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Abstra ct. Optimal microstructures are la y outs of sev eral materials in

the p erio dicit y cell whic h attain the extreme v alue of the sum of en-

ergies, W , of sev eral linearly indep enden t homogeneous external �elds

(loadings). The extremal v alue of W can b e found or estimated from

b elo w b y using the su�cien t conditions for the corresp onding noncon-

v ex v ariational problem. W e describ e an algorithm for constructing

optimal isotropic three-dimensional microstructures that attain the suf-

�cien t conditions. The la y outs are limits of geometrical sequences with

in�nitely man y length scales and are non unique. In con trast, the �elds

in the optimal structures are clearly de�ned b y su�cien t constrain ts

that hold in eac h p oin t. In the pap er, w e discuss a mo di�ed di�eren tial

sc heme that pro duces an optimal laminate while k eeping the �eld in

eac h p oin t within the prescrib ed range.

As a �rst example, w e describ e �elds in an optimal three-dimensional

p olycrystal. The su�cien t constrain ts lead to non-compatible (not rank-

one connected) �elds in the disorien ted fragmen ts of the crystallite.

The apparen t con tradiction of non-compatibilit y is resolv ed b y using

in�nitely man y length scales. This phenomenon is similar to the t w o-

dimensional example of four non-compatible gradien ts P edregal (1993);

T artar (1993); Nesi and Milton (1991).

A second example pro duces new optimal microstructures of three-

dimensional three-material isotropic mixture. These structures are op-

timal in the range of parameters that is larger than the previously kno wn

range Milton (1981); Milton and Kohn (1988). The metho d is also appli-

cable to more than three materials as w ell as to elastic, electromagnetic

and other linear materials.

1. Intr oduction

This pap er suggests an approac h to building optimal comp osite struc-

tures. The approac h is based on t w o principles. First, p oin t wise su�cien t

conditions for the �elds in eac h phase of the comp osite are found b y us-

ing translation b ounds. Second, these conditions are incorp orated in to the

di�eren tial sc heme for building the comp osite whic h then pro duces optimal
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generalized microgeometry . The structures obtained in this w a y are in�nite-

rank laminates.

The problem of the G -closure b oundary { the set of structures with ex-

treme e�ectiv e prop erties { has a long history . Optimal microstructures

are traditionally found b y a t w o-step pro cedure. First, one deriv es su�-

cien t optimalit y conditions (translation b ounds) for the energy . Second, one

attempts to generate minimizing sequences of la y outs whic h satisfy these

conditions. A n um b er of problems for t w o-material microstructures ha v e

b een solv ed, see the b o oks Cherk aev (2000); Milton (2002) and the refer-

ences therein. Ho w ev er, for more complicated problems, suc h as the ex-

amples in this pap er, a more formalized pro cedure for generating optimal

microstructures is necessary . The con v en tional approac h has b een to mak e

a clev er guess of the basic microstructure with a few free design parameters

and then to optimize with resp ect of these parameters. If one is luc ky , the

structure obtained b y this pro cess is optimal. Unfortunately for complex

problems, it has not pro v en easy to mak e a go o d guess.

Our approac h, although not fully free of guess, exploits formalized pro ce-

dures. Sp eci�cally , w e �nd the su�cien t conditions for the �elds in optimal

microstructures. These conditions are used in the v arian t of the \di�eren-

tial sc heme" to pro duce an of optimal microstructures; the optimalit y of the

sequence is built in to the pro cedure and is ensured at ev ery di�eren tial step.

Th us, the problem of optimal microstructures is form ulated as an extremal

problem with di�eren tial constrain ts.

2. The pr oblem

2.1. Statemen t. Consider a p erio dic structure. The p erio dicit y cell 
 =

[0 ; 1]

3

� R

3

has unit measure and is sub divided in to subsets 


i

o ccupied

b y N materials with conductivit y tensors K

i

. Consider three separate con-

ductivit y equilibria, induced b y the homogeneous external �elds e

1

� (1 ; 0 ; 0),

e

2

� (0 ; 1 ; 0), e

3

� (0 ; 0 ; 1) applied to the cell. If w e denote E = Diag ( e

1

; e

2

; e

3

)

then the three conductivit y equations in the cell can b e concisely expressed

as

(1) r � K r u = 0 ; hr u i = E :

Here u is a three-dimensional v ector function, r u is a 3 � 3 matrix with

comp onen ts ( r u )

ij

=

@ u

i

@ x

j

and r� is the ro w-wise div ergence op erator whic h

transforms a matrix in to a v ector, as

( r � A )

i

=

3

X

j =1

@ A

ij

@ x

j

; i = 1 ; 2 ; 3 :

The conductivit y tensor K is de�ned to b e K

i

in 


i

.

