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variance of the particle displacement grows sublinearly with time. In this work, we
propose a viscoelastic generalization of the Landau-Lifschitz Navier-Stokes fluid model and
investigate the properties of particles that are passively advected by such a medium. We
exploit certain exact formulations that arise from the Gaussian nature of the fluid model

Keywords:

Anomalous diffusion and introduce analysis of memory in the fluid statistics, marking an important step toward
Viscoelastic fluid capturing fluctuating hydrodynamics among subdiffusive particles. The proposed method
Stochastic process is spectral, meshless and is based on the numerical evaluation of the covariance matrix

associated with individual fluid modes. With this method, we probe a central hypothesis of
passive microrheology, a field premised on the idea that the statistics of particle trajectories
can reveal fundamental information about their surrounding fluid environment.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Many fundamental biological processes concern the movement of microparticles in complex fluids - that is, liquids that
contain suspended polymers, microbes, or other microstructures. For example, mucus is a suspension of oligomeric mucin
proteins in a water-like fluid and whole blood is a suspension of red blood cells in plasma. Complex fluids are noted for
the wide variety of mechanical responses they exhibit as a function of applied strain/stress. In response to certain stimuli,
a complex fluid will act like a solid, but in response to other stimuli, the same fluid will act like a liquid. These viscoelastic
rheological properties are often caused by interactions between suspended microstructures and a viscous background fluid
[1-4].

Particles diffusing in viscous fluids act like classical Brownian motion, but particles moving in viscoelastic fluids tend to
be statistically distinct, exhibiting the effects of memory and long-range particle-particle correlation. Indeed the motion of
foreign microparticles in complex fluids is very rarely well-described by classical Brownian motion. The primary statistical
tool used in particle tracking analysis is mean-squared displacement (MSD), the empirical second moment of change in
particle position. For particles moving in a purely viscous fluid, the MSD grows linearly with time; while, in viscoelastic
media, the MSD scales nonlinearly. Recent interest in material properties of biological fluids has led to the cataloguing of
numerous natural examples of this so-called anomalous diffusion. For a few examples, see [5-9].
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The widespread observation of anomalous diffusion in complex fluids has led to the development of several mathematical
models that have been variously successful in describing the paths of individual particles. For example, it was recently
demonstrated that the motion of 500 nm radius latex beads in human mucus is well-described by fractional Brownian
motion (FBM) [10]. Subsequently it was shown that a force-balance approach to modeling, called the generalized Langevin
equation (GLE), can provide an even more faithful model for the data [11].

However the extension of single-particle theory to that of multiple interacting particles remains elusive. FBM and GLE are
characterized by anti-persistent memory effects (meaning that movement in one direction during one time step is positively
correlated with movement in the opposite direction in the next) that result from the storage of energy and response by the
surrounding viscoelastic medium. There is no doubt that the medium also communicates disturbances nonlocally across
distances as well, and it stands to reason that two proximate particles should have nontrivial interactions with each other.
While there exist mathematical frameworks that might have the potential to do so (see complex fluid models like [12]
and [13] for example), we know of no work that shows immersed particles behaving as FBM or GLE when alone, but
when nearby each other, interacting through fluctuating hydrodynamics. In this article, we take a step in this direction by
developing a modeling and simulation framework for particles that are passively advected by a linear viscoelastic fluid.

Because our fluid-particle model will require the interaction of forces, we adopt a GLE approach. The GLE is a stochastic
integro-differential equation that was introduced by Kubo [14] and then revived for the purpose of modeling viscoelastic
diffusion by Mason and Weitz [15]. Here we adopt the following definition for the GLE, which describes the velocity V (t)
of a particle:

t

mdV (t) = (— VeV (t) — %/K(t — SV (s)ds + / @F(n)dw 2k Tys W (©). 1)

—00

When referring to the particle position, X(t) = fot V(s)ds, we say that X satisfies the integrated GLE (iGLE). The GLE (1)
is a balance of forces equation relating the particle’s acceleration to its velocity history and to thermal fluctuations in the
fluid environment. Here, m is the particle’s mass, kp is Boltzmann constant and T is the temperature. The force of friction
is decomposed into two components: the drag due to solvent viscosity ys and drag due to the polymeric component of
the fluid environment, comprised of a memory kernel K(t), a leading drag coefficient yp, and a normalizing constant 7 =
f0°° K (s)ds that has units of [time]. The memory kernel K summarizes the fluid environment’s capacity to store energy and
act back on a particle after a given increment of time. For discussion on the inclusion of instantaneous viscous response term
see [16]. The force due to thermal fluctuations is also decomposed into solvent and polymeric component contributions. The
term W (t) is a standard Brownian motion, while F(t) is a stationary Gaussian process with mean 0 and autocovariance given
by

E[F(t)F(s)]=K(t —s). (2)

This form for the noise is posited in accordance with the fluctuation-dissipation relationship [14]. In Section 2, we establish
some basic facts about the GLE, including a discussion of our choice for the memory kernel K and our method of simulation.

Initial efforts to model the interaction of multiple particles used a system of GLEs with an interaction term meant to
summarize the hydrodynamic influence of one particle on the other [17-20]. However, when implementing the noise terms,
these methods tended to ignore correlations that exist with past position and velocity. In particular, there is disagreement
about how to enforce the fluctuation-dissipation relationship among multiple beads and through the background fluid
without directly modeling the fluid velocity field as well. For this reason it is appealing to note recent developments in
numerical fluid-particle coupling methods [12,21-23]. When considering neutrally buoyant particles in an incompressible
fluid, the stochastic Immersed Boundary Method has been particularly successful in capturing statistical properties of par-
ticle trajectories in viscous fluids [24-28]. In this work, we present an important step toward implementing the stochastic
IBM for viscoelastic fluids: generalizing the fluctuating Landau-Lifschitz Navier-Stokes equations for viscoelastic fluids and
simulating trajectories of passively advected immersed particles.

In Section 3 we develop our model for the fluid velocity field u and explore the challenges that exist in generating
efficient and accurate simulations. The main difficulty arises from two key issues. The first is that, unlike the stochastic IBM
for viscous fluids, which can employ step-by-step simulation techniques exploiting the Markov property, the primary tool
available for our model is the theory of stationary Gaussian processes. While conceptually straightforward, the implemen-
tation presents many practical problems, mostly stemming from our second challenge: that the physical regime of interest
corresponds to a situation where the memory kernel has a very slow (power law) decay. As explained in the next section,
we use a memory kernel whose form is a sum of exponential functions. The “more viscoelastic” a fluid is, the more terms
are necessary in the sum, in turn complicating calculations involving the temporal Fourier transform.

For a neutrally buoyant particle, we consider the equation of motion to be given by averaging over a small region of the
fluid velocity field u(x, t) centered at the particle location:

? = / Sqa(x — X(t))u(x, t)dx. (3)
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Here, 8, is an approximate delta-function with characteristic length scale a chosen following standard IBM techniques. In
Section 4, we provide the details of the semi-Euler method we use to generate particle paths.

In Sections 5 we explore the behavior of the model through a combination of mathematical and numerical results. We
start by recording some basic mathematical results and demonstrate numerical convergence of our simulation method. After
introducing physically appropriate parameter choices we analyze the fluid-particle relationship in detail.

One major motivation for this work is to investigate the assumptions underlying an important subfield of particle tracking
research called passive microrheology. The premise of the field is that the statistics of particle trajectories can be used to
recover defining properties of the surrounding viscoelastic fluid [29-31]. We therefore explicitly analyze the output of our
model in terms of the two major summary statistics used in the experimental particle tracking literature: the particle MSD
and the auto-correlation function (ACF) of the increments of the particle position process (see Section 5.4). For the system
we present here, where particles are passively advected by the fluid environment, we find validation for these assumptions,
and in Section 5.6 we document the critical features of the model that seem to make it possible.

