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ABSTRACT

The motion of a passive spherical particle in a fluid has been widely described via a balance of force
equations known as a Generalized Langevin Equation (GLE) where the covariance of the thermal force
is related to the time memory function of the fluid. For viscous fluids, this relationship is simply a delta
function in time, while for a viscoelastic fluid it depends on the constitutive equation of the fluid memory
function. In this paper, we consider a general setting for linear viscoelasticity which includes both solvent
and polymeric contributions, and a family of memory functions known as the generalized Rouse kernel.
We present a statistically exact algorithm to generate paths which allows for arbitrary large time steps
and which relies on the numerical evaluation of the covariance of the velocity process. As a consequence
of the viscoelastic properties of the fluid, the particle exhibits subdiffusive behavior, which we verify as
a function of the free parameters in the generalized Rouse kernel. We then numerically compute the
mean first passage time of a passive particle through layers of different widths and establish that, for
the generalized Rouse kernel, the mean first passage time grows quadratically with the layer’s width
independently of the free parameters. Along the way, we also find the linear scaling of the mean first
passage time for a layer of fixed width as a function of the particle’s radius.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Many fundamental fluid processes arise through the interac-
tions between suspended microstructures and a viscous back-
ground fluid. For example, mucus is a suspension of oligomeric
mucin proteins in a water like fluid and whole blood is a sus-
pension of red blood cells in plasma. Therefore, biological fluids
have received a lot of attention recently, see for example [1-4].
When studying the macroscale characteristics of these systems,
viscoelastic properties emerge [3,5], in other words such systems
can display both elastic and viscous responses depending on the
applied forces. One of the most widely used experimental tech-
nique to probe these viscoelastic liquids is passive microrheology,
which records the fluctuations of a passive sphere and connects
measurable quantities like mean square displacement to bulk me-
chanical properties, see [6-8] for details. The most recognizable
signature of such viscoelastic liquids is that the mean square dis-
placement of the particle’s position scales sublinearly with time
for a certain period of time before transitioning to pure diffusion.
This subdiffusive behavior is usually refer to as anomalous diffu-
sion to contrast with the diffusion of Brownian particles where the
mean square displacement scales linearly with time. However, a
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quantity that remains poorly understood is the characterization of
the mean first passage time or the average time it takes a particle
to first traverse a layer of fluid. The classical theory of Brownian
motion [9] predicts that, for a spherical particle undergoing ther-
mal motion in a viscous fluid, the mean first passage time scales
quadratically with the width of the layer. Recent progress has also
been made in characterizing first passage in lattice models [10,11].
Finally, a few theoretical and numerical characterizations of the
first passage time distribution for processes that exhibit anoma-
lous diffusion and can be described by fractional Brownian mo-
tion or Lévy processes exist, see [4,12-14]. For example, Hill et al.
[4] use experimental measurements in cultured mucus and a frac-
tional Brownian motion model to predict the time it would take
a particle to diffuse through a 25 um thick mucus layer. While
fractional Brownian motion, which is a Gaussian process, has been
suggested as a better model than non-Gaussian continuous time
random walk for a class of biological fluids, see [15,16], the re-
cent work of Lysy et al. [17] shows that cultured mucus might
be better described by a generalized Rouse kernel and Generalized
Langevin Equation (GLE). Therefore, motivated by both the original
question of Hill et al. [4] and the conclusion of Lysy et al. [17], we
numerically study mean first passage time in a viscoelastic fluid
that can be described by a GLE. Because of the choice of a gen-
eralized Rouse kernel to model the system’s memory, the Gaus-
sian particle’s position process becomes non Markovian and non
stationary.
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There is a long tradition of using GLEs to model thermal mo-
tion of a particle in a viscoelatic fluid with or without external
forces [6-8,18-20]. However, none of these models consider the
purely viscous solvent contribution to the motion. This assumption
has lead to a singular behavior when taking the zero mass limit
as observed by Indei et al. [21,22] and McKinley et al. [23]. Fur-
thermore, the relative contribution of the solvent and of the sus-
pended polymers is statistically unclear [24]. In order to be able to
take the zero mass limit and to interpolate between viscous and
viscoelastic diffusions, we consider both the solvent and the poly-
meric contributions, see also [25,26]. While Indei et al. [21] pre-
viously considered including the solvent viscosity (or inertia) in a
three-parameter model of the dynamic modulus, their approach is
not able to easily recover the classical Langevin equation for Brow-
nian motion. Our GLE, which uses superposition to include both
solvent and polymeric contributions independently in the deter-
ministic and stochastic forces, does recover Brownian motion by
setting a parameter to zero corresponding to the absence of poly-
mers.

