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§ 1. Introduction.

Fix an irreducible symmetric space X = G/K of non-compact type which is not
Hermitian symmetric, and where the group G is a classical group. The purpose of this
paper is to study the “largest” possible mappings of compact Kähler manifolds to quo-
tients of X by discrete groups of isometries.

To make the meaning of “largest” precise, let us define the homotopical rank of a
continuous map between compact manifolds to be the smallest dimension of the image of
a map in the same homotopy class. Our goal is then to find the maximum homotopical
rank of maps f : M → N , where M is a compact Kähler manifold and N is a compact,
locally symmetric manifold covered by X. Since it is known that this number is strictly
smaller than the dimension of X, cf. Cor. (3.3) of [5], it remains to find the sharp upper
bound, and to classify the maps that attain this bound. A reasonable way to do this is
to answer the following.

Suppose X1 = G1/K1 is a Hermitian symmetric space that can be totally geodesi-
cally embedded in X, and is of maximum dimension among all such Hermitian symmet-
ric spaces.

Question 1: Is the homotopical rank of f at most the dimension of X1?

Question 2: If f : M → N has homotopical rank equal to the dimension of X1, must
X1 have a compact locally symmetric quotient N1 which admits a totally geodesically
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immersion g : N1 → N so that f factors as f = gh for some holomorphic map h : M →
N1?

Both questions have affirmative answers when the symmetric space X1 is embedded
in X as the fixed point set of an involution, provided that a small list of exceptions is
excluded. More precisely, we prove the following:

1.1. Theorem. Let X = G/K where G is one of the groups SL(2n, R), n ≥ 3, SO+(2p, 2q),
p, q ≥ 3, (p, q) 6= (3, 3), SU∗(2n), n ≥ 3 and Sp(p, q), p, q ≥ 2. Then the answer to both
questions is affirmative, where X1 = G1/K1 is embedded in X by the natural inclusion
of G1 = Sp(n, R), U(p, q), SO∗(2n) and U(p, q) in G, respectively.

Question 1 has an affirmative answer for all X as in the first paragraph, provided
that dim(X1) is replaced by dim(X1) + 2. Then the sharp bound is either dim(X1) or
dim(X1)+2. Just which alternative holds cannot, however, be decided by the methods of
this paper. Problems of a global nature which bear on this question are discussed in §9.
In any case, the bound that we obtain is much lower than the dimension of X , usually
about 1/2 dim(X), and so is a considerable improvement on [5], Cor. (3.2).

Observe that if in Theorem (1.1) we had also assumed that M is locally symmetric,
then the conclusion could easily have been derived from the rigidity theorem of Margulis
[16]. The point of Theorem (1.1) is therefore that the only assumption on M is that it
is a compact Kähler manifold. Consequently this theorem is in the same relation to the
Margulis rigidity theorem as Siu’s rigidity theorem is to Mostow’s rigidity theorem, cf.
[18]. [23].

The method of proof follows the pattern pioneered by Siu in the proof of his rigid-
ity theorem [23]. Since N has non-positive curvature, the existence theorem of Eells and
Sampson [9] applies and the map f may be assumed to be harmonic. Its rank therefore
gives an upper bound on the homotopical rank. Since M is compact Kähler and the
curvature tensor of N is rather special, any harmonic map of M to N is actually pluri-
harmonic, i.e., the restriction of f to any local complex curve in M is harmonic [19]. If
dim(M ) > 1, the resulting system of partial differential equations satisfied by f is over-
determined, and can be very effectively studied by just considering the two-jets of a so-
lution. The technical content of this paper is in fact mostly the study of the two-jet of
a pluriharmonic mapping of a complex manifold to a symmetric space whose one-jet has
maximum possible rank. The results of our study will then have immediate topological
consequences to the study of homotopical rank of continuous maps.

A key first-order consequence of pluriharmonicity is the following [19]. For each
x ∈ M , df(T 1,0

x M ) is an isotropic subspace of TC
f(x)N with respect to the complex mul-

tilinear extension of the curvature tensor R of N , i.e., R(X, Y,X, Y ) = 0 for all X,Y ∈
df(T 1,0

x M). Thus, if g = k ⊕ p is a Cartan decomposition of the Lie algebra of G, where k
is the isotropy algebra at f (x), then p is naturally isomorphic to Tf(x)N , and df (T 1,0

x M)

corresponds to a subspace W of pC. The above isotropy condition is then equivalent to
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the assertion that W is abelian: [W,W ] = 0. It is therefore natural to study plurihar-
monic maps of maximum rank via the following three-step program:

1) For each real simple Lie algebra g with Cartan decomposition g = k ⊕ p, find the
maximum dimension of W ⊂ pC, W abelian.

2) Classify, up to automorphism of g, all abelian subalgebras of maximum dimension.

3) Use (2) to find normal forms for the pluriharmonic maps of maximum possible rank.

We carry out step 1 for all the classical real simple Lie algebras for which the prob-
lem has not been previously solved. These are the classical real simple Lie algebras whose
complexification is also simple (i.e., corresponding to the symmetric spaces of type III in
Helgason’s terminology, [13], p. 379), which means that the corresponding symmetric
space is not Hermitian symmetric and has rank at least two. These are the Lie algebras
of the groups SL(n,R), n > 2, SO(p, q), p, q > 2, SU∗(2n), n > 2, and Sp(p, q), p, q > 1.

It turns out that for some of these algebras an abelian subalgebra of pC of maxi-
mum dimension is obtained in a very geometric way: it is the space of (1, 0) tangent vec-
tors to a Hermitian symmetric subspace G1/K1 which is fixed by an involution of G/K .
(The integrability condition for the complex structure on G1/K1 is equivalent to asser-
tion that the space of (1,0)-tangent vectors is abelian). Such algebras can be locally real-
ized by pluriharmonic maps, and can be realized globally by taking suitable quotients by
discrete subgroups, where for this last step one uses [2]. We call these “algebras of Type
I” (cf. §2 ) and carry out steps 2 and 3 only for the subclass listed in the statement of
Theorem 1.1.

The remaining algebras in our list we call “algebras of Type II”, cf. §2 for the pre-
cise definition. For these algebras (with the exception of SO(6, 6)) the largest dimension
of an abelian subalgebra of pC is one more than the largest dimension of a Hermitian
symmetric subspace, and in most cases this subspace is no longer fixed by an involution.
The question of realizability of the largest abelian subalgebra by the tangent space of a
pluriharmonic map is discussed in §9.

So far we have stated the consequences of our local results in terms of mappings
between compact manifolds. However, the present state of the existence theory of har-
monic mappings (cf. §2 of [8] for a recent survey) makes it clear that the compactness of
the target is not essential, and, more generally, that the map can be replaced by a har-
monic section of a flat G/K-bundle. In particular, the existence theorem of Corlette for
harmonic sections [6], combined with our results, gives immediate applications to rep-
resentations of fundamental groups of compact Kähler manifolds into the Lie groups in
question. Thus, if ρ : π1(M ) → G is a representation, where G is as in Theorem 1 and
the harmonic section of ρ has rank = dim(X1), then the image of ρ must be contained in
an embedding of an appropiate subgroup G1.

In this context it is natural to use characteristic classes to give lower bounds on the
rank of a harmonic section (even though a notion of homotopical rank still applies). We
treat an example for the group SO+(2p, 2q): given ρ : π1(M) → SO+(2p, 2q), the asso-
ciated flat bundle E with fibre R2p+2q is isomorphic, as a vector bundle, to a direct sum
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E+ ⊕ E− of bundles with fiber R2p and R2q respectively, namely the maximal positive
and negative sub-bundles for the indefinite inner product. Neither of these bundles is
necessarily flat. In particular, if e+ ∈ H2p(M ) denotes the Euler class of E+, then e+

does not necessarily vanish, and its powers can be used to give lower bounds for the rank
of a harmonic section:

1.2. Theorem. Let M be a compact Kähler manifold, let ρ : π1(M ) → SO+(2p, 2q),
p, q ≥ 3, (p, q) 6= (3, 3), be a representation, and let e+ ∈ H2p(M) be the cohomol-
ogy class associated to ρ as above. If eq

+ 6= 0, then the image of ρ is contained in some
embedding of U(p, q) in SO+(2p, 2q).

The reason we restrict ourselves to the algebras listed above is that all the other
classical cases are known. If the Lie algebra is that of the automorphism group of a Her-
mitian symmetric space then the type of problems that we study have all been answered
by Siu [23] and are equivalent to his rigidity theorem. If g is simple but gC is not sim-
ple, then g is a simple complex Lie algebra regarded as a real Lie algebra. The corre-
sponding symmetric spaces are those of the form G/Gu, where G is a simple complex
Lie group and Gu is its compact real form, i.e., the symmetric spaces of type IV ([13],
p. 379). In this case the abelian subalgebras of pC are the same as the abelian subalge-
bras of the complex simple Lie algera g. In this case problems 1 and 2 have long been
solved, namely by Schur [20] for sl(n, C) and by Malcev [15] for all the complex simple
Lie algebras. The solution of problem 3 above is contained in the paper of Corlette [7]
(for the classical g and two of the exceptional ones). Finally, if g is classical, of real rank
one, and not already included in the above cases, then either G = SO+(1, n), n ≥ 4, or
G = Sp(1, n), n ≥ 2, which are treated in [19], [5].

From the point of view of thoroughness, there remain only some of the exceptional
Lie algebras. For the twelve exceptional real Lie algebras whose complexification is sim-
ple, two are Hermitian symmetric, hence included in [24], while real form of F4 corre-
sponding to the Cayley plane is treated in [3]. Consequently there remain nine algebras
for which the questions 1, 2, 3 above have not been studied. For the exceptional simple
complex Lie algebras there remain three for which question 3 has not been studied.

We emphasize that in this paper we study only the pluriharmonic mappings which
have maximum possible rank. Other classes of pluriharmonic maps are: (1) those that
factor through any totally geodesic Hermitian subspace, (2) those that factor through
Riemann surfaces, and (3) those that factor through totally geodesic real tori. It is nat-
ural to ask if there are additional, nonobvious classes. It turns out that there is at least
one other construction, which comes from algebraic geometry: the theory of variations of
Hodge structure gives natural examples of mappings of algebraic surfaces into quotients
of symmetric spaces of suitable groups of type SO(p, q) that do not fall into any of the
above categories.

Our interest in variations of Hodge structure originates with our observation in
[5], §6, that they are a substitute, for non-Hermitian symmetric targets, for holomor-
phic maps to Hermitian symmetric targets. In particular, for each non-Hermitian X one
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would expect a number r(X) so that every pluri-harmonic map to X of rank larger than
r(X) lifts to a variation of Hodge structure, extending our result in [5], Theorem (6.1)
for X the quaternionic hyperbolic space. The reason for this expectation is its anal-
ogy with similar rank results of Siu for Hermitian targets, conjectured in §6 of [24] and
proved in [25]. We present a precise result of this nature in §9.

Finally, we mention that Simpson [22] has recently constructed other classes of har-
monic mappings that are neither variations of Hodge structure nor fall into any of the
three obvious classes mentioned above. The resulting abelian spaces consist of semi-
simple elements and are therefore quite different in nature from the cases we study.

The paper is organized as follows. In §2 we give a detailed outline of the proofs of
steps 1-3, and carry out the details in §3–7. In §8 we present the example from Hodge
theory, and in the final section §9 we discuss further results and open problems.

As we have already mentioned, this paper and Corlette’s paper [7] have complemen-
tary results concerning the classification of harmonic mappings. We have also borrowed
methods from each other in obtaining and presenting the results, and we are very grate-
ful to Corlette for his contributions to this paper. We thank O. Gabber for explaining
to us the relevance cohomological methods and Kostant’s theorem to rigidity. We also
thank H. Hecht and P. Trombi for help in Lie algebra matters, A. Beauville, P. Deligne,
M. Gromov, and R. Varley for enlightening remarks concerning the examples in §8, and
Carlos Simpson and Kevin Corlette for their insightful comments regarding Theorem 9.3.
Finally we are grateful to the IHES for its hospitality while a good portion of this work
was in progress.

§ 2. Outline of the proof

Let g be a real simple Lie algebra as in the introduction. In particular, gC is sim-
ple and g is not the Lie algebra of the automorphism group of a symmetric domain. In
this section we sketch the methods that we use to carry the steps 1 to 3 described in the
introduction.

Step 1: Dimension bounds. Let W be an abelian subalgebra of gC which lies in pC.
Without loss of generality we may assume that W is also maximal with respect to inclu-
sion among such algebras. The problem is to bound the dimension of W , and this can
be accomplished by an elaboration of the general outline of Malcev [15] , which consists
of three steps:

Part a: Reduction to nilpotents. The space W has a Jordan decomposition

W = Wσ ⊕Wν,

where the first space consists of semisimple elements and the second of nilpotents. In
addition, we may assume, after possible conjugation by an element of KC, that Wσ is
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defined over the reals, cf. [5], Lemma (4.2). Then the centralizer of Wσ is the complex-
ification reductive Lie subalgebra of g, invariant under the Cartan involution, which de-
composes as z⊕ l, where z is the center and where l is semisimple. Furthermore Wσ ⊂ zC,
and if l = ⊕li is a decomposition into simple ideals, then each li is the Lie algebra of a
sub-symmetric space, with Cartan decomposition li = ki ⊕ pi, and Wν = ⊕Wi, where
Wi = Wν ∩ pC

i . We then have

W = Wσ ⊕W1 ⊕ · · · ⊕ Wk

where each Wi ⊂ pC
i consists of nilpotent elements, cf. §4 of [5] for details.

