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1. T'§,...,T'S have been found explicitly. Each is a finite-index subgroup
of an arithmetic reflection subgroup PA; C Pisom(RH"). The Coxeter
diagrams of Ay, ..., A3 have been worked out.

2. T'} is narrowed down to one of two possibilities. One of these
possibilities is shown to be a finite-index subgroup of an arithmetic
subgroup in Pisom(RH®) and its Coxeter diagram has been worked
out.

3. (The A-C-T construction of) M% cannot admit a real hyperbolic
orbifold structure: Points in the stratum A%! are not locally real
hyperbolic (modulo a finite group of isometries). J
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[1 istoundo PGL(2,C)-quotienting. =~ is to impose PGL(2, R)-quotienting.

3. Study the geometry of PI'\K; =: A-C-T construction of the moduli
\— space of stable real binary octics. J
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f A(Xp) — Higz_l(Xp,Z) N (Hj-:_\/__l(prC), h/) ~ (L5 —‘

The pullback Hermitian form on A(X,) is given by:

h(€n) = = Q& a(n) — V-19(¢n),

where Q(§,n) := ({Un, X, ).

Computations show (A(X,), k) is abstractly isometric to A := Z[/—1]°,
equipped with

—2 1++/—-1 o —2 14++/-1 o 0 1++/-1
1—+—1 —2 1—+—1 —2 1—+—1 0

o |
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The vanishing conomology corresponding to a nodal octic has
Z|v/—1]-rank one and is generated by a vector of norm -2.

The vanishing cohomology corresponding to a cuspidal octic is an
orthogonal summand of A(X,) = A of Z[\/—1]-rank two with inherited
Z|v/—1]-Hermitian form:

ZIV-1)°,

OUTLINE OF PROOF

Local “pictorial” computations of the intersection form of the vanishing 1-homology of
H, ,2__4(Xp,Z) over a coalescing two-point or three-point configurations, i.e. the
intersection form of the vanishing 1-homology of

y4:x2—62 and y4::133—63, ase — 0,e > 0.

-

|
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—2 14++/—1 - —2 1++—1 o 0 14++—1
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Recall also Hif Xp) Iis a positive 1-dimensional subspace of

p—

(H;:_\/__l(xp,(:), h) ~ LS = ClH5—,

Hence, Hii)_ € CH (H;__\/_—l(Xp,(C)> ~ CH®

(%)

|
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fThe Fox completion F, D Fy “fills up” the gaps in F; in such a way that: T

1.

the points of F, — F; “lie above” P, — Py, the stable but non-smooth
octics. Elements of F, are called framed stable forms,

. the actions G ~ Fy and PI' ~ F, extend to Fg,

the period map F, — CH® extends to F, — CH®, holomorphically,
equivariantly, and surjectively,
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The Deligne-Mostow Construction of M,
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If p € PR, then complex conjugation CP' = CP! : z — T induces an antiholomorphic
involution <, on X, := { (z,y) € C? | y* —p(x) =0} via (z,y) — (T, 7).
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If [f1] and [f2] are framed smooth forms over the same p € PY, then x,. ¢, and x, £,
belong to the same Isom(A)-conjugacy class of IAAl's of A. Thus [xp] := [xp,¢] IS @
well-defined 1som(A)-conjugacy class, depending only on p, not on [f].

Let (p1,[f1]), (p2, [f2]) be ordered pairs with p1,ps € 7?%% and [f1], [f2] being framed smooth
forms over p1, p2 respectively. If py, po are of the same topological type, i.e. one can be
deformed to the other via smooth real octics, then we can deform (p1, [f1]) to some

(p2, [f4])- Noting that 1AAI(A) is a lattice in 1AAI(A ® C) = 1aaI(C1),
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p € PX ~ Involutive Anti-isometry «, of A(X))

If p € PE, then complex conjugation CP! = CP! : z ~ 7 induces an antiholomorphic
involution <, on X, := { (z,y) € C? | y* —p(x) =0} via (z,y) — (T, 7).

kp IN turn induces an involutive (antilinear) anti-isometry (IAAl) k, on A(X5).
If {A(Xp) 4, A] is a framed smooth form over p € P, then
Xp.f = forpo f~1:A— AisanlAAl of A.

