Given any subset S C C|xy, ..., x,|, define

k
(S) = {Zfz‘sz s; €9, fi € @[5517---,%]}-
i=1




Commutative Algebra Trivia ...

Given any subset S C C|xy, ..., x,|, define

<S> = {Zfz‘sz'

s; €85, fi GC[xl,...,atn]}.

(S) is called the ideal of C|x1, ..., z,]
generated by the subset S C Clxy, ..., x,).

o

-
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Solutions of S = Solutions of (S)

. We say that (¢, ...,c,) € C"is a solution of S if -

fler,...,cn) =0,
forall f(xq,...,2,) € S CClxy,...,x,.

Theorem  (cy,...,c,) € C"is a solution of S if and
only if it is a solution of (S).

Corollary Let S, T C Clxy,...,x,). If (S) =(T),
then S and T have the same solutions.

o -
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Key Observation
-

Corollary  Let S, T C Clzy,...,x,]. If (§) = (T), then S and
T have the same solutions.

Thus, in order to find solutions of given a finite* set of
polynomials S = {sy,...,s:} C Clzy,...,z,],

o -
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Key Observation

=

Corollary  Let S, T C Clzy,...,x,]. If (§) = (T), then S and
T have the same solutions.

Thus, in order to find solutions of given a finite* set of

polynomials S = {s1,...,sx} C Clxq,...,x,], ONE can
attempt to look foraset G = {g1,...,9m},

o -
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Key Observation

=

Corollary  Let S, T C Clzy,...,x,]. If (§) = (T), then S and
T have the same solutions.

Thus, in order to find solutions of given a finite* set of

polynomials S = {s1,...,st} C Clzy,...,x,], OnNe can
attempt to look fora set G = {g1,...,gm}, With (G) = (5),

o -
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Key Observation

=

Corollary  Let S, T C Clzy,...,x,]. If (§) = (T), then S and
T have the same solutions.

Thus, in order to find solutions of given a finite* set of
polynomials S = {s1,...,sx} C Clxq,...,x,], ONE can
attempt to look for a set G = {g1,...,g9m}, With (G) = (S5),
such that the solutions of GG are easy to “eyeball.”

o -
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Key Observation
-

Corollary  Let S, T C Clzy,...,x,]. If (§) = (T), then S and
T have the same solutions.

Thus, in order to find solutions of given a finite* set of
polynomials S = {s1,...,sx} C Clxq,...,x,], ONE can
attempt to look for a set G = {g1,...,g9m}, With (G) = (S5),
such that the solutions of GG are easy to “eyeball.”

For example,

X 0 0 = 2a+37+2a+37

(8% =
0 2772 4+ 12a7 + 4a? — 40aa + 24a7

200+37 = 0 Versus T T T
0 0 —2188aaT + 62947 + - - -

T —

0 = 1396aat + 13027af -+ - - -

*Hilbert's Basis Thm: Every proper ideal of C|x1, . . ., ;| has a finite generating set.
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How | encountered Grobner bases

fFor my Master’s thesis, | needed to prove that System A
(hideous) admits only the zero solution.

Of course, System A has an associated ideal
I CClxy,...,zal.

=
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How | encountered Grobner bases

-

For my Master’s thesis, | needed to prove that System A
(hideous) admits only the zero solution.

=

Of course, System A has an associated ideal
I CClxy,...,zal.

| found the Grdbner basis for I, which turned out to be
{a,2a + 37, 7}. This gives System B, which can be solved
by inspection.
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How | encountered Grobner bases

-

For my Master’s thesis, | needed to prove that System A
(hideous) admits only the zero solution.

=

Of course, System A has an associated ideal
I CClxy,...,zal.

| found the Grobner basis for 7, which turned out to be
{a,2a + 37, 7}. This gives System B, which can be solved
by inspection.

Simplifying systems of polynomial
eguations is one application of Grobner
bases.

o -
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But, it actually was a FLUKE!
B

Grobner bases are not designed to make
solving polynomial equations easier.
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But, it actually was a FLUKE!
B

Grobner bases are not designed to make
solving polynomial equations easier.

In fact, the Grobner basis of an ideal of
I={fi,....fr) CClzi,...,z,]is not
necessarily “simpler” than the original
given generating set (i.e. the system of

equations) { fi,..., fr}.
| -
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Purpose of Grobner Bases ?7?

-

Grobner bases are about

=
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Purpose of Grobner Bases ?7?

-

Grobner bases are about ...

=

well, it will take a few slides ...
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Representing elements of’|z|/1

~ Consider C[z] and an ideal I = (g(z)) C Clz], with -
0 # g(x) € Clz]. Let Clzy,...,x,]/I be the quotient ring.

Every f(x) € C|x| determines an element in C|z]/].

The map f(x) — f(x) + I Is far from one-to-one. Every
other element f(z) + g(x)h(z) € f(x) + I also represents

f(z)+ 1.

However, every such equivalence class f(x) 4+ I has a
distinguished representative!

Recall: Division Algorithm.

o -
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The (Univariate) Division Algorithm

(a.k.a. Long Division)

- .
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The (Univariate) Division Algorithm

(a.k.a. Long Division)

- .

Given f(x),g(x) € Clz], with g(z) # 0, there exist unique
q(x),r(x) € C|x] such that
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The (Univariate) Division Algorithm

(a.k.a. Long Division)

- .

Given f(x),g(x) € Clz], with g(z) # 0, there exist unique
q(x),r(x) € C|x] such that

f(z) =g(x)q(z) +r(z),
satisfying:
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The (Univariate) Division Algorithm

(a.k.a. Long Division)

- .

Given f(x),g(x) € Clz], with g(z) # 0, there exist unique
q(x),r(x) € C|x] such that

f(z) = g(z) q(x) + r(z),
satisfying: either r(x) =0 or degr(z) < degg(x).
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The (Univariate) Division Algorithm

(a.k.a. Long Division)

- .