In §6 we find all the possible subalgebras li that can occur for an algebra g in our
list. It turns out that possible subalgebras li are also essentially in our list ( we only
have to add some of the cases excluded as “already known”). Thus,the problem is re-
duced to bounding the dimension of the abelian subalgebras of pC consisting entirely of
nilpotent elements for the algebras g of the following groups: SL(n, R), n ≥ 2, SU∗(2n),
n ≥ 2, SO(p, q) and Sp(p, q), p, q arbitrary.

Part b: Reduction to commutative systems of non-compact roots. Let us as-
sume, therefore, that W consists entirely of nilpotent elements. By Lemma 3.2, there is
a Cartan subalgebra t of k with the following properties. First the eigenvalues of the ad-
joint action of t on gC form a root system ∆ ⊂ t∗. For each α ∈ ∆ let gα denote the
corresponding eigenspace. Then there is a system of positive roots ∆+ ⊂ ∆ such that W
is contained in the sum of the positive root spaces:

W ⊂
∑

α∈∆+

gα.

A root system ∆ with this property will be called adapted to W . Because the dimension
of t may be smaller than the rank of gC, the adapted root system may be a restricted
one. In particular, the spaces gα may have dimension greater than one. However, since
t is invariant under the Cartan involution, so are the gα, and consequently these spaces
decompose into compact and noncompact parts: gα = kα ⊕ pα, where kα ⊂ kC and
pα ⊂ pC. Roots have multiplicity at most two, and when the multiplicity equals two,
both terms in the above decomposition of gα are nonzero. In any case, there are sets

∆(k) = { α ∈ ∆ | kα 6= 0 }
∆(p) = { α ∈ ∆ | pα 6= 0 },

where the first is a root system for the compact subalgebra k, and where

pC =
∑

α∈∆(p)

pα.
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The sets ∆(k) and ∆(p) are disjoint if and only if the all roots have multiplicity one. We
shall use the term “compact” and “noncompact” to refer to elements of either set, bear-
ing in mind that a root can be both compact and noncompact. Let ∆+(p) = ∆+ ∩ ∆(p),
and let

p+ =
∑

α∈∆+(p)

pα.

Then W ⊂ p+.

Now choose a total ordering of the roots which is compatible with addition and with
the partial ordering defined by ∆+. Using Gaussian elimination, one can construct a
basis { Zi, i = 1, · · · d } for W which has the form Zi = Xi + Yi, where

i) Xi ∈ pα(i),

ii) α(i) < α(j) for i < j.

iii) Yi is a linear combination of vectors Xβ ∈ pβ with β > α(i) and β /∈ { α(1), · · · , α(d) }.

Let C = {α(i) : i = 1, · · · , d}. The elements of C are called the leading roots of W ;
they depend upon the choice of a total order.

Now form the Lie bracket of two basis vectors:

[Zi, Zj ] = [Xi,Xj ] + ([Xi, Yj ] + [Yi,Xj ]) + [Yi, Yj ]. (2.1)

By construction, the first term in the right-hand side belongs to the space pα(i)+α(j),
while the remaining terms belong to the space

∑

β>α(i)+α(j)

pβ .

Therefore the vanishing of [Zi, Zj ] implies the vanishing of [Xi,Xj ]. Thus if we let WC

denote the space spanned by the Xi, then WC is an abelian subspace of pC of the same
dimension as W . Moreover, WC , being a direct sum of the root spaces pα, α ∈ C, is
abelian if and only the set C of leading roots is commutative, meaning that the sum of
any two elements of C is not a root. Thus we are reduced to the purely combinatorial
problem of finding commutative systems of non-compact roots of maximum cardinality.

In tables 1 and 2 of §4 we list the root systems ∆ and positive roots ∆+ for all the
algebras listed in (a), and in §5 we solve the problem of finding the commutative sys-
tems of maximum cardinality for each ∆+(p). There is only one technical complication
in §4,5. Given a root system ∆, all choices ∆+ of a system of positive roots are equiva-
lent by an automorphism of ∆. But this automorphism may not preserve the decompo-
sition of ∆ into compact and non-compact roots, ie, the corresponding automorphism of
g need not commute with the Cartan involution. Thus for each root system ∆ we have
to consider all the choices of ∆+ modulo automorphisms that preserve the Cartan de-
composition. The equivalence classes of choices are parametrized by Aut(∆)/Aut(∆(k)).
This set has cardinality one for SL(n, R) and SU∗(2n), which we list in Table 1; but has
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larger cardinality for SO(p, q) and Sp(p, q), which we list in Table 2. The main technical
difficulty in §5 arises from the fact that, for the groups SO(p, q) and small values of p or
q, the maximum cardinality of C is attained in non-obvious cosets, which do not follow
the same pattern as for p, q large.

Part c: Combination of (a) and (b). Given these results one can compute a bound
on the dimension of any abelian space W which decomposes as

W = Wσ ⊕ W1 ⊕ · · · ⊕ Wk,

where the first term consists of semisimple elements and the remaining ones consist of
nilpotents for an irreducible symmetric pair (Gi,Ki). The required bound is the maxi-
mum of these over all possible decompositions. What one finds a posteriori is that the
maximum is always achieved by a space consisting entirely of nilpotents in the single ir-
reducible symmetric pair G/K . Moreover, this maximum is achieved only in this way
except for SL(4, R), SL(2n + 1, R) and SO(2p + 1, 2q + 1). In these cases there is also a
space with a single semi-simple element achieving the maximum. In the case of SL(3, R)
there is, in addition, a two-dimensional space of semi-simple elements which achieves the
maximum dimension.

To explain Steps 2 and 3, we first need to define a division of the root sysmes into
two types, which we call types I and II, defined as follows. Let C be a commutative sys-
tem of maximum cardinality, and let WC be the corresponding commutative space. Let
g′ denote the subalgebra of g generated by the real points of the subspace WC + W̄C ⊂
pC. Then a case by case verification shows that there are only two possibilities, with all
the properties now listed:

Type I. g′ corresponds to a Hermitian symmetric subspace. This happens precisely
when WC + W̄C = pC

1 , where p1 ⊂ p is a Lie triple system, thus corresponds to a to-
tally geodesic subspace, which is necessarily Hermitian symmetric, since pC

1 contains an
abelian subalgebra of half its dimension, namely WC . Thus for type I, WC = p1,0

1 , the
space of (1,0)-tangent vectors to an invariant complex structure on p1, which for ease of
notation we denote by p+

1 . Moreover, this symmetric subspace is the fixed point set of
an involution. Thus, the Lie algebra g has two commuting involutions σ, τ , where the
first is the Cartan involution, which give a Z/2 × Z/2-grading of g, i.e., a four-term de-
composition

g = k1 ⊕m ⊕ p1 ⊕ q, (2.2)

refining the Cartan decomposition of g where the terms have (σ, τ )-types (1, 1), (1,−1),
(−1, 1), and (−1,−1), respectively. If we let g1 = k1 ⊕ p1, we have g′ ⊂ g1, with equal-
ity except in the cases where g′ = su(p, q), in which case g1 = u(p, q). The groups in
question are Sp(p, q), SO(2p, 2q) for p, q ≥ 3, SL(2n, R) for n ≥ 2, SU∗(2n) for n ≥ 2.

Type II. g′ does not correspond to a Hermitan symmetric subspace. In these cases g′ is
very large, usually equal to g, and the commutative system C of maximum cardinality
contains a subsystem C ′ of cardinality one less, so that the corresponding commutative
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space WC′ is of the form p+
1 for a Lie triple system p1 ⊂ p, which is necessarily Hermi-

tian symmetric but, in most cases, is no longer the fixed point set of an involution. The
groups in question are complementary, in our list, to those listed under Type I, except
for the group SO(6, 6). The latter has two inequivalent systems of largest cardinality 9,
one which falls under Type I, the other under Type II.

In the remaining steps we assume that the algebra is of Type I.

Step 2: First order rigidity. Let W ⊂ pC be an abelian subalgebra of maximum di-
mension and consisting entirely of nilpotent elements (the second assumption is unneces-
sary for all groups of Type I except SL(4, R)). Let C be its commutative system of lead-
ing roots as in Step 1b. Using the notation established there, let WC ⊂ pC be the direct
sum of the corresponding root spaces, with basis {Xi}, where {Zi = Xi + Yi} is a basis
for W . Then, as in the definiton of Type I, WC = p+

1 , and property (iii) of Step 1b im-
plies that Yi ∈ qC. From the evident multiplicative properties of the Z/2 × Z/2-grading
(2.2), it follows that the second term of the right-hand side of (2.1) belongs to mC and
the third term belongs to kC

1 , hence each term vanishes. Thus, if we define a linear map
φ : p+

1 → q+, where q+ = qC ∩ p+, by letting φ(Xi) = Yi, then

W = {X + φ(X) : X ∈ p+
1 },

and the vanishing of the second term in the right-hand side of (2.1) is equivalent to the
following cocyle condition for φ:

[X,φ(Y )] + [φ(X), Y ] = 0 for all X, Y ∈ p+
1 . (2.3)

This equation means geometrically that Wt = {X + tφ(X) : X ∈ p+
1 } is a deformation

of W to WC = p+
1 , and cohomologically means the following. Let V ⊂ gC be a subspace

which is stable under the Cartan involution, is a p+
1 -module, i.e., [p+

1 , V ] ⊂ V , and which
contains the image of φ. Then φ ∈ Hom(p+

1 , V ) = C1(p+
1 , V ) and (2.3) is equivalent to

φ being a cocycle. Suppose that its class in H1(p+
1 , V ) is zero. This means that there is

and X0 ∈ V such that
φ(X) = [X, X0] for all X ∈ p+

1 . (2.4)

Moreover, it is clear that X0 ∈ V ∩ kC, thus exp(X0) gives a KC-conjugacy between W
and p+

1 , i.e., p+
1 is rigid as an abelian subspace of pC.

A module V that satisfies these properties is mC ⊕ qC, and in §7 we use essentially
this module thogether with a well-known theorem of Kostant [10], to prove that for most
algebras of Type I the cohomology class of φ vanishes. We also show that the KC-conjugacy
provided by (2.4) is actually a K-conjugacy. We conclude that if g is of Type I and f :
M → G/K is a pluri-harmonic map of maximum rank, then for each x ∈ M there is
a totally geodesic Hermitian symmetric subspace Xx ⊂ G/K containing f (x) so that
df(TxM ) = Tf(x)Xx. We call this first-order rigidity of f .
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We remark that at this point the restriction to Type I may be mostly for conve-
nience, in order to apply cohomological methods to replace the more involved combi-
natiorial arguments of [15], where algebras analogous to our Type II (e.g., Bn) also oc-
cur, and are handled directly. Since the next and final step is out of reach of the present
methods, this is at the moment not a serious restriction.

Step 3: Global rigidity. This is the only step where we use the second order informa-
tion in the pluri-harmonic equation. We assume that f : M → G/K is a pluriharmonic
map of maximum rank for which first-order rigidity has been proved in Step 2. At each
point it is tangent to a totally geodesic Hermitian symmetric subspace, so second-order
rigidity is equivalent to local rigidity or global rigidity.

We consider first the local problem. Suppose that U ⊂ M is a connected open set,
let X = G/K , and suppose that f : U → X is a smooth map. We regard X as the
manifold of isotropy subalgebras {kx ⊂ g : x ∈ X}. Then there are tautological sub-
bundles kX , pX of the trivial bundle gX = X × g, with fibre over x the isotropy subal-
gebra kx and its canonical complement px respectively. Moreover the flat connection on
gX corresponding to the trivialization splits (by projection to the two components) as
the direct sum of a K-connection and a one-form with values in pX . The bundle f∗gX

splits as f∗kX ⊕ f∗pX , and the induced flat connection splits accordingly. If U is simply
connected, the datum of the induced bundle and its decomposition and the decompo-
sition of the flat connection determine the map f uniquely up to left translation by an
element of G. Thus in studying the local problem we will replace the map f by a simply
connected open set U , a flat Lie algebra bundle gU over U , a (non-flat) decomposition
gU = kU ⊕ pU , and a decomposition of the flat connection d on gU as

d = D + θ (2.5)

where D is a K-connection on gU and θ ∈ A1(U, pU ). Then θ replaces df , and the pluri-
harmonic equation D′′d′f = 0, cf. [23], [19], [5], for f becomes

D′′θ′ = 0, (2.6)

where D = D′ + D′′ and θ = θ′ + θ′′ are the decompositions of D and θ into (1,0) and
(0,1) components respectively.

Now our assumption is that for some x ∈ U , θ′(T 1,0
x U) has maximum possible di-

mension. Since, by (2.6), θ′ is holomorphic, θ′ has maximum possible rank in the com-
plement of a complex analytic subvariety of U . Call this set V and observe that it is
connected, open, and dense in U . Thus if G is of Type I, and first-order rigidity holds,
for each x ∈ V , θ′(T 1,0

x V ) = p+
1 (x), where p1(x) is the tangent space to a totally geodesic

Hermitan symmetric subspace of G/K fixed by an involution. For each x ∈ V we get a
decomposition (2.2) of gx, and a corresponding decomposition of the bundle gV , denoted
by a subscript V under each term of (2.2).