In the regime of linear viscoelasticity, where the stress tensor is
best described by a Lodge integral equation [27], one of the most
used three parameters family of memory relaxation kernel is the
generalized Rouse kernel, an equally weighted sum of negatively
decaying exponential kernels. Formally, for a number of kernels N,
a relaxation time 7 and an exponent ¢, it is defined as

1 N-1
— —t]/Tn
KO =y Lot 1)

where the discrete relaxation spectrum is chosen according to
some phenomenological model. Here, we set

N o
rn:ro(N_n> «>1 n=0,... N—1. )

In the above, « is the subdiffusive exponent, which is a function
of the decay rate of the memory kernel and determines the slope
of the subdiffusive phase [23]. On the other hand, N determines
the length of the subdiffusive phase. Since cultured mucus shows
subdiffusive behavior on all length scales [4,17], our ultimate goal
is to consider the case when N becomes large.

The rest of this paper is organized as follows. In Section 2.1,
we provide the details of the model describing the motion of the
particle as well as the relevant definitions, while in Section 2.2,
we develop a statistically exact algorithm which allows for the fast
simulation of paths of arbitrary large but constant time steps. The
algorithm relies on the numerical approximation of the covariance
of the position process and is applicable to a larger set of pa-
rameters than the decomposition of the equation in a matrix of
Ornstein-Uhlenbeck processes proposed by McKinley et al. [23]. In
Section 2.3, we present a method for calculating the mean first
passage time that accounts for paths which have not exited the
layer at the end of the simulation time. In Section 3.1, we apply
the algorithm to the characterization of the subdiffusive behavior
and of the increment auto-correlation of the position’s process for
different set of free parameters. Finally, in Section 3.2, we establish
the dependence of the mean first passage time on the width of the
layer, of the particle’s radius and of the number of kernels.

2. Method
2.1. Model

A spherical particle of mass m and radius r that diffuses freely
in a viscoelastic environment is subject to both drag forces via vis-
cous and elastic dissipation and diffusive forces via thermal fluc-
tuations. The GLE for the one dimensional particle velocity V(t) is
then (see also [26])

m% =-yV(E) - % /_; K(t —s)V(s)ds +,/ @F(t)
++/2kgTYsW (). (3)

The GLE (3) is a balance of forces equation that relates the par-
ticle’s acceleration to its velocity history and to thermal fluctua-
tions. Here kg is the Boltzmann constant, T is the absolute temper-
ature, ys = 6mrns is the Stokes drag coefficient for a sphere in a
fluid with solvent viscosity ns, and K(t) is a dimensionless mem-
ory kernel given by a constitutive law of viscoelasticity with vis-
cosity np =1 + 1s (1o is the zero shear rate viscosity) and poly-
meric time 7 = [;° K(t)dt. The introduction of a polymeric time in
(3) results from a dimensional argument since integrating the ve-
locity history introduces an extra time unit. In (3), we also used
the fact that the microscopic memory function is proportional to
the bulk viscosity of the fluid with proportionality constant given
by the drag coefficient [8,18]. Furthermore, we set y, = 67 7). Be-
cause energy is stored in the elastic component of the fluid, the
fluctuation-dissipation theorem applied to the zero mean Gaussian
process F(t) leads to the following form of its covariance [28]

E[F(t)F(s)] = K(t —s). (4)

Finally, W is a white noise in time with zero mean and covariance

E[W(OW(s)] = 8(t —s). (5)

For the generalized Rouse kernel in Eqgs. (1) and (2), the poly-
meric time 7 in (3) is simply the average relaxation time Tayg = %
Zlnv;& Tn. Eq. (3) does not include contributions that might results
from surface roughness or chemical interactions at the particle’s
surface.

In the language of continuum viscoelastic model, if N =1 in (1),
then the polymeric fluid stress in (3) satisfies the Oldroyd-B con-
stitutive equation, see Appendix A for details. Further, we remark
that the GLE (3) satisfies equipartition of energy [25,26], namely

I(BT

E[V(0)*] = o=

The form of (3) is different from the traditional form of [6,8] in
that it includes both solvent and polymeric contributions to the
fluid and that it reduces easily, by setting n, =0, to the classical
Langevin equation of motion of a passive tracer in a viscous fluid.