The sum of the three energies can b e written as

(2) W = h [ K r u; r u ] i ;
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where [ A; B ] is the scalar pro duct on square matrices, [ A; B ] =T r A

T

B , and

h�i is the a v erage o v er 
. The energy W is equal to the energy of the

homogenized material with the e�e ctive c onductivity K

�

(3) W = [ K

�

hr u i ; h r u i ] :

In this pap er, w e consider the follo wing problem: for �xed e

i

, minimize the

energy W b y c ho osing the la y outs of the K

i

, assuming that the areas of 


i

(the v olume fractions) are �xed: j 


i

j = m

i

. In the rest of this section w e

recall the traditional metho d of solving this problem sp eci�cally as applied

to our t w o examples of p olycrystals and m ulti-material mixtures.

2.2. T ranslation b ounds and the �elds in an optimal structure.

The b ound. The translation b ound (see Cherk aev (2000); Milton (2002) and

the references therein) restricts the energy , W , of a structure from b elo w,

th us pro viding a b ound for its e�ectiv e prop erties. The energy is b ounded

from b elo w b y the function W

T

� W where

W

T

= max

T 2T

[ D

T

hr u i ; hr u i ]; T = f T : D

i

� T � 0 8 i = 1 ; :::; N g

and

D

T

=

 

N

X

i =1

m

i

( D

i

� T )

� 1

!

� 1

+ T :

Here, the D

i

and T are linear op erators on 3 � 3 matrices. Sp eci�cally ,

[ D

i

E ; E ] = T r( E

T

K

i

E ) for i = 1 ; :::; N and [ T E ; E ] is the quadratic in v ari-

an t of the matrix E (see Cherk aev (2000) for the discussion of the structure

of the translators)

[ T E ; E ] = �

t

2

�

(T r E )

2

� T r E

2

�

{ a constan t times the sum of the three main 2 � 2 minors. An y structure

with energy equal to W

T

is called translation-optimal.

In the next calculation, w e represen t E b y a nine-dimensional v ector of

its elemen ts b y stac king its ro ws,

(4) E = ( e

1

0 0 j 0 e

2

0 j 0 0 e

3

)

T

:

In this space, the tensors D

i

are represen ted as 9 � 9 matrices. In particular,

an isotropic conductivit y tensor K

i

= k

i

I

3

, where I

3

is the 3 � 3 iden tit y

matrix, is represen ted b y the matrix D

i

= k

i

I

9

, where I

9

is the 9 � 9 iden tit y

matrix. F urthermore, T is represen ted b y the follo wing 9 � 9 symmetric
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matrix.

(5) T ( t ) = �

0

B

B

B

B

B

B

B

B

B

B

B

B

@

0 0 0 0 t 0 0 0 t

0 0 0 � t 0 0 0 0 0

0 0 0 0 0 0 � t 0 0

0 � t 0 0 0 0 0 0 0

t 0 0 0 0 0 0 0 t

0 0 0 0 0 0 0 � t 0

0 0 � t 0 0 0 0 0 0

0 0 0 0 0 � t 0 0 0

t 0 0 0 t 0 0 0 0

1

C

C

C

C

C

C

C

C

C

C

C

C

A

The �elds. The translation b ound corresp onds to certain constrain ts on the

p oin t wise �eld r u ( x ) (see also Grab o vsky (1996); Milton (2002)). The �elds

in the phases of a translation-optimal structure p oin t wise satisfy the equa-

tions

(6) ( D

i

� T ) E

i

= R E

0

; R =

0

@

N

X

p =1

m

p

( D

p

� T )

� 1

1

A

� 1

i = 1 ; : : : ; N :

Besides this, the follo wing in tegral constrain t holds.

(7)

N

X

p =1

m

p

Z




p

E

p

dx = E

0

:

This is automatically satis�ed when the �elds E

i

found from (6) are unique.

The matrices D

i

� T are nonnegativ e de�nite. When these matrices are

p ositiv e de�nite, the �elds E

i

are uniquely de�ned b y a relation

(8) E

i

= ( D

i

� T )

� 1

R E

0

;

matrix ( D

i

� T )

� 1

R is p ositiv e. The second equation (7) is automatically

satis�ed in this case.

Non trivial b ounds corresp ond to the cases when the translator T is c hosen

so that one or sev eral of the matrices D

i

� T degenerate. In this case,

matrices ( D

i

� T )

� 1

and R are rede�ned on the appropriate subspace. The

�elds E

i

b elong to some linear subspaces indep enden tly of E

0

. Belo w, w e

list the p ossible degenerations.