2. Mathematical background: the generalized Langevin equation

In the modeling of viscoelastic diffusion, we encounter the GLE in two distinct contexts: first (as defined in the previous
section) as a description of an individual particle’s velocity process, and then second as a building block for our model of
a viscoelastic fluid. Removing the physical meaning of the constants, we consider mean-zero stationary solutions to a GLE
that has the following form: for a >0, b >0 and ¢ > 0,

dy (t) = [—aY(t) —b(K* *Y)() + Cx/EF(t)] dt + cv/2adW (1) (4)
where W (t) is a standard Brownian motion and F(t) is a mean-zero stationary Gaussian process with covariance function

E[F({)F(s)]=K(t —>s). (5)

In the above, we assume that K € L1(R) is an even function; K™ (t) := 1(>0(t)K (t), where 1 is the indicator function; and
* denotes convolution in time. Associated with (4) is the integrated process Z(t) which is defined by pathwise integration.
That is, the memory kernel K will be defined in such a way that, the process {Y (t; w)}ter is continuous almost surely, and
for each such w,

t

Z(t; ) :=/Y(s;a))ds. (6)
0
We say that a mean-zero, stationary, Gaussian process {Y (t)};cr is a solution to the GLE if the Fourier transform of its
covariance function py(t) = E[Y(t)Y (0)] has the form
c2(2a+bK (£))
li€ +a+bK ()12
Here we take the following definition of the Fourier transform pair:

Py (§) = (7)

F: i 1 o .
f<5>=/f<t>e"§tdt, foy= E/f(é)e’gfdé.
R R

See [32] for an example derivation of Eq. (7).
Following modeling choices made in [11,33,34], we consider memory kernels K of the form,

N-—1
K@) = Z cpe 1t/ (8)

n=0

where 7p < 71 < ... < Ty—1 are called relaxation times. The use of a superposition of linear responses at discrete time scales
echoes results from polymer kinetic theory, especially of the Rouse polymer model [35]. Indeed, when 1, = to(N/(N — n))“
for some « > 1 and the coefficients ¢, = 1/N, we say that K(t) is a generalized Rouse kernel, and the case o =2 exhibits the
same large-time MSD behavior as a single monomer in a Rouse chain [34]. As the number of terms in the exponential series
increases, the large-t tail of K(t) approximates the power law t~1/¢ and the associated iGLE exhibits anomalous diffusive
characteristics. Such a large N limit has also been computed, for example, in the derivation of the GLE from heat bath
models [36,37]. There are a few advantages to writing the memory kernel as a sum of exponentials. First, the parameter
N provides a way to interpolate seamlessly between essentially viscous dynamics (N = 1) and fully viscoelastic dynamics
(N large). Second, in terms of regularity of solutions, it has previously been shown [33] that, by introducing auxiliary
equations, the GLE with a sum-of-exponentials kernel can be rewritten as a linear high-dimensional system of SDEs driven
by additive noise. It immediately follows that solutions exist and are almost surely continuous.
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According to standard statistical mechanics, the coefficients of the one-dimensional GLE must be chosen so that the so-
lution Y (t) to (1) satisfies the kinetic energy constraint E [YZ(O)] =kpT/m for all t € R [14]. In terms of the autocorrelation
function (7), this is equivalent to requiring that

1 — _kBT
E/PY(E)CI%——- 9)
R

m
To compute the integral on the left-hand side, we introduce the following proposition.
Proposition 2.1. Let Y (t) be a Gaussian stationary solution to (4) with memory kernel K (t) defined by (8). Then
]E[YZ(O)] = (10)
The novelty of the result is that this holds regardless of the relaxation spectrum {z,} as long as ¢, =1/N.

Proof. In what follows, we use the usual notation for a complex number z, denoting by Re(z) its real part, by Im(z)
its imaginary part and by z its complex conjugate. Furthermore, Res(V¥, w) is the residue of W(¢) evaluated at w. By
construction,

0
B[r20] =0 =5 [ A= [meu.
R 0
The proof is based on the results of [38], where we showed that for a =0
o0
[ v =x

0

where py (€) = c2W(£). If a £ 0, the steps are very similar and we sketch them here. First, we define the auxiliary function
W (&) in the following way:

N—-1

2 2bRe(® (i 1 1
() = SLEDROU)) e X)) == :
i& +a+ b )] N 2 X+
and where A, = 7:;1, n=0,...,N — 1. The partial fraction decomposition of W (&) is
1 1 (i&) | p(=i§)
V()= _ p@§) | p(-i§

- — + — = Py
iE+a+bd(ig)  —iE+a+bd(—i&) q@i&) q(—ié)
In the above, the polynomials p(x),q(x) are p(x) = ]_[,'1":_01 (X + Ap) and q(x) = (x +a)p(x) + % p’(x), where ' denotes the

derivative with respect to x. In [38] we showed that, if a =0, then W (¢) is even and —z,, n=0, ..., N the roots of q(x) are
such that z; >0 forn=0,...,N —2 and zy =zy_7 with Re(zy_1) > 0. The reasoning and the conclusions reached in [38]
are the same if 0 <a < Ay and they can be extended for all a.

Therefore, if we let w, =iz;, n=0,..., N, then the wy’s are the roots of q(iw) and they are located in the upper-half
plane, more precisely wy, ..., wy_3 € iRT and Im(wy_1,y) > 0. The roots of q(—i&) are the complex conjugates of the roots
of q(i€) and we have w, = —wp, n=0,...,N—1 and wy_1,N = —wn,N—1. Using Vieta’s formula and the series expansion

of p(i&), q(i&), p(—i&), q(—i&), one can show that the degree of the numerator of W(&) is 2N while the degree of the
denominator is 2N + 2. Thus W (&) has proper decay at infinity to apply the residue theorem on a circular contour, which
gives

o0

. N
i __
/ W(E)dE =~ ) [Res(¥, wp) — Res(¥, @n)].
0 n=0
Since Res(V¥,w,) = —Res(¥,wy) for n =0,...,N — 2 and Res(¥V,wn_1.N) = —Res(¥, wn n_1), the above reduces to

i Z,’;’:O Res(W, wy). Using the series expansion of W (&), we showed in [38] that the sum of the residues is 1/i yielding the
desired equalities

o0 o0

/\p(s)dgznand [p?(g)dgzczn. o

0 0
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2.1. Simulation of the iGLE

We will actually be simulating the integral Z(t) of solutions to the GLE Y(t) as defined by (4). We summarize our
algorithm here. From the preceding discussion, we know that Y (t) is a Gaussian, stationary process with known covariance
py (t —s) and that Z(t) is a Gaussian, non-stationary process with covariance

t s
Pz(f,S)Z//PY(f/—S/)df/dS/
00

for t > s. Changing variables and reversing the order of integration, we rewrite pz(t,s) in terms of moments of py. Namely
we have

pz(t,s) =tli(t) — (= )[1(t —s) +sI1(s) — [I2(t) — I2(t —s) + 12(5)],

where [1(t) = fot py (@)du and I(t) = fot upy (u)du. Since, in general, we know py through its Fourier transform, py, we use
the inverse Fourier transform and the fact that pz(t, s) is real to express the integrals in a more manageable form. We find

pz(,s)=J) + J(s) — J(t —s) where (11)
2w [k
J(t)_n 2 sin (2>d§. (12)
0

We note that since the integrand can be analytically continued at & =0 and py is integrable, the integral J(t) is well
defined.
The last step of the simulation is a covariance based algorithm to obtain realizations of the iGLE Z(t). We define Z; to

be one realization of the path Z(t;) = fé" Y(s)ds with tj =iAt and i=1,---, Nt and Zg = 0. Further, we define the discrete
covariance matrix R as Rjj = pz(t;, tj) for 1 <i, j < Nt. Following [39], the random variable Z = (Z, ..., ZNT)T given as
Z=CW W~ N(©O, DN, (13)

where W is a vector of mean one normal variables and C is the lower triangular Cholesky factorization of R, in other words
R = CC7, has the correct statistical structure. Since R is a covariance matrix, it is symmetric, positive semi-definite and its
Cholesky decomposition exists. Since the memory kernels K (t) that we use are nonzero for all ¢, all entries of R are nonzero
as well.

In summary, the algorithm to realize one path of the iGLE is

1. Build the discrete symmetric covariance matrix R;; = pz(t;, t;) for 1 <i, j < Nt using (11);
2. Find the lower triangular Cholesky decomposition C of R;

3. Find a realization of the path Z with Zy =0 using (13);

4. Calculate the increment AZ; = Zj;1 — Z; fori=1,...,Nr.

Further discussions of the accuracy of the integral calculation as it pertains to the iGLE stemming from the fluid model are
discussed in Section 5.