Ultimately, we are interested in the position process X(t) of the
particle whose velocity satisfies the GLE (3). We formally define
X(t) as the pathwise integral

X(t):/OtV(s)ds X(0) = 0. (6)

To simplify notation in Eq. (3), we let a = ys/m, b = yp/(Tavgm)
and ¢ = \/kgT/m, and we define K™ (t) = K(t)u(t) where u(t) is the
unit step function. The GLE (3) with noise (4) and (5) becomes

% =—aV(t) - b/oc K*(t — )V (s)ds + cv/DF () + cv/2aW ()
(7
E[F(t)F(s)] = K(t —s) E[W (W (s)]=68(t —s). (8)

We note that the integral in (7) is simply the time convolution of
K*(t) and V(t). As is common practice, we make sense of the solu-
tion of (7) and (8) in Fourier space. We use the following definition
of the Fourier transform, denoted by *:

flw) = /_OO f(e@dt f(t) = /_OO Fw)e“do.
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A stochastic process V(t) is a solution to (7) and (8) if its covariance
is [28]
2 (2a+ bk (w))

— . 9
liw + a + bK+ (w)|? ®

pv(w) =

Using the definition (1), the Fourier transform of the kernels in
(9) are

N-1 1

N-1
W~ 1
+ — -
K+ (@) NHZ:O An+ i
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where Ap =77!, n=0,...,N—1 are the inverse of the relaxation
times. We note that V(t) is a non-Markovian stationary Gaussian
process and that, because of the inertial term iw and the two-sided
Fourier transform in (9), there is no simple analytical expression
for py (t) = E[V(OV(0)].

Since X(t) in (6) is a non Markovian, non stationary Gaussian
process, it is uniquely determined by its covariance function, de-
noted by px(t, s). Using (6), the definition of px(t, s), and integra-
tion, we have

t S
ﬁk@d)=£lélwﬂﬂ—50$ﬁﬂ- (10)

For simplicity, we assume next that t > s. Breaking up the inte-
gral in (10) into two pieces and reversing the order of integration
yields

pox(t,s) =th(t) — (t =) (t =)+ (s)
—[L®) —L(t-5)+L(s)] t>s. (11)

In Eq. (11),

t t
mn=ﬁpwmm b:AumwMu

are the first and second moments of py(t). Plugging py(t) in terms
of its inverse Fourier transform in I,(t) and using trigonometric
identities, we find

2 > sin’(wt/2
ho=th© -2 [* m@ 5 o,

so that (11) simplifies to

pr(€.9) = J(O) +J(5) ~J(t—5). where
00 in2
10 =2 ["me ™G o (12)

Since the second term in the integrand of J(t) is a rescaling of the
sinc function and since py(w) decays at infinity by construction
(decay in memory of the system), the improper integral converges.

2.2. Algorithm

We now describe the algorithm necessary to generate paths re-
alizations of X(t) with covariance given by (12), assuming that J(t)
in (12) can be numerically evaluated. The technical details of the
numerical integration of J(t) are given in Appendix B. We describe
the algorithm to create Np discrete paths realizations of length Ny
with time increment At whose discrete covariance matrix is given
by R;j = px (iAt, jAt), i,j=1,...,Nr. In general, R has full rank
and is positive semi-definite. If, however, numerical errors lead to
small negative eigenvalues of R, then they are replaced by small
positive eigenvalues and R is adjusted accordingly. The algorithm
follows [29] and is summarized below.

1. Build Rj; = px (iAt, jAt), i, j=1,..., Nr, using (12);
2. Find the lower Cholesky decomposition of R, such that R = CC”;

3. Pick Y, a Ny x Np matrix of N'(0, 1) distributed random vari-
ables;
4. Set X = CY.

The columns of X are then single path realizations. The above
algorithm is statistically exact and the only errors are deterministic
due to the approximation of the integral in (12). We emphasis that
for a fixed N, C only needs to be calculated once and steps 3 and
4 can just be repeated to increase the number of paths. However,
the algorithm is not a forward marching scheme. In other words, to
generate paths up to Ny, with Ny > Nr, the entire covariance ma-
trix has to be calculated. For large Nr, steps 1 and 2 are the most
computationally intensive. In particular, as the size of R increases,
management of memory becomes important and we implement a
block Cholesky decomposition.

Let B be a symmetric Ny x Ny matrix divided in blocks of size
M. The number of rows of blocks is k = M/Nr and the total num-
ber of Cholesky blocks is 1+2+3+...+k= @ Following the
ideas of the construction of the Cholesky decomposition of a ma-
trix, the general Cholesky blocks of B are

i-1
C;; = Chol(Ay) — Z CiCh,
k=1

j-1
Cj = (Aij—Zcikc]Tk>c;jT i=1,...,k j=1,...,i-1.