The geometric interpretation of this decomposition is the following. There is a fi-
bration G/K1 → G/K , and the fibre over y ∈ G/K parametrizes the tangent spaces
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at y to totally geodesic embeddings of G1/K1 in G/K passing through y. The pull-back
to G/K1 of the bundle gX over G/K splits according to (2.2), and the sum of the last
three terms is isomorphic to the tangent bundle of G/K1. The map f : V → G/K lifts
to a map F : V → G/K1 by letting F (x) = df (TxV ), which makes sense since by as-
sumption df (TxV ) is the tangent space to a totally geodesic embedding of G1/K1 pass-
ing through f (x), hence is a point of G/K1 lying over f (x). The connection D in (2.5)
splits as D = D1 +µ, where D1 is a K1-connection and µ ∈ A1(V,mV ). Thus the original
flat connection d of (2.5) splits further as

d = D1 + µ + θ. (2.7)

Observe that in this notation, dF = µ + θ.

Now the orbits of G1 on G/K1 foliate this manifold into leaves isomorphic to G1/K1

which project to the different geodesic embeddings of G1/K1 in G/K . We want to show
that f(U) is contained in a single such embedding. Since V is dense in U , this is equiv-
alent to showing that F (V ) is contained in a single leaf of the foliation. Since V is con-
nected, this is equivalent to F (V ) being tangent to the foliation. By construction the
one-form θ has values in (p1)V , which is the tangent bundle to the foliation, so it suffices
to show that µ = 0. This is accomplished by the equations that µ must satisfy. First the
pluriharmonic equation (2.6) splits into two equations:

D′′
1 θ′ = 0 and [µ′′, θ′] = 0 (2.8)

and the flatness of the original connection d in (2.5), when decomposed further into
types and also according to (2.2) gives the further equation

[µ′, θ′] = 0. (2.9)

In §7 we show that the second equation (2.8) together with (2.9) have a cohomolog-
ical interpretation, and that the vanishing of µ can be proved by appealing again to
Kostant’s theorem. This shows the local rigidity of f , from which the global rigidity is
immediate (cover M by simply connected open sets U as above with connected intersec-
tions).

§ 3. Existence of adapted root systems

We now prove the technical result that allows us to put W in upper triangular form
in a way that is compatible with the Cartan involution. We owe the following lemma to
Henryk Hecht.

3.1. Lemma. Let g be a real semisimple Lie algebra, let θ denote its Cartan involution,
and let W be a θ-stable subalgebra of gC, each element of which is nilpotent. Then there
is a fundamental Cartan subalgebra h of g and a system of positive roots ∆+ ⊂ ∆(g, h)
such that

W ⊂ n+ =
∑

α∈∆+

gα.
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We recall that a Cartan subalgebra h of g is called fundamental if it is stable under the
Cartan involution, and, if h = h+ ⊕ h− denotes its decomposition into ±1 eigenspaces
for θ, then its compact part h+ has maximum possible dimension; i.e., h+ is a Cartan
subalgebra for k. Similarly, a Cartan subalgebra h of gC is called fundamental if h+ is a
Cartan subalgebra of kC.

Let h be a fundamental Cartan subalgebra of g, let t = h+, and let ∆(g, h) denote
the roots for the adjoint action of h on gC. It is a standard and simple fact that the
maximality of h+ implies that no root α ∈ ∆(g, h) restricts to zero on t. From general
principles it follows that the set of restrictions to t of the elements of ∆(g, h) forms a
root system on t, which we will denote by ∆(g, t). Decomposing the resulting root spaces
into compact and noncompact parts as gα = kα ⊕ pα, and observing that the restriction
of a positive system of roots for h is a positive system of roots for t, we obtain the fol-
lowing related form of the lemma. We state it only for abelian subalgebras of pC, rather
than more general θ-stable subalgebras, since this is the form that we use.

3.2. Lemma. Let W be an abelian subspace of pC which consists entirely of nilpotent
elements. Then there is a Cartan subalgebra t of k and a system of positive roots ∆+(g, t)
such that

W ⊂
∑

α∈∆+(g,t)

pα

Proof of Lemma A: Since W is a subalgebra consisting entirely of nilpotent elements,
it is contained in the nil-radical n = [b, b] of some Borel subalgebra b of gC. Apply-
ing Theorem 1(i) of Matsuki’s paper [17] to the affine symmetric space (GC, KC, θ), it
follows easily that there is a Cartan subalgebra h of gC in b which is θ-stable. Write
h = h+ ⊕ h−, where the first term is in kC and the second is in pC. Let ∆+ be the system
of positive roots in ∆(g, h) corresponding to b. Since W ⊂ n = [b, b], one can write a
general element X ∈ W as

X =
∑

α∈S

cαXα,

where the S ⊂ ∆+, Xα ∈ gα, and cα 6= 0 for all α ∈ S. Roots that appear in some
such S are said to belong to W . We wite ∆W for the collection of all such roots. Now
θX ∈ W ⊂ n and

θX =
∑

α∈S

c′αXθα,

where c′α 6= 0 for all α ∈ S. Thus, if α belongs to W , then so does θα. Define a special
collection of positive roots which includes all of those belonging to W by setting

(∆+)′ = { α ∈ ∆+ | θα ∈ ∆+ }.

We proceed to modify to modify these choices to obtain a new Borel subalgebra of gC

containing W which is defined by a fundamental Cartan subalgebra of g.
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To begin, we observe that there is a θ-stable real form hR of h such that ∆(g, h) ⊂
h∗

R: take hR = { H ∈ h | α(H) ∈ R for all α ∈ ∆ }. Let H be a regular element of hR,
i.e., one not contained in any root hyperplane, and write H = H+ + H−, with H± ∈
(hR)±. Choose H so that

α(H+) > 0 for all α ∈ (∆+)′ .

Recall that a root is real if θα = −α, or, equivalently, if α(h+) = 0. Let ∆R denote the
set of real roots, let ∆+

R = ∆R ∩ ∆+ and define a set P ⊂ ∆(g, h) by the conditions

if α ∈ ∆+
R then α ∈ P ,

if α 6∈ ∆R but α(H+) > 0, then α ∈ P .

Then P ⊂ ∆ is a system of positive roots. Replacing ∆+ by this new system P of posi-
tive roots, we may thus assume that the original ∆+ satisfies the following conditions:

if α ∈ ∆+ \ ∆R then θα ∈ ∆+ \ ∆R,

if α ∈ ∆+ \ ∆R, β ∈ ∆R, and α + β ∈ ∆, then α + β ∈ ∆+ \ ∆R,
(2.3)

in addition to the obvious inclusion ∆W ⊂ ∆+ \ ∆R.

Now define θ-stable Lie algebras

l = h ⊕
∑

α∈∆R

gα,

u =
∑

α∈∆+\∆+
R

gα,

where l is reductive, u is nilpotent and q = l ⊕ u is parabolic. Then W ⊂ u, and by the
second condition (2.3), l normalizes u. Now, let h̃ be a fundamental Cartan subalgebra
of l. Since l+ = l ∩ kC and kC have the same rank, h̃ is a fundamental cartan subalgebra
of gC, and since h̃ normalizes u, u is still a sum of root spaces for h̃.

Let ∆ denote now the root system for gC relative to h̃. Then ∆ = ∆0 ∪ ∆1, where
∆0 is the set of roots of h̃ belonging to l (a sub-system of ∆) and ∆1 = ∆ \ ∆0. Define
now a positive root system ∆+ ⊂ ∆ by

∆+ = ∆+
0 ∪ ∆+

1 ,

where ∆+
0 is a positive root system for ∆0 satisfing (2.3), and ∆+

1 is the set of roots in
∆ belonging to u. Then ∆+ also satisfies the conditions(2.3). Let b̃ be the Borel subal-
gebra of gC corresponding to this choice of h̃ and ∆+. Then b̃ is a Borel subalgebra of
gC containing W and defined relative to a fundamental Cartan subalgebra of gC. It only
remanins to show that b̃ is defined relative to a fundamental Cartan subalgebra of g.
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To see this last point, observe that b̃ is defined relative to a fundamental Cartan
subalgebra of gC and a positive system ∆+ satisfying the first condition (2.3). By Propo-
sition 2 of [17] , these are precisely the conditions for the KC-orbit of b̃ to be closed in
the flag variety GC/B of Borel subalgebras of gC. But this is equivalent to saying that
the K-orbit of b̃ is the same as its KC-orbit. Since by a KC-equivalentce we can make h̃
defined over R, it follows that b̃ contains a fundamental Cartan subalgebra of g. Finally,
let h ⊂ gC now denote this subalgebra, and let ∆+ denote the positive root system of gC

relative to h corresponding to b̃, and the proof of the lemma is complete.

§ 4. Root systems.

In this section we establish and record in the tables given below the information
on the adapted root systems constructed by the procedure of §3 that we shall need for
the proof of the main theorem. For technical reasons we divide the systems into two
classes, according to whether cardinality of Aut(∆)/Aut(∆k) is one or greater than one.
The first class, treated in table 1 corresponds to the groups SL(2n), SL(2n + 1), and
SU∗(2n). The second class, treated in table 2, corresponds to the groups Sp(p, q), SO(2p, 2q),
SO(2p, 2q + 1), for which |Aut(∆)/Aut(∆k)| =

(
p+q

p

)
.

The tables are organized as follows. The first line in each entry identifies the group
G, the type of root system, and the multiplicities of the roots. The second line gives
the type of the compact part of the root system, as well as an explicit representation
of the positive compact roots corresponding to a choice of positive system of roots for
g. The third line lists the positive non-compact roots corresponding to the same system
used to obtain the previous line. In the fourth line we exhibit a commutative set C+

of positive noncompact roots which is, for all but very low values of the parameters, of
maximum cardinality; when there is such an exception, conditions are given for C+ to
be maximal. The last line identifies the relevant real form of the group G′ generated by
W + W , where W is the abelian space associated to the commutative system C+ found
in the previous line. Here there is an alternative (§2, Step 1b). In the first case (“type
I”) G′ is the group of a geodesically imbedded Hermitian space and W can be identi-
fied with its holomorphic tangent space. In the second case (“type II”), G′ is not the
group of a Hermitian symmetric space and in fact is equal to G itself, except in the case
of SO(2p + 1, 2q + 1) where it is equal to SO(2p, 2q + 1) or SO(2p + 1, 2q). The bounds
on the cardinality of C will be derived in the following section §5.

The root systems and their orderings can be determined concretely in the following
way. Choose a maximal torus T of K, and let V be the “defining” representation space
for G, i.e., V = Rn for SL(n, R), Hn for SU∗(2n), etc. The compexification of V de-
composes into eigenspaces Vλ for the action of t. The eigenvalues, or weights, are linear
functionals on t with pure imaginary values, and the set Φ of these weights is stable un-
der complex conjugation, which acts as does multiplication by -1. Choose a vector ξ in
it, and let Φ+, Φ−, and Φ0 be the sets of weights which have positive, negative, and zero
inner product with ξ. If ξ is chosen generically, Φ0 is either empty or consists of zero
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alone. The set Φ+ consists of n linearly independent elements which we shall label as
λ1 , . . . , λn, and Φ− = −Φ+.

The roots of g relative to t are the linear combinations of the basic weights just de-
scribed, and have the property that gλ maps Vµ to Vλ+µ if λ + µ is a weight in Φ, and
to zero in the contrary case. To compute a particular root system it suffices to choose a
basis for V C which diagonalizes T . The standard basis vectors are then weight vectors,
and root vectors are matrices with a small number of nonzero entries. It is therefore an
elementary, if time consuming problem to determine the roots and their multiplicities.
The results are recorded in the two tables already mentioned, and displayed below.

As noted already, the systems in Table 1 are characterized by the condition that
Aut(∆)/Aut(∆k) has cardinality one. In the case of SL(2n + 1) and SU∗(2n) this is ev-
ident, since for these the Weyl groups of GC and KC relative to t coincide. In the case
of SL(2n) the two groups may differ by a factor of 2, since when n is odd, the symme-
try which reverses the signs of all the λi is in the larger of the two Weyl groups, but not
the smaller. This transformation is, however, induced by an outer automorphism of GC

preserving KC.

Table 1. Root Systems with |Aut(∆)/Aut(∆k)| = 1

Group RS Remarks

SL(2n) Cn m(short) = 2, m(long) = 1, long: noncompact
Dn ∆+(k) = { λi ± λj | i < j }

∆+(p) = { λi ± λj | i < j } ∪ { 2λi }
C+ = { λi + λj | i ≤ j }, |C| ≤ n(n + 1)/2
G′ = Sp(n, R)

SL(2n + 1) BCn m(short, medium) = 2, m(long) = 1, long: noncompact
Bn ∆+(k) = { λi } ∪ { λi ± λj | i < j }

∆+(p) = { λi } ∪ { λi ± λj | i < j } ∪ { 2λi }
C+ = { λi + λj | i ≤ j } ∪ { λ1 }, |C| ≤ n(n + 1)/2 + 1
G′ = SL(2n + 1, R).