(1) Assume that D

k

� T ( k 6= i ) degenerates

(9) D

k

� T = Q

k

Q

T

k

Q 2 R m

k

� n

but D

i

� T do es not. Then the righ t-hand side term R degenerates

b ecause the pro jection on to the orthogonal to Q subspace is zero. It

assumes the form

(10) R = Q

k

~

R Q

T

k

where

~

R 2 R m

k

� m

k

is

~

R =

�

Q

T

k

R

� 1

Q

k

�

� 1

:
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If sev eral terms D

k

1

� T ; : : : D

k

s

� T ; ( k

1

6= i; : : : k

s

6= i ) degenerate,

the righ t-hand side term R tak es the form

(11) R =

~

Q

~

R

~

Q

T

where

(12)

~

Q = Q

k

1

: : : Q

k

s

:

The �eld E

i

dep ends on the pro jection of E

0

on to the subspace

~

Q ,

(13) ( D

i

� T ) E

i

=

~

Q

~

R (

~

Q

T

E

0

)

(2) Assume that D

i

� T degenerates,

(14) D

i

� T = Q

i

Q

T

i

Q 2 R m

i

� n

but D

k

� T ( k 6= i ) are p ositiv e de�nite. In this case, equation (6)

do es not uniquely de�ne the �eld E

i

. Its solution has the form

(15) R E

0

= Q

T

i

E

i

+ �h; Q

T

i

h = 0

where � is an arbitrary real function that can v ary in 


i

and h is a

n -v ector orthogonal to Q

i

. Equation (7) constrains � = � ( x ). The

m

i

-dimensional v ector Q

T

i

E

i

{ a pro jection on to Q

i

{ dep ends on E

0

as

(16) Q

T

i

E

i

= ( Q

T

i

Q

i

)

� 1

Q

T

i

R

� 1

E

0

:

(3) Finally , assume that t w o matrices D

i

� T and D

k

� T ( k 6= i ) de-

generate as happ ens in the problem of an optimal p olycrystal. The

�eld E

i

has the form (15), but the term R E

0

is decomp osed as in

(13). W e obtain

(17) Q

T

i

E

i

= ( Q

T

i

Q

i

)

� 1

Q

T

i

~

Q

~

R (

~

Q

T

E

0

) :

The �eld E

i

= Q

T

i

E

i

+ �h is non unique and dep ends only on the

pro jection of E

0

on to a subspace

~

Q .

2.3. Examples: translation-optimal �elds. W e illustrate the transla-

tion b ound using t w o examples. First is the three-dimensional isotropic

p olycrystal of minimal conductivit y . The structure w as found in Av el-

laneda et al. (1988) and then discussed in Nesi and Milton (1991); Cherk aev

(2000); Milton (2002). Here, w e fo cus on the �elds in optimal p olycrystals.

The second example is the problem of translation-optimal isotropic three-

phase comp osites from sev eral isotropic comp onen ts. W e refer to Cherk aev

(2000); Milton (2002) for a history of this problem and further references.

It is kno wn, in particular, that translation-optimal structures exist only in

a range of parameters: the fraction of the \b est" material m ust b e large

enough. In the next section w e �nd new translation-optimal structures with

lo w er limit on the fraction of the b est material.
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P olycrystals. Consider a p olycrystal { a comp osite from di�eren tly orien ted

fragmen ts of an anisotropic material. Sp eci�cally , consider di�eren tly ori-

en ted transv ersally isotropic conducting materials suc h that t w o eigen v alues

are equal and one di�ers. After normalization the equal eigen v alues are as-

sumed to b e one and the third eigen v alue to b e s 6= 1. Assume that w e mix

three anisotropic materials with the same triplet of eigen v ectors, but suc h

that the eigen v alue s corresp onds to a di�eren t eigen v ector in eac h phase.

F urther, assume that the p olycrystal is isotropic, and the three mixed ma-

terials en ters with the same v olume fraction 1 = 3. The extremal e�ectiv e

conductivit y (lo w er b ound) and the minimizing sequence w as found in Av el-

laneda et al. (1988), see also Cherk aev (2000). Here w e calculate �elds in

these translation-optimal structures, using the theory discussed ab o v e.

The matrices D

i

are diagonal.

D

1

= Diag ( s 1 1 j s 1 1 j s 1 1) ;

D

2

= Diag (1 s 1 j 1 s 1 j 1 s 1) ;

D

3

= Diag (1 1 s j 1 1 s j 1 1 s ) :

The translator T used in this case is giv en b y (5). The external �elds are

represen ted b y the nine comp onen t of the diagonal 3 � 3-matrix E

0

. Because

w e restrict to orthogonal nonzero external �elds and diagonal conductivit y

tensors, one can sho w that it is su�cien t to consider diagonal p oin t wise

�elds. Th us, w e ma y pro ject from the space of 9-v ectors to the the �rst,

�fth, and nin th comp onen ts (see (5)).