k=1

i=1,...,k

We use the structure of the block Cholesky decomposition of R to
calculate the path X by writing X and the random normal vector
Y in block form as well. Let X;, Y;, i=1,...,k denote the block
vectors of length M of X and Y. Then, the path realization in block
form becomes

i
Xi=Y LjY; i=1..k
j=1

2.3. Mean first passage time calculation

The mean first passage time (MFPT) is the average time that it
takes a particle to first exit a layer of width w. In other words, only
the first time that the particle reaches w is recorded and ulterior
positions are discarded. For simplicity, we set X(0) = 0 and record
the first time T;m such that |X (Telxit)| > w. Physically, this set-up
corresponds to a particle starting in the middle of a layer of width
2w and exiting through the top or bottom boundary. The MFPT is
then taken to be the sample mean of Telxit over Np paths. In or-
der to obtain accurate statistics, we need to properly account for
survivor paths. We call a path a survivor at Tqp,;, if [X(Thpa)| < w.
If there are too many survivor paths, then setting TelXit = Tqpa for
survivor paths would skew the distribution of first passage times
and give the wrong MFPT. If the simulation could be run to a very
large time, then there should be no survivor paths. This method
is however computationally unrealistic. Instead, we develop a two
steps approach to both minimize the number of survivor paths and
adjust the MFPT accordingly.

First, we increase Tg,, = NrAt so that the relative number of
survivor paths is smaller than «, where 0 < ¥ < 1 is a threshold
value. In other words, up to a relatively small number of paths, all
paths have exited the layer before Ty, Since the algorithm uses
the entire time history (see Section 2.2), increasing Tq,, leads to
generating new covariance matrices of size Ny x Nr. Therefore,
simply increasing Ny and keeping At fixed becomes unmanage-
able in terms of the memory needed to store the covariance ma-
trices and find their Cholesky decompositions. Thus, we instead
increase At to (1+ B)At with 8 > 0, and we set N; =213, We
then generate new paths, compute the relative number of survivors
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=303 min is chosen so that 98% of the paths have

exited, all other parameters are given in Table 1. The orange line is the exponential fit of the tail. (b) Histogram of the adjusted first passage time together with adjusted
MEPT (red) and non-adjusted MFPT (black) for the same parameters as (a). (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)

Table 1

List of physical parameters.
Parameter Symbol Values Units
Tracer density 0 1.05 and 105 1 x 1072 mg pm-3
Tracer radius r 0.5, 1 and 2 pm
Sol. viscosity s 1 1 x 1076 MPa ms
a parameter a=2 1.7, 0.4 and 0.1 1 x 10* ms™
b parameter b= 17,04 and 0.1 1 x 106 ms!
Boltz. x temp. ksT 41 1 x 1072 pm? mg ms2
¢ parameter c=,/ kTl 2.7,1 and 0.3 pm?2 ms2
Pol. viscosity np = 1002 1 1 x 10~* MPa ms
First relax. time To 1 ms
Rouse exponent o 2 and 4

and repeat the process until Ty, is large enough to guarantee
that (1 — x)100% of the paths have exited the layer. We denote by
Tg a1 the final simulation time found that satisfies the previous
condition and use the subscript w to emphasize the dependence
on the layer’s width w.

Second, we adjust the values of the exit times for the survivor
paths. In order to do so, we calculate the relative number of sur-

vivor as a function of time, which is defined as
Ns(t; Tgnal,w)

3 #{X(s),0<s<Tgz ., Th >t and [X(T} )] > w}
= N :

In the above, # denotes the number of elements in the set. For il-
lustrative purposes, we plot in blue, in Fig. 1(a), Ns(t; Tgnal’w) for
N=16, « =2, w=1 pm and r = 1 pm and parameters given be-
low in Table 1. In this case, T aw = 303 min so that 98% of the
paths have exited. We observe that, for all tested choices of «, N,
w, 1, the tail of Ng(t; Tﬁ*nal,w) is exponential, as shown in Fig. 1(a).
Therefore, it can be fitted by an exponential curve of the form
p(t) = a; exp(—ayt) for t sufficiently large. The exponential fit is
plotted as an orange line in Fig. 1(a). This is equivalent to saying
that for t large the probability density of the first passage time
is p(t). The mean first passage time conditioned on the fact that
the path survives can now be estimated from the definition of the
conditional expectation and p(t). The details of this calculation are
given in Appendix C. We find that the adjusted exit time for sur-
vivor paths is TJXit = Tf;‘nal,w+ 1/a,. Fig. 1(b) shows the histogram
of the adjusted first passage time with the same parameters as in

