Theorem
Let A:T? — T2 by A(x) = (2 1) (X1> mod 1.
11 X2

A is mixing with respect to Lebesgue measure.

Recall that A is mixing if for any pair of measurable set S1, S we
have that

lim Leb(A NAT"S N 52) = Leb(Sl)Leb(Sz).
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The proof is much more general.



Two facts

1. If Ais not mixing then there exists ny,... and f € L2, g
non-constant so that

1 1 &
EZfoT”f%gand EZfoT_”fﬁg
i=0 i=0

almost everywhere.
2. Given g as in fact 1, there exists a set of full measure G so
that if x,y € G and lim d(A"x, A"y) = 0 then g(x) = g(y)
n——+00
and if (x,y) € G and lim d(A"x,A"y) = 0 then
n——oo

g(x) = g(y).



Proof of Theorem assuming facts

X1 Y1 1
> If <x2) = (y2> +t (\/5_1> mod 1 then

lim d(A"x, A"y) = 0.
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X1 1 1
> If = +t d1th
<X2> (y2> <\/§2+1> mo en

lim d(A"x,A"y) =0.
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1 .
» For almost every z we have z+t | 5 ; | isin G for a.e. t.
2

1 1
» For almost every t we have z + t (\/§_1> +s <ﬁ+1> is in
2 2

G for a. e. s.
» For any such z we have g(z') = g(z) for a.e. Z/.
» So this contradicts fact 1.



Fact 1

Lemma
If T :(X,p) = (X, i) is not mixing then there exist, f,g € L?(p)
with [ fdp =0 and my — oo so that

foT™ s gandfoT ™ — g

weakly in L?(j).

This means that for any h € L2(u) we have (f o T™_h) — (g, h)
and (fo T=™_hy — (g, h).



Why weak limits? The weak topology on L?(i) of norm at most N
is a compact metric space. (If {¢;} is an orthonormal basis

d(f,g) = > 2, {f — g, )| is such a a metric.)

So we have limits (which may be projection onto constants)!

In fact if f € L2(u) and T is u-measure preserving then f o V/
along a subsequence. More is true if T is u measure preserving
then the Koopman operator U7 has a subsequential limit in the
weak operator topology, the topology of pointwise convergence in
the weak topology.

This follows by observing that if {¢;} is an orthonormal basis and

Vi, ..., Vo are unitary operators so that lim (Vj¢y, g) = (Vo o), &)
_]—}OO

for all g in L? then ( V;h,g) = (Vooh,g) forall g, hin L2
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Weak convergence for mixing transformations

(X, p, T) is mixing iff U} converges weakly to projection onto the
constant functions, but it does not converge strongly to anything.

Indeed, because the span of characteristic functions of measurable
sets is dense in L2, T mixing implies that for all f,g € L? we have
that

(foT" g)— (f,1)(1,g).

In general, U7 does not need to converge to anything in the weak
operator topology, but it does converge along a subsequence.



This proof uses the spectral theorem:

Theorem

Let T : L?(p) — L?(u) is unitary and f € L%(p). Let

H¢ = span{f o T"}. For each f € L?(u) there exists o, a measure
onS'={ze€C:|z| =1} and V : Hf — L?(oy), unitary, so that

<faf>:/d0f and <gOT7f>:/ Z'(Vg)dO'f.
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» If f is an eigenfunction, with eigenvalue A then Hf = Cf and
of is point mass at \.

» This theorem is convenient for the weak topology, because the
statement is about inner products.

» Note that if g =" a;f o T/ we have V(g) = a;z/ (as a
function in L?(o¢)).



Proof of Lemma

> There exists such f so that f o T"” 4 0 weakly.

» So there exists n; € Z and ¢ € L?(u) so that f o T — 1)
weakly.

> So by the spectral theorem there exists n; so that
z"% — ¢ = Vap weakly in L?(of) the spectral measure (on S1)
associated to f.

» Note that z="% — ¢ weakly.

Am.—nN_ s
» One can show that there exist m;, mJ’- sothatz @ ™ — o P
in L2(o¢).
. - . . _(nmj_nm’_)
> Since ¢ - ¢ is real valued, the same is true for z
» By the spectral theorem if h=1lim)_ ajf o TJ then

(foT" h)= IimZaj/z"_def.

> SofoT ™ converges weakly on span{f o T"}.

. .. . ——F L
» It is trivial that it also converges weakly on span{f o T"} .



Theorem
(Banach-Saks) If f; — g weakly then there exists n; so that

1 m
— Z fn, — g a.e.
mj:1

v

It suffices to show this for g = 0.

v

Given ng, ..., nj_1, choose n; so that <f,,j, fry) < 2—1J for all
<.

Observe (37 o), > 1 o)) = O(m) and so = >, fp, — 0
in L2,

» L2 convergence implies convergence a.e. along a subsequence.
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Fact 2

>

By Lusin’s theorem, for every € > 0 there exists k so that for
all £ > k there is a set B, of measure at most ¢ so that if
x,y & By and d(A'x,A’y) — 0 then

¢

L
|EZfA"' Z F(A"y)| <.
i=1 i=1

This gives that there is a full measure set G’ so that if

x,y € G’ and d(Aix Aly) — 0 then

|% ZZ f(A”'x) z E _1 f(A"y)| — 0 along a subsequence.
Because L "7, f(A"') converges almost everywhere we have
fact 2.

-Let G be the full measure set where we have convergence
intersected with G’.
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Details

Lemma
If 2t — g and zK¢ — h weakly in L%(o) then there exist
subsequences ji and kj so that Zietke — g - h weakly.

» Forany r € Z and ¢ € L?(c) we have that
[ gz"¢do = lim (2+7, ¢).
Je

£—00
Now for each € > 0, ¢ and ¢ there exists kg so that for all
r > ry we have |(2¢ - zF @) — (2t - h, ¢)| < e.
So there exists ny, my subsequences of j; and k; respectively
so that (z™z™ ¢) — (g - h, ¢).
Choosing ¢1, .. an ortho-normal basis for L2(c) and applying a
diagonal argument gives the lemma.
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Details

(272 6, S0 < S (6 £) + 340 2Re((6, ) <
msup{lFI3} +25°7, 5t