SU∗(2n) Cn m(short) = 2, m(long) = 1, long: compact
Cn ∆+(k) = { λi ± λj | i < j } ∪ { 2λi }

∆+(p) = { λi ± λj | i < j }
C+ = { λi + λj | i < j }, |C| ≤ n(n − 1)/2
G′ = SO∗(2n)

It remains, therefore, to consider the systems with |Aut(∆)/Aut(∆k)| > 1. These
are distinguished by the fact that K is reducible, splitting into two factors K(0) and

15



K(1). Any maximal torus T splits accordingly, as does the set of weights Φ. To be pre-
cise, we say that a weight belongs to one factor of t if that factor acts nontrivially while
the other one acts trivially. Viewing the indexing on the factors of K as an indexing
modulo two, we obtain a parity function on weights, ε : Φ −→ Z/2. Some care must be
taken when 0 is a weight, i.e., when G is SO(2p, 2q +1) or SO(2p+1, 2q +1). In the first
case it is a weight of multiplicity 1, and its parity is that assigned to SO(2q + 1). In the
second case it is a weight of multiplicity 2, with both even and odd weight vectors. We
shall therefore view the parity function as multiple-valued. Regardless of the fine points,
we there is an induced parity function on roots, which satisfies ε(λ + µ) = ε(λ) + ε(µ).
Compact roots have parity 0 and noncompact ones have parity 1. For example, in the
case of SO(2p+1, 2q +1), λi and 0 are weights, the latter with multiplicity two and both
parities. Thefore the root λi = λi + 0 has multiplicity two and both parities, hence has
root vectors of both compact and noncompact types.

It is evident that the Weyl group of KC acts trivially on parity functions, as does
the sign-reversing element which may be an outer automorphism of KC. Therefore par-
ity is an invariant of the equivalence class of the positive systems which we have in mind.
Since all the Weyl groups contain the permutations on the index set I = { 1 . . . n }, it
is clear that the full Weyl group acts transitively on the set of parity functions. Cardi-
nality arguments then imply that parity is a complete invariant. Therefore the systems
given in table 2 are representative of all positive systems.
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Table 2. Root Systems with |Aut(∆)/Aut(∆k)| > 1

Group RS Remarks

Sp(p, q) Cp+q m = 1, long: compact
Cp + Cq ∆+(k) = { λi ± λj | i < j, ε(λi) = ε(λj) } ∪ { 2λi }

∆+(p) = { λi ± λj | i < j, ε(λi) 6= ε(λj) }
C+ = { λi + λj | i ≤ p < j }, |C| ≤ pq
G′ = SU(p, q)

SO(2p, 2q) Dp+q m = 1
Dp + Dq ∆+(k) = { λi ± λj | i < j, ε(λi) = ε(λj) }

∆+(p) = { λi ± λj | i < j, ε(λi) 6= ε(λj) }
C+ = { λi + λj | i ≤ p < j }, |C| ≤ pq (p, q ≥ 3)
G′ = SU(p, q) (ε(λ1) 6= ε(0))

SO(2p, 2q + 1) Bp+q m = 1
Dp + Bq ∆+(k) = { λi ± λj | i < j, ε(λi) = ε(λj) } ∪ { λi | ε(λi) = ε(0) }

∆+(p) = { λi ± λj | i < j, ε(λi) 6= ε(λj) } ∪ { λi | ε(λi) 6= ε(0) }
C+ = { λi + λj | i ≤ p < j } ∪ { λ1 }, |C| ≤ pq + 1 (p, q ≥ 3)
G′ = SO(2p, 2q + 1)

SO(2p + 1, 2q + 1) Bp+q m(short) = 2, m(long) = 1
Bp + Bq ∆+(k) = { λi ± λj | i < j, ε(λi) = ε(λj) } ∪ { λi }

∆+(p) = { λi ± λj | i < j, ε(λi) 6= ε(λj) } ∪ { λi }
C+ = { λi + λj | i ≤ p < j } ∪ { λ1 }, |C| ≤ pq + 1 (p, q ≥ 3)
G′ = SO(2p, 2q + 1) 6= G

We remark that to give a parity function is to give a decomposition of the interval
I = { 1 . . . n } into consecutive subintervals Ij , where j = 0 , . . . , k, where successive
intervals are assigned different parities. The interval I should be thought of as an index
set for the positive weights { λj }. To take a concrete example, consider the decomposi-
tion

I = I0 ∪ I1 ∪ I2 = { 1, 2 } ∪ { 3, 4 } ∪ { 5, 6 },

then the functional λ1 − λ2 is even, hence compact, while λ2 − λ3 is odd, hence non-
compact. Now consider the structure which the associated parity function defines on the
positive roots { λi±λj | 1 ≤ i < j ≤ 6 }. The simple roots are associated to a Dynkin di-
agram of type of type D6. Coloring the noncompact ones black, we obtain the following
diagram of type D6 that describes an adapted root system for SO(4, 8):
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Figure 1.

Thus, classes of positive root systems modulo Aut(∆k) are also indexed by certain col-
ored Dynkin diagrams.

§ 5. Combinatorial arguments

We shall now use the information on root systems compiled in the last section to
determine the maximum cardinality ν of a commutative set of noncompact roots:

5.1. Proposition. Let C ⊂ ∆+(p, t) be a commutative set of roots for one of the
groups listed in table 3 below. Then its cardinality is at most ν(G), provided that p, q ≥
6 if G = SO(p, q). The bounds are realized by the systems C+ given in tables 1 and
2. Moreover, any other system of cardinality ν is equivalent to C+ under the action of
Aut(∆k), except that if G = SO(p, q) we require in addition to the previous condition
that (p, q) 6= (6, 6). When (p, q) = (6, 6) there are two equivalence classes, each repre-
sented by a system of cardinality 9.
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Table 3. The Invariant ν(G)

Group ν

SL(2n) n(n + 1)/2

SL(2n + 1) n(n + 1)/2 + 1

SU∗(2n) n(n − 1)/2

Sp(p, q) pq

SO(p, q) [p
2 ][ q

2 ] + ε(p, q)

ε(p, q) is 0 if p and q are even, is 1 otherwise

We treat first the first three lines of the table, for which |Aut(∆g/Aut(∆k)| = 1, and
then treat the more intricate cases in which |Aut(∆g)/Aut(∆k)| > 1. In the course of
our analysis we shall find that G = SO(p, q), for min(p, q) < 6 admits pathological sys-
tems of excess dimension, e.g., of dimension 2q + 1 for SO(4, 2q). These systems, which
constitute more than one equivalence class under the action of Aut(∆k), are mainly re-
sponsible for the difficulty of the final part of the proof.

The case SL(2n).

According to the table, the relevant root system is of type Cn, and one system of
positive noncompact roots is

∆+(p) = { λi ± λj | i < j } ∪ { 2λi }.

Any other system is equivalent to it by an automorphism of G preserving t. Consider,
therefore, the set of elements free of minus signs, namely,

C+ = { λi + λj | i < j } ∪ { 2λi }.

It is commutative and of cardinality n(n + 1)/2. Any other commutative subset C must
contain an element of the form µ = λa − λb. The elements of ∆+ in which λb appears
with positive coefficient cannot be in C, since when added to µ they form a root. There-
fore C is lies in the set

C ′ ∪ C ′′,
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where C ′ is free of the index b and where C′′ = { λi − λb | i < b } “contains” the index b
with negative coefficient. Arguing by induction, we may assume that |C ′| ≤ n(n − 1)/2,
so that |C| < n(n + 1)/2.

This gives the required bound, and shows that any commutative set which attains
the bound is equivalent to C+. Note, however, that there is an automorphism of G which
acts on t by the transformation which fixes all roots except λi ± λn and ±2λn, for which
it interchanges signs. Application of this automorphism to C+ yields an equivalent com-
mutative system of the same cardinality. The equivalence is not, however, by an inner
automorphism of SL(2n, R).

Decompositions of the kind C = C′ ∪ C ′′ considered above will be used repeatedly
in what follows. The characteristic feature is that C′ is free of a certain index, while C ′′

“contains” it with negative coefficient. We call such a decomposition a reduction of C
relative to the given index.

The case SL(2n + 1).

For BCn we have

∆+(p) = { λi } ∪ { λi ± λj | i < j } ∪ { 2λi }

As before all positive systems are equivalent, so that it suffices to consider the one dis-
played above. We argue by reduction to the previous case, writing C = C ′ ∪ C′′, where
the first term consists of medium and long roots, the second term of short ones. It is
clear that C ′′ has at most one element, since the sum of any two short positive roots
is a root. For the other term we already have the bound C ′ ≤ n(n + 1)/2, so that
|C| ≤ n(n + 1)/2 + 1.

The case SU∗(2n).

The noncompact roots are ∆+(p) = { λi ± λj | i < j }, and the arguments given for
SL(2n) apply to show that C = { λi + λj | i < j } is a system of cardinality n(n − 1)/2 ,
that this is the maximum cardinality, and that all other systems of maximum cardinality
are equivalent to it.

The case Sp(p, q).

We show that |C| ≤ pq by induction on the quantity min(p, q). In the course of the
proof we shall see that all commutative systems of maximum cardinality are equivalent.

To begin, we assume min(p, q) = 1, and, without loss of generality we may take
p = 1. Let I = { 1 . . . q + 1 } be the index set, and let r be the index distinguished by
the fact that its parity is different from all the others. Then

∆+(p) = { λi ± λr | i < r } ∪ { λr ± λi | i > r }

Let Ci be the subset of C for which the nondistinguished index is i. It is a subset of
{ λi ± λr } if i < r, and a subset of { λr ± λi } in the contrary case. These two sets

20



are not commutative, so Ci has at most one element. This already establishes the bound
|C| ≤ q.

Finer analysis yields the conjugacy assertion. To begin, note that if C contains
λi−λr, then it cannot contain any element of the form λr±λj , and so |C| < q if r < q+1.
Thus, if |C| = q, then C = { λi − λq+1 | i = 1 , . . . , q } or C = { λi + λq+1 | i =
1 , . . . , q } These systems are equivalent under an automorphism of GC preserving t
which acts on the fundamental weights by λi 7→ εiλi, where εi = ±1 and εi = 1 for
i ≤ q + 1.

Consider next the inductive step. Without loss of generality we assume that there
are p indices of even parity, and that the first subinterval in the decomposition I = I0 ∪
· · · ∪ Ik has even parity. Thus,

p =
∑

j even
|Ij |

q =
∑

j odd

|Ij |

The set of positive noncompact roots is

∆+(p) = { λi ± λj | i < j, ε(i) 6= ε(j) }, (5.2)

and it has an obvious commutative subset,

C+ = { λi + λj | ε(i) 6= ε(j) }, (5.3)

which has cardinality pq. If C is another commutative set it must contain an element of
the form λi − λr. Arguing as before, we shall reduce C relative to the root with negative
coefficient, decomposing it as

C = C ′ ∪ C ′′,

where C ′ is free of the index r, and where

C ′′ ⊂ { λi − λr | i < r, ε(i) 6= ε(r) }

Let us analyze the case in which ε(r) = 0. The other alternative can be handled
in the same way, with the same conclusion. The first case to consider is that of p ≤ q.
Then C′ is a commutative system with a smaller value of min(p, q), so, by the induction
hypothesis, C ′ ≤ (p − 1)q. As for C ′′, we observe that it is the sum of the quantities
|Ij |, for j odd and less than b, where r ∈ Ib. Therefore |C ′′| ≤ q, with equality possible
only if Ib is the rightmost interval. Consequently |C| ≤ pq. In the case of equality there
is an automorphism which carries C to C+, namely, one which acts on the fundamental
weights by λi → εiλi, where εi = 1 if i is not in the rightmost interval.

For the case in which p > q we use a subsidiary induction argument. Let C(p, q)
denote a commutative system with parameters p and q. For each reduction relative to a
root λi − λr there is an inequality of the form |C(p, q)| ≤ |C(p − 1, q)| + q, with strict
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inequality unless r is in the rightmost interval. Apply reduction repeatedly until the re-
sulting system has no roots of the form λi − λj or until the quantity min(p, q) decreases.
However this happens one obtains an inequality of the form

|C(p, q)| ≤ |C(p − k, q)| + kq

or
|C(p, q)| ≤ |C(p − k, q − 1)| + kq + (p − k)

In either case the right-hand side can be evaluated, giving the required bound. As before
the inequality is strict unless the original system is equivalent to C+.

The case SO(2p, 2q).

We now begin the analysis of the most difficult of all the cases, SO(2p, 2q). The
plan is to proceed as in the previous case, by induction on min(p, q). Because of certain
unpleasant pathologies, we must consider the cases of min(p, q) = 1, 2, and 3 separately.
If we assume, as we may without loss of generality, that p ≤ q, these bounds are 2q,
2q + 1, and 3q, respectively. Given this much, a small modification of the previous in-
duction argument shows that |C| ≤ pq for min(p, q) ≥ 3. The pathologies alluded to
are the systems of excess dimension 2q + 1 which occur for SO(4, 2q). Their existence is
due to the fact that SO(2p, 2q) has fewer compact roots than does Sp(p, q). Indeed, the
long roots 2λi are absent, so that certain previously forbidden pairs, e.g., λi ± λj , now
commute.

Let us begin with the induction argument, assuming the bounds just given for low
values of min(p, q) and assuming min(p, q) > 3 for the system under study. The argu-
ment is identical to that used for Sp(p, q), except that the system C′′ used in the decom-
position relative to a root α = λi − λr requires more care. The positive noncompact
roots which commute with α and contain the index r are of the form β = λj − λr, with
j 6= i, or γ = λi + λr. These two possibilities are mutually exclusive, since β + γ is a
root. If a β occurs, then C ′′ is as before. If a γ occurs, it is a subset of the two-element
set { λi ± λr }. However, because min(p, q) > 3, the sets C ′′ which arise in this way are
always smaller than the other kind. Consequently the argument used for Sp(p, q) still
applies, yielding both the bound and the conjugacy assertion. Modulo the proof of the
bounds for low values of min(p, q), we have therefore established the following.

