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Abstract

We are concerned with focusing e↵ects for time-
dependent waves using an array of point-like trans-
ducers. We consider a two-dimensional problem
which models acoustic wave propagation in a medium
which contains several unknown point-like scatter-
ers. Spatial focusing properties have been studied in
the frequency domain in the context of the DORT
method (“Decomposition of the Time Reversal Op-
erator”). This method consists in doing a Singular
Value Decomposition of the scattering operator, that
is, the operator which maps the input signals sent
to the transducers to the measure of the scattered
wave. We show how to construct a wave that focuses
in space and time near one of these scatterers, in
the form of a superposition of time-harmonic waves
related to the singular vectors of the scattering oper-
ator. Numerical results will be shown.

Introduction

We consider a reference medium, possibly inhomo-
geneous, filling the whole plane R2. We denote by
G the time-dependent Green function of the acoustic
wave equation, that is the causal solution to
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where c is the wave speed function of the medium
(e.g., G(x, y; t) = �H(t�|x� y|)/(2⇡(t2�|x� y|2))

1
2

for c ⌘ 1, where H is the Heaviside function). We
assume that the reference medium is perturbed by
the presence of a family of P point-like scatterers
whose positions s

1

, . . . , s
P

are unknown. Using an
array of N point-like transducers located at x

n

for
n = 1, . . . , N (with N � P ), our aim is to generate
a wave that focuses in space and time on one of the
scatterers. Such a wave is defined by
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where q
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(t) := (q
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N

(t))> represents the in-

put signals applied to the transducers and
t
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the time convolution. The question is to find sig-
nals q

inp

(t) for which most part of the energy of the
wave will be concentrated near one obstacle at a given
time. In the present paper, we show how to deduce
such signals from the only knowledge of the scatter-

ing operator S : q
inp
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where q
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represents the
measures at points x

1

, . . . , x
N

of the scattered wave
associated with the incident wave (1), that is, the
perturbation of this incident wave due to the pres-
ence of the unknown scatterers. The idea is to take
advantage of the so-called DORT method (see, e.g.,
[2], [3]) whose spatial focusing properties in the fre-
quency domain are well known.

1 Space focusing in the frequency domain

Let bG denote the time-harmonic Green function of
the reference medium which is related to the time-
dependent Green function G by the Fourier trans-
form:
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At a fixed frequency !, the array of transducers emits
a time-harmonic incident wave defined by
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for a given bq
inp

:= (q̂
1

, . . . , q̂
N

)> 2 CN (complex
amplitudes of the input signals at the N transduc-
ers). Then, the array measures the scattered wave
q̂
mes

. This yields the time-harmonic scattering oper-
ator bS
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which can be written here as a
product of three matrices:
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is a P ⇥ N matrix defined by (bG
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is a P ⇥ P symmetric matrix
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) which represents the reflections on the
scatterers. The latter matrix depends on the choice
of an asymptotic model for the scatterers. In the
simplest case (no interaction between the scatterers),



this is a diagonal matrix composed of the reflection
coe�cients of the scatterers. The more elaborate
Foldy–Lax model [1] takes into account isotropic in-
teractions.
The DORT method consists in a Singular Value

Decomposition (SVD) of bS
!

:
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where bD
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, bP
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, bQ
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are respectively the diagonal ma-
trix of singular values, the matrices of the left and
right singular vectors. It is now well understood
([2], [3]) that in a homogeneous medium, for distant
enough scatterers, the number of nonzero singular
values of bS

!

coincide with the number of scatterers.
Moreover if such a singular value �

p

(!) is simple, the
associated right singular vector bq

p

(!) (pth column of
bQ
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) generates a wave which focuses selectively on one
scatterer, say s

p

.

2 Space-time focusing

Suppose that in a given frequency band [!
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,!
2

]
(imposed by the physical properties of our array), we
know a right singular vector bq

p

(!) 2 CN associated
with the pth obstacle. How can one choose a function
A(!) defined on the frequency band such that the
superposition of the time-harmonic input signals:
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generates an incident wave which focuses not only in
space near s

p

, but also in time?
We look for a function A as a product A(!) =

�(!)ei�(!) with � a given real cuto↵ function and �
an unknown phase. This is a problem of frequency
phase synchronization. The phase choice that we
propose is based on a particular SVD of the scat-
tering operator related to its symmetry. bS

!

is a sym-
metric operator, therefore up to a change of sign,
there exists a unique � 2 [�⇡,⇡[ such that
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. Does this signal yield
an optimal focusing? We did not succeed in finding
a mathematical functional representing the focusing
quality which would be maximal for this particular
choice. But several arguments are pointing in that
direction.

The first one is heuristic. As the time reversal op-
eration J : f(t) 7! f(�t) becomes a complex conjuga-
tion in the frequency domain, we see with (4) that at
each frequency, the measure of the scattered field is
(up to a positive real factor �

p

(!)) the time reversed
emitted signal. This temporal symmetry synchro-
nizes the spectral components of the emitted wave at
the focusing time t = 0. The mathematical counter-
part of this property lies in the fact that the input sig-
nal q

p

is closed (for the L2 norm) to an eigenfunction
of the operator J S related to a positive eigenvalue.
The second one is related to the well-known time-

reversal experiment: a time-reversed wave back-
propagates towards the source. In this sense, the
time-reversed Green function G emmited at s

p

is
some kind of optimal space-time focusing wave. We
have checked that for high !, the phases given by (4)
become close to those of the frequency components
of the measures of the time-reversed Green function.
The last arguments are numerical experiments

which confirm these focusing properties. In partic-
ular, we have measured the focusing quality of (3) by
means of an energy criterion. We compute the ratio
of the local acoustic energy contained in a box which
surrounds the obstacle s

p

by the total energy sent by
the transducers during the emission.

Figure 1: Comparison with a referencee signal built

with the obstacle position in the case of two scatterers
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