If [f1] and [f2] are framed smooth forms over the same p € PY, then x,. ¢, and x, £,
belong to the same Isom(A)-conjugacy class of IAAl's of A. Thus [xp] := [xp,¢] IS @
well-defined 1som(A)-conjugacy class, depending only on p, not on [f].

Let (p1,[f1]), (p2, [f2]) be ordered pairs with p1,ps € 7?%% and [f1], [f2] being framed smooth
forms over p1, p2 respectively. If py, po are of the same topological type, i.e. one can be
deformed to the other via smooth real octics, then we can deform (p1, [f1]) to some

(p2, [f4])- Noting that 1AAI(A) is a lattice in 1AAI(A ® C) = 1AAI(C1:°), we see

p1,p2 € Py of same topological type == [Xp1 ] := [Xpy, 1] = [Xpo, 11) = X, £2] =2 [Xps)-
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p € PX ~ Involutive Anti-isometry «, of A(X))

If p € PE, then complex conjugation CP! = CP! : z ~ 7 induces an antiholomorphic
involution <, on X, := { (z,y) € C? | y* —p(x) =0} via (z,y) — (T, 7).

kp IN turn induces an involutive (antilinear) anti-isometry (IAAl) k, on A(X5).
If {A(Xp) 4, A] is a framed smooth form over p € P, then
Xp.f = forpo f~1:A— AisanlAAl of A.

If [f1] and [f2] are framed smooth forms over the same p € PY, then x,. ¢, and x, £,
belong to the same Isom(A)-conjugacy class of IAAl's of A. Thus [xp] := [xp,¢] IS @
well-defined 1som(A)-conjugacy class, depending only on p, not on [f].

Let (p1,[f1]), (p2, [f2]) be ordered pairs with p1,ps € 7?%% and [f1], [f2] being framed smooth
forms over p1, p2 respectively. If py, po are of the same topological type, i.e. one can be
deformed to the other via smooth real octics, then we can deform (p1, [f1]) to some

(p2, [f4])- Noting that 1AAI(A) is a lattice in 1AAI(A ® C) = 1AAI(C1:°), we see

p1,p2 € Py of same topological type == [Xp1 ] := [Xpy, 1] = [Xpo, 11) = X, £2] =2 [Xps)-

FACT: Converse holds.
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“Real” Octics Have “Real” Periods

Xp e X, also induces an anti-linear involution on H!(X,, C)
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“Real” Octics Have “Real” Periods

Xp e X, also induces an anti-linear involution on H!(X,, C) via
Hl(X]%(C) - Hl(XP7C)
¢ —  (kp)*(9)
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“Real” Octics Have “Real” Periods

Xp e X, also induces an anti-linear involution on H!(X,, C) via
Hl(X]%(C) - Hl(XP7C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition
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“Real” Octics Have “Real” Periods

Xp B X, also induces an anti-linear involution on H!(X,, C) via
Hl(XI%(C) - Hl(X]%C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition and the o-eigenspaces of H! (X, C).
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“Real” Octics Have “Real” Periods

Xp B X, also induces an anti-linear involution on H!(X,, C) via
Hl(XI%(C) - Hl(X]%C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition and the o-eigenspaces of H! (X, C).
It turns out that «,, restricts to an IAAl on

A(Xp)
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Xp B X, also induces an anti-linear involution on H!(X,, C) via
Hl(XI%(C) - Hl(X]%C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition and the o-eigenspaces of H! (X, C).
It turns out that «,, restricts to an IAAl on

A(Xp) ®z1=1) C
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“Real” Octics Have “Real” Periods

Xp B X, also induces an anti-linear involution on H!(X,, C) via
Hl(XI%(C) - Hl(X]%C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition and the o-eigenspaces of H! (X, C).
It turns out that «,, restricts to an IAAl on

A(Xp) ®Z[\/—_1] C= H;:_\/_—l(Xpa (C)

Cl,5—Cl+,5—
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“Real” Octics Have “Real” Periods

Xp B X, also induces an anti-linear involution on H!(X,, C) via
Hl(XI%(C) - Hl(X]%C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition and the o-eigenspaces of H! (X, C).
It turns out that «,, restricts to an IAAl on