3. Particle-fluid model
3.1. Viscoelastic fluid model in real space

A common method to derive tractable models of the effect of complex fluids on immersed particles is to coarse-grain
molecular deterministic equations over an appropriate length scale. Here, we extend the work of [26,27,40] for a viscous
fluid with thermal fluctuations to include viscoelastic stresses by first considering the incompressible Navier-Stokes equation
for a fluid velocity field u without external forces

p(u+u-Vu)=V.%, ‘u=0,
@ Vu)=V-X%, V 0 (14)

where p is the fluid density and X is the total stress. We assume periodic boundary conditions with period of length
2m L. The total stress tensor is comprised of two components: a deterministic viscoelastic stress X 4or and a stochastic stress

2:stov:h‘
Following Larson [41], the deterministic stress tensor can be decomposed into a solvent contribution X gers and a poly-

meric contribution Xgep. The solvent stress is the Newtonian stress tensor

Ydets = —pI+ 2n;sE, (15)
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where p is the pressure, I is the identity matrix, E = (Vu + Vu’)/2 is the rate-of-strain tensor, and 7 is the solvent
dynamic viscosity. As in [31,41-43], we consider the small strain limit for the polymeric stress tensor resulting in a linear
viscoelastic model. In this setting, the constitutive equation for Xgetp is known as the Lodge equation and it has the form

t
Tdetp = Gavgl + 2 / G (t —tHEE)Hd, (16)
—0o0

where Gayg is the mean stress and G (t) is the relaxation modulus (units of [stress]). The response is causal in the sense
that G (t) =0 for t < 0. Combining (15) and (16), we have

t
Yget = —(p — Gavg)l + 21sE + 2 / G (t — tHE(t)dt' (17)
—00
The zero shear-rate viscosity ng is related to G (t) by no =ns + fooo G (thdt'.

If Gyy(t) is a single mode Maxwell model, G¢) = "—;’e*t/f, where 7 is the relaxation time and 7, is the polymeric
dynamic viscosity related to Gayg by 17p = GavgT [41], then o set = Xger + (P — Gayg)I satisfies the Oldroyd-B equation

v ™Y
TO det + 0 det = 270 <E+ %E>
0

Y4
where 19 =7 + 17, and Y is the upper convected time derivative defined as S = ‘é—f — vu'S —SVu. If the solvent viscosity
is negligible, ns = 0, then o0 g4¢ satisfies the Upper Convected Maxwell equation

\%
TO det + 0 det = 21)pE.
In this paper, we use a generalized form of G (t) known as the N-Maxwell model, a sum of N exponential terms
N-1

1
Gn® = > Gre ™ fort >0, (18)

n=0

where 7, are the relaxation times of the polymeric fluid component. By construction, the polymeric viscosity and mean
stress are

1 Nt 1 Nt
npzﬁ§cnrn and GangN,;)Gn-

We pick equal size for all G,, which we represent by Go. In this case, 7p = GoTayg and Gavg = Go. To simplify notation later,
we define a dimensionless relaxation kernel K(t) so Eq. (18) becomes

T K (t), t>0 1
G =1Ts 7 "= WithK@®) = — Y et/ for all ¢. 19
() {07 o ® Nn§=0 (19)

Altogether, substituting Eq. (19) into Eq. (17), we have

T

Tavg

t
/ K(t —tHE(t)dt'. (20)

Edet:—<p—n—p>l+2nsE+2

Tavg

There are random fluctuations in the stress tensor due to thermal energy. As with the deterministic contribution to
the stress tensor, we separate Xioch iNto two terms: Xsiochs and Zseochp. Following Pitaevskii & Lifschitz [40], the solvent
fluctuation term has the form

stoch,s = v/ 2kp TUsW (21)
where W is a space-time white noise tensor, formally satisfying

E[Wij X, O Wnn(¥. )] = Gimbjn + 8indjm)8 (X — y)8(t — 5). (22)

The first term in parenthesis on the right of (22) has the form
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1 ifm#n&[[i=m&j=n)||(i=n& j=m)]
8im5jn+8in5jm: 2 ifi=j=m=n
0 otherwise
This encodes the properties that distinct noise components are independent and the resulting stress tensor is isotropic,
symmetric and traceless. The leading coefficient of (21) follows from a computation of the kinetic energy discussed in

Section 3.5.
The polymer fluctuation stress term has the form

Ystochp = \/ kg Tnp/TavgF, (23)

where F is a stationary, mean zero Gaussian noise process that is white in space, but not in time. In accordance with the
fluctuation-dissipation relationship [40], the memory structure of the thermal fluctuations matches that of the deterministic
part in the following way:

E [Fij(X, t) Fnn (y, 5)] = (8im0jn + dindjm)d (X — YK (t —5) (24)

where K is the memory kernel introduced in Eq. (19). We note the presence of a two in (21) but not in (23). This is again
a consequence of equipartition of energy discussed in Section 3.5.

After collecting the deterministic and stochastic stress terms of (20), (21), and (23) and recalling that 2V - E = Au, our
thermally fluctuating viscoelastic fluid model is described by the stochastic partial-integro-differential equation

p@u+u-Vu) =— (p— Tn—p)+nsAu+ — (K" * Au) (25)

avg Tavg

+2kgTnsV - W+ kg T1p/TavgV - F

with the incompressibility condition V -u=0. In the above, K T(t) = L0 (H)K(¢) (with 1 being the indicator function),
x denotes convolution in time and the functions K, W and F are defined by Egs. (19), (22) and (24), respectively. For
simplicity of notation, in the reminder of this paper, we rescale the pressure to just p instead of p — 1p/Tave.

3.2. Definition of the noise

Throughout this work, we assume periodic boundary conditions for the fluid, for the moment defining the domain to be
=1[0, 2 L%, where d is the number of dimensions. We define the associated Fourier transform pair of a periodic function

fx) as
foo =" fie™" fi=

kezd

@ L)d f S ax.

Our definition for the stationary Gaussian noise F is then

1
F0)i= G T PO

kezd

where FX(t) is a collection of mean zero complex valued stationary processes satisfying

E[FEOFhn(s) | = Gmdjn + 5ndim)SuaK (¢ = ). (26)

With the above definition, we have

E [Fij (%, ) Fan(y, 5)] = ZE[ (O Fha () e/ Lo/t

(2 L)d
1 .
= Gimjn + Sindjm) >—— e EV/K(t —5)
2ml) .

= (8imdjn + dindjm)d(X — YK (t — ),

which agrees with Eq. (24). In the above, we used

1 ik-(x—y)/L
Sx—y) = 2rLy Ze .
k

A similar definition and decomposition hold for W with K (¢ — s) being replaced by §(t — s).
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3.3. Non-dimensionalization

Dividing (25) by p and letting vs =7s/p and v, =1,/p be the kinematic viscosities, we have

1 Vp oo 2kgTvg . kpTvp
gfu+u-Vu=——Vp+vsAu+ — (K™ % Au) + V-W+ |—=V_-F. (27)
1Y Tavg P PTavg

In order to non-dimensionalize this system, it is worth first recalling the method used for models of individual particle
motion with velocity processes that are given by the Langevin Equation and the GLE. For the first case, consider the SDE

dY (t) = —aY ()dt + cv/2adW (1), Y(0) = y, (28)

where the initial value y is drawn from the stationary distribution, y ~ N(0, c?). In physical terms, a = ys/m (units of
[time™']) and ¢ = \/kpT /m (units of [Length/time]). Formally, it is customary to consider the noise dW (t) to have units
of [time~1/2], but it is perhaps more transparent to understand how the units work out by looking at the second moment
of Y(t).
By Itd’s Formula,
dY?(t) = —2aY?(t) + c*adt + 2ay ()dW (t).

Taking expectation on both sides and solving this resulting ODE yields [44]
E [Yz(t)] =2+ (E [yz] - cz) e—2at,

Under the assumption that y ~ N(0, c?) we see that E[Y?(t)] = c?, meaning that ¢ must have the same units as Y.

Moving on to the nondimensionalization, the coefficient a sets the time scale of the system, so we define the non-
dimensional time to be f = at. Meanwhile, we use the standard deviation of the stationary distribution to rescale Y (t). As
such, we define cY (f) := Y (t). Then, using the integral form of (28), we have

t
Y - ¥(0) = % Y(t)—y) = %(— /ay(s)ds+cmwm).
0

For the integral, we adopt the substitution u = as and for the Brownian motion term, we observe the rescaling law,
JaW (t) ~ W (at). Then

at t
?(f)—\7(0):—%/Y(%)du-{-ﬁW(at):—f?(u)du-l-x/fW(f),
0 0

which is to say that Y satisfies the integral form of the Langevin Equation with a stationary distribution that has mean zero
and variance one.
We now extend this to the GLE (4), which has the integral form

t t t
Y(t)—y= —a/ Y(s)ds — b/ / K(t' —s)Y(s)ds'dt' + cv/2aW (t) + cV/bF (). (29)
0 0 —o©
As before, we use the time-scale f = at, and then define K(f) := K (t) and F(f) := F(t). In this way,

E [F(E)F(E)] —E[F(t)F(s)] = K(t — ) = R(E - 3).

