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Abstract. In a recent paper Hodgson and Kerckhoff prove a local rigidity theorem for
finite volume, three-dimensional hyperbolic cone-manifolds. In this paper we extend this result
to geometrically finite cone-manifolds. Our methods also give a new proof of a local version of

the classical rigidity theorem for geometrically finite hyperbolic 3-manifolds.
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1. Introduction

A hyperbolic cone-manifold is a singular hyperbolic structure where the singularity is

a simple closed curve with cross-section a hyperbolic cone. We say a hyperbolic

structure on a manifold, M0, is locally rigid if for any smooth family of hyperbolic

metrics Mt;M0 is isometric to Mt for small t. In a recent paper [HK] Hodgson

and Kerckhoff prove a local rigidity result for finite volume three-dimensional

hyperbolic cone-manifolds. In this paper we extend this result to geometrically finite

cone-manifolds without rank one cusps. The methods employed were first developed

by Calabi [Cal] and Weil [Wel] in their proof that closed hyperbolic manifolds of

dimension 5 3 are locally rigid. Garland [Gar] extended their result to finite volume

hyperbolic manifolds.

The result here is another example of the rich deformation theory of hyperbolic

manifolds that is special to dimension three. The contrast between three-dimensional

hyperbolic manifolds and those of dimension 5 4 can be seen in Garland and

Raghunathan’s [GR] proof that finite volume hyperbolic manifolds of dimension

5 4 cannot be deformed even through incomplete hyperbolic structures while in

dimension 3 Thurston [Th] showed that if M has nonempty boundary there is at least

a one-dimensional space of deformations through incomplete structures. The basic

philosophy is that a hyperbolic structure is determined by its boundary geometry.

We will exploit Thurston’s result in an essential way here.

A geometrically finite hyperbolic structure on the interior of a 3-manifold M

extends to a conformal structure on the boundary of M. Our work here provides
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a new proof of the following well known result which is the work of many people

including Ahlfors, Bers, Kra, Marden, Maskit, Mostow and Prasad. An expository

account can be found in [Bers].

THEOREM 1.1. M is locally rigid rel the conformal boundary.

If @M is incompressible then the classical proof shows that this is a global result. In

the general case there is also a global result although it takes more work to state.

Although the result is stronger than the local theorem we prove the methods of

proof of the global theorem do not generalize to cone-manifolds. In the original

proof one uses the completeness of the hyperbolic structure to convert the problem

to that of studying the action of a discrete group of Möbius transformations on the

Riemann sphere, bCC. For a cone-manifold the group will not be discrete and the

relationship between the action of the group on bCC and the hyperbolic structure is

unclear. In our proof of Theorem 1.1, little use is made of completeness nor is the

action of the group on bCC studied. In particular, two results at the heart of the

classical proof, the measurable Riemann mapping theorem and the zero area

theorem for limit sets, are not used.

These methods allows us to extend Theorem 1.1 to cone-manifolds.

THEOREM 5.8. If M is a geometrically finite cone-manifold without rank one cusps

and all cone angles are 42p then M is locally rigid rel cone angles and the conformal

boundary.

We remark that Theorem 5.8 should still hold for structures with rank one cusps.

In particular the classical proof of Theorem 1.1 does allow such cusps.

McMullen [Mc] has shown that local rigidity of geometrically finite cone-

manifolds for cone angles greater than 2p implies the grafting conjecture for simple

closed curves. This was one the original motivations of this work. Scannell and Wolf

[SW] have recently proved this conjecture for all laminations using harmonic maps.

Local rigidity for cone angles greater than 2p is still an open question.

The results in this paper also have applications to classical conjectures about

Kleinian groups. See [Br2], [Br1], [BB] and [BBES].

We now outline the contents of the paper.

The main object of study is the bundle, E ! M, of germs of Killing fields over the

hyperbolic manifold M. Weil [We2] showed that the deRham cohomology group

H1ðM;E Þ is canonically isomorphic to the Zariski tangent space of RðM Þ, the space

of representations of p1ðM Þ in PSL2C modulo conjugacy. E has a flat connection

which gives a covariant derivative, d, and a natural Riemannian metric which allows

us to define a co-derivative, d, and a Laplacian, D.

If M is closed manifold then the Hodge theorem implies that every cohomology

class in H1ðM;E Þ has a harmonic representative. One then shows via a Weitzenbock

formula that any harmonic representative is trivial. If the manifold is not closed then
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we no longer have the Hodge theorem and a boundary term appears in the

Weitzenbock formula. In this case we prove a Hodge theorem for every cohomology

class that has a representative, o, that is ‘almost’ harmonic, in the sense that do is in

L2. Our first step is to construct a model deformation that is ‘almost’ harmonic to

which we apply the Hodge theorem. We then find an exhaustion of the manifold

by compact submanifolds and apply the Weitzenbock formula to the harmonic

representative restricted to these compact submanifolds. The last step is to show

the boundary term in the Weitzenbock term approaches zero as we exhaust the

manifold. This will only happen if the cohomology class represents a deformation

that fixes the cone angles and the conformal boundary.

In Section 2 we summarize the necessary background contained in Sections 1, 2 of

[HK]. We emphasize those calculations which will be used later in this paper.

Section 3 is the heart of the paper. In it we construct the model deformation on a

geometrically finite end.

In Section 4 we prove the Hodge theorem for the model deformation. We use the

Hodge theorem to prove a vanishing theorem for those cohomology classes that fix

the cone angle and the conformal boundary.

In the conclusion of the paper, Section 5, we make the identification of H1ðM;E Þ

with the Zariski tangent space of RðM Þ. Using our calculation of H1ðM;E Þ we show

that RðM Þ is locally parameterized by the Teichmüller space of the conformal

boundary and the complex length of the cone singularity. This then implies the main

result, Theorem 5.8.

2. Background Deformation Theory

Let M be a manifold and r : p1ðM Þ ! PSL2C a representation of its fundamental

group. Let ~EEðM Þ ¼ ~MM� sl2C and let EðM Þ be the quotient ~EEðM Þ=p1ðM Þ where

p1ðM Þ acts on the first factor as covering transformations and via the adjoint repre-

sentation on the second factor.

We will be most interested in two cases: when r is the holonomy representation of

a hyperbolic structure on a 3-manifold M or a projective structure on a surface S. In

the former case EðM Þ is the bundle of germs of Killing fields on M and for the latter

case EðSÞ is the bundle of germs of projective vector fields on S.

The bundle EðM Þ has a flat connection, d, which allows us to define deRham

cohomology groups. Our main goal of this paper is to calculate H1ðM;EðM ÞÞ for

a certain class of hyperbolic structures. In Section 5 we will see that H1ðM;EðM ÞÞ

is the tangent space of the space of hyperbolic cone-structures on M.