A(XP) ®z [V —1] CNHl—_\/_(X]%(C) \/—(Xp,@)@Hgi_\/_—l(Xp,@),

C15=C1H:5- () (-—=—- )
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“Real” Octics Have “Real” Periods

Xp B X, also induces an anti-linear involution on H!(X,, C) via
Hl(XI%(C) - Hl(X]%C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition and the o-eigenspaces of H! (X, C).
It turns out that «,, restricts to an IAAl on
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thereby preserving each summands.
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“Real” Octics Have “Real” Periods

Xp B X, also induces an anti-linear involution on H!(X,, C) via
Hl(XI%(C) - Hl(X]%C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition and the o-eigenspaces of H! (X, C).
It turns out that «,, restricts to an IAAl on
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Thus, H'°_ J=1(Xp,C) € CH(A(Xp) ®C) is fixed by [ryp).
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“Real” Octics Have “Real” Periods

Xp B X, also induces an anti-linear involution on H!(X,, C) via
Hl(XI%(C) - Hl(X]%C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition and the o-eigenspaces of H! (X, C).
It turns out that «,, restricts to an IAAl on

A(Xp) ®g(/=1) C Hl__F<Xp, €)= r(Xp, C)®H)._

C15=C1H:5- () (-—=—- )

thereby preserving each summands.

Thus, H'°_ J=1(Xp,C) € CH(A(Xp) ®C) is fixed by [ryp).

Hence, for a given framed smooth form [A(X}) EN A] over p € P, its period
f(H;i)_\/__l(Xp, C)) € CH® = CH (A ® C) is fixed by the projective class
[xp] = [f o kp o f71] € PIAAI(A).
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“Real” Octics Have “Real” Periods

Xp B X, also induces an anti-linear involution on H!(X,, C) via
Hl(XI%(C) - Hl(X]%C)
¢ —  (kp)*(9)

This involution preserves both Hodge decomposition and the o-eigenspaces of H! (X, C).
It turns out that «,, restricts to an IAAl on

A(XP) ®z [V —1] CNHl—_\/_(X]%(C) \/—(Xp,@)@Hgi_\/_—l(Xp,@),

C15=C1H:5- () (-—=—- )

thereby preserving each summands.

Thus, H'°_ J=1(Xp,C) € CH(A(Xp) ®C) is fixed by [ryp).

Hence, for a given framed smooth form [A(X}) EN A] over p € P, its period

f(H;i)_\/__l(Xp, C)) € CH® = CH (A ® C) is fixed by the projective class

[xp] = [f o kp o f71] € PIRAI(A).

We call an element x € CH® a real period if = € Fix([x,]) for some x, € I1AAI(A) arising as

described above.
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Real Periods Lie on Copies oRH’> ¢ CH”

- N

1. For each yx € 1AAI(A), the metric on A restricts to a metric on the
Z-module Fix(x) = Z° of signature (1+,5—).
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1. For each yx € 1AAI(A), the metric on A restricts to a metric on the
Z-module Fix() = Z° of signature (1+,5—). Thus

Fix(x) ®z R =2 RY =RV~
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1. For each yx € 1AAI(A), the metric on A restricts to a metric on the
Z-module Fix() = Z° of signature (1+,5—). Thus

Fix(x) ®z R =2 RY =RV~

and
RH (Fix(y) ®zR) = RHP
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Real Periods Lie on Copies oRH’> ¢ CH”

-

1. For each yx € 1AAI(A), the metric on A restricts to a metric on the
Z-module Fix() = Z° of signature (1+,5—). Thus

Fix(x) ®z R =2 RY =RV~

and
RH (Fix(y) ®zR) = RHP
M M
CH (A®y,=C) = CH’

10

o |

.—p.14/22



Real Periods Lie on Copies oRH’> ¢ CH”

-

|7 1. For each yx € 1AAI(A), the metric on A restricts to a metric on the
Z-module Fix() = Z° of signature (1+,5—). Thus

Fix(x) ®z R =2 RY =RV~

and
RH (Fix(y) ®zR) = RHP
M M
CH (A®y,=C) = CH’