Fig. 1(a). The vertical red line represents the adjusted MFPT (98
min), while the black line represents the MFPT (95 min) if the first
passage time for survivor paths is taken as T ., . In what follows,

we will simply refer to the adjusted MFPT as the MFPT.
3. Results and discussion

We choose ms as the unit of time, pm as the unit of length and
mg as the unit of mass. With these definitions the unit of force is
pN, while the unit of stress is MPa. For the generalized Rouse ker-
nel in Egs. (1) and (2), the viscosity np is related to the modulus
Go by np = GoTavg [27]. At this point, we are faced with the choice
of fixing either the viscosity 7, or the modulus Gy. Since fixing
Gp corresponds to a constant coefficient in the continuum fluid-
stress model [26], we set Gy =1 x 10~% mg/ms2, which is com-
parable to the value of Indei et al. [21] for a single mode relax-
ation liquid. In particular, for N =1, we have 5, = 1007;, where
we take 75 to be the viscosity of water. We compute the mass
of the particle as m =4/3wr3p, where p is either the density
of polystyrene beads (comparable to that of water) or a hundred
times denser than water. Recalling the definitions of Section 2.1,
we have a = ys/m = 9n5/(2pr%) and b = yp/(Tavgm) = 9Go/(207?).
Table 1 summarizes the relevant parameters.

3.1. Mean square displacement and increment auto-correlation

As a first check, we verify that the particle ensemble mean
square displacement (MSD) defined as M(t) = (X(t)2), where ()
is the sample mean over Np = 3 x 103 paths realizations, exhibit
subdiffusive behavior. Indeed, in Fig. 2, we plot the MSD for a par-
ticle of radius r=1 pm for « =2 and N= 1, 5, 20 and 40 in (a)
and for « = 2 and 4 and N = 1 and 40 in (b). If N =1, it has been
previously argued [30] that the MSD grows linearly as in the vis-
cous case, which is the case for the blue line in Fig. 2(a) and for
the indistinguishable blue and orange lines in Fig. 2(b). Because
the covariance based algorithm is statistically exact, we can choose
relatively large time steps and explore the transition from subd-
iffusive to diffusive behavior. To obtain Fig. 2, we set At =2 ms
and Ny = 23, corresponding to a maximum time of a little more
than 10 s. We observe two further expected facts, namely that as
N increases, the MSD becomes subdiffusive with slope 1/« (dashed
lines in Fig. 2) and the subdiffusive phase lasts longer [23]. Increas-
ing N from 5 to 40 results in a growth of the subdiffusive phase
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Fig. 3. Particle MSD as a function of time on a log-log scale for N= 1 and 40 and r = 0.5 pm 1 pm and 2 pm for a neutrally buoyant particle in (a) and for a hundred times
denser particle in (b). The parameters are given in Table 1 with & = 2. The inset in (a) shows the rescaling of the MSD with the inverse of the radius.

from 0.05 s to 3 s (black dashed lines in Fig. 2(a)). Furthermore,
we see in Fig. 2(b) that the length of the subdiffusive phase also
depends on «. Indeed, for o =2 the transition to pure diffusion
(black dashed line) happens about 1 s earlier than for o =4 (red
dashed line).

Next, in Fig. 3, we focus on the role of the mass for « = 2 and
the small time regime, where we set At =0.01 ms and Ny =213,
In Fig. 3(a), we consider a neutrally buoyant particle with p =
1.05 x 10° mg/um=3 and in Fig. 3(b) a hundred times denser par-
ticle. We note that the inertia of the particle leads to the oscil-
latory behavior of the MSD at short times [21,23], but its influ-
ence is only significant for a particle a hundred times denser than
water and at frame rates currently unattainable experimentally. In
this case, other effects like sedimentation might be important and
might need to be considered in the balance of forces equation. At
time scales longer than the first relaxation time 7y = 1 ms, we see
similar behaviors for both set of particles and radii with the heav-
ier and larger particle diffusing more slowly than the lighter and
smaller particle. In writing down Eq. (3), we used the fact that
the drag coefficient was proportional to the radius of the particle,
which for either the viscous case or the polymeric case translates
into a diffusion coefficient that is inversely proportional to the ra-
dius [6,18]. We verify numerically that this observation extends to

the GLE (3) in the inset of Fig. 3(a), where we rescaled the MSD by
the radius for both N = 1 and 40.

Another useful empirical statistical measure to compare to ex-
perimental data is the ensemble increment auto-correlation func-
tion (ACF) of the particle’s position process. In Fig. 4, we plot the
increment ACF for N = 1, 5, 20 and 40 and « = 2 and 4 for a par-
ticle with p = 1.05 x 10° mg/u~3 in 4(a) and for a hundred times
denser particle in 4(b). The lag times are multiples of At =15 =1
ms, the smallest relaxation time. As in experimental data [4,17],
we show first lag anti-correlation in the increment ACF. However
contrary to experimental data, the length of the anti-correlation
is independent of the subdiffusive exponent «. This behavior was
also observed in numerical simulations of a fluid-particle system
[26]. As opposed to the MSD data, the density of the particle plays
no role in the increment ACF and the exact same increment ACF
plots are observed in Fig. 4(a) and (b). This fact suggest, as first
discussed in [17], that the increment ACF produces a less noisy and
more robust statistical measurement and should be combined with
MSD data to extract the fluid’s viscoelastic properties.