5.4. Proposition. Let C be a commutative system of positive noncompact roots for
SO(2p, 2q), where p, q > 3. Then |C| ≤ pq, and equality holds if and only if |C| is equiv-
alent under the action of Aut(∆k) to the standard commutative system { λi + λb | ε(i) 6=
ε(j) }.
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We turn next to the special cases, beginning with an analysis of the case in which
the decomposition of I given by the parity function has just two subintervals.

5.5. Proposition. Let C be a commutative subset of the system of positive noncom-
pact roots associated to the decomposition I = I0 ∪ I1, where we assume p ≤ q. Then
|C| ≤ 2q if p = 1, and |C| ≤ pq if p > 1. If p = 1 and equality holds then C is equivalent
to the set

C∗ = { λ1 ± λj | j ∈ I1 },

and if p > 2 and equality holds then C is equivalent to the set

C+ = { λi + λj | i ∈ I0, j ∈ I1 }

If p = 2 there is are two equivalence classes, represented by C∗ and C+. These corre-
spond to geodesic imbeddings of the symmetric spaces for SO(2, 2q) and SU(2, q) in the
symmetric space of SO(4, 2q), respectively.

The positive root systems corresponding to the partitions just described are called Borel-
Siebenthal systems. They are characterized by having a unique noncompact simple root.
For SO(2p, 2q) this is the root that bridges the gap between the two intervals, namely,
λp − λp+1.

Figure 2. Borel-Siebenthal system

For the proof, as well as for later work, we shall need the following technical results.

5.6. Lemma A. Let S = { λi ± λr | i ∈ A }, where r 6∈ A, and let C be a commutative
subset of S. Then C is a subset of one of the following commutative sets:

a) { λi ± λr }, where i is fixed, or

b) { λi + λr | all i ∈ A }, or

c) { λi − λr | all i ∈ A }.

Proof: If there exist elements λi − λr and λj + λr in C, then i = j and C is as in case
(a). Otherwise C must be as in (b) or (c).

5.7. Lemma B. Let S and C be as above. Then |C| ≤ max(2, |A|). In particular, if
|C| > 2, then C must be a subset of one of the sets (b) or (c) above.
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The proof is immediate.

5.8. Lemma C. Let S = { λi ± λj | i ∈ A, j ∈ B } be a subset of a root system of type
Dn, where the index sets A and B are disjoint. Then

|C| ≤ 2|B| if |A| = 1,

|C| ≤ |A||B| if |A| > 1.

Moreover, these bounds are sharp because the sets below are commutative:

a) { λ1 ± λj | j ∈ B }
b) { λi + λj | i ∈ A, j ∈ B }

If |A| = 1 then a commutative system of maximum cardinality must be of type (a). If
|A| ≥ 3, then a system of maximum cardinality must be equivalent to one of type (b). If
|A| = 2, then there are 2 equivalence classes.

Proof: Let Cj = C ∩ { λi ± λj | i ∈ A } and observe that |C| =
∑

|Cj |. The in-
equalities of the proposition follow from the inequalities of the previous lemma applied
to the Cj . If |A| = 1 then it is clear that system (a) is the only one which attains the
bound. If |A| = 2 then each Cj must be one of the four sets { λ1 ± λj }, { λ2 ± λj },
{ λ1 + λj , λ2 + λj }, { λ1 − λj , λ2 − λj }. If one Cj has one of the types just listed, then
commutativity forces the types of the remaining Cj ’s to be the same. This gives four
possible commuting sets of maximal dimension, or two equivalence classes. If |A| > 2
then each Cj must have cardinality |A| > 2, so that it is of the form { λi + εjλj | i ∈ A }.
The automorphism which sends λj to εjλj and which fixes the remaining λ’s sends the
given C to the one displayed in the proposition.

The proposition with which this discussion began is a special case of the last lemma.

Analysis of the case min(p, q) = 2.

We turn at last to the analysis of the difficult case of min(p, q) = 2. Positive root
systems satisfying this condition correspond to one of the decompositions of I = { 1 , . . . , n }
below, where a subinterval written Ĵ has cardinality one, while

ˆ̂
J has cardinality 2.

1) I0 Î1 I2 Î3 I4

2) I0 Î1 I2 Î3

3) Î0 I1 Î2 I3

4) Î0 I1 Î2

5) I0
ˆ̂
I1 I2

6)
ˆ̂
I0 I1

7) I0
ˆ̂
I1
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We shall need one additional technical result:

5.9. Lemma D. Consider disjoint sets A, A′, B and subsets

S = { λi ± λj | i ∈ A, j ∈ B }
S′ = { λi ± λj | i ∈ A′, j ∈ B }

in a root system of type Dn. Suppose further that |A| = |A′|, and let C ⊂ S ∪ S′ be
commutative. Then

|C| ≤ 2|A||B|.

Proof: Let φ : A −→ A′ be a 1-1 correspondence. Define a 1-1 correspondence Φ : S −→
S′ by

Φ(λi ± λj) = λφ(i) ∓ λj

Then S∪S′ splits into equivalence classes { x, Φ(x) }, where x+Φ(x) is a root. Therefore
C can contain at most one element form each class, hence the result.

We must now analyze the commutative systems of positive roots associated to each
of the above seven partitions. For the last two there is nothing to prove, since they are
of Borel-Siebenthal type. We take the remaining ones in turn. The first is the most diffi-
cult to treat.

Partition 1. In this case p = |I0|+|I2|+|I4| and q = 2. Write I1 = { α } and I3 = { β },
and organize the positive noncompact roots as in the table below:

I ′
0 I′′0 I ′

2 I ′
4 I ′′

2 I ′′
4

λi + λα λi + λβ λα + λj λα + λk λj + λβ λβ + λk

λi − λα λi − λβ λα − λj λα − λk λj − λβ λβ − λk

Indices i, j, k will be used systematically to refer to the index sets I0, I2, and I4. Roots
in the first row of the table are said to have type I′0(+), I ′′

0 (+), while those in the second
row have type I′0(−), etc. We shall use { I′r }, { I ′′

r }, { Ir } = { I ′
r } + { I ′′

r } to refer
to the number of roots of the indicated type that lie in the system C under considera-
tion. Applying Lemma 5.9 above, we see that only half the I4 roots can appear, so that
{ I4 } ≤ 2|I4|. To bound { I2 }, partition the I2 roots into sets with j constant:

C′
j = C ∩ { λα ± λj }

C′′
j = C ∩ { λj ± λβ }

Cj = C′
j ∪ C ′′

j
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If { I2 } > 2|I2| then there is a j such that |Cj | > 2. Call this index j0. Commuta-
tivity then forces

Cj0 = { λα + λj0 , λj0 + λβ , λj0 − λβ }.

Moreover, the presence of λj0 ±λβ in C excludes all roots of type I ′′
0 , and the presence of

λα + λj0 excludes elements of type I ′
0(−). Therefore { I0 } ≤ |I0|. In addition, com-

mutativity forces all sets Cj for j 6= j0 to be subsets of { λα ± λj }. Consequently
{ I2 } ≤ 2|I2| + 1, and so

|C| ≤ |I0| + 2|I2| + 2|I4| + 1.

Since
pq = 2|I0| + 2|I2| + 2|I4|,

we have |C| < pq unless |I0| = 1, in which case |C| ≤ pq. When I0 has cardinality 1, we
shall write it as I0 = { λ0 }.

It remains, then, to analyze the case { I2 } ≤ 2|I2|. Note that the relation { I4 } ≤
2|I4| obtained in the previous paragraph is still in force. Now if |I0| > 1, then { I ′

0 } ≤
|I0| and so by Lemma 5.8, { I ′

0 } ≤ |I0| and { I ′′
0 } ≤ |I0|. Consequently { I0 } ≤ 2|I0|,

and so |C| ≤ pq. If |I0| = 1, then |C| ≤ pq unless { I0 } > 2. The roots of type I0 are

λ0 + λα λ0 + λβ

λ0 − λα λ0 − λβ

We must study the cases in which { I0 } ≥ 3. If both λ0 − λα and λ0 − λβ are in C,
then commutativity forces { I ′

2 } = 0, { I ′
4 } = 0, { I ′′

4 } = 0, and { I ′′
2 (+) } = 0.

Consequently |C| ≤ 4 + |I2| ≤ pq. There remain two possiblities: the roots in C of
type I0 are { λ0 + λα, λ0 + λβ , λ0 − λα } or { λ0 + λα, λ0 + λβ , λ0 − λβ }. In
the first case commutativity forces { I ′

2 } = 0, { I ′
4 } = 0, and { I ′′

2 (−) } = 0, so that
|C| ≤ 3+|I2|+2|I4| < pq. In the second case { I ′′

2 } = 0, { I ′′
4 } = 0. The biggest set that

one can form under these restrictions is the one displayed below, which is commutative.
Note that its cardinality is pq + 1.

Table 4. Exceptional commutative system for partion 1.

λ0 + λα λ0 + λβ λα + λj λα + λk

λ0 − λβ λα − λj λα − λk

To summarize, if C is commutative for a system of positive roots coming from partition
1, then |C| ≤ pq + 1. Moreover, equality is possible only if |I0| = 1 and C has the form
given in table 4. This system is not Hermitian.

Partition 2. By ignoring the I4 roots wherever they appear, one may apply analysis
of the preceding case, obtaining the same conclusion, with the obvious modification to
table 4 above.
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Partition 3. In this case p = 2, q = |I1| + |I3|, and the roots under consideration are as
below:

I′1 I ′′
1 I ′

3 I ′′
3

λα + λi λi + λβ λα + λj λβ + λj

λα − λi λi − λβ λα − λj λβ − λj

Apply Lemma 5.9 to get { I3 } ≤ 2|I3|. If { I1 } ≤ 2|I1|, then |C| ≤ pq. Assume,
therefore, that |C| > pq, hence that { I1 } > 2|I1|. Let

Ci = { λα ± λi, λi ± λβ } ∩ C.

The hypothesis implies that there is an i such that |Ci| > 2. Without loss of generality
we may assume that this i = 2 (note α = 1), and that

C2 = { λα + λ2, λ2 + λβ , λ2 − λβ }.

In that case { I ′′
3 } = 0 and

Ci ⊂ { λα + λ2, λ2 − λα }

for i > 2. Therefore C is contained in the set displayed in the table below, where j ∈ I3

is arbitrary and where i ∈ I1 satisfies i > 2. This sytem is commutative and of car-
dinality pq + 1. As before, the bound is achieved only the system of the table, and the
resulting system is non-Hermitian.

Table 5. Exceptional system.

λα + λ2 λ2 + λβ λα + λj

λ2 − λβ λα − λj

λα + λi

λα − λi

Partition 4. By ignoring the I3 roots wherever they occur, the analysis of the preced-
ing case applies to give |C| ≤ pq + 1, with a single system of that cardinality, namely, the
one obtained by supressing the last column of the previous table.
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Partition 5.

In this case p = |I0| + |I2| and q = 2, and the roots to be considered are

I′0 I ′′
0 I ′

2 I ′′
2

λi + λα λi + λβ λα + λj λβ + λj

λi − λα λi − λβ λα − λj λβ − λj

Lemma 5.9 implies that { I2 } ≤ 2|I2|. If I0 > 1 then Lemma 5.8 implies that { I0 } ≤
2|I0|, so that |C| ≤ pq. If |I0| = 1, then the I0 roots are { λ1 +λα, λ1 +λβ , λ1−λα, λ1−
λβ }. If { I0 } ≤ 2, then we are done. If { I0 } = 4 then { I2 } = 0, since λ1 − λα kills
the λα ± λj and λ1 − λβ kills the λβ ± λj . In this case |C| ≤ 4 ≤ pq, with equality only
in the case |I0| = |I1| = 1.

If { I0 } = 3 and both λ1 − λα and λ1 − λβ appear,then |C| = 3 < pq. If just one of
the roots just discussed does not appear, then there are two possible maximal commuta-
tive systems. The first is

C′ = { λ1 + λα, λ1 − λβ , λ1 + λβ } ∪ { λα ± λj }.

The second is obtained from this one by replacing α with β. In this final case |C| ≤ pq +
1, realized by the system just given, and systems conjugate to it.

This completes the analysis of the case min(p, q) = 2.

The case min(p, q) = 3.

Consider at last a commutative system C with min(p, q) = 3. The usual arguments
based on reduction along a root λi − λr apply and function as expected, except that
when min(p, q) decreases, C ′ may be a system of excess dimension. It suffices to treat
this new possibility. If p is the smallest parameter, then the relevant inequality is

|C| ≤ (p − 1)q + 1 + |C′′| = pq + (1 + |C ′′| − q).