10

2. Hence, the periods of real octics lie on copies of real hyperbolic
space RH® within CH®.
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B ME = P(PY) / PGL(2,R) -
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f ME = P(PY) /PGL(2,R) < PX/GL(2,R) T
— Pg/ (GL(2,R)/(£1))
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The Allcock-Carlson-Toledo Construction of M~

f ME = P(PY) /PGL(2,R) < PX/GL(2,R) T
— PR/ (GLE2,R)/(£1)) = PR/GR
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The Allcock-Carlson-Toledo Construction of M~

B ME = P(PY) /PGL(2,R) < PX/GL(2,R) -
— PE/ (GLERR)/(+1)) = PE/GF
— {IP’F\ (preimage of PR under F, — 735) } / GR
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The Allcock-Carlson-Toledo Construction of M~

f/\/lfi

= P(PY) /PGL(2,R) « PX/GL(2,R) T
— PR/ (GL(2,R)/(£1)) = PR/GK
< {IP’F\ (preimage of P]SR under Fs — 735) } / GR

= {er\FF} ) GF

|

.—p.15/22



The Allcock-Carlson-Toledo Construction of M~

| ME = P(PRY /PGL(2,R) « PR /GL(2,R) -
— Pg/ (GLE2,R)/(x1)) = Pg/G"
o {IP’F\ (preimage of PX under F, — 735) } / G
—. {PF\FF}/ GR
— PT \{ FR /GR }



The Allcock-Carlson-Toledo Construction of M~

B ME = P(PY) /PGL(2,R) < PX/GL(2,R) -
— PE/ (GLERR)/(+1)) = PE/GF
— {IP’F\ (preimage of PR under F, — 738) } / GR

_. {PF\FF}/ GR
o Pr\{ FF/G* |

y
PT \< ( I RH, ]) / \
[X]EPIAAIR(A) )

\

10
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The Allcock-Carlson-Toledo Construction of M~

f/\/llf

10

P(P}SR) / PGL(2,R) « PQR/GL(Q,R) T

Py / (GL(2,R)/(£1)) =: PS/G*
{IP’F\ (preimage of P]SR under Fs — 738) } / GR

{IP’F\]—"F } / GR
pr\ { 73 /GR |

y
PT \< ( I RH, ]) / \
[X]|EPIAAIR (A) )

\
PT\ K,

|
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The Allcock-Carlson-Toledo Construction of M~

B ME = P(PY) /PGL(2,R) < PX/GL(2,R) -
— PE/ (GLERR)/(+1)) = PE/GF
— {IP’F\ (preimage of PR under F, — 738) } / GR

—. {PF\FF}/ GR
o pr\{ 7} /G* |

y
P \< ( [l RH, ]) / >
[X]|EPIAAIR (A) )

\
=: PI'\ s =: A-C-T construction of M

o |

.—p.15/22
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Uniformizations of Mg, (i=0,...,4)

Recall: MEHPF\KS:IPI‘\{ ( I1 RHfX]> / z}
[x]EPIAAIR (A)
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Uniformizations of Mg, (i=0,...,4)

Recall: MEHPF\KS:IPI‘\{ ( I1 RHfX]> / z}
[x]EPIAAIR (A)

FACTS
1. There are either 6 (or 7) PI" = Pisom(A)-conjugacy classes of IAAI's of A.
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Recall: MEHPF\KS:IPI‘\{ ( I1 RHfX]> / z}
[x]EPIAAIR (A)

FACTS

1. There are either 6 (or 7) PI' = Pisom(A)-conjugacy classes of IAAI's of A. Five of
them correspond to x¢p1,

o |

.—p.16/22



Uniformizations of Mg, (i=0,...,4)

Recall: MEHPF\KS:IPI‘\{ ( I1 RHfX]> / z}
[x]EPIAAIR (A)

FACTS

1. There are either 6 (or 7) PI' = Pisom(A)-conjugacy classes of IAAI's of A. Five of
them correspond to x¢p1, and the remaining one to the antipodal map on CP?!.
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Uniformizations of Mg, (i=0,...,4)

Recall: MEHPF\KS:PF\{ ( I1 RHfX]> / z}
[x]EPIAAIR (A)

FACTS

1.

There are either 6 (or 7) PI" = Pisom(A)-conjugacy classes of IAAI's of A. Five of
them correspond to x¢p1, and the remaining one to the antipodal map on CP?!.