Given f(x),g(x) € Clz], with g(z) # 0, there exist unique
q(x),r(x) € C|x] such that

f(z) = g(z) q(x) + r(z),
satisfying: either r(x) =0 or degr(z) < degg(x).

f(x) Is called the dividend. g(x) the divisor. ¢(z) the
quotient. r(x) the remainder.

o -
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The (Univariate) Division Algorithm

(a.k.a. Long Division)

- .

Given f(x),g(x) € Clz], with g(z) # 0, there exist unique
q(x),r(x) € C|x] such that

f(z) = g(z) q(x) + r(z),
satisfying: either r(x) =0 or degr(z) < degg(x).

f(x) Is called the dividend. g(x) the divisor. ¢(z) the
quotient. r(x) the remainder.

Since f(x) —r(x) = g(z) q(x) € I = (g(z)),
r(z) € f(z) +1 < Clz]/I.

o -
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The (Univariate) Division Algorithm

(a.k.a. Long Division)

- .

Given f(x),g(x) € Clz], with g(z) # 0, there exist unique
q(x),r(x) € C|x] such that

f(z) = g(z) q(x) + r(z),
satisfying: either r(x) =0 or degr(z) < degg(x).

f(x) Is called the dividend. g(x) the divisor. ¢(z) the
quotient. r(x) the remainder.

Since f(x) —r(x) = g(z) q(x) € I = (g(z)),
r(z) € f(z) +1 < Clz]/I.

L r(x) IS the distinguished representative of f(x) + I. J
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What about C|x4, ..., z,|?
- o
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What about C|x4, ..., z,|?
 Let/ CClzy,...,z,] be anideal. -
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What about C|x4, ..., z,|?

Let I C Clzy,...,z,| be an ideal.
Let f(x1,...,2,) € Clzy,..., 2] @and f(zy,...,z,) + I denote
the equivalence class in C|xq, ..., x,]/I that contains f.

QUESTION: Does f(x1,...,x,) + I have a “distinguished”
representative?

Recall how we got the distinguished representive of
f(x)+ I € Clx]:

o -
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What about C|x4, ..., z,|?

Let I C Clzy,...,z,| be an ideal.
Let f(x1,...,2,) € Clzy,..., 2] @and f(zy,...,z,) + I denote
the equivalence class in C|xq, ..., x,]/I that contains f.

QUESTION: Does f(x1,...,x,) + I have a “distinguished”
representative?

Recall how we got the distinguished representive of
f(x)+ I € Clx]:

the (Univariate) Division Algorithm

o -
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What about C|x4, ..., z,|?

Let I C Clzy,...,z,| be an ideal.
Let f(x1,...,2,) € Clzy,..., 2] @and f(zy,...,z,) + I denote
the equivalence class in C|xq, ..., x,]/I that contains f.

QUESTION: Does f(x1,...,x,) + I have a “distinguished”
representative?

Recall how we got the distinguished representive of
f(x)+ I € Clz]:

the (Univariate) Division Algorithm

Can we mimic this for C|zq, ..., x,]?

o -
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Exam ple The (Univariate) Division Algorithm in Action

- .
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Exam ple The (Univariate) Division Algorithm in Action

- .
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Example Multivariate Division Algorithm (MDA)

=

y? —1 remainder

-
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Example Multivariate Division Algorithm (MDA)

® Monomial ordering: Lexicographic ordering y < x
y? —1 remainder
xy — 1

o -
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Example Multivariate Division Algorithm (MDA)

f ® Monomial ordering: Lexicographic ordering y < T
(i.e. first ascending degrees in z,

y? —1 remainder

o -
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Example Multivariate Division Algorithm (MDA)

f ® Monomial ordering: Lexicographic ordering y < T
(i.e. first ascending degrees in x, then ascending degrees in y.)

y? —1 remainder

o -
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Example Multivariate Division Algorithm (MDA)

f ® Monomial ordering: Lexicographic ordering y < T
(i.e. first ascending degrees in x, then ascending degrees in y.)

® Ordering of divisors: zy — 1 < y? — 1

y? — 1
xy — 1

remainder

-
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Example Multivariate Division Algorithm (MDA)

f ® Monomial ordering: Lexicographic ordering y < T
(i.e. first ascending degrees in x, then ascending degrees in y.)

® Ordering of divisors: zy — 1 < y? — 1

y? — 1
xy — 1
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Example Multivariate Division Algorithm (MDA)

f ® Monomial ordering: Lexicographic ordering y < T
(i.e. first ascending degrees in x, then ascending degrees in y.)

® Ordering of divisors: zy — 1 < y? — 1

y? —1 T remainder
xy — 1 T
?y  + wy Y
2y - T
Yy . + oy
TY T
20+  y?

-

From Solutions of Svstems of Polvnomial Eauations to Grobner Bases — p. 18/~



Example Multivariate Division Algorithm (MDA)

f ® Monomial ordering: Lexicographic ordering y < T

(i.e. first ascending degrees in x, then ascending degrees in y.

® Ordering of divisors: zy — 1 < y? — 1

y? — 1
xy — 1

N’

remainder

Yy + @ xy

LY
LY

y? 2z

-
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Example Multivariate Division Algorithm (MDA)

f ® Monomial ordering: Lexicographic ordering y <
(i.e. first ascending degrees in x, then ascending degrees in y.

® Ordering of divisors: zy — 1 < y? — 1

y? —1 T + 1 remainder
xy — 1 T

2y + a2 4+ g2

rly - T

y? 2z

N’

-
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Example Multivariate Division Algorithm (MDA)

f ® Monomial ordering: Lexicographic ordering y < T
(i.e. first ascending degrees in x, then ascending degrees in y.)

