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Regular Continued Fractions

Way to represent x > 0 as

1
® X = ap + N :[ao;al,ag,...].
a+ —
o+
e Expansion terminates if and only if x is rational.

e Every irrational number has a unique continued fraction

expansion.
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Gauss map

Define T : [0, 1] — [0, 1] by



Gauss map
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T([0;a1,a2,a3,...]) = [0;a2,a3,...] = [a2, 33, . .]



Natural Extension

Define T : [0,1)2 — [0,1)? by
1 1

_ 1k, ) forxe( ,1]
T(x,y) = <X Sara SR
(0,y) ifx=0

7__(([31, d, .. .], [ao, d_1,.. ])) = ([32,33, .. .], [al,ao, d_1,.. ])



Farey Tessellation

H:={x+iy|y >0}

a b 5
Act by PSL(2,Z) where ( d) z =25
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Farey Tessellation

Rest of this talk base on Caroline Series, The modular surface and
continued fractions, J. London Math. Soc. 2 (1985).

H:={x+iy|y >0}
Connect two rational numbers g,g—: iff pg’ — p'q = £1.

Images of the imaginary axis under PSL(2, 7).
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Modular Surface
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Translating back to the upper half plane

1. Hyperbolic geodesics are unique. Identify (Yoo, V—o00) € R?
with the geodesic v from v_ . t0 Yoo.

S = {(’Yoofy—oo) eR?:0< "Y—oo‘ <1< |700|a
— sign(v-oc) = —sign(voo)}
A: {’7 S IH (/70077—00) S 8}

2. Unit tangent vectors define geodesics. Let {, be where ~
intersects /R. Identify (u,,&,) € T'M = TY(PSL(2,Z)\H)
with (Yeo, Y—o0)

3. A map on S induces a map on T!M.



Modular Surface
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Geodesics

Let S be the set of geodesics v with endpoints

® V- € (_170)7700 > 1
® V- € (Oa 1)77/00 S —1
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-2 -1 V-oo 0 1 2 n4 Voo ny+1

Cutting sequence ... RRE, L™ RL...



Let X = {(u,&,) € T' M : cutting sequence change type at &, }.

Theorem (Series Theorem A, '84)

The mapi: A— X,i(y) =m((uy,&)) is surjective, continuous,
and open. It is injective except for the two oppositely oriented
geodesics joining +1 to —1 have the same image.

A geodesic from v_,, to Yo has two options:

e Voo €(—1,0), Yoo € (1,00). This geodesic has the coding
S LM RAIE LTORMLM2

Yeoo = —[N—1,n—2,...] and Yoo = ng + [n1, N2, .. .|
® V_ € (07 1)7 Yoo € (_007 _1)

Yoo = [N_1,n—2,...] and oo = — (N0 + [n1, 12, .. .]) .
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... LR?¢,[?RL3 ... corresponds to —[0;3,1,...] and [2;1,3,...]



Action on Upper Half Plane

Case 1, 7o > 1.
Define p on S by (x,y) — (all_x, all_y).
B \
’7V)=§p(v)/>_
Ny
&y
-2 -1 y:o 0 P(Y-0) 1 2 ny Voo N1+1
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Case 2, Yoo < —1, (x,¥) — (




Proposition (Corollary to Series’ Theorems B & C)
Let X be the set of unit tangent vectors u, € T'M based at

m(&€y) pointing along (), and i(y) = u,.
The map p: X — X given by p(u,) = i(p(7)) is invertible, and
the diagram

X s X

Joi_ll \LJoi_1

(0,12 —L— (0,1]2.

commutes, where J : S — (0, 1]° is the invertible map defined by

J(Xay) = sign(x)(l/x, _.y)



Invariant Measure

The invariant measure for the geodesic flow on T1H is

dadpdo
(a = B)?
Using the map J and projecting, we get
e 1 dxdy
a log 2 (xy + 1)?
1 dx
du =
P log2x +1

We find that T and T are ergodic:

T is ergodic if for every pi-measurable set A such that T—1A = A,
either u(A) =0 or u(X\A) =0.



Applications

e o > 1 has a purely periodic continued fraction expansion if
and only if « is a quadratic irrational with

o = [nl; n,..., n2r]7 —Q = [01 naey, N2p—1,..., nl]

e The tail of the expansion of « is periodic if and only if « is a

quadratic irrational.

. d(gfya 77’7) — % log(fYoo’Y—oop(fYoo)p(fY—oo))'

e Length of closed geodesics on M is 3 log ((pzr)/(%") .

pzr)/(/y—oo)