Again let cY (f) := Y (t). Multiplying the right-hand side of (29) by 1/c and adopting the substitutions f =at’ and § =as’,
we have for the double integral term

t t [
b b - . ~ -
Ef /K(r’—s’)Y(s’)dt’ds’= a_Z/ [I((t’—§’)Y(§’)d§’dt’.
0 —o0

0 —o©

Together with the other terms, the non-dimensional (differential) version of the GLE is given by
i
dy¥ () = (— Y& -8B /R(E —HYE + \/EF(E))dt +/2dW (®), (30)
—00

where 8 =b/a?.
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To generalize these observations to the stochastic Navier-Stokes equations, we set the following nondimensional quanti-
ties:

u=Uu x=ILX t=06t.
Noting that the kinematic viscosity has units of [Length?/time], it is natural to use the dissipative time scale 6 = L% /v;.
This definition is consistent with our treatment of the time scale a~! =m/ys in the GLE, recalling that 1/vs = p/ns and that
ys = 6mans. The appearance of the L? is due to the two spatial derivatives in the Laplacian. For U, we have the definition

U =/kpT/pLd. The term kgT /m from the GLE is replaced by kgT/p and the choice for the power of L becomes clear after
we appropriately rescale the noise terms. To this end, we introduce (with appropriately redefined tildes)

- . 14/2 )
or R zkx k ikx/L __ yd/2
F(x,t) := (27r)d/2 E —(an)d/z E F (t)e = LY“F(x,t), (31)
k
where for each Kk, lEk(f) =FX(t). Meanwhile,

Nix F) - — k ik-X

W(X,t) := (Zn)d/2 E W¥(t)e
(32)

Ld/z Ld/z

Throughout this paper, we will consider finite dimensional truncations for the sum over k. It follows from (31) and (32)
that both F and W are smooth in X, so there is no issue in discussing the divergence of these random fields. We then see
that

V. E®, ) =L@2/2v . F(x,t); and,
V-W@EH=0"21012y W, ¢).

As is common in flow in which viscous force dominates, we set p = Pp with P = pLU/6 for the non-dimensional
pressure. Substituting these definitions in Eq. (27), we find

dit+Rett- Vit = —Vp + At + B(KT x Al) + V2V -W+/BV -F,
where Re = UL/vs is the Reynolds number and
vpl?  Gopl?
Vsztavg 7)52

is a new dimensionless group. For low Reynolds number, we neglect the nonlinear term, and dropping the tildes, the above
equation reduces to

pi=

du=—Vp+ Au+B(K* % Au) + V2V - W+ /BV -F, (33)

which is a natural form, given the non-dimensional GLE (30).
3.4. Transformation to Fourier space

Henceforth we consider the two-dimensional version of (33), periodic with domain @ = [0, 27 ]2. We now proceed as
in the non-fluctuating case and transform (33) together with V -u =0 into Fourier space. To do so, we express u(x, t) and
p(x,t) through their Fourier series:

u, ) =Y u®e™* px )=y prt)e*
ke ke

where IC = Z2\ 0. Because our system is assumed to have mean zero velocity, ug(t) =0 for all t. Also note that the Fourier
transformed version of the incompressibility condition is that k" uy = 0 for all k.
Before eliminating the pressure, we remark that the divergence of a tensor in Fourier space can be written as

1 ; i '
V F=0nFnej = > ome™*FE (e = o > knFyi(0eje
keZ? keZz?
Fsym i Kk Likx _ i ik-xpk
=" o > FK (Okmeje* = o > e (k.

keZ? keZ?
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In the above, Faym denotes the use of the symmetry relation Fr',‘U.(t) = F;.‘m (t). A similar formulation holds for the divergence
of W.

Defining k= %k, where k = |K|, taking the dot product of the Fourier transform of (33) with k, and using kT uy = 0, we
find

1 U SO
Pr= (ﬁ1<kak + \/BkTFkk) . (34)
Plugging (34) back into the Fourier transform of (33), we obtain
2 i
Ay = —kPuy — Bk (KT s ugo) + ;/— PKWKK + ‘/—P“F"k (35)

Here P is the projection matrix onto the space of incompressible solutions given as PX =1 — KKT.
Because the initial condition is real, u is real and thus u_g = uy. Therefore, we will work with the corresponding real
and imaginary parts of the complex equation (35). Let v = Re(ug) and wy = Im(ug) be the real and imaginary parts of ug

respectively. Since F¥ is a complex stochastic process, it can be written as FealX 4 jFimK o that E[ Freabk ) preal. l(s)] =
E [F;;’"’k(t)F,‘#;‘1 l(s)] = % [Fl.';(t)an (s)], and similarly for Wk, Taking the complex conjugate of (35) adding it to itself, and
dividing by 2, we have

PkFim,kl’\( (36)

2k K
B[Vk = — Vk — ﬁkz(K+ * Vl() + \/_ PkW'm kk + \;ic

and similarly for wy with noise F¢a-k and W“e"l’k.

Equation (36) is a vector equation, which we can decompose in terms of its components. To do so, we let vx = P"z;"f(,
where ¢ is a 2 x 2 matrix, and plug into (36). We obtain for the components of ¢

‘/—k \/—kFlmk
2

E [F}]r.“‘k(t)F‘m l(s)] Kt — s) - (aimsjn + 8indjm)

declt = -kl — BIR (KT gfy + =W 4 (37)

E[WImKOWR'©)] =5~ 5)3 (imdjn + Sndin)

for all k,1and i, j, m,n =1, 2. Equation (37) is a GLE for each Fourier mode k. Similarly, letting wy = Pkgkﬁ, shows that wy
is driven by a GLE for each Fourier mode.

3.5. Equipartition of energy

We now show that the fluctuating fluid system described by its Fourier modes in Section 3.4 satisfies equipartition of
energy. By way of Parseval’s Lemma, for all t € R,

/ lux, 7 dx =Y w0, (38)

keC

Assuming that u(x, t) is a stationary solution to (33), we can express the mean kinetic energy of the system in terms of the
Fourier modes as follows:

g——]E /|u(x 0)[2dx | =27 pZE[|uk(0)| ]

keC
=21%p Z(E[wm |+ E[wd?) (39)
keKC
=47%p ZE[wk ]tsym 47’p ZI(TIE[ kPk;k] K,
ke

where we dropped the dependence on the time t =0 after the first line. From the 8,8, + 8ind;jm term in the covariance
structure of ¢ in Eq. (37), we know that the only non-zero terms in E [¢¥P*¢K] are

el ] B[] = JE[@h?] B[ @] =B [wh?].
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From the discussion about the generic GLE in Section 2 with a = k2, b = Bk2,c = % and in particular Proposition 2.1, we
have

1
4m?’

Using the above results and carrying out the matrix multiplications, we find

E[@l)?]=c=

E[(€10)%] o o 1 foyogr
E[ kp k] Sl AL (kikL 1) - (kLkl l) :
¢Pe 2 + 8m? +
where ki = (—k, k1) is the unit vector perpendicular to k = (kq k2)T. Therefore, plugging back into (39), we find
P oT (umT ) r_p
E == k' (k~k Ik==|K]|. 40
5 g‘; < +1)k=ZIK| (40)

Thus each uy contributes the same amount to the kinetic energy. This result agrees with the equipartition theorem, which
states, that because the fluid velocity can be written as a linear superposition of the Fourier modes {u;}, each mode should
give an equal contribution to the kinetic energy [26].

3.6. Particle advection

We denote by X(t) the position of a particle and define the velocity of the particle as a distributional weighted average
of the local fluid velocities

% =V(t) = / 8a(X — X(D))u(x, t)dx. (41)
Rd

Here §,(x — X(t)) is a smoothed delta function with length scale a, which is a proxy for particle radius. While there are
many choices for 8, [26], here we choose a Gaussian density function 8,(y) = (2ra®)~%2 exp(—|y|?/(2a?)). Note that this
function satisfies the scaling relation

1984 (Lx) = 82 (X).

While u is assumed to be periodic, X is not. Equation (41) is dimensional, so we non-dimensionalize it with the same
scales as the fluid equations and introduce @ =a/L. We find

d—)f _w / 8:(% — X(H)a(x, f)dx.
d L
Rd

Taking the specific case d =2, we let k be the dimensionless pre-factor and drop the tilde notation to obtain

% =V =« / Sa(x — X(O)ux, )dx, K = \/k’;a;T,O' -
R2 s

The right-hand side of Eq. (42) is a convolution and can be expressed as a Fourier series

. 2a2
V) =k Y e* X0~ uy (o),
ke

where we used the convolution theorem (f % g)k(k) =472 frgk and the Fourier series of a Gaussian

(12 K2a?