® Ordering of divisors: zy — 1 < y? — 1

y? —1 T + 1 remainder

xy — 1 T

'y  + Ty T Y

T4y = x
a;yQ + T + y2
ry? - x
y? 2z
2 - 1
2z + 1

L So, 22y+ayi+y: = @+1) 2 —1) + (@) (zy—1) + 2z +1). J
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The Multivariate Division Algorithm

- .
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Dividend: f(x1,...,z,) € Clz1,..., 2]
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Dividend: f(x1,...,z,) € Clz1,..., 2]
Divisors: hi(x1,...,2pn),..., hg(x1, ..., 2pn) € Clz1, ..., x4
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The Multivariate Division Algorithm

- .

INPUT:
Dividend: f(x1,...,x,) € Clzy,..., 2]
Divisors: hi(x1,...,2pn),..., hg(x1, ..., 2pn) € Clz1, ..., x4
Ordering of A4, ..., h;
A monomial ordering O

OUTPUT:
Quotients: ¢y (x1,...,xn),. .., qu(x1,...,2p) € Clz1, ..., TH]
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The Multivariate Division Algorithm

- .

INPUT:
Dividend: f(x1,...,x,) € Clzy,..., 2]
Divisors: hi(x1,...,2pn),..., hg(x1, ..., 2pn) € Clz1, ..., x4
Ordering of A4, ..., h;
A monomial ordering O

OUTPUT:
Quotients: ¢y (x1,...,xn),. .., qu(x1,...,2p) € Clz1, ..., TH]
Remainder: r(zy,...,xy) € Clzy,..., 2z, such that
f= Zle g; h; +r and the O-leading term of r Is not
divisible by the O-leading term of any of the h;.
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The Multivariate Division Algorithm

- .

INPUT:
Dividend: f(x1,...,x,) € Clzy,..., 2]
Divisors: hi(x1,...,2pn),..., hg(x1, ..., 2pn) € Clz1, ..., x4
Ordering of A4, ..., h;
A monomial ordering O

OUTPUT:
Quotients: ¢y (x1,...,xn),. .., qu(x1,...,2p) € Clz1, ..., TH]
Remainder: r(xq,...,x,) € Clxy, ..., x,] Such that

f= 2521 g; h; +r and the O-leading term of r Is not
divisible by the O-leading term of any of the h;.

Is r unique?
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Back to our Earlier Question ...
 Let f(z1,...,2,) € Clay,...,xp] and I = (hy, ... hy). -

QUESTION: Does f(x1,...,xy) + I have a “distinguished”
representative?

From Solutions of Svstems of Polvnomial Eauations to Grobner Bases — p. 20/



Back to our Earlier Question ...
 Let f(z1,...,2,) € Clay,...,xp] and I = (hy, ... hy). -

QUESTION: Does f(x1,...,xy) + I have a “distinguished”
representative?

We can now use the Multivariate Division Algorithm to
“divide” f

o -
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 Let f(z1,...,2,) € Clay,...,xp] and I = (hy, ... hy). -

QUESTION: Does f(x1,...,xy) + I have a “distinguished”
representative?

We can now use the Multivariate Division Algorithm to
“divide” f by hq, ..., h;
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Back to our Earlier Question ...
 Let f(z1,...,2,) € Clay,...,xp] and I = (hy, ... hy). -

QUESTION: Does f(x1,...,xy) + I have a “distinguished”
representative?

We can now use the Multivariate Division Algorithm to
“divide” f by hq,...,h; to get aremainder r:

k
f—r = Zqz'hz' e I = (h,..., hg).
i=1

o -
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Back to our Earlier Question ...
 Let f(z1,...,2,) € Clay,...,xp] and I = (hy, ... hy). -

QUESTION: Does f(x1,...,xy) + I have a “distinguished”
representative?

We can now use the Multivariate Division Algorithm to
“divide” f by hq,...,h; to get aremainder r:

k
f—r = Zqz'hz' e I = (h,..., hg).
i=1

o s r “distinguised”? .
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No! — A Tragic Example
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No! — A Tragic Example

fLet flz,y) = vy* —x, hi(x,y) = 2y + 1 and ha(z,y) = y* — 1in Clz,y]. T
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No! — A Tragic Example

fLet flz,y) = vy* —x, hi(x,y) = 2y + 1 and ha(z,y) = y* — 1in Clz,y]. T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

o -
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No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

o -
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No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering

o -
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No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hq,

o -
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No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hy, we obtain:

ry’ —z = x-(yY°—1) + 0-(zy+1) + 0.

o -
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No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hy, we obtain:

ry’ —z = x-(yY°—1) + 0-(zy+1) + 0.

Tragedy 1.

o -
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{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hy, we obtain:

ry’ —z = x-(yY°—1) + 0-(zy+1) + 0.

Tragedy 1. The remainder depends on the divisor ordering

o -
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No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hy, we obtain:

vy —x = x-(y*—1) + 0-(xy+1) + 0.

Tragedy 1. The remainder depends on the divisor ordering (i.e. choice of

generators for (hq, hs),

o -
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and divisor ordering h; > hsy, We obtain:
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and divisor ordering hs > hy, we obtain:
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{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hy, we obtain:

ry’ —z = x-(yY°—1) + 0-(zy+1) + 0.

Tragedy 1. The remainder depends on the divisor ordering (i.e. choice of

generators for (hq, hs), and even worse an ordering of them).

o -

From Solutions of Svstems of Polvnomial Eauations to Grobner Bases — p. 21/~



No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hy, we obtain:

vy —x = x-(y*—1) + 0-(xy+1) + 0.