For the remainder of this section we restrict to the case where E ¼ EðM Þ is the

bundle of a hyperbolic 3-manifold M.

A hyperbolic structure on M can be defined by a developing map;D : ~MM ! H3,

and a holonomy representation, r : p1ðM Þ ! IsomþH3, where D is a local homeo-

morphism that commutes with the action of p1ðM Þ, i.e. DðgðxÞÞ ¼ rðgÞDðxÞ for all

g 2 p1ðM Þ and x 2 ~MM.
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A smooth 1-parameter family of hyperbolic structures, M‘, on M will have a

smooth 1-parameter family of developing maps, Dt. We call such a family a local

deformation of the hyperbolic structure. For each x 2 ~MM;DtðxÞ is a smooth path

in H3. The tangent vector at D0ðxÞ can be pulled back by D0 to a tangent vector

at x defining a vector field v on ~MM. This vector field represents an infinitesimal

deformation of the hyperbolic structure. Differentiating

DtðgðxÞÞ ¼ rtðgÞDtðxÞ

we see that

v� g	v ¼ _rrðgÞ; ð2:1Þ

where _rrðgÞ is the tangent vector of the path rtðgÞ at t ¼ 0. The tangent vector of a

path in PSL2C is an element the Lie algebra sl2C which is implicitly identified with

a Killing field in (2.1). The Killing field _rr describes the infinitesimal change in

holonomy of g induced by the deformation. In general if v is a vector field on ~MM with

v� g	 v a Killing field for all g 2 p1ðM Þ then v is automorphic.

A vector field on M (or ~MM ) can be lifted to a section of E (or ~EE ). In fact this can be

done in three different ways which we now describe. To do this we note that the Lie

algebra, sl2C, has a complex structure that can be geometrically interpreted using the

curl operator on vector fields. If v 2 sl2C is a Killing vector field on H3 then curl v

will also be a Killing field and curl curl v ¼ �v. (The curl we are using differs from

the usual curl be a factor if -(1/2). We’ll say more about this below.) We can then

define iv ¼ curl v. This will coincide with the usual complex structure on sl2C.

If s is a section of E and p 2 M then s( p) is a Killing field in a neighborhood of p

and s( p)( p) will be a vector in the tangent space of M at p. We then define vector

fields Re s and Im s by Re sð pÞ ¼ sð pÞð pÞ and Im sð pÞ ¼ �ðcurl sð pÞÞð pÞ. Since the

Killing field sð pÞ is uniquely determined by its value sð pÞð pÞ at p, and the value

(curl sð pÞÞð pÞ of its curl at p this defines an isomorphism between E and TM
 TM.

If v is a vector field on M we lift v to sections V and iV of E by setting ReV ¼ v

and ImV ¼ 0 while Re iV ¼ 0 and Im iV ¼ v. Throughout the paper we will use this

notational convention of denoting vector fields on M by lowercase letters and their

corresponding sections of E by uppercase letters.

We now define one final method for lifting a vector field v to a section of E. For

each point p on M we can find a Killing field, vp, in a neighborhood of p that best

approximates v at p. That is vp will be the unique Killing field such that

vpð pÞ ¼ vð pÞ and (curl vpÞð pÞ ¼ ðcurl vÞð pÞ. The canonical lift of v; s, is defined by

sð pÞ ¼ vp. Working through the definitions we see that ðcurl sð pÞÞð pÞ ¼ isð pÞð pÞ ¼

ðcurl vÞð pÞ so Re is ¼ �Im s ¼ curl v and s ¼ V� i curlV. (In [HK] this is the

definition of the canonical lift.)

We define a section s of ~EE to be automorphic if s� g	 s is constant. An

automorphic vector field and an automorphic section both describe infinitesimal

deformations of the hyperbolic structure on M. We have the following relationship.

146 K. BROMBERG



PROPOSITION 2.1. Let s be the canonical lift of an automorphic vector field v. Then

s is an automorphic section.

Proof. By naturality s� g	 s will be the canonical lift of v� g	 v. Since v is

automorphic, v� g	 v will be a Killing field. By definition the canonical lift of a

Killing field will be constant. Therefore s� g	 s is constant and s is automorphic. &

There are two simple but trivial ways to construct a local deformation of a hyper-

bolic structure. First we can post-compose the developing map with a smooth family

s‘ of isometries of H3 with s0 ¼ id. In this case the associated automorphic vector

field will be a Killing field. The other method is to precompose the developing

map with the lift of an isotopy of M. In this case the associated automorphic vector

field will actually be an equivariant vector field. For this reason we say that an infi-

nitesimal deformation is trivial if it is the sum of a Killing field and an equivariant

vector field. In terms of sections a deformation is trivial if it is a constant section plus

an equivariant section. Two deformations are equivalent if they differ by a trivial

deformation. This definition holds for both vector fields and sections.

If s is an automorphic section then o ¼ ds will be an equivariant 1-form because

o� g	 o ¼ ds� g	 ds ¼ dðs� g	 sÞ ¼ 0

since s� g	 s is constant. Therefore o descends to an E-valued 1-form on M. If s is

equivariant then o will be an exact 1-form. If s is constant o will be zero. Also s1 and

s2 will be equivalent deformations if and only if o1 ¼ ds1 and o2 ¼ ds2 differ by an

exact 1-form. Therefore the deRham cohomology group H1ðM;E Þ describes the

space of infinitesimal deformations.

Remark. For a vector field v on ~MM with canonical lift s the E-valued 1-form,

o ¼ ds should be compared with Thurston’s description of the Schwarzian deriva-

tive of complex analysis. In particular, if f is a univalent holomorphic function then

for each z we can find an osculating Möbius transformation, Mf
z , which is the unique

Möbius transformation whose 2-jet agrees with the 2-jet of f at z. The Schwarzian

derivative of f is the derivative of Mf
z in PSL2C. This definition makes it apparent

that the Schwarzian measures how far f differs from a projective map just as o
measure how far v differs from a Killing field.