= — ¢ 2.
¢a,1( 27
Since u is real and thus uy = U_j, we express the sum over K as twice the sum over K+, where Kt is the subset of K
with k > 0 in the product order. Decomposing into real and imaginary parts, we find

cl_X =V(t) =2 Z [cos(k - X(t))vg(t) — sin(k - X(t))wk(t)]e’@. (43)

dt
ket
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4. Fluid-particle numerical methods

Because we are interested in particle updates, we discretize the particle position equation (44), but we never explicitly
solve for the stochastic velocity fields vy, wy. The exact solution to the vector ODE (43) on an interval [t,t + At] is

t+At
2,2

X(t + At) — X(t) =2« Z cos(k - X(s))vi(s) — sin(k - X(s))wk(s)} ds e_kTa . (44)
ket %

We discretize (44) with a semi-implicit Euler method. Using an explicit method like forward Euler would result in the
wrong statistics at the end of the time interval as discussed in [26,45]. We denote by X; the numerical approximation of
X(t;) where t; = iAt and we consider Ny time steps, i =1, ..., Ny, starting with Xq = (0.5 0.5)T. Using the decomposition of
both vy and wy in terms of stochastic processes ¢¥ and §k as derived in Section 3.4 and (44), the semi-implicit discretized
particle update is then

Lit1 t

i+1

k k2a2

Xipri=Xii+2¢ Y P [cos(k -Xi) / X (s)ds — sin(k - X;) / g,%gn(s)ds] I—:e*T. (45)
ket ti ti

Here we adopted the Euler summation convention of repeated indices being summed over {1, 2}. For simplicity of exposure,

we introduce the following notations

ti ti
[gr!rl(n(s)ds = Z!(,mn7 /?,—‘,hn(s)ds = Eg(,mn
0 0

k _ k k r:l( _ r;‘k _ r;‘](
AZi,mn - Zi+1,mn - Zi,mn’ “imn — ~i+1,mn ~i,mn
and let IC& be the truncated set of the first M positive wave vectors. With these notations and (45), the numerical approx-
imation of the particle update becomes
kn 12

Xivri=Xi+2c Y P, [cos(l(-X,-)AZ'-‘ — sin(k - X;) AEK ]—e - (46)

i,mn ~i,mn k
keKj;

for i=0,...,Ny —1 with Xg = (0.50.5)T and I =1, 2. To update the particle position with (46) we only need realizations
of the integral increments AZ%‘ and AE:‘ for i=0,...,Nr — 1 where the underlying processes ¢¥ and Ek satisfy the GLEs
(37) with appropriate covariance structure. The simulation of these increments was described in Section 2.1 for a generic
GLE.

4.1. Numerical approximation of the integral ] (t)

Before moving on, we note a difficulty that arises in the numerical integration of J(t) given by Eq. (12) in the context of
simulating the fluid Fourier modes. In the notation of Section 2, we have for the diagonal component of ¢;; from (37) that
a=k2 b=pk? c= ;- with k=k| and py (&) given by Eq. (7).

Since the tail of W(¢) decays like £72 and since W(0) and ‘““22% are well-defined at O, the improper integral J(t) =
22 (o0 W)
7k JO g2
number of oscillations renders the use of an adaptive scheme like Gauss-Kronod useless, as the number of sub-intervals
needed to guarantee accuracy becomes unmanageable. Based on the proof of Proposition 2.1 and the subsequent residue
formulas developed in [38], a residue method, where the pole of the numerators are known, would guarantee an exact
evaluation of the integral. However, as N increases, the degree of the numerator of W (&) increases and computing the
zeroes with any accuracy becomes impossible. Finally, if the Fourier inverse of py were known, then an FFT based method
could be developed to evaluate J(t). Such a method fails for N large due to the increasing length of the plateau and
the slow onset of the decay of W(¢) as seen in Fig. 4(b). Based on the above considerations, we numerically evaluate
J(t) using a trapezoidal rule on a non-equally spaced grid. Because sinz(‘f;t/Z)/é2 is close to a sinc function, we use the
sincfun package [46], which is a modification of the chebfun package [47] to properly handle integral of sinc type on
a semi-infinite interval. Therefore, we let sincfun pick the location of the node to represent sinz(ét/Z)/.sE2 using sinc
functions and use a trapezoidal rule with W (&) evaluated at the corresponding nodes. We note that the sinc objects can be
pre-computed for every value of ¢t and that only ¥ (¢) depends on k.

Any numerical errors in the evaluation of J(t) will propagate into the positive semi-definite discrete covariance matrix R
and might result in some of the smallest eigenvalues being negative. In order to still be able to compute the lower Cholesky
decomposition of R we replace any small negative eigenvalues by a small positive tolerance. In practice, we observe that as
t increases, the largest negative values range from 1 x 1074 to 1 x 10~7.

sin (%) d¢ exists. However, as illustrated in Fig. 1, the number of oscillations grows sharply as t increases. The
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Fig. 1. Plot of W (§)sin®(£t/2)/£2, the integrand of J(t), for N=1, k=1 at t =10 ms, 100 ms and 500 ms. The envelope (cyan) is given by W(&)/£2.
4.2. Computational costs

The computational cost of the two-step algorithm presented above is dominated by building the covariance matrix for
each Fourier pair k and reading these matrices when updating the position of a particle. Once the physical parameters are
fixed (including N7), the covariance matrix for each of the Fourier mode GLE can be precomputed and stored. Since the
GLE only depends on |k| only about M/2 matrices need to be saved. Using sincfun, most of the computational time in
evaluating J(t) is spent on building the sinc interpolant as opposed to evaluating the integral. We finally note that as Nt
increases so does the computational cost of performing the Cholesky decomposition of each Ny x Nt matrix. The time to
generate all the covariance matrices on a desktop for M = 256 and Tgpa = 1024 ms is about ten minutes. In comparison,
the time to generate one corresponding particle path following Eq. (46) is about 1.6 s.

5. Behavior of the model and numerical results
5.1. Existence and uniqueness of the particle process

In the interest of clarity of exposition we will perform our mathematical analysis on a simplified system. Let f;: R — R,
k € IC, be a collection of bounded, Lipschitz continuous functions. We define the position process {X(t)};>o to be the path-
wise solution to the following ODE:

X0 =" frlXO)Vi(o), (47)

kelC

where K C Z is a finite collection of integers and {V(t)};cg With k € IC is a collection of independent, almost surely
continuous, stationary solutions to the GLE (4) with k-dependent coefficients ai, by and ck. Denote their respective ACFs by
Pr() :=E[Vi(t)V(0)].

Theorem 5.1. Let T > 0 be given and {V}rexc be defined as above. Then there exists a unique solution to (47) on the interval [0, T]
almost surely.

Proof. Define 2. to be the probability one event that all velocity modes are continuous. That is to say, let

Qe={weQ:V,eCR)forallk e K}. (48)
For a given w € ©, we can define the function
Ft; ) =Y fi)Vi(t; w). (49)
ke
Both F and % are Lipschitz continuous in x and continuous in t for all x,t € R. By the Picard-Lindeléf Theorem, there
exists a unique solution to the ODE
X(t; ) =F(X(t; w),t) (50)

up to the time T(w) € (0, oo] that the solution might blow up to positive or negative infinity.
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To show that this does not happen in finite time, consider the following estimate which shows that for all deterministic
T >0, E[X*(T)] < oo, implying that P{|X(T)| = oo} = 0. Indeed,

E[xN)]|=E / Z freX @) Vi(yde / Z fi(X©)Vj(s)ds
T
f E [fe(X(©) fi(X(©)Vi(®)V ()] dsdt
0
T
/c E[IVk(®)V(s)|] dsdt
0
o[l
0

T
/IE Vk(t)] [v,(s)] dsdt,
0

where Cy is a constant satisfying C¢ > fi(x) for all k € K and x € R, and we have used the finiteness of the number of
terms in the sum and Cauchy-Schwarz.
By stationarity of the V’s, the two factors in the integrand equal +/0,(0) and ,/p;(0) respectively. It follows that

E[XZ(T)] < (Cf Tim)z. O
k=1

5.2. Convergence of the numerical method

Let T > 0 be fixed and let N e N. Let K1 <K, <... <Ky <...<K be an increasing sequence of integers that converge
to K. For each positive integer k < K and N € N, we define the integrated increments of the noise process {u}, \}nez to be
jointly distributed as

th1
Ug N ™~ / Vi(t)dt
tn
where t; =n/N. We define an associated continuous time process

n
Ug N

Vin () = , for t € [ty, thy1)-

n+1 —

The numerical approximation analogous to (45) for the position process is then defined by x% =0, and

Xt _xN—i—ka(xN)ukN (51)
k=

We define a continuous-time version of the numerical approximation to be
(t—tn)

XN =Xy + ——— Z fe(xiup y when't € [t tai1). (52)
thy1 —tn k=1

We will demonstrate convergence of the numerical method in the following sense.

