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a
to
p
o
lo
g
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t

•
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X
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a
d- d
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m
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n
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•
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th
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•
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=
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C
F
,
s
o
is
th
e
uniform

expander
.

have
a
lin
e
ar

model
th
a
t
is

pseudo
-

A
n
o
s
o
u
s

:
"uniform

e
xpanders

"

for
C
2D )
surfaces

adm
it
M
arkov

partitions
,

growth
rate

=
stretchfactory dilatation

.

P
C
F
m
ultim

odal interval
m
aps

:
lin
e
a
r
m
odel

is
anEnifrm

7
-expander

adm
it
m
arkov

partitions,
growth

rate
--
stretch

factor
--X

.



Big
question
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e
growth

ra
te
s
of

P
C
F
m
ultim

odal
interval

m
aps

?

Recall
th
a
t
th
e
P
erro
n
-

Frobenius
T
h
eo
rem

says
th
e
spectral

radius

of
a
m
atrix

like
o
u
r
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P
e
rro
n
#
,
X
is
th
e
growth

ra
te
of
a
PC
F
interval
m
ap

.

3
cases

:
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a
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s
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h
m
:
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r
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n
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h
o
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X
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h
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e
s
a
r
e
a
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in

O
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P
C
F
.
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a
s
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r
s
o
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N
-

¥
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•
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a
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a
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n
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N
p
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-
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th
e
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-
N
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-
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e
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m
a
p
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o
n
e
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•
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P
e
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a
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④
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X
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.
.
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-
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n
-

-
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inim
alpolynomial

for
X

.

1.e
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n
-
I
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o
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,
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0
¥
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a
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E
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, lqr,
be
th
e
re
a
l
G
alois

conjugates
of
X

b
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-
-
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r
e
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R

X
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o
(
I
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7
,
-

-
-
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H
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T
i
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→
¢
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e
n
m
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a
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X
w
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X
"
)

a
h
h
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.

T
i
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t
a
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t

-
-
-
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n
,
X
"
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-

-
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o
t
a# ⇒

t
.

-
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, €5

'

T
h
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O
M
)
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a
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⇒
A
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e
origin
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K
x
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-
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m
a
n
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E
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#
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-
-
d
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.
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C
la
im

:
L
e
t
X
b
e
R
so
t
.
L
e
t
f
:
co
, D
-
c
o
, D

b
e
a
uniform

X
-

expander
w
h
o
se
critical

points
and
c
rit
valves

a
r
e
in
O
kla)

.

T
hen
f
is
P
C
F
.

Thurston
's
proof

:
W
L
O
G
,
w
e
may

a
s
s
u
m
e
a
ll
critical

pts halves
in
IE
D

.

(
scale

co
, D

by
a
n
integer

to
c
le
a
r
denom

inators
.)

.

N
ow

,
all
pieces

of
f
h
a
ve
th
e
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fi
G
)
=
a
i
±
X
x
for
s
o
m
e
a
i EEG?

Let
%

,
-
-
iIr
,

be
th
e
real

Galois
cents

of
X

Frey
,
-
-
-

,Xeres,
b
e
o
n
e
of
each

pair
of
complex

conj
Galois
co
n
j S
.

F
o
r
each

D
ay

define
ff

:
C
lo
Q

by
fidlxl

--

tag
Cail±
%
,X

Let
z
b
e
a
critical

pt
.
T
h
e
o
rb
it
of
z
u
n
d
er
f

is
given

by
s
o
m
e
sequence

ofcompositions
fin

o
.
.
-

o
fi

,

C
t)

.

"L
ift

' 'th
is
to
a
n
orb
it
in
E
C
O
)
C
k
x
es
,
so
you
get
th
e

sequence
of
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o
.
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o
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, t.IO
.
-

o
f:
"
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.
.

.
.

.
.
. t.FI

.
.
- of!
"
"tires ⇒

i. e
.
in
each

coordinate
you

do
th
e

"s
a
m
e "

sequence
of
m
aps

,
but

using
th
e
appropriate

Galois
conjugate

of
X.

Key
observation

:

for
all
X
y
,
except

X
,
-

-
X
,
a
ll
f! "

m
aps

a
re

contractions
.

F
o
r
Da
,
--
X
,
th
e
o
rb
it
of
E

is
bounded

(
s
in
c
e
f

is
a
self

-m
ap

of
a
n
interval)

.

Therefore
,
th
e
orbit

of
O
IG
)
under

th
e
"lift
"

stays
in
s
o
m
e

bounded
subset

of
Im
age
C
E)
C
K
xas

.

S
ince

Im
age
(E)

is
a
lattice

,
this

m
e
a
n
s
the

orbit
of
O
IG
)
under

th
e
"lift

"

h
its
only finitely

m
any points

.

:
.

T
h
e
orbit

of
z
under

f-
hitsonly finitely

m
any

points
i.
f
is
P
C
F

.



T
hank

you
!