The non trivial b ound can b e found from the pro jection on to this three-

dimensional subspace of the diagonal comp onen ts of the �elds and the cor-

resp onding pro jection of T . The pro jections,

^

D

i

and

^

T , of the D

i

and T

resp ectiv ely , are

�

^

T ( t ) =

0

@

0 t t

t 0 t

t t 0

1

A

;

^

D

1

�

^

T ( t ) =

0

@

1 t t

t s t

t t 1

1

A

;(18)

^

D

2

�

^

T ( t ) =

0

@

1 t t

t s t

t t 1

1

A

;

^

D

3

�

^

T ( t ) =

0

@

1 t t

t 1 t

t t s

1

A

:(19)

Consider for de�niteness the translation-optimal �eld E

1

in the fragmen ts

D

1

. The extremal v alue t

0

of t that corresp ond to degenerations of all three

matrices, is

t

0

=

1

4

�

s �

p

s ( s + 8)

�

:

The eigen v alues �

k

of

^

D

1

�

^

T ( t

0

) are

�

1

= 0 ; �

2

=

1

4

p

s ( s + 8) �

1

4

s + 1 ; �

3

=

5

4

s �

1

4

p

s ( s + 8) + 1
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The eigen v ectors a

(1)

k

are

a

(1)

1

=

0

@




1

1

1

1

A

a

(1)

2

=

0

@




2

1

1

1

A

a

(1)

3

=

0

@

0

1

� 1

1

A

where




1

=

p

s

2

+ 8 s � s

2 s




2

= 2

p

s

2

+ 8 s � s

p

s

2

+ 8 s � s + 4

:

The eigen v alues of the other t w o phases are the same, and the eigen v ectors

are obtained b y a corresp onding p erm utation of a

( i )

k

.

The �elds in translation-optimal p olycrystals are computed as in case 3

ab o v e. The �elds E

1

; E

2

; E

3

in the di�eren tly orien ted crystallites in the

translation-optimal p olycrystal are constrained as follo ws

E

1

2 f � Diag ( 


1

; 1 ; 1) : � 2 R g ;

E

2

2 f � Diag (1 ; 


1

; 1) : � 2 R g ;(20)

E

3

2 f � Diag (1 ; 1 ; 


1

) : � 2 R g :

F rom this, one can deriv e the follo wing equation for the e�ectiv e conductivit y

K

�

= k

�

I of a translation-optimal p olycrystal.

k

�

= � 2 t

0

=

1

2

�

p

s ( s + 8) � s

�

:

In a translation optimal anisotropic crystallite, the �eld in eac h phase

b elongs to a giv en line. Notice that the only rank-one connections among

the di�eren t lines lie at zero. This implies that there is no �nite-rank optimal

laminate that realizes the b ound. Ho w ev er, the optimal structure exists and

the apparen t con tradiction can b e resolv ed, as w e discuss in the next section.

Optimal comp osite from isotropic comp onen ts. Consider an isotropic N -

material mixture of isotropic materials K

i

= k

i

I

3

where k

i

2 R is an isotropic

conductivit y tensor; assume that the materials are ordered so that 0 < k

1

<

� � � < k

N

. Assume also that the external �elds are orthogonal. Let us �nd

the �elds in a structure of minimal energy .

The translation b ound for the energy corresp onds to the 3 � 3 matrix blo c k

^

D

i

= k

i

I

3

and the pro jected translator

^

T as in (18) where j t j � k

1

. Let the

v ector

^

E

0

b e comp osed of the magnitudes of three loadings

^

E

0

= ( e

1

; e

2

; e

3

).

(That is,

^

E

0

is the pro jection of the diagonal comp onen ts of the external

�elds E

0

.) The most restrictiv e b ound corresp onds to t = � k

1

. Then

^

D

1

�

^

T

b ecomes a diad

^

D

1

�

^

T = 3 k

1

l l

T

; l =

1

p

3

0

@

1

1

1

1

A

The remaining matrices

^

D

m

�

^

T for m = 2 ; :::; N are p ositiv e de�nite and

ha v e the represen tation

^

D

k

�

^

T = ( k

m

+ 2 k

1

) l l

T

+ ( k

m

� k

1

)( I � l l

T

) :
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The pro jection of the �eld in the �rst phase of a translation-optimal

structure is computed according to the case 2 as

^

E

1

=

k

�

+ 2 k

1

3 k

1

l

T

^

E

0

l + ( I � l l

T

) !

where ! is a v ector function in 


1

satisfying

Z




1

( I � l l

T

) ! dx = ( I � l l

T

)

^

E

0

:

Notice that

^

E

1

is not completely de�ned: the v ector function ! is free to

v ary in 


1

. Since h is alw a ys orthogonal to l , this v ariation do es not e�ect

translated energy of the structure. The pro jected �elds in the other phases

fall in to the case 1:

^

E

m

=

k

�

+ 2 k

1

k

m

+ 2 k

1

l

T

^

E

0

l ; m = 2 ; :::; N :

In particular, in the three-material case ( N = 3) with diagonal �elds

discussed in the next section, w e can summarize these prop erties as follo ws.