Since p, q ≥ 3, it suffices to show that |C′′| ≤ 2. To do this, consider one of the excep-
tional systems E described above, and let I be its index set. Let γ be a new index, and
let Ẽ be a commutative system containing E, built on the index set I ∪ { γ }, and con-
taining a root of the form λγ − λr or λr − λγ , where r ∈ I. We give a complete argument
for the first exceptional system; the others are treated similarly. Referring to Table 4,
we see that λγ − λr cannot occur. In the second case, r must be different from any of
the j’s, any of the k’s, and from β. Only the indices 0 and α remain, leaving the roots
λ0 ± λγ , λα ± λγ as candidates. The only possible sets C ′′ are therefore subsets of one of
the two-element sets { λ0 − λγ, λα − λγ }, { λ0 ± λγ }, { λα ± λγ }. Thus |C ′′| ≤ 2, as
required. The other cases are dealt with similarly.
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The argument just given in fact proves somewhat more. If q ≥ p = 3, and if C
contains a root of the form λi − λr in which a fundamental weight occurs with negative
coefficient then we have shown |C| ≤ pq. However, strict inequality holds if q > p. Thus,
if min(p, q) = 3 and C has maximum cardinality, it must be “standard”, i.e., equivalent
to C+, unless (p, q) = (3, 3). In this latter case there are, up to equivalence, just two
commutative systems of maximum cardinality, namely C+ and the system

C∗ = { λ0 + λ1, λ0 ± λ3, λ0 ± λ5, λ1 ± λ2, λ1 ± λ4 }

The parities of the indices are the natural ones, namely i modulo 2. If W is the abelian
space corresponding to C∗, then W + W̄ generates gC, i.e., G′ = G. Thus W is not the
holomorphic tangent space of any geodesically imbedded hermitian symmetric space.

We note in passing that all of the exceptional systems contain a system of the form

E = { λ0 + λα, λ0 ± λβ, λα ± λj }

for a suitable labeling of the indices, and where all indices are fixed except j, which ranges
over a set of elements of the same parity.

The cases SO(2p, 2q + 1) and SO(2p + 1, 2q + 1).

In these cases the root system is of type Bn and contains the substem Dn analyzed
above together with the short roots λi. One sees easily that the commutative system of
largest cardinality is that obtained by adjoining a single short root to a system of largest
cardinality for SO(2p, 2q).

§ 6. Centralizers of semi-simple elements.

In this section we describe the centralizers of semi-simple elements for the algebras
in our list, and use this information to find the maximum dimension µ of an arbitrary
abelian space, thus completing all the dimension bounds outlined in Step 1 of §2. In the
course of our analysis we will also determine an invariant ν0 such that if dim W > ν0

then W consists entirely of nilpotents. The values of µ and ν0 are given in table 6 below.
The case µ = ν0 is interpreted to mean that there are two kinds of abelian subalgebras
of dimension µ, one consisting entirely of nilpotents, the other containing a semisimple
element.
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Table 6. The Invariants µ and ν0.

Group µ ν0 Remarks

SU∗(2n) n(n − 1)/2 1 + (n − 1)(n − 2)/2 n ≥ 3

SL(2n) n(n + 1)/2 1 + n(n − 1)/2 n ≥ 3

SL(2n + 1) n(n + 1)/2 + 1 µ

Sp(p, q) pq 1 + (p − 1)(q − 1) q ≥ p ≥ 2

SO(p, q)
[

p
2

] [
q
2

]
+ ε(p, q)

[
p−1
2

] [
q−1
2

]
+ 2 p and q not both odd

p, q ≥ 6 p, q ≥ 7

SO(p, q)
[

p
2

] [
q
2

]
+ 1 µ p,q odd ≥ 3

To begin the proof, we recall that by part (b) of Step 1, it suffices to consider cen-
tralizers of real elements. These are described as follows:

6.1. Proposition. Let a0 ⊂ p be an abelian subspace, and l be the sum of the non-
compact simple subalgebras in the semi-simple part of the centralizer of a0. Then l is as
follows:

1. If g = sl(n, R), then l = sl(n1, R) ⊕ · · · ⊕ sl(nk, R), where n1 + · · ·+ nk ≤ n.

2. If g = su∗(2n), then l = su∗(2n1) ⊕ · · · ⊕ su∗(2nk), where n1 + · · · nk ≤ n.

3. If g = so(p, p + r), r ≥ 0, then l = sl(p1, R) ⊕ · · · ⊕ sl(pk, R) ⊕ so(q, q + r), where
p1 + · · · + pk + q ≤ p.

4. If g = sp(p, p + r), r ≥ 0, then l = su∗(2p1) ⊕ · · · ⊕ su∗(pk) ⊕ sp(q, q + r), where
p1 + · · · + pk + q ≤ p.
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Proof: Let a be a maximal abelian subspace of p containing a0, and let Σ ⊂ a∗ denote
the root system of g relative to a. Thus Σ consists of the restrictions to a of the roots of
gC relative to a Cartan subalgebra of gC containing a. This restricted system together
with the multiplicities of the simple roots determines g (see Table VI, pp 532-534 of [13])
. To prove the Proposition, one first observes that from the definition of l, the root sys-
tem of l is Σ ∩ a⊥0 From this it follows that any system of positive roots for Σ ∩ a⊥0 can
be enlarged to a system of positive roots for Σ. Therefore the associated simple roots for
Σ ∩ a⊥0 are also simple roots for Σ. Thus the Dynkin diagram of l is a subdiagram of the
Dynkin diagram of g. To complete the proof, one simply looks in [13] , Table VI, at the
Dynkin diagrams in question, and verifies that the possibilities listed in the Proposition
correspond precisely all the subdiagrams, together with their multiplicities. These are
the diagrams A I for case 1, A II for case 2, B II for case 3, r odd, D I for case 3, r even,
and finally C II for case 4.

Consider now an abelian space W = Wσ + Wν , where Wσ is the complexification of
a real abelian space, and Wν = W1 + · · · + Wk, where Wi ⊂ pC

i , and where li = ki ⊕ pi is
the Cartan decompositions of the Lie algebras li as in the proposition.

The dimension of each of these terms is, by definition, bounded by ν(li), the in-
variant described in Proposition 5.1 and Table 3. To bound the dimension of Wσ, note
that the split rank of z is the same as the split rank ρ of g, a fact which we can write as
ρ(g) = dim(Wσ) +

∑k
i=1 ρ(li). Therefore

dim W ≤ ρ(g) −
k∑

i=1

ρ(li) +

k∑

i=1

ν(li). (6.2)

The maximum of the right-hand side over all centralizers is the invariant µ. We must
compute it for the each of the groups SU∗, SL, Sp, and SO. In so doing we will also
determine a minimal integer ν0 such that dimW > ν0 implies that W consists entirely of
nilpotent elements. In some cases, namely, SL(n) for n odd or SO(p, q) for both p and
q odd, an abelian space of maximal dimension can have semisimple elements. We signal
this fact by writing ν0 = µ. The relevant information is summarized in Table 6 above.

Case SU .

We begin with this case, since it is the easiest. By the proposition, the summands
gi are of the form su∗(2ni), which have split rank ni − 1. Therefore the inequality (6.2)
can be written as

dim W ≤ k − 1 +

k∑

i=1

ν(li).

Setting f(n) = ν(n) + 1, this reads

dim W ≤ −1 +

k∑

i=1

f (ni).
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It will therefore be sufficient to maximize the expression on the right-hand side, which
we write as F (n1, ..., nk), for all partitions of numbers m ≤ n. In fact, it is enough to
maximize F (n1, ..., nk) for all partitions of n. For this it is enough to observe that the
function f (x) = x(x − 1)/2 + 1 is superadditive, i.e., f (x + y) ≥ f(x) + f(y), for
x, y ≥ 1. Therefore F , which is a sum of superadditive functions, is also superadditive.
Consequently it takes its maximum for the trivial partition (n), and so µ = n(n − 1)/2.
Moreover, since f is strictly superadditive if x > 1 or y > 1, the trivial partition is the
only partition for which the maximum is attained, except that F (2) = F (1, 1). Therefore
an abelian space of maximum dimension is necessarily nilpotent, except when n = 2.
In the extreme case, SU∗(4), the split rank is one, and ν = 1, so an abelian space of
maximal dimension consists entirely of semisimple elements or entirely of nilpotents.

Suppose that W does not consist entirely of nilpotents. Then it lies in a nontrivial
centralizer, hence is bounded by the value of F on a nontrivial partition. Superadditivity
implies that it is in fact bounded by F (n − 1, 1), which is always less than F (n) if n > 2.
Set

ν0 = F (n − 1, 1) = 1 + (n − 1)(n − 2)/2.

We have shown that an abelian space of dimension d > ν0 consists entirely of nilpotent
elements.

Case SL.

The analysis is similar to that of the previous, case, except that the formula for
f (n) depends on the parity of n. Elementary arguments show that it is superadditive,
and strictly superadditive except for the cases

f (4) = f(3) + f(1)

f (4) = f(2) + f(2)

f (2m + 1) = f (2m) + f (1)

Therefore

µ(n) =
1

2

[n

2

] ([n

2

]
+ 1

)
+ ε(n),

where ε(n) = 0, 1 according to whether n is even or odd. When n is odd, there is al-
ways an abelian space of maximal dimension which has the form a′ + W ′, where a′ is a
one-dimensional space of semisimple elements, and where W ′ is an abelian space of max-
imum dimension in a copy of SL(n − 1), namely, the centralizer of a′ in g. When n is
even, µ = ν except for n = 2, 4.

Suppose now that W is an abelian subspace for SL(2n) which does not consist en-
tirely of nilpotents. Then it lies in a nontrivial centralizer and so, by superadditivity, is
bounded in dimension by F (2n − 1, 1) = n(n − 1)/2 + 1, which quantity we denote by ν0.
Thus, if dim W > ν0, then W consists entirely of nilpotent elements.

Case Sp.
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We shall write the symplectic group as Sp(p, p + r) as in the proposition. The de-
composition of z then takes the form

a + l1 + · · · + lk + lk+1, (6.3)

where the li for i < k+1 are copies of su∗(pi), gk+1 = sp(q, q+r), and p1+· · ·+pk+q ≤ p.
Since the split rank of Sp(p, p + r) is p, the bound (6.2) can be written

dim W ≤ F (p1, ..., pk) + q(q + r) + 1,

where F is the function used in arguing the case SU∗. The relation remains valid when
k = 0, provided that one defines F (∅) = −1. Using the bounds for SU∗, we find that

g(q) = (p − q)(p − q − 1)/2 + q(q + r) + 1 for q < p,

g(p) = p(p + r)

This function is convex on the interval [0, p − 1] and so takes its local maxima at end-
points. In fact, it takes its local maxima at the endpoints of the larger interval [0, p],
from which we conclude that W is always bounded in dimension by g(p) = p(p + r).
This is the value of the invariant µ. Except for the case sp(1, 1) ∼= so(1, 4), the value
of g at the right-hand endpoint exceeds the value at the left-hand endpoint. Nontrivial
abelian spaces are then one-dimensional, and can be either of semisimple or nilpotent
type. Thus, if (p, p + r) 6= (1, 1), then an abelian subspace contained in a nontrivial cen-
tralizer must have dimension no larger than ν0 = g(p − 1) = (p − 1)(p − 1 + r) + 1. Any
abelian subspace of larger dimension consists entirely of nilpotent elements.

Case SO.

The decomposition of a typical centralizer takes the form (6.3) used above, except
that now li = sl(pi) for i < k + 1, and lk+1 = so(q, q + r), where p1 + · · · pk + q ≤ p.
Arguing as before, we find that

dim W ≤ F (p1, ..., pk) + ν(q, q + r) + 1,

where now F is the partition function for SL, and ν(q, q + r) is the dimension of a maxi-
mal abelian subalgebra of so(q, q+r) which consists entirely of nilpotents. For low values
of p there are only a small number of cases to consider. Computing them by hand, we
obtain the following for µ(p, q) with q ≥ p:

µ(1, q) = 1

µ(2, q) = q

µ(3, q) = q + 1

µ(4, q) = 2q + 1

µ(5, q) = 2q + 2

µ(6, q) = 3
[ q

2

]
+ ε(q),
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For the remaining cases we proceed by induction, with inductive hypothesis

µ(p, q) =
[p

2

] [ q

2

]
+ ε(p, q),

where ε = 0 if both p and q are even, and ε = 1 otherwise, and where q ≥ p ≥ 6.
Because of the superadditivity of the partition function which computes the dimension
of the sl(n)-type terms, it is enough to argue the cases 1) z = g, 2) z = a + g1, and 3)
z = a+g1+g2, where in each a is one-dimensional. Suppose first that (p, q) = (2a, 2b). In
case (1) the bound is that for spaces of nilpotents, namely, ab. In case (2) the centralizer
is of the form a + so(2a − 1, 2b − 1), for which the bound is (a − 1)(b − 1) + 2. This
quantity is strictly less than ab, since for the puposes of induction we assume b ≥ a ≥
4. For case (3) The centralizer is of the form a + sl(2c − 1) + so(2a − 2c, 2b − 2c) or
a + sl(2c) + so(2a − 2c, 2b − 2c). We compute the relevant bound in each case, and see
that the second is always larger, namely, g(c) = (a − c)(b − c) + c(c + 1)/2 + 1. This
function is convex, and so takes its local maxima at endpoints of the relevant interval,
which is [1, a]. Now g(1) = (a − 1)(b − 1) + 2, which is a value already considered, and
g(a) = a(a + 1)/2 + 1. We find that ab > g(a) for b ≥ a > 2. The induction step
is therefore complete in this case (p and q both even). Moreover, we see that if W is an
abelian subspace of dimension greater than

ν0 = (a − 1)(b − 1) + 2,

then it must consist entirely of nilpotent elements.

There is a similar analysis for the other cases. If (p, q) = (2a, 2b + 1), with a, b ≥
3, then µ = ab + 1. Moreover, if W has dimension greater than ν0 = (a − 1)b + 2,
then it consists entirely of nilpotents. If (p, q) = (2a + 1, 2b + 1), then µ = ab + 1, but
one can make no statement about nilpotents, since there is an abelian space of the form
a + W ′ with a one-dimensional and semisimple, and W ′ maximal abelian for a copy of
so(2a, 2b), the centralizer of a.