PT" obviously acts transitively on the collection of the copies RH? , where all the x
belong to one PI"-conjugacy class;
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Recall: MEHPF\KS:PF\{ ( I1 RHfX]> / z}
[x]EPIAAIR (A)

FACTS

1. There are either 6 (or 7) PI' = Pisom(A)-conjugacy classes of IAAI's of A. Five of
them correspond to x¢p1, and the remaining one to the antipodal map on CP?!.

2. PT obviously acts transitively on the collection of the copies RH? , where all the x
belong to one PI"-conjugacy class; equivalently, the corresponding octics have the
same topological type.

o |

.—p.16/22



Uniformizations of Mg, (i=0,...,4)

Recall: MEHPF\KS:PF\{ ( I1 RHfX]> / z}
[x]EPIAAIR (A)

FACTS

1. There are either 6 (or 7) PI' = Pisom(A)-conjugacy classes of IAAI's of A. Five of
them correspond to x¢p1, and the remaining one to the antipodal map on CP?!.

2. PT obviously acts transitively on the collection of the copies RH? , where all the x
belong to one PI"-conjugacy class; equivalently, the corresponding octics have the
same topological type.

It should now be clear that

M]E‘,i > Stabpr (Fixa (X )\ RHB 1=20,...,4,

where RHY = := RH (Fix (x:) ®z R) = RH?,
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Uniformizations of Mg, (i=0,...,4)

Recall: MEHPF\KS:PF\{ ( I1 RHfX]> / z}
[x]EPIAAIR (A)

FACTS

1. There are either 6 (or 7) PI' = Pisom(A)-conjugacy classes of IAAI's of A. Five of
them correspond to x¢p1, and the remaining one to the antipodal map on CP?!.

2. PT obviously acts transitively on the collection of the copies RH? , where all the x
belong to one PI"-conjugacy class; equivalently, the corresponding octics have the
same topological type.

It should now be clear that

M]E‘,i > Stabpr (Fixa (X )\ RHB 1=20,...,4,

where RHY = := RH (Fixa (x;) ®z R) = RH”, and stabpr (Fixa (x;)) can be described by the
following abstract isomorphism:

A extends to some

element of Isom(A) }) J

F]}S := Stabpr (Fixp (X)) = P ({ A € 1som (Fixp (X))

o
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Fix(xo0), - - -, Fix(x4)

Fix(xo) = diag(l,—1,—1,—-1,—-1,—1) —‘
Fix(x1) = diag(l,—1,—1,—-1,—1,—-2)
Fix(x3) = diag(l,—1,—1,—-2,—2,—2)
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Fix(x0)
Fix(x1)
Fix(x3)

Fix(x2)

Fix(xo0), - - -, Fix(x4)

e 1R

112

110

112

diag(1,—1,—1,—-1,—-1,—1)
diag(1, —1, —1,—1,—1, —2)
diag(1, —1, —1, -2, —2, —2)

diag(1, —1,—1,—-1,—-2,—2)
diag(1, —1,—1,—-1,—-2,—2)
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Fix(xo0), - - -, Fix(x4)

diag(1,—1,—1,—-1,—1,—1)
diag(1, —1, —1,—1,—1, —2)
diag(1, —1, —1, -2, —2, —2)

diag(1, —1,—1,—1,—2,—2)
diag(1, —1,—1,—1,—2,—2)

Fix(xo) =
FiX(Xl) -~
FlX(Xg) =
Fix(x2) =
[ 2 0
0 -2
1 -1
1 1

lattice, det=—4

or

-2 =2 1 0O 0 =2

-2 —6 3 0O 0 -4

1 3 =2 0O O 2

0 0 0O —2 1 1

0 0 0 1 O 0

| 2 -4 2 -1 0 -4
e ’

|
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Fix(xo0), - - -, Fix(x4)

Fix(xo) & diag(l,—1,—-1,—-1,—1,—1)
f Fix(x1) = diag(l,—1,—1,—-1,—1,—-2) —‘
Fix(x3) = diag(l,—1,—1,—-2,—2,—2)
Fix(x2) = diag(l,—1,—1,—-1,—2,—2)
>~ diag(1,—1,—-1,—-1, -2, —2)
[ -2 -2 1 0 0 =2