Tragedy 1. The remainder depends on the divisor ordering (i.e. choice of
generators for (h, hs), and even worse an ordering of them). Hence it is

NOT a distinguished element of [xy* — x| € Clz,y|/(hy, ho)!

o -
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No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thﬂ%w=ﬂP—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hy, we obtain:

ry’ —z = x-(yY°—1) + 0-(zy+1) + 0.

Tragedy 1. The remainder depends on the divisor ordering (i.e. choice of
generators for (h, hs), and even worse an ordering of them). Hence it is
NOT a distinguished element of [zy* — x] € C[x, y]/{h1, ho)!

LTragedy 2. J
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No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thx%w=ﬂﬂ—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hy, we obtain:

ry’ —z = x-(yY°—1) + 0-(zy+1) + 0.

Tragedy 1. The remainder depends on the divisor ordering (i.e. choice of
generators for (h, hs), and even worse an ordering of them). Hence it is
NOT a distinguished element of [zy* — x] € C[x, y]/{h1, ho)!

LTragedy 2: xyf —x=x-(y*—1)el={(xy+1,9°—1), but J
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No! — A Tragic Example

{_1ﬂf@w%=mﬂ—%hﬂ%w:ww+1thﬂ%w=ﬂP—1MCth _T

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering h; > hsy, We obtain:

vy’ —x = y-(zy+1) + 0-(y* = 1) + (—z—y).

Using the Multivariate Division Algorithm, with monomial ordering y < x
and divisor ordering hs > hy, we obtain:

vy —x = x-(y*—1) + 0-(xy+1) + 0.

Tragedy 1. The remainder depends on the divisor ordering (i.e. choice of
generators for (h, hs), and even worse an ordering of them). Hence it is
NOT a distinguished element of [zy* — x] € C[x, y]/{h1, ho)!

L(Tragedy 2: vyt —x=x-(y*—1) el = {(xy+1,9°— 1), but the J

irst remainder is NOT even zero!
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Pathology Report

Let G :={g1,...,9x} C Clzq,...,2z,]. Fixamonomial ordering. T

Given f € Clxy1,...,x,], letrem(f,(g1,-..,9r)) be the remainder
produced by the Multivariate Division Algorithm with the indicated order of
the gi’S.

o -
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produced by the Multivariate Division Algorithm with the indicated order of
the gi’S.
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Given f € Clxy1,...,x,], letrem(f,(g1,-..,9r)) be the remainder
produced by the Multivariate Division Algorithm with the indicated order of
the gi’S.

® fc(g1,...,9,)does not necessarily imply rem(f,(g1,...,9x)) =0
(however, the converse is obviously true.)

o -
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Pathology Report

Let G :={g1,...,9x} C Clzq,...,2,]. Fixamonomial ordering. T

Given f € Clxy1,...,x,], letrem(f,(g1,-..,9r)) be the remainder
produced by the Multivariate Division Algorithm with the indicated order of
the gi’S.

® fc(g1,...,9,)does not necessarily imply rem(f,(g1,...,9x)) =0
(however, the converse is obviously true.)

® (g1,....9.)=1={hy,...,h,.) does notimply
rem(f, (91, -, 9k)) = rem(f, (h1,..., hy)),

o -
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Let G :={g1,...,9x} C Clzq,...,2z,]. Fixamonomial ordering. T

Given f € Clxy1,...,x,], letrem(f,(g1,-..,9r)) be the remainder
produced by the Multivariate Division Algorithm with the indicated order of
the gi’S.

® fc(g1,...,9,)does not necessarily imply rem(f,(g1,...,9x)) =0
(however, the converse is obviously true.)

® (g1,....9.)=1={hy,...,h,.) does notimply
rem(f,(g1,.-.,9%)) =rem(f,(h1,...,h;)), 1.e. the representative of
f 4+ I produced by the Multivariate Division Algorithm is non-unique if
arbitrary generating sets of I are allowed as divisors in the Algorithm.

o -
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Let G :={g1,...,9x} C Clzq,...,2z,]. Fixamonomial ordering. T

Given f € Clxy1,...,x,], letrem(f,(g1,-..,9r)) be the remainder
produced by the Multivariate Division Algorithm with the indicated order of
the gi’S.

® fc(g1,...,9,)does not necessarily imply rem(f,(g1,...,9x)) =0
(however, the converse is obviously true.)

® (g1,....9.)=1={hy,...,h,.) does notimply
rem(f,(g1,.-.,9%)) =rem(f,(h1,...,h;)), 1.e. the representative of
f 4+ I produced by the Multivariate Division Algorithm is non-unique if
arbitrary generating sets of I are allowed as divisors in the Algorithm.

® em(f, (g91,-..,9x)) depends even on the ordering of the g;’s.

o -
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Pathology Report

Let G :={g1,...,9x} C Clzq,...,2z,]. Fixamonomial ordering. T

Given f € Clxy1,...,x,], letrem(f,(g1,-..,9r)) be the remainder
produced by the Multivariate Division Algorithm with the indicated order of
the gi’S.

® fc(g1,...,9,)does not necessarily imply rem(f,(g1,...,9x)) =0
(however, the converse is obviously true.)

® (g1,....9.)=1={hy,...,h,.) does notimply
rem(f,(g1,.-.,9%)) =rem(f,(h1,...,h;)), 1.e. the representative of
f 4+ I produced by the Multivariate Division Algorithm is non-unique if
arbitrary generating sets of I are allowed as divisors in the Algorithm.

® em(f, (g91,-..,9x)) depends even on the ordering of the g;’s.

None of these occurs in the univariate case!

o -
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Pathology Report

Let G :={g1,...,9x} C Clzq,...,2z,]. Fixamonomial ordering. T

Given f € Clxy1,...,x,], letrem(f,(g1,-..,9r)) be the remainder
produced by the Multivariate Division Algorithm with the indicated order of
the gi’S.