(P1) T r ( r u ( x )) = 3 �

1

in 


1

,

(P2) r u ( x ) = �

2

I

3

in 


2

,

(P3) r u ( x ) = �

3

I

3

in 


3

,

where

�

i

=

k

�

+ 2 k

1

k

i

+ 2 k

1

( l

T

^

E

0

) for i = 1 ; 2 ; 3 :

Summing up the energy of these �elds, w e can also deriv e the standard

form ula (whic h coincides with the results of Hashin and Sh trikman Hashin

and Sh trikman (1962) in this isotropic case) for the e�ectiv e conductivit y

K

�

= k

�

I of an isotropic translation-optimal N -material comp osite:

1

k

�

+ 2 k

1

=

N

X

i =1

m

i

k

i

+ 2 k

1

:

3. The modified differential scheme

In this section, w e describ e a con v enien t metho d for �nding optimal m ul-

timaterial structures, using a mo di�cation of the the so-called di�er ential

scheme . The traditional di�eren tial sc heme uses the strategy of inserting

in�nitesimal inclusions in to an existing comp osite and calculating the in-

cremen t of its e�ectiv e prop erties. It is an old idea. Bruggeman used it

in the thirties Bruggemann (1935) to compute e�ectiv e prop erties. Later,

the sc heme w as rein v en ted in the pap ers Norris (1985); Lurie and Cherk aev

(1985), and w as used for computing e�ectiv e conductivit y of an optimal

p olycrystal in Av ellaneda et al. (1988). Generalizations of the sc heme w ere

suggested in Hashin (1988). The sc heme w e ha v e c hosen pro duces a rather

general class of in�nite-rank laminates. Keeping the previous section in

mind, w e also mo dify the traditional sc heme to incorp orate the optimalit y

conditions of the �elds at eac h step.
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The particular v arian t of the sc heme w e use allo ws us to assem ble an

isotropic comp osite from anisotropic materials (or material mixtures). A t

ev ery step in the pro cess the comp osite w e ha v e constructed is isotropic. The

pro cess is equiv alen t to the follo wing pro cess whic h ma y b e more easy to

visualize. Starting with an in�nitesimal spherical \seed" of some material,

W e rep eatedly wrap an in�nitesimal spherical shell of a transv ersal isotropic

material around the curren t core, to gro w a sligh tly larger core. The material

in the shell is orien ted so that the eigen v ector for the di�ering eigen v alue

p oin ts to w ard the cen ter of the sphere.

In the follo wing discussion, w e apply this sc heme to t w o examples. In

the case of three-dimensional p olycrystals, the solution w as found in Av el-

laneda et al. (1988). Using the mo di�ed di�eren tial sc heme, w e observ e that

the �elds indeed satisfy the optimalit y conditions (20) at ev ery step of the

pro cess.

The second case is that of three-dimensional comp osites made from three

isotropic conducting materials. In this case, the di�eren tial sc heme con tains

a con trol whic h is free to v ary at eac h in�nitesimal step of the pro cess.

Rather than apply classical con trol theory to this problem, w e sho w that

if the v olume fractions of the three materials lie in a certain range, w e can

obtain the optimal con trol b y ensuring that the conditions (P1)-(P3) hold

at ev ery step of the pro cess.

Strategy . W e �rst describ e an isotropic di�eren tial sc heme that can pro-

duce optimal structures for b oth the problem of p olycrystals and of three-

comp onen t mixtures. The structure is obtained b y a symmetric pro cedure

whic h main tains isotrop y at eac h step. An in�nitesimal step is as follo ws.

Three orthogonal in�nitesimal strips with thic kness

1

3

� � in the curren t p e-

rio dicit y cell (whic h has conductivit y K

core

( � ) = k

core

( � ) I ) are replaced b y

a transv ersal isotropic comp osite with the conductivit y tensor

K

add

= Diag ( k

n

; k

t

; k

t

)

and its rotated triplets. Eac h strip is orien ted so that the t w o eigen v ectors for

the eigen v alue k

t

are parallel to the in terface of the lamination while the third

eigen v ector is orien ted along the normal. After eac h in�nitesimal addition,

the new comp osite is homogenized to �nd the new v alue of the conductivit y

K

core

( � + � � ). Figure 1 illustrates the replacemen t of the orthogonal strips

in one in�nitesimal step.

Assume that the �eld in the core is prop ortional to iden tit y

E ( � ) = � ( � ) I

3

= � ( � )Diag (1 ; 1 ; 1)

The jump conditions require that the tangen tial comp onen ts of the �elds

and the normal comp onen ts of the curren ts are con tin uous across in terfaces.