We now define a metric on E and ~EE. If x 2 H3 and v;w 2 sl2C we can define an

inner product on sl2C depending on x by

hv;wix ¼ hvðxÞ;wðxÞi þ hivðxÞ; iwðxÞi

where h;i is the standard inner product of H3. If g 2 PSL2C then

hv;wix ¼ hg	 v; g	 wigðxÞ ð2:2Þ

where g	 acts on sl2C by the adjoint representation. Via the developing map this defines

an inner product on the fibers of ~EE. By (2.2) this inner product is invariant under

the action of p1ðM Þ and therefore descends to an inner product on the fibers of E.
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The inner product determines a bundle map from E to the dual bundle E 	. If a is

an E-valued form we write its E 	-valued dual as a]. For an E 	-valued form, a, the

dual form is a[. In local coordinates we can write any k-form as a sum of terms of

the form so with s an E-valued section and o a real valued k-form. We then use

the Hodge 	-operator for the hyperbolic metric on real forms to define

	ðsoÞ ¼ sð	oÞ and 	ðsoÞ] ¼ ðs]Þð	oÞ and extend the definition to a arbitrary E-

valued k-form linearly. It is easy to see that this local definition is well defined

and this allows us to define an inner product on E-valued k-forms a and b by

ða; bÞ ¼
Z
M

a ^ 	b]: ð2:3Þ

Here the wedge product between and E-valued form and an E*-valued form is a real

form. We also define

kak2 ¼ a ^ 	a]:

The bundle E* will also have a flat connection with exterior derivative d 	. How-

ever, differentiating in E 	 is not the same as differentiating in E. More explicitly let

@o ¼ ðd 	 o]Þ
[. We shall see shortly that d 6¼ @. We use @ to define a formal adjoint

for d. Let d ¼ ð�1Þk 	 @	 where d acts on an E-valued k-form on an three-

dimensional hyperbolic manifold. Then ðda; bÞ ¼ ða; dbÞ if a and b are C1 k-forms

with compact support, i.e. d is the formal adjoint of d. We can now define the Lapla-

cian, D ¼ ddþ dd.

In local coordinates there is a nice formula for d and d in terms of the Riemannian

connection H and algebraic operators. If feig is an orthonormal frame field with dual

co-frame field foig we have

d ¼
X
i

oi ^ ðHei þ adðEiÞÞ ð2:4Þ

and

d ¼ �
X
j

iðejÞðHej � adðEjÞÞ: ð2:5Þ

Here i() is the interior product on forms. The operator adðEiÞ takes a Killing field Y

to the Killing field ½Ei;Y � where [,] is the usual bracket on vector fields. (Recall

that Ei is the real lift of ei.) We also need to decompose d and d into their real

and symmetric parts. That is let D ¼ Re d;T ¼ Im d;D	 ¼ Re d and T 	 ¼ Im d. Note

that D* and T* are the formal adjoints of D and T respectively. It is also worth

noting that @ ¼ D� T.

In [MM] it is calculated that T 	DþD	Tþ TD	 þDT 	 ¼ 0 and therefore D is a

real operator. This leads to a Weitzenbock formula

D ¼ DD þH ð2:6Þ

where DD ¼ D	DþDD	 and H ¼ T 	Tþ TT 	. Note that H is a purely algebraic

operator.
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The tangent bundle, TM, has an exterior derivative d̂d and the hyperbolic metric

gives a co-derivative, d̂d. For a vector field v let v̂v be the dual 1-form. We use similar

notation to define the real valued Laplacian. Namely let bDD ¼ d̂dd̂dþ d̂dd̂d. There is also a

Weitzenböck formula relating the two Laplacians:

cDVDV ¼ bDDv̂vþ 4v̂v: ð2:7Þ

The divergence and curl of v can be defined in terms of d̂d and d̂d. That is,

div v ¼ d̂dv̂v is the divergence of v and the curl of v is defined by the formula
dcurlcurl v ¼ �ð1=2Þ 	 d̂d v̂v. (One usually defines the curl to be the vector field dual to

	d̂dv̂v. The factor of �ð1=2Þ is chosen such the curl of a Killing field is that same

as multiplication by { in sl2C.)

For a vector field v, Hv is a tensor (1,1), i.e. a section of the bundle

HomðTM;TM Þ. The divergence, curl and a third quantity, the strain, completely

determine Hv. In particular, div v is the trace of Hv and measures the infinitesimal

change in volume. By definition the strain, str v, of v is the symmetric, traceless part

of Hv. It measures the infinitesimal change in conformal structure. The divergence

and strain together measure the infinitesimal change in metric. The skew-symmetric

part of Hv, skew Hv, is naturally identified with curl of v. More explicitly there is an

isomorphism form TM to skew-symmetric sections of HomðTM;TM Þ. We define

this isomorphism by choosing an orthonormal frame field fe1; e2; e3g with dual

co-frame field fo1;o2;o3g and sending ei to eiþ1 � oiþ2 � eiþ2 � oiþ1 (the indices

are measured mod 3). Under this isomorphism skew Hv is exactly curl v as defined

above. The Riemannian metric gives a norm to HomðTM;TM Þ for which this

decomposition is orthogonal.

The real and imaginary parts of an E-valued 1-form are both vector valued

1-forms or sections of HomðTM;TM Þ. Using the formulas above Hodgson and

Kerckhoff relate the real and imaginary parts of an E-valued 1-form to the

divergence, strain and curl of a vector field: These results, which we summarize in

the following theorem, can be found in Section 2 of [HK].

THEOREM 2.2. Let s be an automorphic section of ~EE. Then there exists an auto-

morphic vector field v and an equivariant vector field w such that s ¼ V� i curlVþ {W.

Moreover

ð1Þ sym Re ds ¼ Hv;
ð2Þ skew Re ds ¼ w;

ð3Þ if v is divergence free and harmonic and w � 0 then Re ds ¼ str v and Im ds ¼

�str curl v.

An E-valued 1-form o is a Hodge form if there exists an automorphic, divergence free,

harmonic vector field v with canonical lift s such that o ¼ ds. There is a very simple

formula for the L2-norm of a Hodge form. It is essentially Proposition 1.3 of [HK].
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PROPOSITION 2.3. Let M be a compact hyperbolic manifold with boundary and o a

Hodge form on M. ThenZ
M

kok2 ¼
1

2

Z
@M

{o ^ o]

where @M is oriented with inward pointing normal.

3. Geometrically Finite Ends

3.1. PROJECTIVE STRUCTURES AND GEOMETRICALLY FINITE ENDS

Throughout this section we let M ¼ S� ½0;1Þ where S is a closed surface of genus

>1. We also assume that M has a complete hyperbolic structure with boundary

S� f0g.

A projective structure, S, on a surface is given by an atlas of charts with image in bCC
and transition maps Möbius or projective transformations. As with hyperbolic

structures, a projective structure can be given by a developing map and a holonomy

representation. If S1 and S2 are projective structures then S1 ffi S2 if there exists

a projective homeomorphism from S1 to S2.

DEFINITION 3.1. M is a geometrically finite end without rank one cusps if it is

compactified by a projective structure S on S� f1g. Then S is the projective

boundary of M.

Since we will not discuss rank one cusps in this paper we will simply refer to such

ends as geometrically finite.

To see this definition more explicitly we recall that bCC naturally compactifies H3.