3.2. Mean first passage time

In the section, we only consider a particle with p =1.05 x
10° mg/um3. Following a numerical exploration of the different
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Fig. 4. Particle increment ACF as a function of lag time for N= 1, 5, 20 and 40 and « = 2 and 4 for a neutrally buoyant particle in (a) and for a hundred times denser

particle in (b). The parameters are given in Table 1 with r =1 pm.
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Fig. 5. Mean first passage time in minutes as a function of the layer width w € [0.1, 2] pm with 95% confidence interval in (a) and on a log-log scale in (b) for N =1, 2, 4, 8
and 16 and « = 2. The parameters are given in Table 1 with r =1 pm. In (b), the dashed lines have slope 2 and the stars are values of the linear fit.

values, we find that using large values of x leads to a relative er-
ror of 6-9%, while larger values of 8 or Np give relative errors of
1-3%. As a result, we choose Np =3 x 103, 8 =0.5, and « = 0.02,
corresponding to less than 2% survivor paths at Ty, In Fig. 5, we
plot the MFPT as a function of w, for w € [0.1, 2] pm and N =
1, 2, 4, 8 and 16. To account for the uncertainties in the estima-
tion of the MFPT discussed in Section 2.3, we include error bars in
Fig. 5. Since the standard deviation of the first passage time is un-
known, the length of the error bar is calculated as t*s/\/NTv where
t* = 2.8 is the upper 0.025 critical value for the t distribution with
Np — 1 degrees of freedom and s is the sample standard deviation.
This choice of t* corresponds to a 95% confidence interval. We note
that the y axis has been rescaled to minutes, so that it takes a par-
ticle with r =1 pm about one hour to diffusive through a layer
twice its width if N = 16, while it only takes about 10 min if N = 1
(Fig. 5(a)). For comparison, the subdiffusive phase (see Fig. 2) lasts
about one second if N = 16. With the above parameters, it would
take about 12 h if N=16 and 2 h if N=1 for a 1 um particle to
diffuse through a 25 pm mucus layer. The discrepancy between the
above prediction and the results of Hill et al. [4] can be explained
by the fact that we do not have a good estimate for 7, for cultured
mucus.

When plotted on a log-log scale in Fig. 5(b), we observe that the
MEFPT scales quadratically (the dashed lines have slope 2) with w,

Table 2
Values of the leading coefficient of the quadratic polynomial fit of the MFPT and
root mean square error of the fit.

(N, «) C; =exp(p2) RMSE (N, @) C, =exp(p2) RMSE
(1,2) 3.97 0.015 (1, 4) 3.95 0.016
(2,2) 9.8 0.017 (2, 4) 334 0.016
(4,2) 22.2 0.012 (4, 4) 269.5 0.019
(8,2) 47.8 0.017 (8, 4) 2.166d3 0.02

(16, 2) 98.7 0.017 (16, 4) 1.736d3 0.017

independently of the choice of N. This same results holds for o =
4, with the only difference being that the MFPTs are about twenty
times bigger. We recall that the same scaling law was obtained for
Brownian motion [9]. We further confirm this intuition by fitting
the natural logarithm of MFPT as a function of the logarithm of the
width with a polynomial of degree one of the form p; In(w) + p,.
For all values tested, p; ~ 2. Thus, we claim

MFPT(w) = C; (N, o)w? (13)
where we used the notation C; (N, o) = exp(p,) to emphasize the
dependence on the free parameters. Table 2 lists the values of C;(N,
«) and of the root mean square error of the linear fit of the loga-

rithm for N= 1, 2, 4, 8 and 16 and « = 2 and 4. From the C; col-
umn in Table 2, we notice that, for « = 2, the ratio between subse-

if r=1um,
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Fig. 6. Mean first passage time in minutes as a function of the layer width w € [0.1, 2] pm for r = 1 um, 0.5 pm, and 2 pm, N = 4 and 16 in (a) and rescaled by the inverse

of the radius in (b). The parameters are given in Table 1 with a = 2.

quent Cy-values is about 2, while it is about 8 for « = 4. This fact
is further confirmed by Fig. 5(b), where each line is about In(2)
away from the line immediately below it. Since N was increased
by a factor of 2, we have C; (2%, @) = 2%-1C; (2%, &) and the pro-
posed relationship for the MFPT (13) becomes

MFPT(w) = N*~1C; (1, o )w? (14)

Finally, we explore the dependence of the MFPT and of C;(1, o) on
the particle’s radius. In Fig. 6(a), we plot the MFPT for r = 1 um,
05 pm, and 2 pym, N = 4 and 16, and « = 2. For each N, the collapse
of the data in Fig. 6(b) is obtained by multiplying the MFPT by the
inverse of the radius. In other words, the MFPT scales linearly with
the radius, independently of «.