Theorem 5.2. Let T > 0, and let { X (t) }t<[0,17 be a solution to (47) with noises { Vi }kexc as defined in Theorem 5.1. Then Xn(T) — X(T)
in distribution.

Proof. We first define an intermediary process that can immediately be shown to converge to X in distribution and then
use Slutsky’s Theorem to complete the proof. To this end, for each @ such that the collection of V are continuous, define
XN (-, w) to be the solution of the ODE
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d - -
NG ) = keZ}C fe(Xn(t; @) Vi (6 ). (53)

We claim Xy converges to X in distribution. To see this, let @ : C([0, T]; R¥) — C([0, T]; R) be the map defined by the
ODE (47). That is to say, for an R¥-valued function V (t) = (V1(t), Va(t), ..., Vk(t)), X = &(V) if X satisfies (47). Similarly,
by (53), Xy = @(Vn(t)) where Vy(t) = (ViN(@), Vo n(), ..., Vg n()). Since the functions fi are locally Lipschitz, the map
® is continuous in the sup-norm. Since Vy — V in distribution, the continuous mapping theorem implies that Xy — X in
distribution.

Now, define Yy(t) = Xn(t) — Xn(t). It remains to show that Yn(T) — O in probability. If we define xy(t) := X}, for
t € [tn, th4+1), then we can write Xy (t) as an integral equation,

KN
XN(T)=/ka(XN(f))Vk,N(f)dt (54)
0 k=1
It follows that
) T Ky ) T )
[Xn(T) — XN(T)] 5fZIfk(XN(t))—f1<(XN(t))I|Vk,N(t)|dt+/ Z [ fr(XNEDI| Vi N (®)|dE
k=1 o k=Kn
T ky ) g )
s/ZCk(lxN(n—XN(t)|+|XN(t)—xN(t)|)|vk,N(t)|dr+/ D 1 ENO)Vin ©)de’
0 k=1 0 k=Ky

Here we have used the Lipschitz property of the f, | fr () — fr(¥)| < Cxlx — y|. If we take N sufficiently large, then because
K is finite, we can take the last term to be zero. Defining Cp;, = maxy Cy, with

Ky £
VN () := Clip Z [Vin(®)] and In(0) ;:f IXN (") —xn (t) VN ()dt
k=1 0
we observe that for each w € Q¢ :={w : X(t; w) is continuous for t € [0, T]} we have
T
[ XN(T; @) = Xn(T; )| < In(T; ) +/ XN (t; ) — Xn(t; @) VN (t; @)dt.
0

It follows from the integral form of Gronwall’s Inequality that
T
Y . . . . . LT Vn(s:w)ds
IXN(T; @) = XN(T; 0)| < In(T; @) + [ IN(E; @0)Va(t; w) ele "N de
0
Therefore, applying Cauchy-Schwarz to the second term,
T Iorr 3
~ T
IﬂMMD—XMDqSMMGH+EL/%®m E'/%an%‘WWMt. (55)
0 0

For t € [tn, th+1), UN() = Z,’f:] Z?:] |u;'< n/NI. Noting that each of the summands is a Gaussian random variable, Vy(t)
will have finite exponential moments, implying that the last factor in (55) is finite. Moreover, since V x(t) approaches the
stationary process V(t), the sequence of moments of Vy(t) is bounded in N.

It remains to show that E [fOT I,zv(t)dt] — 0 as N — oo. Note first, by (52) we have for t € [t;, tp41) that

Kn

M
IXn(®) —xn(O] = (E— tn)Z LN Vien (O] < NVN(t)
k=1

where M is a constant such that |fi(x)| < M for all k € K and x € R and we note that t — t; < 1/N when t € [tn, tp41).
Therefore

T
1
%) < N / MVi@d: O
0
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Table 1
List of fixed parameters and dimensionless groups. The solvent is taken to be water and Go is chosen so that the
polymer dynamic viscosity 7, is a hundred times that of water for a single Rouse kernel (N =1).
Parameter Symbol Values Units
Boltzmann cst x temp. kpT 41x107° pm? mgms—2
Solvent density o 1x107° mgum—3
Solvent dyn. viscosity s 1x10°6 MPams
Solvent kin. viscosity Vs =1ns/p 1x 10 pm? ms~!
Polymer mean stress Go 1x1074 mgms 2
Smallest relaxation time T 1 ms
Length L 10 pm
Number of paths Ny 1x10°
Characteristic time 0 =L12%/vs 0.1 ms
Characteristic velocity U=ksT/p/L3 6.32x 1072 pmms~!
Reynolds number Re=UL/vg 6.32x 1074
Beta parameter B =Gopl?/n? 10
Kappa parameter i =/ksTp/ns 2x1073
Table 2
Polymer parameters for different numbers of kernels and « = 2.
Number of kernels, N N=1 N=5 N =50 N =100
Avg. rel. time Tayg v MS 1 7.32 8.13 x 10! 1.64 x 102
Pol. dyn. viscosity 1, = GoTavg,y MPams 1x10~* 7.32x 1074 8.13x 1073 1.64 x 1072
Pol. kin. viscosity vs =1,/ pm? ms™! 1x10° 7.32 x 10° 8.13 x 106 1.64 x 107

5.3. Parameter choices

We choose the following set of fundamental units: [time] = ms, [length] = pm, [mass] = mg. The corresponding
units for force and pressure are: [force] = pN and [pressure] = MPa. The complete set of physical parameters are given
in Table 1. We note that the Reynolds number is indeed small and we were justified in neglecting the nonlinear terms.

It has been recently demonstrated [11] that the iGLE with generalized Rouse kernel fits live data much better when the
memory kernel has a high number of terms (N ~ 200) than for a low number of terms (N ~ 5). In order to span a range
of dynamics, in our simulations we use the collection of values N =1, 5, 50 and 100. It is important to note though that,
as the number of terms in the generalized Rouse kernel changes, so does the average of the relaxation times. When it is
important to emphasize this dependence, we introduce the notation Tayg y and observe that

N N
1 N \« 1
Tavg, N = N E TO(N _n) = Na_lfo E k—a. (56)
k=1

n=0

We see that limy_, oo TavgN /N®=1 = 142 (a), where ¢ (@) is the Riemann zeta function. As a consequence, we are faced with
a modeling decision in whether to hold the polymer viscosity 7, constant across the various values of N, or to hold the
polymer mean stress Go = 1)p/Tavg,N COnstant. We chose to keep Go constant, which corresponds to keeping the coefficient
of the memory-related terms in (25) constant. As a consequence, the only dimensionless group in the fluid equations is also
constant: 8 = GopL?/n? =10.

Regarding the shape parameter for the memory Kkernel, unless stated otherwise, we take o = 2. For this case, the relax-
ation times and polymer parameters are summarized in Table 2.

5.4. Model validation

In order to compare to experimental data, we express the output of our model in terms of the empirical measures for
two statistics:

Ensemble MSD:  M(t) = Var(|X(t) — X(0))|)
Ensemble Increment ACF: (57)

1
A = ey Cov( (Xtnen) = X)), (X(t1) = X(0)) ).

In the above, the lag times between t;+1 and t; and t; and O are the same. As expected, particles advected by our model
for a viscoelastic fluid exhibit some fundamental properties observed in live data [10,11]: sublinear behavior of the MSD
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Fig. 2. Time convergence: (a) Dimensionless particle’s MSD on a log-log scale as a function of dimensionless time and (b) dimensionless Increment ACF
convergence of the particle’s horizontal component as a function of dimensionless lag time for At =8 ms, 4 ms, 2 ms, 1 ms and 0.5 ms for N =1 (circles)
and N =100 (crosses). The parameters are M = 256, Tgpa = 64 ms, and a =1 um. All other parameters are given in Tables 1-2. We use the convention []
to denote a dimensionless variable in the labels.
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Fig. 3. Fourier convergence: (a) Dimensionless particle’s MSD on a log-log scale as a function of dimensionless time and (b) dimensionless Increment
ACF convergence of the horizontal component as a function of dimensionless lag time for M =4, 8, 16, 64, 256 and 1024 for N =1 (circles) and N = 100
(crosses). The parameters are At =1 ms, Tgpa = 64 ms and a =1 pm. All other parameters are given in Tables 1-2.

and first lag anti-correlation in the Increment ACF. Now we establish convergence of the numerical method and show that
taking a non-dimensional time step At/0 =10 and M = 256 Fourier modes are sufficient to capture dynamics observed on
experimental time scales.