The �eld in the added material is in rank-one connection with the core. In
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n

1

3

� �

K

add

K

core

Figure 1. Replacing orthogonal strips in the di�eren tial

sc heme. The arro ws in the added material indicate the di-

rection of the conductivit y eigen v alue k

n

.

particular, the �elds in the added la y ers m ust b e (up to terms of order � � )

E

x 1

= � ( � )Diag ( � ( � ) ; 1 ; 1) ; n

x 1

= (1 ; 0 ; 0)(21)

E

x 2

= � ( � )Diag (1 ; � ( � ) ; 1) ; n

x 2

= (0 ; 1 ; 0)(22)

E

x 3

= � ( � )Diag (1 ; 1 ; � ( � )) ; n

x 3

= (0 ; 0 ; 1)(23)

where � ( � ) =

k

core

( � )

k

n

( � )

. Th us, the �eld in the core, � I c hanges lik e

(24) � ( � + � � ) =

�

1 �

1

3

� �

�

� ( � ) +

1

3

� � ( � ( � ) � ( � ) + O ( � � )) :

Letting � � ! 0, w e �nd

(25) �

0

=

1

3

� ( � � 1)

W e can also trac k the relativ e v olume fraction m

core

of the core in the

ev olving structure and its e�ectiv e prop erties k

core

( � ). Because of relation

(26) m

core

( � + � � ) = (1 � � � ) m

core

( � ) ;

w e �nd

(27) m

0

core

= � m

core

; and m

core

(0) = 1

and therefore

(28) m

core

( � ) = e

� �

:

The e�ectiv e conductivit y ev olv es as follo ws Cherk aev (2000).

(29) k

0

core

( � ) = k

core

( � )

k

n

( � ) � k

core

( � )

3 k

n

( � )

+

2

3

( k

t

( � ) � k

core

( � )) :

W e add t w o mo di�cation to the con v en tional sc heme to adjust it to the

optimization problem.

(1) W e allo w the addition of not only pure materials, but also comp osite

materials, suc h as laminates.
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(2) W e trac k the �elds in eac h material at eac h step. Because w e kno w

the �eld in the added comp osite, w e kno w the �elds in eac h com-

p onen t. W e use this information to c ho ose the comp osite to ensure

that the optimalit y conditions are satis�ed at ev ery p oin t.

3.1. P olycrystal and non-rank-one-connected �elds. The translation-

optimal �elds (20) are not rank-one connected. Therefore, there is no �nite-

rank laminate that can attain the translation b ound. Ho w ev er, the b ound

is attainable b y the in�nite-rank structure as is demonstrated in Av ellaneda

et al. (1988). Here, w e commen t on the �elds in the optimal structure. In

order to initiate the di�eren tial sc heme, w e add an isotropic material K

isotr

in to the p olycrystal, c ho osing it so that the �eld in it, E

0

= �

0

; I is rank-one

connected to an optimal �eld in eac h of the anisotropic phases. In particular,

w e can tak e � = �

0

in eac h of the cases of (20). W e then mo dify the core b y

the di�eren tial sc heme describ ed ab o v e.

T o simplify the calculations, w e c ho ose to k eep K

core

constan t. T o do this,

w e c ho ose the conductivit y of the core K

isotr

= k

isotr

I so that the righ t-hand

side of (29) v anishes. (W e set k

t

� 1 and k

n

� s .) W e then compute

k

isotr

= k

core

( �

0

) = k

0

=

1

2

�

p

s

2

+ 8 s � s

�

:

Then k

core

( � ) = k

0

sta ys constan t for all � , but the v olume fraction of the

isotropic seed K

isotr

used in the comp osite go es to zero as � ! 1 .

Notice that the �eld E ( � ) = � ( � ) I sta ys isotropic, therefore the �elds in

the added in�nitesimal la y ers ha v e the form

� ( � )( I + n n

T

( � � 1)) ;

and � =

k

0

k

n

= 


1

is constan t. Comparing this with (20) w e observ e that the

�elds are translation-optimal p oin t wise.

Then, from (25) w e compute the v alue, � , of the magnitude of the �elds

in the added crystallites,

(30) � ( � ) = �

0

e

( � � 1) �= 3

where �

0

is the v alue of � in the core: �

0

= � (0).

W e see from (27) that as � ! 1 the v olume fraction of the core v an-

ishes. Th us, in the limit w e obtain a comp osite with p oin t wise-optimal (and

incompatible!) �elds.