The induction argument, modulo the verifications indicated above, is now complete.
We have also established the following. Let W be an abelian subspace for so(p, q), where
p, q ≥ 4, and at least one of p, q is even. If

dim W ≥ ν0 =
def

[
p − 1

2

] [
q − 1

2

]
+ 2,

then W is abelian.

§ 7. Rigidity

In this section we carry out the arguments necessary to establish infinitesimal and
global rigidity that were sketched in §2 for groups of type I. The ultimate goal is to show
that f takes values in the image of a quotient of a Hermitian symmetric space G1/K1 by
a discrete group. Here is a precise statement:
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7.1. Rigidity Theorem.. Let X = G/K be a symmetric space, where G is one of
SL(2n), SU∗(2n), SO(2p, 2q), or Sp(p, q), subject to the restrictions n ≥ 3, in the
first two cases, p, q ≥ 3, (p, q) 6= (3, 3) in the third, and p, q ≥ 2 in the last. Let
f : M −→ X/Γ be a harmonic map of maximum rank, as given in Table 6. Then f
factors as gh, where h : M −→ X1/Γ1 is holomorphic, X1 = G1/K1 is a hermitian
symmetric space, Γ1 is a subgroup of Γ acting discretely on it. Moreover, the map g is
a geodesic immersion. Finally, the groups G1 corresponding to G are given in Table 7
below.

Proof: According to the sketch presented in §2, the rigidity argument comes in two
parts, first order and global (=local). In the last four sections we have completed the
arguments sketched in Step 1 of §2, and proved that for the groups G of Theorem (7.1)
any maximum dimension abelian subalgebra consists entirely of nilpotent elements, and
that its space of leading roots is unique, up to isomorphism, and is p+

1 for the Hermitian
symmetric subspace corresponding to G1. We conclude the remaining details of Steps 2
and 3 of §2.

Let W be an abelian subalgebra of maximum dimension µ as in Table 6. Then W =
{X + φ(X) : X ∈ p+

1 } for some linear map φ : p+
1 → q+ satisfying (2.3). We let

q′ = q+ + q−, and observe that q′ ⊂ qC, with equality for the groups SO and Sp, but
strict containment for SL and SU . (In the latter cases qC also contains the non-compact
part of the fundamental Cartan subalgebra of Lemma (3.1).) We view φ as taking values
in m + q′, which is a p+

1 -module. From this perspective φ is a cocycle for Lie algebra co-
homology, with class [φ] ∈ H1(p+

1 ,m + q′). Observe next that p+
1 is a k1-module as are

the terms of the decomposition m+ + m− + q′. Therefore the space of 1-cochains

C1 = Hom(p+
1 ,m + q′), (7.2)

decomposes into k1-modules as

Hom(p+
1 ,m+) ⊕ Hom(p+

1 ,m−) ⊕ Hom(p+
1 , q′).

and this decomposition passes to cohomology. Indeed, one finds that

δ(m+) = 0

δ : m− −→ Hom(p+
1 , q′)

δ : q′ −→ Hom(p+
1 ,m+),

so that
H1 = Hom(p+

1 , m+)0/δq′ ⊕Hom(p+
1 , m−)0 ⊕ Hom(p+

1 , q′)0/δm−, (7.3)

where the subscript denotes the space of cocycles. Using a theorem of Kostant [10], we
shall show, under the hypotheses of Theorem 7.1, that only the first term in the pre-
ceding decomposition is nonzero: the m− and q′ components of H1 vanish. Thus φ is a
coboundary, so that there is an element X0 of mC such that φ(X) = [X,X0]. As noted in
§2, this implies that W ′ is KC-conjugate to p+

1 .
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To obtain the stronger K-conjugacy result, we compare the K and KC orbits of
p+
1 . The first can be identified with K/K1 and the second with KC/F , where F is a

parabolic subalgebra with Lie algebra f = kC
1 + m+. From this last assertion it follows

that the two orbits have the same dimension. Indeed, the real tangent space of K/K1 is
the set of real points in m, whereas that of KC/F is m−, viewed as a real vector space.
It follows that the inclusion of the K-orbit in the KC-orbit is open. But the K orbit is
compact, so that in view of the connectivity of the KC-orbit, the inclusion must be an
isomorphism.

As explained already Step 3 of §2, from first-order rigidity one obtains local liftings
of a harmonic map f of maximum rank from G/K to G/K1. Local rigidity follows once
this map is known to be horizontal, meaning that µ = 0, where d = D1 + µ + θ gives
the reduction of the flat G-connection to a K1-connection. Since µ is real-valued, it suf-
fices to establish the vanishing of its (1,0) component µ′. This we do using the equations
which µ′ satisfies. First, since df maps T 1,0M onto p+

1 , we may reagrd µ′ as defined on
p+
1 . Equation (2.9) implies that µ′ : p+

1 −→ m, viewed as is a map from p+
1 to m + q′, de-

fines a class in H1(p+
1 , m + q′). By the application of Kostant’s theorem, already referred

to above, we see that [µ′] = [µ′
+] + [µ′

−], with [µ′
−] = 0. In fact, µ′

− vanishes as a cocycle,
since, by (2.3), there are no coboundaries of type m−. To kill the remaining part of µ,
we use the conjugate of the second equation of (2.8), which implies that µ′

+(X) is a vec-
tor in m+ commuting with p−1 . From Table 7 below, we see that any such vector must
vanish.

It remains to justify the assertion made earlier, that all H1(p+
1 ,m + q′) is entirely of

type m+. For this we use a special case of Theorem 5.14 of [10], which may be stated as
follows:

7.4. Theorem (Kostant).. Let (g1, k1) be a Hermitian symmetric pair, and let V be
an irreducible g1-module with highest weight λ and highest weight vector vλ. Consider
a system of simple roots for g1 such that p+

1 is a sum of positive root spaces. Let σ be a
simple reflection such that all roots of ∆+(k1) are positive. Let ω be an element of the
space dual to p+

1 . Then highest weight vectors of H1(p+
1 , V ) have the form ω ⊗ vσ(λ).

Using the criterion of the theorem and the explicit form of the roots for g1 and k1 given
in Table 7, it is easy to determine the (unique) distinguished reflection σ of the preced-
ing theorem. Under the hypotheses of Theorem 7.1 the highest weight vectors of m + q′,
which are always of type m+, are invariant under σ. This completes the proof.
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Table 7.

Group Roots Remarks

SL(2n) ∆+(k1) = { λr − λs | r < s } k1 = u(n)
∆+(p1) = { λr + λs | r ≤ s } g1 = sp(n, R)
∆+(m) = { λr + λs | r < s } k = so(2n)
∆+(q) = { λr − λs | r < s }
m + q′ = V λ1+λ2

σ = σαn λn −→ −λn

SU∗(2n) ∆+(k1) = { λr − λs | r < s } k1 = u(n)
∆+(p1) = { λr + λs | r < s } g1 = so∗(2n)
∆+(m) = { λr + λs | r ≤ s } k = sp(n)
∆+(q) = { λr − λs | r < s }
m + q′ = V 2λ1

σ = σαn λn 7→ −λn, λn−1 7→ −λn−1

SO(2p, 2q) ∆+(k′1) = { λa − λb | a < b } k′1 = u(p) in general, a, b ≤ p
∆+(k′′1 ) = { λi − λj | i < j } k′′1 = u(q) in general, i, j > p
∆+(p1) = { λa − λi } g1 = u(p, q)
∆+(m′) = { λa + λb | a < b } k′ = so(2p)
∆+(m′′) = { −λi − λj | i < j } k′′ = so(2q)
∆+(q) = { λa + λi }
m + q′ = V λ1+λ2 ⊕ V −(λn−1+λn) n = p + q
σ = σαp = (p, p + 1) λp ↔ λp+1

Sp(p, q) ∆+(k′1) = { λa − λb | a < b } k′1 = u(p) in general, a, b ≤ p
∆+(k′′1 ) = { λi − λj | i < j } k′′1 = u(q) in general, i, j > p
∆+(p1) = { λa − λi } g1 = u(p, q)
∆+(m′) = { λa + λb | a ≤ b } k′ = so(2p)
∆+(m′′) = { −λi − λj | i ≤ j } k′′ = so(2q)
∆+(q) = { λa + λi }
m + q′ = V 2λ1 ⊕ V −2λn n = p + q
σ = σαp = (p, p + 1) λp ↔ λp+1

§ 8. Existence.

The purpose of this section is to demonstrate the existence of non-obvious harmonic
mappings, namely, ones that do not come from sources 1–3 mentioned in the introduc-
tion (geodesic immersions, maps which factor through a curve, and maps which factor
through totally geodesic real tori). Our constructions, based on the following lemma,
come from Hodge theory:
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8.1. Lemma.. Let F : M −→ D/Γ be a variation of Hodge structure, and let p :
D/Γ −→ X/Γ be the canonical projection to the associated locally symmetric space.
Then p ◦ F is pluriharmonic.

With this in hand, we can construct pluriharmonic maps whose domain is, in an essen-
tial way an algebraic surface:

8.2. Theorem.. There exist pluriharmonic mappings f : M −→ X/Γ, where M is an
algebraic surface and X = G/K with G = SO(2p, q). The differential of these mappings
is generically injective, and the image of the fundamental group is a lattice Γ in G.

Proof of (8.1). Recall that D = G/V and X = G/K , where K is maximal compact
and V ⊂ K is the centralizer of a torus. A map from f : M −→ D/Γ is given by a
flat G-connection ∇ and a reduction of it to a V -connection, where D = G/V . Write
∇ = D + θ, where D is the V -connection and θ is a g-valued 1-form representing df .
Write the decomposition into forms of type (1, 0) and (0, 1) as θ = θ′ + θ′′. If θ′ is g−1,1-
valued, where gC =

∑
gp,−p is the natural Hodge decomposition on the Lie algebra, then

f is, by definition, a variation of Hodge structure. Now write out the equation ∇2 = 0,
separating it into components relative to the decomposition

g ⊗ Ak =
∑

g−p,p ⊗Ar,s.

One finds that D′′2 = 0, D′′(θ′) = 0, and [θ′, θ′] = 0. These same equations hold if one
views D as a K-connection and θ as a p-valued one-form, i.e., if one views the projec-
tion f of F to the associated locally symmetric space. But these are the pluriharmonic
equations for p ◦ F .

It remains to construct variations of Hodge structure with compact base. For this it
would suffice to construct a smooth family of algebraic varieties with compact parame-
ter space M ; the “period mapping”, which associates to t ∈ M the Hodge structure on
Hk(Vt) then gives a variation of Hodge structure. Unfortunately, it is difficult to con-
struct nontrivial families with compact parameter space. We therefore construct first
a smooth family V −→ U , where U is a Zariski open in a projective manifold T , and
with the property that the local monodromy representation is finite. To explain this, let
D = T − U be the divisor at infinity, let p be a point of D, let B be a small ball centered
at p, and let b be a point of B − D. “The” local monodromy representation is the natu-
ral representation ρp : π1(B − D, b) −→ GL(Hk(Vb)). By pulling back the original family
on U to a suitable unramified cover U ′, we obtain a family with trivial local monodromy.
The new parameter space sits as a Zariski open in a projective variety M ; appealing to
a theorem of Griffiths that asserts that period mappings behave locally as do holomor-
phic maps to a bounded domain, we find that the lifted map extends (as a variation of
Hodge structure) to M . We have therefore reduced the construction to a) filling in the
details of the sketch just given and b) constructing nontrivial families with finite local
monodromy.

38



Let us complete the sketch of the proof, then construct the required families. To
this end we suppose given a family of algebraic varieties V −→ T which is smooth over a
Zariski open set U = T − D, where D is a normal crossing divisor, i.e., one whose local
equations are of the form z1 · · · zk = 0, where z1 , . . . , zn are local analytic coordinates.
Let ρ : π1(U, b) −→ Γ be the monodromy representation. Its image is a finitely generated
matrix group and so has a normal subgroup Γ′ which is torsion-free and of finite index in
Γ. We may take this subgroup to be defined by suitable congruences [2]. Let U ′ be the
unramified cover corresponding to the kernel of the natural map π1(U, b) −→ Γ/Γ′, and
let ρ′ : π1(U

′, b′) −→ Γ′ be the induced monodromy representation. According to lemma
8.3 below, the cover U ′ has the form M − D′, for a suitable projective manifold M . Now
suppose that the local monodromy representations for the family V over T are finite.
The same is true for the pullback of this family to M . However, these representations
must in fact be trivial, since they take values in a torsion-free group. Griffiths’ extension
theorem [12] then applies to show that the period map for this family extends from U ′

to M .

We turn now to the compactification result:

8.3. Lemma.. Let Y be a projective variety, D a hypersurface in Y , and f ′ : U ′ −→
Y − D a finite unramified cover. Then there is a projective variety X, and an algebraic
map f : X −→ Y which extends f ′.