® fc(g1,...,9,)does not necessarily imply rem(f,(g1,...,9x)) =0
(however, the converse is obviously true.)

® (g1,....9.)=1={hy,...,h,.) does notimply
rem(f,(g1,.-.,9%)) =rem(f,(h1,...,h;)), 1.e. the representative of
f 4+ I produced by the Multivariate Division Algorithm is non-unique if
arbitrary generating sets of I are allowed as divisors in the Algorithm.

® em(f, (g91,-..,9x)) depends even on the ordering of the g;’s.

None of these occurs in the univariate case!
L Grobner bases can be used to overcome these pathologies. J
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Definition of Grobner Bases
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Definition of Grobner Bases

A Grobner basis of anideal I C C|z,...,z,]| (W.r.t. a chosen monomial T
ordering) is a finite subset G = {g1, ..., gx } Of I such that

(Im(g1),...,Im(gr)) =Lm(I).

o -
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Definition of Grobner Bases

A Grobner basis of anideal I C C|z,...,z,]| (W.r.t. a chosen monomial T
ordering) is a finite subset G = {g1, ..., gx } Of I such that

(Im(g1),...,Im(gr)) =Lm(I).

For f € Clz1,...,xn],

Im(f) := leading monomial of f (w.r.t. chosen monomial ordering)

Lm(I) = ({im(f)|fe€l}), leading monomialideal of I.

o -
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Definition of Grobner Bases

A Grobner basis of anideal I C C|z,...,z,]| (W.r.t. a chosen monomial T
ordering) is a finite subset G = {g1, ..., gx } Of I such that

<Im(gl)7 JEI) lm(gk)> — Lm(I)'
For f € Clz1,...,xn],

Im(f) := leading monomial of f (w.r.t. chosen monomial ordering)

Lm(I) = ({im(f)|fe€l}), leading monomialideal of I.

Suppose I = (g1,---, Gk )-

o -
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Definition of Grobner Bases

A Grobner basis of anideal I C C|z,...,z,]| (W.r.t. a chosen monomial T
ordering) is a finite subset G = {g1, ..., gx } Of I such that

<Im(gl)7 JEI) lm(gk)> — Lm(I)'
For f € Clz1,...,xn],

Im(f) := leading monomial of f (w.r.t. chosen monomial ordering)

Lm(I) = ({im(f)|fe€l}), leading monomialideal of I.

Suppose I = (g1,.-.,9% ). Thenim(g;) € Lm(I),foreachi=1,...,m.

o -
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Definition of Grobner Bases

A Grobner basis of anideal I C C|z,...,z,]| (W.r.t. a chosen monomial T
ordering) is a finite subset G = {g1, ..., gx } Of I such that

<Im(gl)7 JEI) lm(gk)> — Lm(I)'
For f € Clz1,...,xn],

Im(f) := leading monomial of f (w.r.t. chosen monomial ordering)

Lm(I) = ({im(f)|fe€l}), leading monomialideal of I.

Suppose I = (g1,.-.,9% ). Thenim(g;) € Lm(I),foreachi=1,...,m.
Hence, in general, we have

(Im(g1),...,Im(gr)) C Lm(I).

o -
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Definition of Grobner Bases

A Grobner basis of anideal I C C|z,...,z,]| (W.r.t. a chosen monomial T
ordering) is a finite subset G = {g1, ..., gx } Of I such that

<Im(gl)7 JEI) lm(gk)> — Lm(I)'
For f € Clz1,...,xn],

Im(f) := leading monomial of f (w.r.t. chosen monomial ordering)

Lm(I) = ({im(f)|fe€l}), leading monomialideal of I.

Suppose I = (g1,.-.,9% ). Thenim(g;) € Lm(I),foreachi=1,...,m.
Hence, in general, we have

(Im(g1),...,Im(gr)) C Lm(I).

That G = {g1, ..., 9} IS a Grébner basis precisely says that the inclusion

\_above IS In fact an equality. J
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Misc. Facts about Grobner Bases

-

Clearly, (G) = ({¢1,...,9:}) C I, for every Grobner basis
G ClI.

=
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Clearly, (G) = ({¢1,...,9:}) C I, for every Grobner basis
G ClI.

=

Grobner bases are indeed “bases” (generating sets),



Misc. Facts about Grobner Bases

-

Clearly, (G) = ({¢1,...,9:}) C I, for every Grobner basis
G ClI.

=

Grobner bases are indeed “bases” (generating sets), i.e. if
G ={g1,...,9r} Is a Grobner basis of I C Clzy,...,xy,],



Misc. Facts about Grobner Bases

-

Clearly, (G) = ({¢1,...,9:}) C I, for every Grobner basis
G ClI.

=

Grobner bases are indeed “bases” (generating sets), i.e. if
G=A19g1,...,9:} 1S a Grobner basis of I C C|zq,...,zy], then

I={(g1,...,9r)



Misc. Facts about Grobner Bases

o .

Clearly, (G) = ({¢1,...,9:}) C I, for every Grobner basis
G ClI.

Grobner bases are indeed “bases” (generating sets), i.e. if
G=A19g1,...,9:} 1S a Grobner basis of I C C|zq,...,zy], then

I={(g1,...,9r)

Hilbert's Basis Theorem (applied to Lm(/)) = Every ideal
I C Clxy,...,x,] admits Grobner bases.

o -
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Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -

flx,y) = 2y* —x by hi(z,y) = 2y + 1 and ha(x,y) = y*> — 1in
Clz,yl.



Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -

flx,y) = 2y* —x by hi(z,y) = 2y + 1 and ha(x,y) = y*> — 1in
Clz,yl.

So the ideal we are looking atis I = (zy + 1, — 1), and
{xy +1,y% — 1} is a generating set for I C C|z, y].
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Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -
flx,y) = 2y? —x by hi(z,y) = 2y + 1 and ha(z,y) = y* — 1in
Cle, y].