Remark. Notice that the case describ ed is similar to the example of the

quasicon v ex en v elop e supp orted b y four incompatible �elds, whic h is dis-

cussed in sev eral pap ers suc h as P edregal (1993); T artar (1993); Nesi and

Milton (1991). The similarit y lies in the fact that an in�nite rank lami-

nate is necessary to join the �elds; no �nite rank laminate is su�cien t. The

presen t problem is sligh tly more complex, using in�nitely man y �elds along

the three lines. On the other hand, while the four-�eld problem is quite

arti�cial, the presen t three-dimensional problem originates from a problem

with a clear ph ysical meaning.
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3.2. Optimal three-material structures. The di�eren tial sc heme also

allo ws us to �nd isotropic translation-optimal structures for m ultimaterial

mixtures. W e use it here to �nd new translation-optimal structures for

three-material comp osites. A class of suc h structures (the so-called \coated

spheres") w as in tro duced in the pap ers Milton (1981); Milton and Kohn

(1988). According to this construction the amoun t of k

1

is split in to t w o

parts. Eac h part is used together with k

2

and k

3

, resp ectiv ely , to form

t w o-material c o ate d spher es so that k

1

is the en v elop e and the other mate-

rial is the core. If the e�ectiv e prop erties of the coated spheres are equal

to eac h other, they can b e mixed together forming an optimal m ultimate-

rial isotropic comp osite. The �elds in the cores are isotropic and one can

c hec k that all the �elds satisfy the su�cien t conditions (P1)-(P3). This con-

struction is geometrically p ossible if and only if the v olume fractions of the

materials satisfy the applicabilit y condition

(31) � � m

1

� 1 ; � :=

3 k

1

( k

3

� k

2

)

( k

2

+ 2 k

1

)( k

3

� k

1

)

(1 � m

2

) :

In the follo wing discussion, w e in tro duce another t yp e of optimal structure

(\hairy spheres", p erhaps) that are geometrically p ossible for a larger range

of m

1

:

(32) �

�

� m

1

� 1 ; �

�

:=

3 k

1

( k

3

� k

2

)

( k

2

+ 2 k

1

)( k

3

� k

1

)

(

3

p

m

2

� m

2

) :

Note that

�

�

�

=

3

p

m

2

� m

2

1 � m

2

�

2

3

and lim

m

2

! 0

�

�

�

= 0 :

Th us, for �xed m

2

, the structures w e in tro duce are alw a ys p ossible for a

larger range of m

1

than the coated spheres structures. As m

2

! 0, this

di�erence b ecomes pronounced.

The structures. Consider a three-material translation-optimal comp osite.

The �elds in the phases are describ ed b y (P1)-(P3). The follo wing con-

struction generates optimal isotropic microstructures. W e b egin with an

initial core of the second material k

2

. Then at eac h step in the di�eren tial

sc heme pro cess, w e can c hose to add either

(1) three orthogonal la y ers of a transv ersal-isotropic comp osite K

13

of

materials k

1

and k

3

formed b y placing a cylindrical inclusion of k

3

in to a matrix of k

1

, or

(2) three orthogonal la y ers of pure material k

1

.

An y of these additions k eeps the �eld translation-optimal.

The in�nitesimal la y ers of K

13

are alw a ys orien ted so that the axis of

cylindrical inclusions in K

13

coincides with normal to the la y er. The v olume

fraction � ( � ) of the matrix (or 1 � � ( � ) of the cylindrical inclusions) is c hosen

so that the �elds satisfy the optimalit y conditions at ev ery step as w e discuss

b elo w. Because of this requiremen t, w e �nd that � ( � ) decreases with � .
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The in�nitesimal la y ers of pure k

1

ha v e no v olume fraction con trol. They

can alw a ys b e added b ecause of the freedom pro vided the �eld in k

1

b y (P1).

Indeed, if the core has isotropic �elds � I , then the �eld Diag ( � ; � ; 3 �

1

� 2 � )

and its t w o p erm utations satisfy (P1) and are in rank-one connection with

the core.

W e can con tin ue this pro cess as long as w e lik e alternating b et w een the

t w o t yp es of inclusions. This pro cedure can pro duce optimal comp osites

for �xed v olume fraction pro vided the v olume fractions of comp onen ts are

sub ject to some constrain ts.

Remark. While it is imp ossible to describ e the in�nite-rank laminate in

�nite length scales, the follo wing coated spheres structure is useful for visu-

alizing its main features. A spherical core of k

2

is surrounded b y a spherical

la y er of k

1

stu�ed with radially-orien ted conical inclusions (hairs) of k

3

. The

cones b ecome thic k er with the increase of the radius to some p oin t and then

stop. Then, this sphere is optionally en v elop ed b y the remaining p ortion of

k

1

that forms an outer spherical shell.