We refer to this compactification as ~HH3
¼ H3

[ bCC. Then PSL2C acts continuously

on ~HH3 as isometries of H3 and projective transformations of bCC. Then M is geome-

trically finite if it has an atlas of hyperbolic charts that extends continuously to a

atlas for a projective structure on S� f1g. In fact if M is geometrically finite there

will be a developing map

D: ~SS� ½0;1��! ~HH3

that restricts to a developing map for the hyperbolic structure M on ~SS� ½0;1Þ and a

developing map for the projective structure S on ~SS� f1g.

We refer to the bundles EðSÞ and Eð ~SSÞ as E1 and ~EE1, respectively. E1 and ~EE1 are

the bundles of germs of projective vector fields on S and ~SS, respectively.

The product structure on M [ S allows us to define a projection map

P: M�!S

by the formula Pð p; tÞ ¼ p. Let ~PP be a lift of P to the universal covers ~MM and ~SS. The

corresponding bundles ~EE and ~EE1 have canonical product structures so we can use ~PP
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to pull back sections of ~EE1 to sections of ~EE. If we restrict ~PP to ~SS� f0g in ~MM we can

also push forward sections of ~EE to sections of ~EE1.

LEMMA 3.2. Let s be an automorphic section of ~EE and s1 an automorphic section of
~EE1.

ð1Þ ~PP	 s and ~PP	s1 will be equivariant iff s and s1, respectively, are equivariant.

ð2Þ ~PP	 s and ~PP	s1 are automorphic.

ð3Þ Automorphic sections s0 and s01 will be equivalent as infinitesimal deformations

to s and s1, respectively, iff ~PP	 s
0 and ~PP	s01 are equivalent to ~PP	s and ~PP	s1,

respectively.

Therefore there are isomorphisms

P	: H
1ðM;E Þ �!H1ðS;E1Þ and P	: H1ðS;E1Þ�!H1ðM;E Þ:

Proof. The actions of p1ðM Þ ¼ p1ðSÞ on ~EE and ~EE1, respectively, will commute

with P so

~PP	 s� g	 ~PP	 s ¼ ~PP	ðs� g	 sÞ

for all g 2 p1ðM Þ. This implies (1) for ~PP	 and (1) then implies (2) and (3). The proof

for ~PP	 is similar.

Given a closed E-valued 1-form o we can intergrate o to find an automorphic

section, s, of ~EE such that ds ¼ o. We then define P	 o ¼ dP	 s. We similarly define

P	 for and E1-valed 1-form. (1), (2) and (3) imply that this defines maps between

H1ðM;E Þ and H1ðS;E1Þ. If s0 ¼ P	P	 s then s ¼ s0 on ~SS� f0g so ds0 is cohomologous

to ds. Therefore the map P	 is one-to-one from H1ðM;E Þ to H1ðS;E1Þ and by similar

reasoning P	 is one-to-one from H1ðS;E1Þ to H1ðM;E Þ and both P	P 	 and P	P	

are the identity map. Therefore the maps P	 and P	 are isomorphisms. &

Remark. In general a vector field on a geometrically finite end will not extend

continuously to the conformal boundary. What Lemma 3.2 allows us to do is replace

on automorphic vector field, v, on ~MM with an equivalent vector field that does extend

continuously. Namely if s is the canonical lift of v then v0 ¼ ReP	P	 s will be

equivalent to v and v0 [ ReP	 s will be continuous on ~MM [ ~SS.

3.2. EXTENDING SECTIONS VIA HOROSPHERE PROJECTIONS

We will need to extend automorphic vector fields on ~SS to harmonic, divergence

free vector fields on ~MM. We first describe a method for extending a vector field

on C to H3. More precisely we extend a vector a field to a harmonic section of

EðH3
Þ.

We will use the following orthonormal frame field on H3: Working in the upper

half space model, H3
¼ fðx; y; tÞ : t > 0g, let e1 ¼ t ð@=@xÞ, e2 ¼ t ð@=@yÞ and
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e3 ¼ t ð@=@tÞ with corresponding real E-valued sections Ei. Also let Ri ¼ {Ei and let oi

be the dual real 1-form for ei. Using (2.4) and (2.5) we see that

dE1 ¼ E3o1 þ R3o2 � R2o3

dE2 ¼ �R3o1 þ E3o2 þ R1o3

dE3 ¼ �ðE1 � R2Þo1 � ðR1 þ E2Þo2

ð3:8Þ

and

@E1 ¼ E3o1 � R3o2 þ R2o3

@E2 ¼ R3o1 þ E3o2 � R1o3

@E3 ¼ �ðE1 þ R2Þo1 þ ðR1 � E2Þo2:

ð3:9Þ

If v is a projective vector field on C � bCC then there is an obvious way to extend v

to a harmonic vector field on H3. Namely there is a unique Killing field on H3 that

extends continuously to v on C. Every projective vector field is of the form

vðzÞ ¼ pðzÞð@=@zÞ where p is a quadratic polynomial. Then the section

pðwÞ

t
ðE1 � R2Þ þ pzðwÞE3 �

tpzzðwÞ

2
ðE1 þ R2Þ ð3:10Þ

is constant and evaluates at every point to the Killing field that extends continuously

to v.

Now let vðzÞ ¼ f ðzÞð@=@zÞ be an arbitrary smooth vector field on C. Then the

canoncical lift, s1ðzÞ, of v is the section of EðCÞ defined by the formula

s1ðwÞ ¼ fðwÞ þ fzðwÞðz� wÞ þ
fzzðwÞ

2
ðz� wÞ2

� �
@

@z
: ð3:11Þ

Similar to the canonical lift of vector fields on hyperbolic space, s1ðwÞ is the

projective vector field that best approximates v at w. Next we define a section of

EðH3
Þ by the formula sðw; tÞ ¼ s1ðwÞ. Using (3.10) we see that

sðw; tÞ ¼
fðwÞ

t
ðE1 � R2Þ þ fzðwÞE3 �

tfzzðwÞ

2
ðE1 þ R2Þ: ð3:12Þ

Note that the vector fields Re s and Im s extend continuously to v and �iv,
respectively.