So the ideal we are looking atis I = (zy + 1, — 1), and
{xy +1,y% — 1} is a generating set for I C C|z, y].

Notethat z+y = y-(ay+1)—a-(y*—1)
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Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -
flx,y) = 2y? —x by hi(z,y) = 2y + 1 and ha(z,y) = y* — 1in
Cle, y].

So the ideal we are looking atis I = (zy + 1, — 1), and
{xy +1,y% — 1} is a generating set for I C C|z, y].

Notethat z+y = y-(zy+1)—xz-(y*—-1) € I.
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Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -

flx,y) = 2y? —x by hi(z,y) = 2y + 1 and ha(z,y) = y* — 1in
Clz, yl.

So the ideal we are looking atis I = (zy + 1, — 1), and
{xy +1,y% — 1} is a generating set for I C C|z, y].

Notethat z+y = y-(zy+1)—xz-(y*—-1) € I.

And, Im(z +y) =«
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Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -

flx,y) = 2y* —x by hi(z,y) = 2y + 1 and ha(x,y) = y*> — 1in
Clz,yl.

So the ideal we are looking atis I = (zy + 1, — 1), and
{xy +1,y% — 1} is a generating set for I C C|z, y].

Notethat z+y = y-(zy+1)—xz-(y*—-1) € I.

And, Im(z +y) =z ¢ (zy,y?)
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Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -

flx,y) = 2y* —x by hi(z,y) = 2y + 1 and ha(x,y) = y*> — 1in
Clz,yl.

So the ideal we are looking atis I = (zy + 1, — 1), and
{xy +1,y% — 1} is a generating set for I C C|z, y].

Notethat z+y = y-(zy+1)—xz-(y*—-1) € I.

And, Im(z +y) =z ¢ (zy,y*) = (Im(zy +1),Im(y* —1)).
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Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -

flx,y) = 2y* —x by hi(z,y) = 2y + 1 and ha(x,y) = y*> — 1in
Clz,yl.

So the ideal we are looking atis I = (zy + 1, — 1), and
{xy +1,y% — 1} is a generating set for I C C|z, y].

Notethat z+y = y-(zy+1)—xz-(y*—-1) € I.

And, Im(z +y) =z ¢ (zy,y*) = (Im(zy +1),Im(y* —1)).
So, we have shown:

(Im(zy + 1), Im(y* — 1)) € Lm(]).

o -

From Solutions of Svstems of Polvnomial Eauations to Grobner Bases — p. 25/~



Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -

flx,y) = 2y* —x by hi(z,y) = 2y + 1 and ha(x,y) = y*> — 1in
Clz,yl.

So the ideal we are looking atis I = (zy + 1, — 1), and
{xy +1,y% — 1} is a generating set for I C C|z, y].

Notethat z+y = y-(zy+1)—xz-(y*—-1) € I.

And, Im(z +y) =z ¢ (zy,y*) = (Im(zy +1),Im(y* —1)).
So, we have shown:

(Im(zy + 1), Im(y* — 1)) € Lm(]).

Hence {zy + 1,7? — 1} is a generating set

o -
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Example: A “Non-Grobner ” Basis

~ Recall from Tragic Example: we were dividing -
flx,y) = 2y? —x by hi(z,y) = 2y + 1 and ha(z,y) = y* — 1in
Cle, y].

So the ideal we are looking atis I = (zy + 1, — 1), and
{xy +1,y% — 1} is a generating set for I C C|z, y].

Notethat z+y = y-(zy+1)—xz-(y*—-1) € I.

And, Im(z +y) =z ¢ (zy,y*) = (Im(zy +1),Im(y* —1)).
So, we have shown:

(Im(zy + 1), Im(y* — 1)) € Lm(]).

Hence {zy + 1,y* — 1} is a generating set but NOT a

Grobner basis for [.
| -
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How Grobner Bases Cure MDA

- .
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How Grobner Bases Cure MDA

- Theorem Let I be an ideal of C[zy,...,z,] and let a -
monomial ordering be fixed. Then for any two Grobner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G), forany f € Clzy,...,z,].
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How Grobner Bases Cure MDA

- Theorem Let I be an ideal of C[zy,...,z,] and let a -
monomial ordering be fixed. Then for any two Grobner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G), forany f € Clzy,...,z,].

Outline of Proof

From Solutions of Svstems of Polvnomial Eauations to Grobner Bases — p. 26/~



How Grobner Bases Cure MDA

- Theorem Let I be an ideal of C[zy,...,z,] and let a -
monomial ordering be fixed. Then for any two Grobner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G), forany f € Clzy,...,z,].

Outline of Proof  First, note rem(f,G)+1 = f+1 = rem(f,G’) + I.
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How Grobner Bases Cure MDA

- Theorem Let I be an ideal of C[zy,...,z,] and let a -
monomial ordering be fixed. Then for any two Grobner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G), forany f € Clzy,...,z,].

Outline of Proof  First, note rem(f,G)+1 = f+1 = rem(f,G’) + I.
Hence rem(f,G) —rem(f,G') € I
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How Grobner Bases Cure MDA

- Theorem Let I be an ideal of C[zy,...,z,] and let a -
monomial ordering be fixed. Then for any two Grobner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G), forany f € Clzy,...,z,].

Outline of Proof  First, note rem(f,G)+1 = f+1 = rem(f,G’) + I.
Hence rem(f,G) —rem(f,G") € I = Im(rem(f,G) —rem(f,G)) € Lm(1).
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How Grobner Bases Cure MDA

- Theorem Let I be an ideal of C[zy,...,z,] and let a -
monomial ordering be fixed. Then for any two Grobner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G), forany f € Clzy,...,z,].