In summary, we propose the following scaling of the MFPT as
a function of the number of kernel N, the radius r and the layer’s
width w

MFPT (w, r) = CN*~1rw?. (15)

The constant C, obtained for N =1, depends on the physical pa-
rameters of the viscoelastic constitutive equation (7s, Gg, Tg, o) of
the generalized Rouse kernel in Egs. (1) and (2).

if r=1pm.

3.3. Conclusion

In this paper, we presented a covariance based algorithm for
the realizations of paths for a particle which obeys a Generalized
Langevin Equation that includes both solvent and polymeric contri-
butions. The algorithm only relies on the Gaussian structure of the
processes and it is used to generate paths with arbitrary large time
steps and for a wide range of physical parameters described by a
generalized Rouse kernel. Using simulated data, we demonstrated
that the mean square displacement is subdiffusive with slope in-
versely proportional to the exponent in the Rouse kernel and that
the increment auto-correlation shows first lag anti-correlation. Fi-
nally, we established that the mean first passage time of simulated
paths grows quadratically with the width of the layer and linearly
with the radius of the particle. Both in the generation of the paths
and in the estimation of the mean first passage time careful atten-
tion was paid to the underlying stochastic processes to guarantee
statistical accuracy.

Understanding the role inertia plays in passive microrheology
remains an open challenge [21,23]. While we were able to establish
the traditional signature of inertia at small time scales in the mean
square displacement, we only achieved this for particles that are a
hundred times denser than water. For such heavy particles, the one

dimensional balance of forces considered here might not be valid
anymore. On the other hand, we pointed out that the increment
auto-correlation function is independent of the mass, which sug-
gests that it might serve as a better statistical estimator for the
mechanical characteristics of the fluid. However, we are not aware
of any protocol that connects the increment auto-correlation to the
loss and storage moduli in a simple way as the one point microrhe-
ology of [6] does.

Our results have been presented for one dimensional motion,
since the diffusion’s coefficient of a sphere is the same in all di-
rections. However, if ellipsoids or rods that have different diffusion
coefficients were considered, then the GLE (3) can be vectorized
and generalized to three dimensional motion and potentially used
to probe anisotropic diffusion, see also [31].

In this paper, we presented the first exploration and character-
ization of the mean first passage time of a particle described by a
Generalized Langevin Equation. Nevertheless, much work remains
to be done both on the theoretical and experimental sizes to val-
idate the above predictions and to better understand the distribu-
tions of first passage times and of hitting probabilities.
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Appendix A. Relationship to continuum models

In this appendix and in [26], we show the relationship between
the form of the memory kernel and continuum model of extra
stress. Following Larson [27], the deterministic stress tensor can
be decomposed into a solvent contribution X4es and a polymeric
contribution Xep,. The solvent stress is the Newtonian stress ten-
sor

Zdet,s = _pl + ZT]SE, (Al)

where p is the pressure, I is the identity matrix, E = (Vu+ Vu')/2
is the rate-of-strain tensor, and 75 is the solvent dynamic viscosity.
As in [8,18,27], we consider the small strain limit for the polymeric
stress tensor resulting in a linear viscoelastic model. In this setting,
the constitutive equation for X, is known as the Lodge equation
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and it has the form

t
Tdetp = Gavgl +2 / Gy (€ — £)E(E)dY, (A2)

where Gayg is the modulus and G (t) is the relaxation modu-
lus (units of [stress]). The response is causal in the sense that
G () =0 for t < 0. Combining (A.1) and (A.2), we have

t
Taet = — (P — Gaug)l + 21sE + 2 / Go(t — HEE)dY.  (A3)
—00
The zero shear-rate viscosity ng is related to Ggy(t) by no = ns +
I G(r)(t’)dt/. If Gy(t) is a single mode Maxwell model, G =
"T—”e*f/f, where 7 is the relaxation time and 7, is the polymeric
dynamic viscosity related to Gayg by 17p = GavgT [27], then oger =
T get + (p — Gavg)I satisfies the Oldroyd-B equation

Tadet + Odet = 27’0 <E + — 7]5 )s
o

where 19 = ns + np, and Y is the upper convected time derivative

defined as S = gs Vu’S — SVu. If the solvent viscosity is negligi-
ble, ns = 0, then o4 satisfies the Upper Convected Maxwell equa-
tion

v
TOdet + Odet = 277PE4
Appendix B. Calculation of J(t)

We present a numerical method for the evaluation of J(t) in
(12), which relies on residue calculus as opposed to a quadrature
scheme. We let y = b/N, Aj = rjfl, j=0,...,N—1 and we define
the polynomials

N-1

P =]]&x+2) q@x)=

j=0

(x+a)px) +yp'(x),
where ’ denotes the derivative of p(x) with respect to x. From these
definitions and (9), it is easy to see that

pliw)  p(—iw)
q(iw)  q(-iw)

@(w):cz[ } =V (w).