2 0 1 1] 2 6 3 0 0 —4

Fix(xa) = 0O 1 o o -2 -1 1 o 1 3 =2 0O O 2

0 1 -1 =2 0 0 0 0O —2 1 1

I 1 1 0O -2 | 0 0 0 1 O 0

h N g 2 4 2 -1 0 -4

lattice, det=—4 L -

NON-COMMENSURABILITY
\— Isom(Fix(x0)) » Isom(Fix(x1)) Isom(Fix(xo0)) » Isom(Fix(x3)) lIsom(Fix(x1)) » Isom(Fix(ng)_)J

Isom(Fix(x1)) » Isom(Fix(x4)) lIsom(Fix(x2)) = Isom(Fix(x3)) Isom(Fix(x3)) » Isom(Fix(x4

.= p.17/22
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ME « PI'\ K, Is Not Real Hyperbolic

5
— PI\K, IPT\{ ( 11 RH[X]> /
[x]EPIAAIR (A)

a4
Y

|

|
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ME « PI'\ K, Is Not Real Hyperbolic

fRecaII again: T

ME  PI\K, IPT\{ ( 11 RH?X]> / }
[x]EPIAAIR (A)

We check the local quotient structure of PI'\ K stratum by stratum.

Q
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ME « PI'\ K, Is Not Real Hyperbolic

Q

R _ 5
ME — PI\K, = ]PT\ | /
[x]EPIAAIR (A)

We check the local quotient structure of PI'\ K stratum by stratum.

NEGATIVE RESULT

Points in PI'\ K, corresponding to the stratum A" (of real octics having one
(real) triple point and no other singularities) can not admit a local real hyperbolic

orbifold structure.
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ME « PI'\ K, Is Not Real Hyperbolic

Q

R _ 5
ME — PI\K, = ]PT\ | /
[x]EPIAAIR (A)

We check the local quotient structure of PI'\ K stratum by stratum.

NEGATIVE RESULT

Points in PI'\ K, corresponding to the stratum A" (of real octics having one
(real) triple point and no other singularities) can not admit a local real hyperbolic
orbifold structure. Hence PT'\ IC; itself cannot be a real hyperbolic orbifold.
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Why Points in AY" Are Not Hyerpbolic

A pointin A" can be locally described by po o (), where

Pag,ay (T) = (23 + a1z + ag) - r(x), ag,a1 € R.
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Why Points in AY" Are Not Hyerpbolic

A pointin A" can be locally described by po o (), where

Pag,ay (T) = (23 + a1z + ag) - r(x), ag,a1 € R.

We thus examine the vanishing (o2 = —1)-homology of

y4 =2 + a1z + ag, as ag,a; — 0,
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Why Points in AY" Are Not Hyerpbolic
fA pointin AY'" can be locally described by po o (), where
Pag,ar () = (2% + a1z + ao) - 7(2), ao,a1 € R.
We thus examine the vanishing (o2 = —1)-homology of
y4 = 2% + a1z + ag, as ag,a; — 0,

preserved by the action induced by =z — 7.
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Why Points in AY" Are Not Hyerpbolic

A pointin A" can be locally described by po o (), where

Pag,a; (T) = (23 + a1z + ag) - r(x), ag,a1 € R.
We thus examine the vanishing (o2 = —1)-homology of

y4 =2 + a1z + ag, as ag,a; — 0,

preserved by the action induced by =z — 7.

—2 14++/—1
1—+—1 —2

Computations show that Ag = [ ] has two conjugacy classes of

IAAI'S, say x1 and yo.
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Why Points in AY" Are Not Hyerpbolic

A pointin A" can be locally described by po o (), where

Pag,a; (T) = (23 + a1z + ag) - r(x), ag,a1 € R.
We thus examine the vanishing (o2 = —1)-homology of

y4 =2 + a1z + ag, as ag,a; — 0,

preserved by the action induced by =z — 7.

—2 14++/—1
1—+—1 —2

IAAI'S, say x1 and x2. We expect this since a real triple point is the limit of two kinds of
smooth real 3-point configurations, namely 3 distinct real points, and one real point plus 1
complex conjugate pair.