Fields in the added comp osites with cylindrical inclusions. The three-dimensional

transv ersally isotropic extremal structure with cylindrical inclusions can b e

assem bled either as coated cylinders, or as second-rank matrix laminates, or

as Vigdergauz-t yp e structures Cherk aev (2000); Milton (2002). In all these

constructions, one can c hec k that if the �eld in the cylindrical inclusion is

the isotropic constan t �eld �

3

I , then the a v erage �eld in the comp osite is

giv en b y

1

2

�

3

Diag

�

2 ; �

k

3

k

1

+ (2 � � ) ; �

k

3

k

1

+ (2 � � )

�

if the normal is (1 ; 0 ; 0) and a prop erly rotated matrix for the other t w o

normals. Here � is the relativ e v olume fraction of k

1

in the comp osite. In

particular, to bring this �eld in to rank-one connection with the core, w e

need to c ho ose

� =

2 k

1

( � � �

3

)

�

3

( k

3

� k

1

)

:

Of course, this is only p ossible if 0 � � � 1 or

k

3

+ k

1

2 k

1

�

3

� � � �

3

:

It is easy to c hec k that this constrain t is satis�ed for ev ery step of the

di�eren tial sc heme if � (0) = �

2

: the optimal �eld in material k

2

.

The ev olution of the �eld in the core is describ ed b y (25); this time b oth �

and � dep end on � . The v arying fraction � in the added laminate is c hosen

to k eep the �elds in the structure optimal. By solving for � and then � , w e

can �nd the fraction � dep ending on � ; it decreases with � as follo ws.

� ( � ) =

2 k

1

( k

3

� k

2

)

( k

2

+ 2 k

1

)( k

3

� k

1

)

e

� �= 3

:



14 NA THAN ALBIN AND ANDREJ CHERKAEV

Comparison to previous structures. In order to compare these structures to

the previously kno wn optimal structures, w e need to compute the relativ e

v olume fractions in the �nal comp osite. If no la y er of pure k

1

is added

(only \hairs") then the construction uses the minimal amoun t of k

1

. In

this case, the v olume fractions in the di�eren tial sc heme satisfy the ordinary

di�eren tial equations

m

0

1

( � ) = � ( � ) � m

1

( � ) ; m

1

(0) = 0

and

m

0

2

( � ) = � m

2

( � ) ; m

2

(0) = 1 :

Solving, w e �nd

m

2

( � ) = e

� �

; m

1

( � ) =

3 k

1

( k

3

� k

2

)

( k

2

+ 2 k

1

)( k

3

� k

1

)

�

e

� �= 3

� e

� �

�

:

In particular, w e �nd the v olume fractions of the �nal comp osite b y substi-

tuting:

m

1

= �

�

=

3 k

1

( k

3

� k

2

)

( k

2

+ 2 k

1

)( k

3

� k

1

)

(

3

p

m

2

� m

2

)

Observ e that this v alue of m

1

is b elo w the b ound of applicabilit y (31) of the

coated spheres construction. Additionally , since w e can coat this structure

with la y ers of k

1

, w e �nd the condition for applicabilit y of the mo di�ed

di�eren tial sc heme is (32). In this sense, the di�eren tial sc heme generalizes

and impro v es up on previous results. It requires less amoun t of k

1

than the

coated spheres.

Remark. The follo wing is a useful visualization for explaining wh y the new

structures can mimic the coated spheres. W e imagine b eginning with the

core of K

2

and applying rule 1 ab o v e to form a thin la y er of the cylindrical

inclusions. This generates a new structure whose e�ectiv e conductivit y lies a

bit ab o v e K

2

. No w apply rule 2 to add a thin la y er of pure K

1

. W e add just

enough to bring the e�ectiv e tensor bac k to K

2

. W e can con tin ue to rep eat

this t w o-step pro cedure as often as w e w an t, decreasing m

2

and increasing

m

1

and m

3

as long as w e wish, alw a ys bringing the e�ectiv e conductivit y

bac k to K

2

eac h time. Visualized in this w a y , the cylindrical inclusions of

K

3

are \cut short" and resem ble spheres surrounded in a matrix of K

1

. It

is also in teresting to visualize the new structures in this w a y . W e simply

elongate the spheres of K

3

in the radial direction un til they join and form

\hairs".

This construction is easily extended to larger n um b ers of materials ( N >

3). Cho osing the initial core to b e k

2

w as con v enien t, but w e ma y start with

an y core w e wish. A t an y step, w e ma y add one of up to N di�eren t t yp es

of la y ers: N � 1 t yp es of a cylindrical inclusion in k

1

or a la y er of pure k

1

.

Some b o okk eeping is required, but the idea is straigh tforw ard. A t an y step

w e can add either pure k

1

or an y coated cylinder comp osite for whic h w e

can c ho ose the v olume fractions to satisfy (P1)-(P3). W e also note that the
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assem bly of coated spheres also extends to man y materials. In all cases, the

applicabilit y conditions for the coated spheres are stricter than those of the

structures describ ed in this pap er.
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