To calculate Ds we use the formula,

Dð fsÞ ¼ ðbDDf Þs� 2 	 ð	d̂df ^DsÞ þ fðDsÞ: ð3:13Þ

where f is a complex valued function and s an E-valued section. If f is a function in

the upper half space model of H3 then

d̂df ¼ tfxo1 þ tfyo2 þ tfto3 ð3:14Þ

and

bDDf ¼ tft � t2ð fxx þ fyy þ fttÞ: ð3:15Þ
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After a straightforward but long calculation, using these formulas, we have:

Dsðw; tÞ ¼ �2t fz �zzðwÞðE1 � R2Þ � 2t2fzz �zzðwÞE3 þ 2t3fzzz �zzðwÞðE1 þ R2Þ: ð3:16Þ

There are several things to notice in this formula. If v ¼ fð@=@zÞ is conformal, i.e. f

is a holomorphic function, then Ds ¼ 0. It v is not conformal then kDsk ! 0 as

t ! 0. In other words as we approach the ideal boundary the norm of Ds goes to

zero. In fact we can estimate the rate of decrease. Let dðw; tÞ ¼ � log t be the distance

of a point from the horosphere t ¼ 1. Then kDsðw; tÞk ¼ 4 j fz �zzðzÞ je
�dðw;tÞ þ oðt2Þ.

(oðtÞ is a function such that (oðtÞ=tÞ is bounded as t ! 0.)

For a conformal vector field there is also a nice expression for ds. Namely

ds ¼ �
t2fzzz

2
ðE1 þ R2Þðo1 þ {o2Þ: ð3:17Þ

Here we note that Re ds and Im ds are symmetric and traceless, therefore they are the

strains of the divergence free vector fields Re s and Im s, respectively. We can also

calculate the norm, kdsð p; tÞk ¼j fzzzðwÞ je
�2d, which should be thought of as the

norm of the strains of Re s and Im s.

Remark. By differentiating (3.11) we see that

ds1ðwÞ ¼
fzzzðwÞ

2
ðz� wÞ2

@

@z

� �
dw:

The quantity fzzzðwÞ is the infinitesimal version of the Schwarzian derivative discus-

sed in the remark in Section 2. In particular we see that the Schwarzian derivative of

the vector field at infinity determines the strain of the extended vector field in hyper-

bolic space.

3.3. CONVEX PARALLEL SURFACES IN H3

We now describe some results on parallel surfaces in hyperbolic space. A detailed

study of such surfaces can be found in [Ep]. All of the results described in this section

can be found in Section 3 of this paper.

Let S be a smooth convex surface in H3. For a point p 2 S normalize the position

of S in H3 such that p ¼ ð0; 0; 1Þ in the upper half space model and such that the

directions of principal curvature at p are (1, 0, 0) and (0, 1, 0). In a neighborhood

V of the geodesic ray normal to S at p we can foliate H3 by surfaces St such that

each St is equidistant from S and contains the point (0, 0, t). Note that the distance

between S and St is � log t. There are maps pt: S�!St that take each point in S to

the nearest point in St. There is also a projection P: V�!C that takes each point on

St to the limit of its normal ray in C. Note that P restricted to S is the limit of the

maps pt as t ! 0.
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Let k1ðtÞ and k2ðtÞ be the principal curvatures of the surface St at the point (0,t).

Then

kiðtÞ ¼
1 þ kið0Þ þ t2ðkið0Þ � 1Þ

1 þ kið0Þ þ t2ð1 � kið0ÞÞ
: ð3:18Þ

We also need to calculate the derivatives of the pt and P. We will express the answer

in terms of the orthonormal frame field fe1; e2; e3g for H3 defined in the previous sec-

tion and the frame field fð@=@xÞ; ð@=@yÞg for C. Then the derivative of pt at (0, 0, 1) is

ðptÞ	 ¼

1 þ k1ð0Þ þ t2ð1 � k1ð0ÞÞ

2t
0

0
1 þ k2ð0Þ þ t2ð1 � k2ð0ÞÞ

2t

0
B@

1
CA ð3:19Þ

and the derivative of P at (0, 0, t) is

P	 ¼

ð1 þ k1ðl ÞÞt

2
0 0

0
ð1 þ k2ðl ÞÞt

2
0

0
B@

1
CA ð3:20Þ

3.4. EXTENDING SECTIONS VIA CONVEX SURFACES

We continue to assume that S be an embedded convex surface in H3 with position

normalized as in the previous section. However, in this section it will be convenient

to use complex coordinates for the upper half space model. That is we view the first

two real coordinates as a single complex coordinate.

Let v be a conformal vector field on C let s1 be the canonical lift of v. Define a

section of EðH3
Þ by the formula s ¼ P	s1. We will calculate ds and Ds along the

ray (0, t).

PROPOSITION 3.3. kdsð0; tÞk; kðDsÞð0; tÞk; kðdiv Re sÞð0; tÞk and kd̂dðdiv Re sÞð0; tÞk

¼ oðt2Þ:

Proof. For the special case when S is a horosphere we calculated s; ds and Ds in

Section 3.2. In general s will be the sum of the horosphere extension, sh, and a

correction term sc.

Let z ¼ Pðw; tÞ: Using (3.10) we see

sðw; tÞ ¼ fðzÞ þ fzðzÞðw� zÞ þ
fzzðzÞðw� zÞ2

2

 �
E1 � R2

t
þ

þ ½ fzðzÞ þ fzzðzÞðw� zÞ�E3 � fzzðzÞ
tðE1 þ R2Þ

2

¼ ½ fðwÞ � g1ðw; zÞ�
E1 � R2

t
þ

þ ½ fzðwÞ � gzðw; zÞ�E3�

� ½ fzzðwÞ � g3ðw; zÞ�
tðE1 þ R2Þ

2
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where

g1ðw; zÞ ¼ ðw� zÞ3
X1
n¼3

f ðnÞðzÞ

n!
ðw� zÞn�3

g2ðw; zÞ ¼ ðw� zÞ2
X1
n¼2

f ðnþ1ÞðzÞ

n!
ðw� zÞn�2

g3ðw; zÞ ¼ ðw� zÞ
X1
n¼1

f ðnþ2ÞðzÞ

n!
ðw� zÞn�1:

ð3:21Þ

Therefore s ¼ sh � sc where,

shðw; tÞ ¼
fðwÞ

t
ðE1 � R2Þ þ fzðwÞE3 �

tfzzðwÞ

2
ðE1 þ R2Þ; ð3:22Þ

and,

scðw; tÞ ¼
g1ðw; zÞ

t
ðE1 � R2Þ þ g2ðw; zÞE3 �

tg3ðw; zÞ

2
ðE1 þ R2Þ: ð3:23Þ

We have already calculated dsh and Dsh so we left to calculate dsc and Dsc.
Let Giðw; tÞ ¼ giðw;Pðw; tÞÞ for i ¼ 1; 2; 3. By our normalization Pð0; tÞ ¼ 0 for

all t, so w� z ¼ 0 when w ¼ 0. Furthermore the Gi extend smoothly to C with

Giðw; 0Þ ¼ giðw;Pðw; 0ÞÞ ¼ giðw;wÞ ¼ 0: For this reason the Euclidean derivatives

of the Gi will be bounded on (0, t). Then (3.14) and (3.15) imply that kd̂dGið0; tÞk ¼

oðtÞ and kbDDGið0; tÞk ¼ oðt2Þ:

In fact using the product formula for the real Laplacian,

bDDð fgÞ ¼ ðbDDf Þg� 2hd̂df; d̂dgi þ f ðbDDgÞ; ð3:24Þ

and the Leibniz rule we obtain

G1ð0; tÞ ¼ d̂dG1ð0; tÞ ¼ bDDG1ð0; tÞ ¼ 0

G2ð0; tÞ ¼ d̂dG2ð0; tÞ ¼ 0

G3ð0; tÞ ¼ 0:

ð3:25Þ

(3.25) implies that

dscð0; tÞ ¼ �
t

2
ðE1 þ R2Þd̂dG3ð0; tÞ ð3:26Þ

so kdscð0; tÞk ¼ oðt2Þ. We saw in (3.17) that kdshð0; tÞk ¼ oðt2Þ so kdsð0; tÞk ¼ oðt2Þ.