Since the roots of p(x) are —Ay_1 <...<—=XAg9 <0, q(x) has N—1
roots located between the extrema of p(x). For practical applica-
tions, we assume that either —a < —Ayn_; or —a > —Ag. In the first
case, q(x) has an extrema between —Ay_; and —a and depend-
ing on the magnitude of y, the last pair of roots is either a com-
plex conjugate pair with negative real part or two purely real neg-
ative roots. In the latter case, q(x) has an extrema between —a
and —A¢ and the same conclusions can be reached about the lo-
cation of the last two roots. We denote by wy,...,wy the N+ 1
roots of q(iw) in the upper half plane with wy,..., wn_p € iRT,
Im(wy_1 and wy) € RT with Re(wy_1) = —Re(wy) or Re(wy_1) =
Re(wy) = 0. Here, Im(z) denotes the imaginary part of z, while
Re(z) is the real part of z. The roots of q(—iw) are the complex
conjugates of wy, ..., wy. Since a # A;, j=0,...,N—1, the poles
of W(w) are simple. In [25], we derived an integral formula for in-
tegrals of the type fom G(w)sinc® (x)dx, where a is even, sinc is the
sinc function, and G(w) has simple poles, appropriate decay and
no real poles. The formula is a result of careful integration and the
residue theorem. Letting a = 2, G(w) = ¥(w), and changing vari-
ables from w to ® = wt/2 yield [25]

J(t) = c{ W(0) + Zlm[kes(\y wn)em" 1 H (B.1)

n=0 "

In the above, Res(V, wy) denotes the residue of W evaluated at wp,

lf the poles were analytically known, then (B.1) would be ex-
act. However, there is no simple analytical formula for the poles if
N > 2. Therefore, using (B.1) to evaluate J(t), we have replaced an
improper integration problem with a root finding problem. While
this poses a restriction on how big N can be, Eq. (B.1) is numeri-
cally advantageous over an adaptive integration scheme of (12) for
two reasons. First, the roots and residues can be precomputed and
t only needs to be plugged into the right-hand side of (B.1). Sec-
ond, because of the sinc function, the integrand is highly oscilla-
tory and many subintervals are required to guarantee accuracy of
a quadrature scheme.

To compute the residues, we first expand p(iw) and q(iw) into
their series expansion using Vieta’s formula. We have

N+1
p(iw) = 'NZ( Doty qio) = MY (~1)sjel 1.
] =0 ] =0
(B.2)
Here ty, ..., ty are the elementary symmetrical polynomials of iA;,
j=0,...,N, in other words
- N-1 N-
fo=1 t=i) A b=-) Z Ajihj
j= 0=j1 o=j1+1

From the definition of q(x), we derive a recurrence relationship for
the elementary symmetrical polynomials of w;, j=0,..., N which
does not require knowledge of the poles:

So=ty S1=¢t1+ iafo SN+1 = iaty — YIN-1 (B 3)
Sn=ty+iaty 1 —y(N—n+2tn, n=2,....N. ’
Using (B.2) and the residue definition, we find

N k,, N—k
1 —o(-D*w; .
Res(W, w)) = - — Lkco ] —— J=0,...,N.
! Zk:o(_])ksk(N +1- k)wj -
(B.4)

Therefore, the algorithm to compute J(t) in (12) can be summarized
as follows.

1. Compute ¢t; the elementary symmetrical polynomials of iA;, j =
0,....N;

. Compute sg, ..., Sy.1 using (B.3);

. Numerically find w;, j=0, ..., N, the roots of q(iw);

. Compute the residues using (B.4);

. Evaluate the integral with (B.1).

u b W

Appendix C. Adjusted MFPT

Let T;Xlt be the first exit time for a certain layer and Tq,, be the
final time of the simulation. Assuming that for t sufficiently large
the probability density p(t) of Tel)(lt has the form p(t) ~ a;e~%! for
some positive constants a;, a,, then the expected first passage time
conditioned on the fact that the path survives beyond Ty, satisfies
[24]

S, tp®)dt
Jr p®)dt

Jrotaje~%tdt 1
Too = Thna1 + —
J5 are-etdt a

E[ ex1t| exit = Thnal] =

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at 10.1016/j.jnnfm.2017.03.001.
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