Consider SL(2,R). It is a locally compact, topological group. It

has 3 important subgroups: vs = <i (1)> Us = <(1) i) and

_eé 0
gtiOe

We have the following relations:
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Also, there exists a locally finite measure p on SL(2,R), unique up

to scaling so that u is invariant for the left (in fact both left and
right) action of SL(2,RR).
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Let I' be a cocompact lattice in SL(2,R).

That is, I is a discrete subgroup of SL(2,R) so that

X := SL(2,R)/T is compact. Note that SL(2,R) acts continuously
on X from the left.

We can choose D C SL(2,R), a fundamental domain for the I
action and because SL(2,R)/I is compact D can be chosen to
have compact closure. Let be the measure on X defined by
ux(A) =u({g € D: gl € A# 0}). Note that SL(2,R) preserves

X -



Theorem
(Furstenberg) vs is pux uniquely ergodic on X.

Because invariant measures are the convex hull of ergodic
measures, it suffices to show that v is uniquely ergodic.



Let f € C(X) and My : X — C by Me(x) = [5 f(g_ tog(e)(VsX))ds.

Lemma

{M;}:cr+ is an equicontinuous family of functions. That is, for all

€ > 0 exists 0 > 0 so that for all t if d(x,y) < then

[Me(x) — Me(y)| < e

o|M(x) — Me(vex)| < 20||f||sup for all £, x.

—Indeed is 0 < ¢ < 1,

‘Mt(X) - Mt(VEX | - ‘fol g log(t) VsX fo g log(t) V€+sx)d5’
E

= ‘fo g log(t) VsX f]_ g log(t) VsX )dS|



eFor all € > 0 there exists § > 0 so that |M(x) — M¢(gex)| < € for
all 0 < ¢ <.
As before we expand M;

|Me(x)— M (gex) | = \fol (& e vex)ds— fo F(8- tog(e)Vrgex))dr|
1

= ‘fo g log(t) VsX fo ggg, Iog(t)VreZX))dr| =

‘fo ( 8—log(t)VsX )_ e f(gfgflog(t)vsx)) ds —

fl e g—log(t)Vs x)ds|.

Now, because f is uniformly continuous we have that there exists

d > 0 so that |f(z) — f(grz)| < eforall0 < ¢ <4 and z € X.
If 0 < /¢ <¢ then

1
| Me(x)—M:(gex)| < I/O (e et (1—e  |[flsup))ds+(e ~1)e™ || F lsup-

—0 < ¢ <0 is similar and we have the claim.



eFor all € > 0 there exists § > 0 so that |M;(x) — M¢(uex)| < € for
all0 < ¢ <.
We have:

Vslyp = U Z g—2|og(1+s€)vl+54

—Applying g_jog(t) We get

1
Mt(uex):/o ity & ToB(0)8~2log(1) Vo2, 95

By similar methods to above, we have the claim
oAs {u,gpvex - —0 < a,b,c < d} is a neighborhood of x, the
triangle inequality implies the lemma.



More conceptually

If @ € SL(2,R) is a close to the identity then there exists
» ¢, C! close to the identity function h(x) = x.
» ¢ :[0,1) = UsGy, CO close the constant function sending

rything t 10
everything to 0 1)

Vst = Y(5)Vy(s). Because g_jog(t)UaBb = U28b8 log(t) the
equicontinuity of {M;};cr+ follows.



Lemma
(*)Any limit of My, h, is a vs invariant function.

» M, = %fot f(Vsg—log(t)X)ds and so
My, © Biog() = 1 Jo' fvex)ds.

» So by the Von-Neumann ergodic theorem My, o giog (1)
converges in L? norm to projection of f onto the v; invariant
functions, Pf.

> ”Mff © Blog(t) — Pfll2 = ”Mff —(Pf)og_ Iog(t,-)||2 and so tends
to zero.

2
» So (Pf)og_ Iog(t,-)) L(_u);) h.

—AS g_1og(t;) Vs8iog(t) = Vs (as a set) (Pf) o g_jog(s;) iS Vs
invariant like Pf is.

» So his a limit of vs invariant functions and thus it is vs
invariant as well.



Alternately

We want to show that any limit of M;, is a vs invariant function.
The previous proof relied on the fact that any limit of My, is a
(L2(,ux)) limit of us invariant functions. Can we see this directly?

> =1 fo Vs8— log( t)X)ds
> Let V(e t)={z:|} ] f(vsz)ds — I|m 7 fo x)dr| < €}.
» By the Birkhoff ergodic theorem and the Ergodic
decomposition, ux(V(e, t)) — 1.
_ Iim 1 ¢
» Let H(x) = Jim 5 Jo f(vrx)dr.
H is a vs invariant function. It is Pf where P is projection
onto the constants. [|H o g_og(¢) — Mill2 — 0.



Proof of Furstenberg’'s Theorem

» Because {M;} is an equicontinuous family there exists
ti — 0o so that My, — hin || - ||sup.

> h is clearly continuous and by the previous lemma it is v
invariant.

» Hedlund proved that every vs orbit is dense and so h is
constant.

» On the other have if there exist two vs ergodic probability
measures, 1, V> then there exists a continuous function f so
that ffdl/l #* ffdl/z.

> It is easy to see that for this f, M; would never converge to a
constant function.



Going further

Theorem
vt Is weakly mixing.
> If f(vsx) = €2™@Sf(x) then
fogo(vex) = f(Vetsgex) = g2raeisf o ge(x).
» So if we have a non-trivial eigenvalue we have uncountably
many distinct eigenvalues.
» But eigenfunctions with different eigenvalues are orthogonal

» Since L2(ux) is separable, this is a contradiction

Corollary
ux Is vy ergodic as a 7. dynamical system for all £ # Q.



What about the time 1 map

Theorem
v1 is ux uniquely ergodic.
» Let v be a v; ergodic measure (as a Z system).

> (vs)«V is too and as ux is vs invariant, (vs).v = px iff
V=ux.

> fol(vt)*ydt is vs invariant for all s.
> So it is ux.
> But since ux is an extreme point in the simplex of v; invariant

measure, (v¢). = ux for almost every and thus every t.



Going further

Theorem
g: is ergodic
Idea of proof:

» Let A be g_; invariant set with px(A) > 0. There exists
0 > 0 so that

px(A\ vsA) < eux(A)
for all |s| < 6.
» Applying g_; we have the same result for |s| < e'd.
» Since € is arbitrary we have pux(A\ vsA) = 0.

» Since vs is ergodic, A has full measure.



Going further

What about X’ = SL(2,R)/SL(2,Z)?

Theorem

ux is the unique Borel probability measure v, so that

v({x € X' : gex 2= x}) = 0.



Steps

Let f € C(X’) and M, be as above.

» {M;};cr+ with the topology of uniform convergence on
compact sets is a precompact family of functions.

» Any limit is continuous and vs invariant as above.
> As there is a dense orbit the limit is constant.

> If gtx /4 oo then there exists z € X, t; — 0o so that gy, x = z.
—Passing to a further subsequence, we may assume that M,
converges.

—M;,(z) converges to + fo (vsx)ds.
—So every point with a gt limit is generic for px:.

Note that the complement of this set is exactly the periodic vs
orbits.