Furthermore div Re s is the trace of Re ds, so kðdiv Re sÞð0; tÞk ¼ oðtÞ2.

To estimate d̂dðdiv Re sÞ we will need to know div Re s more explicitly. Here we use

(3.20) from the previous section to find

d̂dG3ð0; tÞ ¼
tfzzzð0Þ

2
ðð1 � k1ðtÞÞw

1 þ ið1 � k2ðtÞÞw
2Þ: ð3:27Þ
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Therefore

dscð0; tÞ ¼ �
t2fzzzð0Þ

4
ðE1 þ R2Þðð1 � k1ðtÞÞw

1 þ ið1 � k2ðtÞÞw
2Þ

and

ðdiv Re scÞð0; tÞ ¼
t2Re fzzzð0Þ

4
ðk1ðtÞ � k2ðtÞÞ: ð3:28Þ

Since div Re sh ¼ 0; div Re s ¼ div Re sc and therefore by (3.28) ðdiv Re sÞ=t will

extend to a smooth function C in a neigborhood of zero. We again apply (3.14)

to see that kd̂dðdiv Re sÞð0; tÞk ¼ oðtÞ2:

We are now left to calculate ðDscÞð0; tÞ. By (3.13) and (3.25)

ðDscÞð0; tÞ ¼ ðbDDG2ð0; tÞÞE3 þ ðbDDG3ð0; tÞÞ
tðE1 þ R2Þ

2

�2 	 	d̂dG3ð0; tÞ ^D
tðE1 þ R2Þ

2

� �� �
: ð3:29Þ

We have estimated every term on the right except D tðE1 þ R2Þ=2ð Þ which can calcu-

late using (3.8) to see that it is oðtÞ: Therefore kðDscÞð0; tÞk ¼ oðt2Þ and since Dsh ¼ 0;

kðDsÞð0; tÞk ¼ oðt2Þ: &

3.5. EXTENDING VECTOR FIELDS ON THE BOUNDARY OF A GEOMETRICALLY

FINITE END

We now return to our geometrically finite end, M. To apply the results of the

previsous two sections we need the following theorem:

THEOREM 3.4. If M is a geometrically finite end then there is a smooth, embedded,

covex surface in M whose inclusion is a homotopy equivalence.

Proof. Let S be the projective boundary of M. For every projective structure

there is a conformal developing map f : U�! bCC where U is the upper half plane in C:

We will extend f to a developing map for M.

Let Mf
z be the unique Möbius transformation whose 2-jet agrees with f at z. Let P

be the hyperbolic plane whose boundary is the real line on bCC. For each p 2 H3 there

is a unique geodesic g through p which is orthogonal to P. The geodesic g will have

exactly one endpoint z 2 U. Define a map F : H3
�!H3 by the formula

Fð pÞ ¼ Mf
zð pÞ. The construction is natural so F will be a developing map for

a geometrically finite end if F is a local diffeomorphism. Furthermore F extends

continuously to f so this end will have projective boundary S.

The upper half plane U and the hyperbolic plane P bound a half space H in H3.

Let Hd be the set of points in H whose distance from P is 5d. In Section 3 of [And]

the derivative of F is calculated. In particular it is shown that for d sufficiently large F

is a local diffeomorphism restricted to Hd (See p. 35). By Proposition 3.13 and
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Theorem 3.17, Fð@HdÞ will be convex for d sufficiently large. For such d;F restricted

to Hd will be a developing map for a geometrically finite end Md with projective

boundary S. The boundary of Md will be a convex surface.

The isomorphism from the the projective boundary of Md and the projective

boundary of M will extend to an isometry from Md to M. Although this isometry

may not be defined on all of Md it can be defined on all but a compact submani-

fold of Md. Therefore we can choose d even larger so that this isometry is defined

on all Md. The image of @Md under this isometry will be the desired convex

surface. &

The convex surface we have constructed separates M into a compact piece and a

noncompact piece. The outward normal of the convex surface points into the non-

compact piece so if we remove the compact piece M will have concave boundary.

From now on we will assume this is the case. That is @M ¼ S� f0g is concave.

We also assume that the product structure is chosen such that for a fixed p 2 S

the path f pg � ½0;1Þ is a geodesic ray in M normal to S� f0g. Furthermore, we

assume that the second parameter is a unit speed parameterization of the geodesic.

This implies that S� ftg is convex for all t > 0:

If v is an automorphic vector field on ~SS we can define a canonical lift of v on a

local projective chart as in (3.11). One can then check to see that this lift is indepen-

dent of the choice of chart so v has a well-defined canonical lift, s1, to all of ~SS.

Furthermore if v is automorphic s1 will also be automorphic. Let s ¼ P	s1. Then

Lemma 3.2 implies that s is also automorphic and therefore ds;Ds and div Re s will

be equivariant and descend to objects of the appropriate type on M.

THEOREM 3.5. If v is a conformal vector field then ds;Ds; div Re s, and d̂dðdiv Re sÞ

all have finite L2 norm on M.

Proof. Let p 2 M lie on S� ftg. Proposition 3.3 implies that there exists a

continuous function K:S ! Rþ such that kdsð pÞk < KðPð pÞÞe�2t. Since S is compact

K will bounded by some K1 > 0.

Let dAt be the area form for S� ftg. Note that by (3.18) and (3.19),

areaðS� ftgÞ < K2e2tareaðS� f0gÞ where K2 is determined by the maximal principal

curvature on S� f0g. Then

Z
M

kdsð pÞk2 ¼

Z 1

0

Z
St

kdsð pÞk2dAt dt

<

Z 1

0

ðK1Þ
2e�4tK2areaðS� f0gÞe2tdt

¼

Z 1

0

ðK1Þ
2K2areaðS� f0gÞe�2tdt < 1

and ds is in L2.