Outline of Proof  First, note rem(f,G)+1 = f+1 = rem(f,G’) + I.
Hence rem(f,G) —rem(f,G") € I = Im(rem(f,G) —rem(f,G)) € Lm(1).

Key Observation: No monomial in rem(f, &) or rem(f, G") belongs to Lm(7),
by the hypothesis that G and G’ are Grébner bases of 1.

o -
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How Grobner Bases Cure MDA

- Theorem Let I be an ideal of C[zy,...,z,] and let a -
monomial ordering be fixed. Then for any two Grobner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G), forany f € Clzy,...,z,].

Outline of Proof  First, note rem(f,G)+1 = f+1 = rem(f,G’) + I.
Hence rem(f,G) —rem(f,G") € I = Im(rem(f,G) —rem(f,G)) € Lm(1).

Key Observation: No monomial in rem(f, &) or rem(f, G") belongs to Lm(7),
by the hypothesis that G and G’ are Grobner bases of 1. (Recall how the

remainder in the Multivariate Division Algorithm is “assembled.”)

o -
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Aside: G Groébner = Each monomial inrem(f,G) ¢ Lm({)

f y? —1 T + 1 remainder T
xy — 1 T

2y + x4+ 92
rly - x

w2 + oz + 92

ry? - T

2z 4+ > 2x
2 - 1

1 20 + 1

o -
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Aside: G Groébner = Each monomial inrem(f,G) ¢ Lm({)

y? —1 T + 1 remainder

xy — 1 T

’y  +  zy? 4y

2

Ty = x
w2 4+ o 4+ g2
ry? - x
2z 4+ > 2x
2 - 1
1 20 + 1

The monomial z appears in the remainder because it is not divisible by 2
or xy

o -
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Aside: G Groébner = Each monomial inrem(f,G) ¢ Lm({)

T e

T + 1 remainder T
xy — 1 T
£C2y + ny ,y2
rly - x
xy2 T + y2
ry? T
2z 4+ > 2x
2
2z 4+ 1

The monomial z appears in the remainder because it is not divisible by 2

orxy = x ¢ (y* zy) C Lm(I).

o

-
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Aside: G Groébner = Each monomial inrem(f,G) ¢ Lm({)

y? —1 x +

1

remainder
xy — 1 T

:c2y + :cy2 y2
q:2y — X

ny X

ny X

2x 2x
20 + 1

The monomial z appears in the remainder because it is not divisible by 2
orxy = x ¢ (y* zy) C Lm(I).

If {42 — 1,2y — 1} were a Grobner basis for I = (y* — 1,2y — 1), then we
would have {y?, zy) = (Im(y? — 1), Im(zy — 1)) = Lm([).

o

=

-
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Aside: G Groébner = Each monomial inrem(f,G) ¢ Lm({)

y? —1 T + 1 remainder

xy — 1 T

2y + w4+ oy

rly - x

Ty -+ x -+ y2

2z 4+ > 2x

1 20 + 1

The monomial z appears in the remainder because it is not divisible by 2
orxy = x ¢ (y* zy) C Lm(I).

If {42 — 1,2y — 1} were a Grobner basis for I = (y* — 1,2y — 1), then we
would have {y?, zy) = (Im(y? — 1), Im(zy — 1)) = Lm([).

LHence x & Lm([]),

-
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Aside: G Groébner = Each monomial inrem(f,G) ¢ Lm({)

y? —1 T + 1 remainder

xy — 1 T

2y + w4+ oy

rly - x

Ty -+ x -+ y2

2z 4+ > 2x

1 20 + 1

The monomial z appears in the remainder because it is not divisible by 2
orxy = x ¢ (y* zy) C Lm(I).

If {42 — 1,2y — 1} were a Grobner basis for I = (y* — 1,2y — 1), then we
would have {y?, zy) = (Im(y? — 1), Im(zy — 1)) = Lm([).

LHence v & Lm(I), if {y? — 1,2y — 1} were a Grébner basis for I.

-
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How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Proof  First, note rem(f,G)+1 = f+1 = rem(f,G). Hence
rem(f,G) —rem(f,G’) € I = Im(rem(f,G) —rem(f,G)) € Lm(I).

Key Observation: No monomial in rem(f, G) or rem(f, G") belongs to Lm(7),
by the hypothesis that G and G’ are Grobner bases of I. (Recall how the

remainder in the Multivariate Division Algorithm is “assembled.”)

o -
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How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Proof  First, note rem(f,G)+1 = f+1 = rem(f,G). Hence
rem(f,G) —rem(f,G’) € I = Im(rem(f,G) —rem(f,G)) € Lm(I).

Key Observation: No monomial in rem(f, G) or rem(f, G") belongs to Lm(7),
by the hypothesis that G and G’ are Grobner bases of I. (Recall how the

remainder in the Multivariate Division Algorithm is “assembled.”)

Now, suppose on the contrary that rem(f, G) —rem(f,G’) # 0

o -

From Solutions of Svstems of Polvnomial Eauations to Grobner Bases — p. 28/~



How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Proof  First, note rem(f,G)+1 = f+1 = rem(f,G). Hence
rem(f,G) —rem(f,G’) € I = Im(rem(f,G) —rem(f,G)) € Lm(I).

Key Observation: No monomial in rem(f, G) or rem(f, G") belongs to Lm(7),
by the hypothesis that G and G’ are Grobner bases of I. (Recall how the

remainder in the Multivariate Division Algorithm is “assembled.”)

Now, suppose on the contrary that rem(f,G) —rem(f,G’) #0 =
im(rem(f, G) — rem(f, G)) & Lm(I)

o -
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How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Proof  First, note rem(f,G)+1 = f+1 = rem(f,G). Hence
rem(f,G) —rem(f,G’) € I = Im(rem(f,G) —rem(f,G)) € Lm(I).