Proof. By resolution of singularities we may assume that D has normal crossings. Thus,
a p is a point of D has a coordinate neighborhood V such that V ∗ = V ∩ Y − D is iso-
morphic to a product of disks and punctured disks: V ∗ = ∆p × ∆∗q. The unramified
covers of these are given by maps

(s1 , . . . , sp, t1 , . . . , tq) −→ (s1 , . . . , sp, tn1
1 , . . . , tnq

q )

Therefore one can locally form a smooth compactification of the cover in question. The
local divisor at infinity is a normal crossing variety. These local compactifications patch
together to give a global compactification which, a priori, is merely an analytic space.
Using the Nakai-Moishezon criterion, however, one sees that it is in fact projective. We
give the complete argument in the two-dimensional case, which is all we need. Let L be
a bundle on Y which projectively imbeds Y , and let L̃ be its pullback to X. Take two
sections of L whose zero sets Z1 and Z2 meet transversely have no common points which
lie on the branch locus. Then the intersection number (Z1 · Z2) is positive. If Z̃i denotes
the zero set of the pullback, then (Z̃1 · Z̃2) = n(Z1 · Z2) > 0. Here n is the degree
of the cover. Next, let W be an irreducible curve on X which does not lie in the rami-
fication locus. Its projection to Y meets a suitably chosen zero set Z of a section of L
transversely and away from the branch locus. Since W meets the inverse image of Z in
the same way, (W · Z̃) is positive. It remains to consider the case of W irreducible and
contained in the branch locus. Since that locus is a normal crossing variety, we can still
find a section Z of L whose zero set meets the projection of W tranversely. Again, we
conclude that (W · Z̃) is positive.
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Finally, we construct two-parameter families whose global monodromy group is
arithmetic, but whose local monodromy groups are finite. To this end consider the fam-
ily of all hypersurfaces of degree d and dimension n, parametrized by PN . Let D be the
discriminant locus, i.e., the set t ∈ PN such that the corresponding hypersurface Xt is
singular. Let Γ̃ = O(Hn(Xt)0) be the orthogonal group on the primitive integral co-
homology which preserves the cup-product. The monodromy group Γ of this family is a
subgroup of Γ̃ and, according to a result of Beauville [1] Theorem 2, it is of index two,
provided that n is even and d ≥ 4. If n ≥ 4, it is enough to require that d ≥ 3. Consider
now a generic 2-plane L ⊂ PN , and let C = L ∩ D be its intersection with the discrim-
inant locus. This curve contains a Zariski-open set of smooth points corresponding to
hypersurfaces with a single ordinary double point and no other singularities. In suitable
local analytic coordinates x1 , . . . , xn+1 the equation of such a hypersurface near such a
point is x2

1 + · · · + x2
n+1 = 0. It is well-known that the local monodromy group for these

singularities is of order two, given by a Picard-Lefschetz reflection. It is also fairly well-
known that for when L is generic, the singular locus of C consists of two types of points,
those for which Xt has two ordinary double points, and those for which Xt has one A2

singularity and is otherwise smooth. Recall that an A2 singularity has local equation
x2

1 + · · · + x2
n + x3

n+1 = 0. In either case, the local monodromy group is finite. Moreover,
the inclusion of L−C in PN −D induces an isomorphism on fundamental groups, so that
our family restricted to L satisfies both of the local and global conditions we have sought
to impose.

We were unable to find a reference for the fact that the singular locus of C, for
generic L, has the asserted properties, and so reproduce here an argument due to Robert
Varley. To begin, we note that the singular locus of D is the union of two pieces D′ and
D′′, the first consisting of points t for which Xt has more than one singular point, the
second consisting of points t for which Xt has a singular point whose tangent cone is
nongeneric. To understand D′, consider the locus L(p, q) of points t in D for which Xt

has two singularities at fixed locations p and q in Pn+1. This is a linear subspace of PN ,
since it is defined by the equations ∇F (p) = 0, ∇F (q) = 0, where F is a homogeneous
form with undetermined coefficients, and where ∇F is its gradient. The linear system of
hypersurfaces parametrized by L(p, q) has a base locus B, namely the set of points com-
mon to all of the hypersurfaces of the system. By Bertini’s theorem, a general member
of this system of hypersurfaces is smooth outside B. However, if d is large enough, e.g.,
larger than 3, B consists of p and q alone. (One may argue with reducible hypersurfaces
to establish this point). Similar arguments apply to D′′. Consider the locus L(p, v) con-
sisting of hypersurfaces { F = 0 } where ∇F (p) = 0 and H(F, p)v = 0, where H(F, p)
is the (Hessian) matrix of second partials at p. This set is again a projective linear sub-
space, and Bertini’s theorem applies in the same way: if d is large enough, then the base
locus consist of p and nothing else.

It remains to show that the differential of the pluriharmonic map f is generically in-
jective. By Griffiths’ local Torelli theorem [11], dF is generically injective if the 2-plane
L is generically transverse to the orbits of PGL(n) acting on PN , which is the case if L
is chosen generically. Since F is horizontal, the result follows.
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§ 9. Concluding Remarks

In this section we prove some of the results that were mentioned in the introduction
and which follow from our methods. We also discuss some open problems.

First we recall the statement of theorem 1.2 from the introduction, concerning rep-
resentations into SO+(2p, 2q):

9.1. Theorem. Let M be a compact Kähler manifold, let ρ : π1(M ) → SO+(2p, 2q),
p, q ≥ 3, (p, q) 6= (3, 3), be a representation, and let e+ ∈ H2p(M ) be the Euler class of
a maximal positive sub-bundle of the flat vector bundle associated to ρ. If eq

+ 6= 0, then
the image of ρ is contained in some embedding of U(p, q) in SO+(2p, 2q).

For the proof, we note that if the representation ρ is reductive, then by a Theorem
of Corlette [6], it follows that the associated flat bundle has a harmonic section, equiv-
alently, that there is a ρ-equivariant harmonic map f : M̃ :→ X, where X is the sym-
metric space for SO+(2p, 2q). The characteristic class in question is represented by the
pull-back by f of an invariant form on X of degree 2pq, hence its non-vanishing implies
that f has rank at least 2pq = dim(X1), where X1 is the symmetric space for U(p, q).
The compactness of M implies that f is pluriharmonic, hence by the analogue of Theo-
rem 1.1 for sections, it follows that the image of f is contained in an embedded copy of
X1. This implies that the image of ρ is contained in the subgroup of SO+(2p, 2q) which
leaves X1 invariant, and this group is isomorphic to U(p, q). Thus it suffices to prove
that ρ is reductive, and this follows from the following Lemma:

9.2. Lemma. Let ρ : M → SO+(2p, 2q) be a representation such that the character-
istic class e+ satisfies e2

+ 6= 0. Then the Zariski closure of the image of ρ is a reductive
subgroup of SO+(2p, 2q).

Proof: Otherwise, the Zariski image of the image of ρ is contained in a proper R-parabolic
subgroup of SO+(2p, 2q), and ρ can be deformed into a representation into the (semi-
simple) Levi factor H of this subgroup. Now the possiblities for H can be read off from
the third line of Proposition 6.1. Geometrically this means that the indefinite inner
product space R2p,2q splits as an orthogonal direct sum

R2p,2q = Ra0,a0 ⊕ Ra1,a1 ⊕ · · · ⊕ Rak,ak ⊕ Rb,b+c,

where a0 + a1 + · · · ak + b = 2p, c = 2q − 2p, H acts trivially on Ra0,a0 , acts by the
standard embedding of SL(ai, R) in SO+(ai, ai) on Rai,ai , and acts as SO+(b, b + c)
on Rb,b+c. The bundle E associated to ρ splits accordingly, and maximal positive and
negative sub-bundles E+, E− of E can be chosen to also split accordingly:

E+ = E0
+ ⊕ E1

+ ⊕ · · ·Ek
+ ⊕E′

+,

similarly for E−. Now the Euler class e is multiplicative, so

e+ = e(E+) = e(E0
+)e(E1

+) · · · e(Ek
+)e(E′

+).
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For H to be a proper subgroup of SO+(2p, 2q) we must have that for at least one i ∈
{0, · · · , k} the summand Ei

+ 6= 0. If the summand E0
+ 6= 0, since it corresponds to a

trivial sub-bundle, e(E0
+) = 0, and consequently e+ = 0. If one of the summands Ei

+ 6=
0, since the bundle Ei

+ ⊕ Ei
− is flat and Ei

+ ≈ Ei
− as real vector bundles (because the

embedding of SL(ai) in SO+(ai, ai) preserves a symplectic form on Rai,ai which dually
pairs Ei

+ and Ei
− ), we see that e(Ei

+)2 = 0 and consequently e2
+ = 0, and the proof is

complete.

From the discussion of §8 we note that harmonic maps which arise from variations
of Hodge structure are nilpotent, meaning that df(T 1,0

x M ) ⊂ pC is nilpotent for all x ∈
M . As noted in the introduction there is a partial converse to this. The number ν0 =
ν0(G/K), is as in §6, Table 6, and 2ν0(X) = r(X), where r(X) is as in the introduction.

9.3. Theorem. Let f : M −→ N be a harmonic map. If rank(dxf) > 2ν0 for some
x ∈ M , then f lifts to a variation of Hodge structure.

Proof: As in the proof of Theorem 7.1, we can view f as defined by a flat connection ∇
and a decomposition D + θ, where D is a K connection and the p-valued one-form rep-
resents df . Let D = D′ + D′′ and θ = θ′ + θ′′ be the decompositions into type. The
pluriharmonic equation D′′θ′ = 0 and its consequences D′′2 = 0 and [θ′, θ′] = 0 as-
sert that the pair (D′′, θ′) constitute a Higgs bundle. (These notions were introduced by
Hitchin [14] and extended by Simpson [21]. Here we shall follow the excellent exposition
of [8]). Now there is a moduli space of Higgs bundles and a circle action on it, the fixed
points of which are variations of Hodge structure:

D + θ′ + θ′′ 7→ D + eitθ′ + e−itθ′′

The infinitesimal generator of this action is, relative to the natural symplectic form de-
fined on the space of Higgs bundles, the gradient of the energy ([14], second equation of
§7). The latter is defined as E(θ) = iη(θ′, θ′′), where

η(φ, ψ ) =

∫

M

B(φ, ψ ) ∧ ωm−1

is the symplectic form. Here B is the Killing form and ω is the Kähler form. Now, by
a remark of Corlette, the energy is a plurisubharmonic function on the space of Higgs
bundles. The relevant computation is

∂2E

∂t∂t̄
iη(θ′ + tφ′, θ′′ + tφ′′) = iη(φ′, φ′′)

where
∇t = ∇ + tζ = (D + tψ ) + (θ + tφ)

is a family of Higgs bundles. Since φ is real, φ′′ = φ̄′, and so the Levi form is positive on
the space of connections. It is also basic, and so descends to the moduli space of Higgs
bundles.
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It remains to show that the component of the moduli space in which the Higgs bun-
dle associated to f lies is compact. For then the energy, which is plurisubharmonic, is
constant, and so its gradient, which generates the circle action, is zero, hence the circle
action is trivial and f is necessarily a fixed point. But our hypothesis on the rank (at
some point x ∈ M , hence on the complement of an analytic subvariety) implies that all
deformations θ′t of the given Higgs field are nilpotent, i.e., θ′t(Xp) is a nilpotent endomor-
phism for any holomorphic tangent vector Xp. But, according to Lemma 3.17 of [21] (cf.
also §4 of [14], the map which associates to a Higgs field its characteristic polynomial is
proper, and so the result follows.

Finally we make some remarks on problems that are more global in nature.

The first concerns the algebras of Type II, where the largest-dimensional abelian
subalgebra (consisting of nilpotents) does not correspond to a Hermitian symmetric sub-
space. The space of leading roots is a maximum commutative system C whihc contains
a subsystem C ′ of cardinality one less which is the (1,0)-tangent space of a Hermitian
symmetric subspace. We first observe that for the groups SO(2p, 2q + 1) these alge-
bras can be realized as tangent spaces of pluriharmonic maps. This follows from the
example of a variation of Hodge structure constructed in §7, IV, of [4], which, by projec-
tion to the symmetric space produces, by Lemma 8.1, a pluriharmonic map. Comparing
the description of C+ in Table 2 with the correspondence between tangent vectors and
root vectors displayed in p. 685 of [4], we see that this pluriharmonic map realizes the
abelain space WC corresponding to the maximum commutative system C = C+. The
domain of this map is a Siegel domain of the third kind which fibres over the unit disk in
C, with fibre the Hermitain symmetric space corresponding to the subsystem C′.

It seems unlikely that these domains admit compact, or even quasiprojective quo-
tients. It also seems possible that these examples are the only ones in the sense that any
other factors through one of the“standard” ones on the level of universal covers. If both
these statements turn out to be true, they would imply that that these algebras can-
not be realized by a pluriharmonic map of a compact complex manifold to a quotient of
G/K . It would then follow that the maximum homotopical rank of a map of a compact
Kähler manifold to a quotient of G/K would still be the largest dimension of a Hermi-
tian symmetric subspace.

It also seems possible that the maximum-dimensional abelian subalgebra of the re-
maining groups of Type II (and of the exceptional 9-dimensional commutative system
for SO(6, 6), which makes this group, in our terminology, both of Type I and Type II)
can also be realized by similar pluriharmonic maps of Siegel domains. If this is the case,
then we could also attempt the more global approach suggested above in all these cases.

Finally we would like to point out one interesting problem concerning the group
Sp(n, 1). We proved in Theorem (3.5) (c) of [5], and it also follows from our results here
(in §7), that first-order rigidity holds in this case. But local rigidity clearly cannot hold,
since there are as many local pluriharmonic mappings as there are horizontal mappings
into the associated twistor space Sp(n, 1)/Sp(n) × U(1), and the latter are integral man-
ifolds of a holomorphic contact structure, hence form a space of infinite dimension. The
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question of global rigidity (for maps of compact Kähler manifolds into quotients of the
symmetric space) is open and we have no conjectures on its possible resolution.
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