The proof for the other terms is similar. &
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3.6. HARMONIC DEFORMATIONS OF RANK TWO CUSPS

A rank two cusp is the quotient of a horoball by a Z 
 Z group of parabolic isome-

tries. Again it is convenient to work in the upper half space model where isometries

can be defined by their action on bCC. Since any two parabolics of H3 are conjugate we

can explicitly describe any cusp as the quotient of a horoball based at infinity by

parabolics g1ðzÞ ¼ zþ 1 and g2ðzÞ ¼ zþ t with Im t > 0. The cusp M is homeo-

morphic to T� ½0;1Þ where T is a torus. We can choose this product structure such

that each T� ftg is the quotient of a horosphere and therefore has an induced

Euclidean metric. The conformal class of these metrics will be constant for T� ftg

and it is determined by the Teichmüller parameter t.
We defined g1 and g2 by their action on C. The quotient of this action is a projec-

tive structure S on the torus. To construct models for deformations of the rank two

cusp we will first describe deformations of S.

Since the Euler characteristic of S is 0 Poincare duality implies that the complex

dimension of H1ðS;EðSÞÞ is 2. An automorphic vector field on ~SS determines a

cohomology class in H1ðS;EðSÞÞ. We claim that the automorphic vector fields

v1 ¼ ðz� �zz=2Þ ð@=@xÞ and v2 ¼ ðz3 � z=6Þ ð@=@zÞ determine cohomology classes that

are a basis for H1ðS;EðSÞÞ.
We first examine v1. Note that ~SS ¼ C where C has the natural projective structure

it inherits as a subset of bCC. It is then easy to check that v1 is automorphic. In parti-

cular v1 � ðg1Þ	v1 ¼ 0 and v1 � ðg2Þ	v1 ¼ Im tð@=@zÞ are projective vector fields. If the

cohomology class v1 generates is trivial then v1 is the sum of an equivariant vector

field and a projective vector field. For this to be true there must be a projective vector

field v with vð0Þ ¼ vð1Þ ¼ 0 and vðtÞ ¼ vðtþ 1Þ ¼ Im t. Since no such v exist the

cohomology class is non-trivial.

Similar reasoning applied to v2 and any non-zero linear combination of v1 and v2

shows that v2 also generates a non-trivial cohomology class and together v1 and v2

determine a basis of H1ðS;EðSÞÞ.
Just as in Section 3.2 we can extend v1 and v2 to sections of EðH3

Þ. By (3.12),

v1 extends to

s1ðw; tÞ ¼
w� ~ww

2t
ðE1 � R2Þ þ

1

2
E3

and v2 extends to

s2ðw; tÞ ¼
w3 � w

6t
ðE1 � R2Þ þ

3w2 � 1

6
E3 �

wt

2
ðE1 þ R2Þ:

Both s1 and s2 will be automorphic sections with respect to the action of g1 and g2 on

H
3. Therefore

ds1 ¼ �
1

2
ðE1 � R2Þðo1 � {o2Þ
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and

ds2 ¼ �
t2

2
ðE1 þ R2Þðo1 þ {o2Þ

are equivariant and restrict to E-valued 1-forms on M. By Proposition 3.2 there is an

isomorphism between H1ðS;EðSÞÞ and H1ðM;E Þ and therefore ds1 and ds2 are a

basis for H1ðM;E Þ.

We have shown that every cohomology class in H1ðM;E Þ has a representative of

the form

o ¼ �
b1

2
ðE1 � R2Þðo1 � {o2Þ �

b2t
2

2
ðE1 þ R2Þðo1 þ {o2Þ:

PROPOSITION 3.6. The E-valued 1-form, o, is closed, co-closed and traceless.

Furthermore o is in L2 if and only if b2 ¼ 0 and if o is in L2 thenZ
M

kok2 ¼
jb1j

2

2
Areað@M Þ:

Proof. By construction o is closed. From our explicit description of o we see that

it is traceless. By (3.16) we see that Ds1 ¼ dds1 ¼ 0 and Ds2 ¼ dds2 ¼ 0. Therefore o
is co-closed.

The pointwise norm of o is koðw; tÞk2 ¼ jb1j
2 þ t4jb2j

2. The last two facts follow

from integrating this norm over M. &

We next describe the infinitesimal change in holonomy determined by o. Again it

is easier to work with the projective structure on the torus and then use the iso-

morphism between H1ðS;EðSÞÞ and H1ðM;E Þ. Let gt be a smooth path in PSL2C

with g0ðzÞ ¼ zþ b. Then the derivative of gt at t ¼ 0 will be a projective vector field

ða0 þ a1zþ a2z
2Þ ð@=@zÞ. A straightforward calculation shows that the derivative of

the trace of gt at t ¼ 0 is �ba2. Therefore if v is a vector field on C automorphic with

respect to g0 then the infinitesimal change in trace is determined by the z2-coefficient

of the projective vector field v� ðg0Þ	v ¼ ða0 þ a1zþ a2z
2Þð@=@zÞ.

We now apply this to the vector fields v1 and v2. For both g1 and g2 the

z2-coefficient of v1 � ðgiÞ	v1 is zero. Therefore the infinitesimal change in trace deter-

mined by v1 is zero. For v2 the z2-coefficient of v2 � ðg1Þ	v2 is ð1=2Þ so the infinitesi-

mal change in trace of g1 is �ð1=2Þ. The z2-coefficient of v2 � ðg2Þ	v2 is ðt=2Þ so the

infinitesimal change in trace of g2 is �ðt2=2Þ.

Although v1 does not change the holonomy of either g1 or g2 there is an infinite-

simal change in the projective structure. In particular there is an infinitesimal change

in the conformal structure. Recall that the Teichmüller space of the torus can be

identified with the upper half plane U ¼ fz 2 C j Im z > 0g. Any point t 2 U deter-

mines a parallelogram with vertices 0, 1, t and tþ 1. By identifying opposite sides

of this parallelogram we obtain a conformal structure on the torus. The affine vector
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field v1 fixes the side between 0 and 1 so the infinitesimal change in the Teichmüller

parameter is given by v1ðtÞ ¼ Im t. Note that the Teichmüller metric on the

Teichmüller space of the torus is the hyperbolic metric. In this metric the length

of the vector v1ðtÞ is l. In particular its length does not depend on t.

4. Hodge Theory of Deformations

We are now ready to begin our analysis of geometrically finite hyperbolic cone-

manifolds. We begin with some definitions. Let N be a compact 3-manifold with

boundary and let C be a collection of simple closed curves in the interior of N. Let

M be the interior of N� C. A singular metric g on int N is a hyperbolic cone-metric

if g is smooth metric of constant sectional curvature � �1 on M while in

neighborhood of a point p 2 C the metric has the form

dr2 þ sinh2 rdy2
þ cosh2 rdz2

with y measured modulo some a > 0. On each component of c of C, a will be con-

stant. Then a is the cone angle of the cone singularity at c. We further say that g

is geometrically finite (without rank one cusps) if g extends to a projective structure

on each non-toral component of @N.