Indeed, Fig. 2 shows the convergence in dimensionless time step for one kernel (circles) and one hundred kernels
(crosses) with physical parameters given in Tables 1-2. In each case, we plot both M(t) (a) and A(n) of the horizontal
component (b). We set M = 256, Tgna/6 = 640 (corresponding to 64 ms) and a/L = 0.1 (corresponding to 1 pm). The di-
mensionless time steps are 80, 40, 20, 10 and 5 corresponding to 8 ms, 4 ms, 2 ms, 1 ms and 0.5 ms. Taking the paths
with At/6 =5 as the true solution, the absolute errors in the MSD at Tgp, are about 5 x 107 for N=1 and 2 x 1078
for N =100, while the relative errors 4% and 2% respectively. From Fig. 2, we conclude that the method converges in time.
Therefore, we pick At/6 =10 for the rest of this paper.

For the convergence of the simulation as a function of M, we again demonstrate it for one kernel (circles) and one
hundred kernels (crosses) with the physical parameters given in Tables 1-2. In Fig. 3, we set Tgpa/0 = 640 (corresponding
to 64 ms), a/L = 0.1 (corresponding to 1 nm), and At/6 = 10 (corresponding to 1 ms). We consider M =4, 16, 64, 256 and
1024. Again, we plot both M(t) (a) and A(n) of the horizontal component (b). Taking the MSD with M = 1024 as the exact
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Table 3
Absolute and relative error in the MSD at the final time (64 ms) for N =1 and N =100 corresponding to data plotted in Fig. 3.
Number of Fourier modes M=4 M=16 M =64 M =256
Absolute error for N =1 8x 1076 4x1076 9x 1077 6x1077
Absolute error for N =100 7% 1077 3x1077 8x 1078 2x1078
Relative error for N =1 54% 25% 6% 4%
Relative error for N = 100 52% 25% 6% 2%
10’ T T 10" T T T
—N=1 — k=1
—N=5

(¢)
(¢)

(a) k=1. (b) N = 50.

Fig. 4. Log-log plot of W (&) for (a) N=1,5,50 and 100 and (b) k=1, 5, 10, 20 and 30.

solution, the absolute and relative errors at the final time for N =1 and N = 100 are summarized in Table 3. We see that
convergence in M is very rapid. Thus, we set M = 256 for the remainder of the simulations.

5.5. Behavior of the individual GLE modes of the fluid

As we will see in the next section, particle directly inherits certain properties of the fluid modes. In this section, we in-
vestigate the Fourier transform of the ACF of the fluid velocity modes, noting in particular the dependence on the associated
wavevector k.

Recall that for the GLEs that drive the fluid modes we have Eq. (4) with a =k, b = gk%, and c = % where k = |K|. First,
we rewrite the Fourier transform py of the autocovariance function in a form similar to the one discussed in the proof of

Proposition 2.1, letting py (§) = c>W(¢) and ®(x) = § Yn"p xi5- Where A, =7,',n=0,..., N — 1. Then we have

2a+2bRe(®(i§)) 2 14 BRe(d(i§))
iE+a+boe)P ~ K |if 11+ paie)2

We note that the real and imaginary parts of ® (i) can be easily calculated, so that W (¢) becomes
2 14+ BPrea(§)

V() =

4 B @7 + (§ + pimas(®))
1=
Preal () =Re(®(i)) = gﬂ 22
1 N—-1 _S
Pimag() =Im(P (i) = go s

With these formulas in hand, we can directly analyze the behavior of the velocity autocovariance for small and large &. In
particular, we note how its asymptotic behavior depends (or not) on k and N. For a visual guide, in Fig. 4, we plot W (&) on
a log-log scale for (a) N=1,5,50 and 100 and k=1 and (b) k=1,5,10,20 and 30 and N = 50.

For the near zero behavior, utilizing the notation tayg y introduced in Eq. (56), we have
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Fig. 5. Individual fluid GLEs: (a) Log-log plot of the MSD and (b) Increment ACF for individual fluid modes with k? =1 and 450 and N =1 and 100
compared with the particle’s MSD and Increment ACF. The MSD depends on k, while the ACF does not.

Y(0;k,N) = 2 L
k2 1"’lg"'—avg,N'

As seen in Fig. 4(b), limy_, o ¥(0; k, N) = 0. On the other hand, by (56) we have that Ty ~ N1-¢ so for fixed k, the value
of W(0; k, N) decreases as N increases. This latter property has a direct consequence for the MSD of the associated iGLE. As
pointed out in [48],

E[Z2(t)] A
i il a0 T N =72 7, a- -
m t Eﬂ)py ® k2 1+ AraveN

t—o0
This behavior is displayed in Fig. 5(a) for N =1 and N = 100. Note though, the Increment ACF does not depend on k, as is
shown in Fig. 5(b). We comment more on this in the following section.
For large &, a direct computation shows that
IG
E—00 2C2k2
in other words, the tail of W (&) is independent of N and behaves as £ 2 for large £. From Fig. 4(a), we remark that the

location of the peak of W(¢) is independent of N if k = 1. However, from Fig. 4(b) we see that, as k increases, the peak
widens to a plateau.

5.6. Relating particle behavior to that of the fluid modes

As we have seen, the behavior of an immersed particle can be expressed in terms of a linear combination of the fluid
modes (with coefficients that depend on the current position) as in Eq. (43). However, the nonlinear dependence on X(t)
prevents a explicit mathematical analysis of the MSD and ACF of immersed particles. To circumvent this issue in the viscous
fluid case, Atzberger, Kramer and Peskin [26] introduced the following approximation for correlations in the fluid velocity
field:

AKP 2
E[uX(t), Du(X(0),0)] ~ «2E[u(0, t)u(0, 0)]. (58)

Proceeding formally from (42) we can approximate the particle velocity ACF,

AKP
E[V(OV(0)] ~ k2E[u(X(t), Hu(X(0),0)] '~ «*E[u(0,t)u(0,0)].
Expressed in terms of Eq. (43), this takes the form

ENVOVO] 'S 4 Y Evivi@]e ¥,

keKt

which can, in turn, be used to give an expression for the Increment ACF.



C. Hohenegger, S.A. McKinley / Journal of Computational Physics 340 (2017) 688-711 707
Let {tn}n>0 be the times that we observe the position of a particle and assume that these time points are equally spaced.
We introduce the following shorthand:
AX(n) :=X(tnt1) — X(tn), and AUg(n) := Ug(tnt1) — Uk(tn)

where Ug(t) := f()[ Vi (s)ds.
Then, recalling the notation introduced in Eq. (57), under the assumption that the velocity process is stationary, we have

Cov(AX(n), AX(0
A(n) = Corr(AX(n), AX(0)) = Ovilar((Z;((O))( )).
Now,

1 t

Cov(AX(n), AX(0)) =E / V(t)dt / V(s)ds

th 0
thyr t
_ / f E[V(t)V(s)] dsdt
th O
thy1 t
ARr / / 4 Y E[w(©)v(s)] e dsdr
th 0 keiC*

=412 Y Cov(AUk(n), AUK(0))e 7.
ket

Numerically, we have observed that the autocorrelation functions for the fluid modes appear to be independent of k:
Ak (n) := Corr(AUg(n), AUg(0)) ~a, € [—1,1].

It follows from this and the preceding calculation that

Cov(AX(), AX() & 42 3 aVar(AUL(0)e ™ ~ a,Var(AX(0))
keK+

where, in the last line, we have used the fact that ap = 1. Dividing both sides by Var(AX(O)). we have A(n) ~ a,. That is
to say, adopting the AKP approximation (58) and utilizing the numerical observation that Ax(n) =~ a, is sufficient to explain
the observation that the Increment ACF of the particle process matches that of the fluid modes.

