Let X =SL(2,R)/SL(2,Z) and my denote Haar measure on X.

Theorem 1. Let i be a N-ergodic and invariant Borel probability mea-
sure on X. FEither N is myx or it s supported on a periodic N orbit.
Moreover if x is not a u periodic point then {utz} = X.

1. IDEA OF PROOF

Lets try to show that

(1) %/OTf(utx)dtw/fde

under some assumptions to come later on z,7T and f.

We will try to relate it to

) m /A /0 " fluty)drdy

for A € X with myx(A) > 0. This is good, because since mx is N
ergodic, for all € > 0 and f € L'(myx) there exists Ty so that for every
set B with mx(B) > € we have

© o [ rwtaginay — [ i

Exercise 1. Prove this. Hint: Use the Birkhoff ergodic theorem.

It is natural to replace

(4) T e / ///futvzgrusx )dsdrdldt.
abc

This leads to two issues:

Issue 1: ({,7,5) — vfg"ux should be injective for (¢,r,s) € [0,c] x
0,b] x [0, al.

-This is easy to arrange. Because there is some non-zero injectivity
radius at o there is some ¢, b, a > 0 so that (£,7,s) — vig"u®z is injective
for (¢,r,s) € [0,¢] x [0,b] x [0,a]. This will eat up positive measure say
9 and we can choose T' > Tj for € = ¢ as in (3).

Issue 2: Why on earth should (4) be close to %fOT f (ugx)dt?
-We can choose ¢ small enough depending on 71" so that
(5) D(ufvig'v®, g"u® ) < e
forall0 </ <cand 0 <t <T. Now the g" is less of an issue, because
by our assumptions on D, D(g'u® “"u*,u¢ "*u*) < |r|. This makes it

natural to request f is 1-Lipschitz.
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Now this presents another issue. T" depends on the measure of
U vighute
(4,r,s)€[0,c] x[0,b] X [0,a]

so changing ¢ requires changing 7" which will then require changing ¢
again...

So how will we make ¢ small while keeping the measure the same?

Observe that

U ghvlguig = U vighutx.

(4,r,s)€[0,c] x[0,b] x[0,a] (£,r,s)€[0,e=24¢] x[0,b] X [0,e24qa)

So we can make ¢ smaller by conjugating by g?. Now g? is a home-

omorphism of X that preserves mx so we just need that (£,7,s) —
vig'usg =z is injective for (¢,7,s) € [0,¢c] x [0,b] x [0,a]. This requires:
Lemma 1. For all € > 0 there exists ¢,b,d > 0 so that for all x € K,
so that vegPusx # v g% vz for all (o, B,5) # (o/,3,8") with 0 < a <
a,0 < B <b0<s<d.

Where IC, = {x € X : the shortest vector in the lattice x has length at least €}
and it is compact for all € > 0. Moreover,

Lemma 2. There exists €y so that for all x that do not contain a
horizontal vector, g~ 'z € K, for arbitrarily large t.

Recall: z is N-periodic iff x thought of as a lattice x has a horizontal
vector. So the assumption on x in the Lemma is natural to make.

1.1. Round up: Given ¢y as in Lemma 1, choose ¢,a > 0 so that
¢, : [0,c] x [0,68] x [0,a] given by (£,r,s) — vig'u®z is injective for each
z € K¢,. Let € be the measure of the image of ¢, and choose T} for this
e. Now choose ¢ so that (5) holds for all 0 < ¢ < ¢ and 0 < T < Ty,
We now choose d so that g_4z € K., and e ?¢c < ¢/ which we can do
by Lemma 1. By our choices

T — / / / / f(u'gg ug~x)dsdrdldt — / fdmyx| < e.
aoc

Now this is equlvalent to

TCL(SC’/ / / / utvégrusm)deT'dgdt—/fde‘ < €.
1 T €2da
Ta5c/ / / / Flulvlg v'z) dsdrdédt——Tewa/ / f(uwusx)dsdt < 3e.
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Now
1 T eQdaf(utUSx) 1 T+e2dqg oT
— - dt < ——.
‘TeQda /0 /0 T + e*a /0 flu) T + e%a

I have left out one issue: the distortion of the volume in our coordi-
nates given by changing points in our compact set. This is not serious
because g¢ preserves the measure and u’ acts outside the set of positive
measure in (3). One minor thing is we want to choose

€= iIIle my (¢.([0, ] x [0,6] x [0,a])).
z€K¢q
One more significant thing is we need the following lemma:

Lemma 3. Let ¢ : R® — SL(2,R) by ¢(a, B,7) — veglul. There
exists o > 0,6 > 0 so that %(a,ﬁ,v) € [o,20] for all |, |B], || < 9.

Using this lemma, we can adapt the proof of Exercise 1 to obtain
our result. (This is needed for (6).)

2. WHAT WE SHOWED

Proposition 1. If x has no horizontal vector and f € Cu(X) is 1-
Lipshits then

hmmf\—/ fuxdt—/fdmx\—o

Proof of Theorem 1 assuming Proposition 1. Assume p is a N ergodic
invariant probability measure that is not Haar. Then there exists x a
generic point for p along N and f € C.(X) so that [ fdu # [ fdmy.
Since Lipshitz functions are dense in C.(z) with supremum norm and
therefore L' norm, we may assume f is Lipshitz. We may scale f to be
1-Lipshitz and observe that since [ c¢fdp # [ ¢fdmy the proposition
implies x must have a horizontal vector. This establishes the measure
classification part of the Theorem.

Now if x is not supported on a periodic N orbit, it does not have
a horizontal vector. If U C X is open, there exists f € C.(X), 1-
Lipschitz so that the support of f is a non empty set in U. By the
assumption of the proposition f there exists a sequence 717, ... so that

hm—/ f(u'z)dt = /fde
7,*)00

and so u‘z € U for some t. Since U was an arbitrary open set, we have
established the measure classification part of the theorem. O