Computations show that Ag = [ ] has two conjugacy classes of
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Why Points in AY" Are Not Hyerpbolic

A pointin A" can be locally described by po o (), where

Pag,a; (T) = (23 + a1z + ag) - r(x), ag,a1 € R.
We thus examine the vanishing (o2 = —1)-homology of

y4 =2 + a1z + ag, as ag,a; — 0,

preserved by the action induced by =z — 7.

—2 14++/—1
1—+—1 —2

IAAI'S, say x1 and x2. We expect this since a real triple point is the limit of two kinds of
smooth real 3-point configurations, namely 3 distinct real points, and one real point plus 1
complex conjugate pair. So, the local geometry of PI"\ /Cs at a point in A]%l IS given by

Computations show that Ag = [ ] has two conjugacy classes of

Fix Fix
(x1) U (x2) subject to certain gluing.

Stabysom(Aq) (Fix(x1)) Stabisom(A o) (Fix(x2))
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fLocaI quotient at a point in A" is given by: T

FiX(Xl) U FiX(XQ)

Stablsom(Ao) (FiX(Xl)) Stablsom(/\o) (FiX(XQ)) ’
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fLocaI quotient at a point in A" is given by: T

FiX(Xl) U FiX(XQ)
Stabysom(Ao) (FiX(X1)) Stabysom () (FiX(X2))
1. The two individual quotients above are
R? /(Z/2 x Z/2) = a 90°-wedge, and R?/D, =a 45°-wedge.

2. The edges of the above wedges glue “pairwise.” — local angle is
135° = 37 /4.
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Why Points in AY" Are Not Hyperpbolic (Cont'd)

fLocaI quotient at a point in A" is given by: T

FiX(Xl) U FiX(XQ)
Stabysom(Ao) (FiX(X1)) Stabysom () (FiX(X2))
1. The two individual quotients above are
R? /(Z/2 x Z/2) = a 90°-wedge, and R?/D, =a 45°-wedge.

2. The edges of the above wedges glue “pairwise.” — local angle is
135° = 37 /4.

OBSERVATION: Points in Ay" can NOT be real hyperbolic because the
local anlge does not add up to 27 /n, for some integer n. > 0.
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1. Prove that two representatives of IAAI's of A whose fixed lattice are
Isometric to Fix(x2) are in fact conjugates.

|

.—p.21/22



Ongoing Work & Future Directions ...

1. Prove that two representatives of IAAI's of A whose fixed lattice are
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. Prove that two representatives of IAAI's of A whose fixed lattice are

Isometric to Fix(x2) are in fact conjugates.
Identify PT%.

Study the topology of /\/l{fﬁii: fundamental and higher homotopy
groups.

-

|

.—p.21/22



Ongoing Work & Future Directions ...

. Prove that two representatives of IAAI's of A whose fixed lattice are

Isometric to Fix(x2) are in fact conjugates.
Identify PT%.

Study the topology of /\/l{fﬁii: fundamental and higher homotopy
groups.
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. Prove that two representatives of IAAI's of A whose fixed lattice are

Isometric to Fix(x2) are in fact conjugates.
Identify PT%.

Study the topology of /\/l{fﬁii: fundamental and higher homotopy
groups.

Complete the examination of the local geometry of PI"\ Ks.
We do know that K5 is (obviously) a metric space and PI" acts on it by isometries,

properly discontinuously, hence with closed orbits.
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Complete the examination of the local geometry of PI"\ Ks.
We do know that K5 is (obviously) a metric space and PI" acts on it by isometries,
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Ongoing Work & Future Directions ...

Prove that two representatives of IAAl's of A whose fixed lattice are
Isometric to Fix(x2) are in fact conjugates.

Identify PT%.

Study the topology of /\/l{fﬁii: fundamental and higher homotopy
groups.

Complete the examination of the local geometry of PI"\ Ks.
We do know that K5 is (obviously) a metric space and PI" acts on it by isometries,

properly discontinuously, hence with closed orbits. PT"\ kC; is thus itself a metric space.

Speculation:

IPT\ICS Is some kind of an orbit space by a negatively curved, non-locally-symmetric space. These were
once conjectured not to exist. But Mostow-Siu [1980] first constructed such compact Kéaher (complex)
surface (hence of real dimension 4). Gromov-Thurston [1987] constructed examples of any real

dimension > 4.
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THE END
THANK YOU!
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