5.7. A note on the length parameter a of the approximate § function

It has been noted in multiple places that the length parameter that appears in 8, (see Section 3.6) does not directly
correspond to particle radius [49]. In fact, some authors have taken to calling the advected object a “blob” or “parcel” of
fluid [23]. In this section, we show that there are two senses in which changes to a do not result in physically correct
changes in particle tracking statistics. The first case has already been documented [50,51], namely that two dimensional
stochastic fluid-particle simulations do not produce the Stokes-Einstein relationship between the diffusivity of a particle
(which is proportional to the leading coefficient of the MSD) and the particle radius. Instead, for a purely viscous fluid,
Donev and co-authors, [50,51], propose a logarithmic scaling of the diffusivity as a function of the radius of the form
c11In(L/(ca)), where c; = kT /(4mns) is a physical constant and c, is a simulation dependent constant. In Fig. 6(a), we
plot the particle’s MSD for N =1 (circles) and N = 100 (crosses) and a = 0.5 pm, 1 pm, 1.75 pm and 2 pm and clearly
observe the dependence of the MSD on a in both cases. We then fit the logarithm of the MSD to the logarithm of the time
by a linear polynomial and extract the diffusivity. Finally, we fit the obtained diffusivity to the logarithm of the inverse
radius. Fig. 6(b) shows the diffusivity as a function of 1/a on a semi-log plot together with the linear fit. We observe that
both the diffusivities and the resulting fits depend on N. This results is not surprising, since the polymeric viscosity (and
thus the zero shear rate) viscosity changes between N =1 and N = 100. We find for the constants ¢; y=1 = 6 X 1076,
C1,N=100 =5 X 1076, c2,n=1 = 0.16, and c3 n=100 = 0.65. In Fig. 6, we set Tgp, = 128 ms, M =256 and At =1 pm and the
other parameters as in Tables 1-2.

It has been proposed that one should introduce an empirical mapping between a and an effective particle radius [49].
However, such an approach will not work for our viscoelastic setting due to a second issue, which involves the relationship
between particle radius and the magnitude of the anti-correlation in the first lag of the increment process. For particles
diffusing in human mucus, Hill et al. [10] found that larger particles have a larger first step anti-correlation. However, we
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Fig. 6. Influence of a: (a) Particle’s MSD on a log-log scale as a function of time and (b) diffusivity on a semi-log scale as a function of inverse radius for
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parameters are given in Tables 1-2.
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Fig. 7. Nondimensional sample path starting in the middle of the window for N =1, 5,50 and 100. The physical parameters are as in Tables 1 and 2. The
simulation parameters are At =1 ms, Tgpa = 1024 ms, and M = 256.

did not observe such a relationship in our simulations. In fact, changes in the parameter a seemed to have no effect on the
Increment ACF at all. But in light of the preceding section, this should not be surprising. There, we showed that the particle
Increment ACF looks exactly like the Increment ACF of the fluid modes, but these do not change with a because it does not
even appear in their definition (see Section 3.4).

6. Discussion

We have introduced and analyzed a model for the movement of a thermally fluctuating particle in a linear viscoelastic
fluid by generalizing the Landau-Lifschitz Navier-Stokes equations. Mimicking the procedure for generalizing the single-
particle Langevin equation, we generalize the stress term of the fluid equation by way of integration against a memory
kernel. Through non-dimensionalization and analysis of the relevant parameter regime, we show that the coefficient of the
non-linear term is very small. We model a particle advected by the fluid by local averaging in the fluid velocity field and
we numerically investigate simulations of particle trajectories.

Consistent with recent work, we use the generalized Rouse form for the memory function (see Eq. (8)). This is a three
parameter family of functions that captures a cascade of linear response functions that act on N distinct time scales. When
N =1 this is called a Maxwell model, but recent statistical work has shown that much higher values of N are necessary to
exhibit prominent viscoelastic effects [11]. For illustrative purposes, we plot in Fig. 7 a sample path for N =1, 5,50 and 100
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Fig. 8. Number of kernels and shape parameters: (a) Dimensionless MSD on a log-log scale as a function of dimensionless time, (b) dimensionless Increment
ACF of the particle’s horizontal component as a function of dimensionless lag time for N =1,5,50 and 100, and similarly in (c)-(d) for memory kernel
shape parameter « =2 and 4 for N =1, 5,50 and 100. The parameters are M =256, At =1 ms, a=1 pm and Tgp, = 1024 ms. All other parameters are
given in Tables 1-2.

starting in the middle of the window of width L = 10 pm. The physical parameters are as described in Tables 1-2, while
the other parameters are At =1 ps, Tgpa = 1024 ms, M =256 (where M is the number of Fourier modes used to simulate
the fluid) and a =1 pm.

We analyze particle trajectories in terms of two statistics that are commonly used in particle tracking experiments: the
mean-squared displacement of the particle position (MSD) and the auto-correlation function of increments of the position
process (Increment ACF) (see definitions in Section 5.4). In Fig. 8, we plot both the particle MSD and the Increment ACF
for N=1,5,50 and 100 (a)-(b) and for « =2 and 4 (c)-(d). We set Tgpa = 1024 ms, At=1 um, a=1 pm and M = 256.
As expected, the statistics of the particle trajectories qualitatively match what is observed in the live data. Similar to the
behavior of a single particle GLE, the behavior of particles advected by a viscoelastic fluid are mostly diffusive in character
when N is small and subdiffusive when N is larger: in Fig. 8(a) we see that a line of slope one fits the log-log plot of the
particle MSD for N =1 and N =5 quite well, but the particle MSD for N = 100 is better fit by slope 1/2. Furthermore,
as predicted by the more recent work [11], when the generalized Rouse kernel has shape parameter «, the corresponding
particle MSD has exponent 1/« (see Fig. 8(c). We note that this prediction is different from the one recorded in [52] because
earlier versions of the model did not assume stationarity of the velocity process.

As discussed in the introduction, we investigated whether a central premise in the field of passive microrheology holds.
Indeed, we find a strong connection between a particle’s Increment ACF and that of the fluid modes, which indicates that
recovery of the fluid’s memory kernel from immersed particle dynamics should be possible in this model. It was not clear
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from the outset of this project that this result would hold. It was known that the particle dynamics could be expressed as
a sum over stationary fluid modes, but because definition of stochastic integro-differential equations that govern the modes
depend on their “wave numbers” K, it appeared that the particle dynamics would be an average over a range of behaviors in
the fluid modes. To our surprise, we found (Section 5.6) that the Increment ACF for the fluid modes are essentially identical.
From this observation, along with an approximation (Eq. (58)) introduced by Atzberger, Kramer and Peskin [26], we can
explain why memory effects in particle trajectories are so similar to that of the surrounding fluid (Section 5.6).

Though these results hold when particles are passively advected by the fluid, it is not yet clear how much the effect of
particle inertia acting back on the fluid will change this. Consider, for example, that simulations using the stochastic IBM
model for viscous fluids found positive correlation in the particle velocity ACF over small time intervals [26]. In generalizing
to a fully coupled viscoelastic fluid-particle system, it is not at all clear how this feature will interact with the negative
correlation we have observed at small times for passive advection. Any significant departure from the presently observed
behavior could imperil our ability to recover fluid properties from particle statistics.

Implementing a fully coupled fluid-particle system remains a serious challenge though. Our method here relies on being
able to exactly calculate the spectral density of the stationary processes from which our fluid is built. When particles are
allowed to exert a force back on the fluid, then (1) the nonlinearity of the interaction prevents the derivation of an exact
solution for the covariance function; and (2) Gaussianity itself is lost, meaning that more than two moments need to be
considered. Overcoming these obstacles is left for future work.

In the mean time, the passive advection model features a number of interesting and important dynamics that still require
satisfactory explanation. Most of these revolve around understanding the first step auto-correlation in the increment process.
We have already discussed the surprise that the fluid mode Increment ACFs do not appear to depend on k. A further mystery
appears in the Increment ACF plots (Fig. 8(d)). While, the model reliably matched expected behavior for the log-log slope
of the MSD, the first step of the particle Increment ACF appears to be same for « =2 and « = 4. This is different from what
is observed in live data, for which anti-correlation in the first step increases as the subdiffusive exponent (1/«) decreases.
Moreover, as we detail in Section 5.7, the first step of the particle Increment ACF does not depend on the parameter a
in a way that is consistent with the interpretation of a as a particle radius. In live data, as particle radius increases, the
first step anti-correlation becomes larger and the subdiffusive exponent decreases. It remains to be seen how or if these
properties change when particle inertia is allowed to act back on the fluid, but issues with the scaling of a have long been
documented in the implementation of the stochastic IBM for viscous fluids. Developing a model that can faithfully handle
multiple particle sizes in the same fluid might ultimately require a change in coarse-graining philosophy.
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