Key Observation: No monomial in rem(f, G) or rem(f, G") belongs to Lm(7),
by the hypothesis that G and G’ are Grobner bases of I. (Recall how the

remainder in the Multivariate Division Algorithm is “assembled.”)

Now, suppose on the contrary that rem(f,G) —rem(f,G’) #0 =
Im(rem(f, G) —rem(f,G)) ¢ Lm(I), contradiction. ]

o -

From Solutions of Svstems of Polvnomial Eauations to Grobner Bases — p. 28/



How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Corollary
If G ={9g1,...,9%} isaGrobner basis for I = (¢1,...,gx ), then for any
feClzy,...,xn,

o -
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How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Corollary

If G ={9g1,...,9%} isaGrobner basis for I = (¢1,...,gx ), then for any
feClzy,...,xn,

1) fel<=rem(f,G)=0.

o -
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How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Corollary
If G ={9g1,...,9%} isaGrobner basis for I = (¢1,...,gx ), then for any
feClzy,...,xn,

1) fel<=rem(f,G)=0.
2) rem(f,G) no longer depends on the ordering of the g;’s.

o -
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How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Corollary
If G ={9g1,...,9%} isaGrobner basis for I = (¢1,...,gx ), then for any
feClzy,...,xn,

1) fel<=rem(f,G)=0.
2) rem(f,G) no longer depends on the ordering of the g;’s.
3) The representative rem(f,G) of f + I is now “unique”

o -
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How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Corollary
If G ={9g1,...,9%} isaGrobner basis for I = (¢1,...,gx ), then for any
feClzy,...,xn,

1) fel<=rem(f,G)=0.

2) rem(f,G) no longer depends on the ordering of the g;’s.

3) The representative rem(f,G) of f + I is now “unique” as long as we
invoke the Multivariate Division Algorithm with a Grébner basis for 1.

o -
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How Grobner Bases Cure MDA

Theorem Let I be anideal of C|xq,...,z,] and let a T
monomial ordering be fixed. Then for any two Grébner
basis G, G’ for I, we have:

rem(f,G) =rem(f,G’), forany f € Clz1,...,x,].

Corollary
If G ={9g1,...,9%} isaGrobner basis for I = (¢1,...,gx ), then for any
feClzy,...,xn,

1) fel<=rem(f,G)=0.

2) rem(f,G) no longer depends on the ordering of the g;’s.

3) The representative rem(f,G) of f + I is now “unique” as long as we
invoke the Multivariate Division Algorithm with a Grébner basis for 1.

All previously mentioned pathologies are fixed!

o -
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Big Remaining Question ...

=

fLet anideal I C Clzy,...,z,] be given. Fix a monomial
ordering.
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Big Remaining Question ...

fLet anideal I C Clzy,...,z,] be given. Fix a monomial T
ordering.

We already know I possesses Grobner bases (by applying
Hilbert's Basis Theorem to Lm(/).

o -
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Big Remaining Question ...

fLet anideal I C Clzy,...,z,] be given. Fix a monomial T
ordering.

We already know I possesses Grobner bases (by applying
Hilbert's Basis Theorem to Lm(/).

® How to construct Grobner bases for 1?

# More practically: Suppose I = (hq,...,h, ), can we
construct Grobner bases from the h;'s? In other words,
can we obtain a Grobner basis for I from a given
generating set (basis) of 1?

Yes. Buchberger’s Algorithm

o -
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Some Remarks

-

We will omit the details of Buchberger’s algorithm.

=
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Some Remarks

-

We will omit the details of Buchberger’s algorithm. T

Buchberger’s algorithm is extremely computationally
Intensive. Modern computer algebra systems are
necessary for the theory to be useful in practice.

o -
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Some Remarks

-

We will omit the details of Buchberger’s algorithm. T
Buchberger’s algorithm is extremely computationally
Intensive. Modern computer algebra systems are
necessary for the theory to be useful in practice.

There are modifications (improvements) of Buchberger’s
algorithm.

| used a modified version of Buchberger’s algorithm as a

“simplification” tool. But | lucked in. There is no theoretical

reason why a Grobner basis should be any “simpler” than

the generating set used to construct it. Grébner bases are

not by design “simplification” tools; they are designed to fix
Lthe defects of the Multivariate Division Algorithm. J
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Determine whether f € Clx1, ..., x,] belongsto anideal I C Clxq,...,x,)].

2) Simplification/Solution of Systems of Polynomial
Equations
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Applications of Grobner Bases

o .

)  Membership of ideals of polynomial rings

Determine whether f € Clx1, ..., x,] belongsto anideal I C Clxq,...,x,)].

2) Simplification/Solution of Systems of Polynomial
Equations

3) Implicitization

Suppose that the parametric equations
x]_:f]_(t]_,...,tm> [P xn:fn(tl,...,tm>,

define an algebraic variety V' C C™. Can we express V' “implicitly”?

o -
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Suppose that the parametric equations
x]_:f]_(t]_,...,tm> [P xn:fn(tl,...,tm>,

define an algebraic variety V' C C™. Can we express V “implicitly”? i.e. Can we find

polynomial equations in the x;’s that define V' ?

o -

From Solutions of Svstems of Polvnomial Eauations to Grobner Bases — p. 32/-



Applications of Grobner Bases

o .

)  Membership of ideals of polynomial rings

Determine whether f € Clx1, ..., x,] belongsto anideal I C Clxq,...,x,)].

2) Simplification/Solution of Systems of Polynomial
Equations

3) Implicitization

Suppose that the parametric equations
x]_:f]_(t]_,...,tm> [P xn:fn(tl,...,tm>,

define an algebraic variety V' C C™. Can we express V “implicitly”? i.e. Can we find
polynomial equations in the x;’s that define V/? Grobner bases can be used to solve this

problem.

o -
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THE END
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