The complement of any compact core of M will contain ends of three types: geo-

metrically finite ends, rank two cusps and neighborhoods of the cone singularity. For

each geometrically finite end we choose a smooth convex surface as given by Theo-

rem 3.4 and we let S0 be the union of these surfaces. We also choose a small horoball

neighborhood for each rank two cusp such that the boundary of each is a collection

of pairwise disjoint embedded Euclidean tori. We denote the union of these neigh-

borhoods and their boundary, H0 and H0, respectively. Finally, we fix a small E such

that the E-neighborhood of the singular locus, CE, is a collection of disjoint solid tori

in the interior of N, with boundary TE. Note that if any of S0;H0 or TE intersect we

can choose smaller neighborhoods of each end such that all three surfaces are

disjoint.

Now let M0 be the compact core of M boundary by S0;H0 and TE. Let St and Ht

be distance t surfaces from S0 and H0, respectively, and Tt the boundary of the

t-neighborhood of the singular locus. Then we define Mt to be the compact core

of M bounded by St;Ht and TE=ð1þtÞ.

The geometrically finite ends each define a projective structure. We lable the union

of these projective structures, S, and the bundle of germs of Killing fields over S;E1.

The surfaces St define a map P from the geometrically finite ends to S. By Lemma 3.2

P	:H
1ðM;E Þ ! H1ðS;E1Þ is an isomorphism on homology. A cohomology class

½o1� 2 H1ðS;E1Þ is conformal if there exists an automorphic, conformal vector field

v on ~SS with canonical lift s such that ds 2 ½o1�. A cohomology class ½o� 2 H1ðM;E Þ

is conformal at infinity if P	½o� is conformal.

A cohomology class that is conformal at infinity has a representative E-valued

1-form that has a certain standard form. Namely there is a conformal automorphic
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vector field on ~SS with canonical lift s1 such that o ¼ dP	s1 on the geometrically

finite ends. On the rank two cusps, H0, we can assume that o is of the form given

in Section 3.6. For the tubular neighborhoods of the cone singularity, CE standard

models for o are given on p. 36 of [HK]. When o is in standard form Theorem 3.5

implies that do; tr Reo and d̂dðtr ReoÞ have finite L2-norm on the geometrically

finite ends. The standard models on H0 and CE are d of the canonical lift of a

divergence free, harmonic vector field. In particular, do and tro are zero on H0

and CE. Together this implies that do; tr Reo and d̂d ðtrReoÞ have finite L2-norm

on all of M.

We would like to show that every cohomology class in H1ðM;E Þ is represented by

a Hodge form. For example if ~oo is a closed E-valued and we could find a section t of

E such that

Dt ¼ d ~oo ð4:30Þ

then o ¼ ~oo� dt we be closed and co-closed and in the same cohomology class as ~oo.

To solve Equation (4.30) we view D as a linear operator on the Hilbert space of

L2-sections of E. We can solve the equation if we can show that D is a self-adjoint

operator with positive spectrum. Since D is an unbounded operator we need to

restrict the domain of D.

To get a representative that is Hodge form it turns it out that we need to actually

solve an equivalent equation in terms of real-valued 1-forms. Following ½HK� we

define

dombDD ¼ fa 2 L2jd̂da; d̂da; d̂dd̂da; d̂dd̂da 2 L2g

where all derivatives are defined as distributions. We then have the following

theorem:

THEOREM 4.1. On a hyperbolic cone-manifold D̂D is an elliptic, nonnegative,

self-adjoint operator.

Proof. As explained in the appendix of [HK] the result follows from the following

Stokes’ theorem. &

THEOREM 4.2. Let M be a hyperbolic cone-manifold. If smooth real valued forms

a and b on M are in L2 then

ðd̂da; bÞ ¼ ða; d̂dbÞ: ð4:31Þ

Proof. If N is closed this is proved in [HK]. If C is empty then the result is due to

Gaffney [Ga]. More precisely Hodgson and Kerckhoff’s work shows that if

a and b have support on a compact neighborhood of the singular locus then

(4.31) holds. Gaffney’s work shows that if the support is the complement of a

neighborhood of the singular locus than (4.31) holds. General a and b are the sums

of forms of each type which implies Theorem 4.2 and hence Theorem 4.1. &
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We can now prove our Hodge theorem:

THEOREM 4.3. Let M be a hyperbolic cone-manifold and ~oo a smooth E-valued

1-form in standard form representing a cohomology class in H1ðM;E Þ that is con-

formal at infinity. Then there exists a unique Hodge form o such that following holds:

ð1Þ o is cohomologous to ~oo;
ð2Þ there exists an L2 section s of E such that ds ¼ ~oo� o;
ð3Þ ~oo� o has finite L2-norm on MnCE.

Proof. The proof is essentially the same as the proof of Theorem 2.7 in [HK]. We

begin with a brief review of their proof and then fill in those details that their result

does not provide.

Let ~ss be an automorphic section such that ~oo ¼ d~ss. Any automorphic section can

be written as the sum of a canonical lift and { times an equivariant section. In parti-

cular there exists an automorphic vector field ~vv and an equivariant vector field w such

that ~ss ¼ ~VV� { curl ~VVþ {W. Furthermore since ~oo is in standard form w � 0 on

CE [H1.

By Theorem 4.1 there is a unique vector field v1 solving the equation

ðbDDþ 4Þ~vv1 ¼ bDD~vv
with v̂v1in dom D̂D: Since D̂D is elliptic, v1 is smooth. If we let v ¼ ~vv� v1 then by (2.7) v is

harmonic so o ¼ dðV� { curlV Þ is co-closed. To finish the proof we need to show

that o is a traceless and hence a Hodge form and that o satisfies (2) and (3).

By Theorem 2.2 the E-valued 1-form o is traceless if div v ¼ 0. Hodgson and

Kerckhoff show that

ðbDDþ 4Þ div v ¼ 0: ð4:32Þ

If we can show that div v is in dom D̂D then we must have div v ¼ 0 since by

Theorem 4.1 D̂D has non-negative spectrum. By construction div v ¼ div ~vv� div v1.

Since ~oo is in standard form both div �vv and d̂d ðdiv ~vvÞ are in L2. We also know that

v̂v1 2 dom D̂D so div v1 ¼ 	d̂d v̂v1 and d̂dðdiv v1Þ are in L2. Together this implies that

div v and d̂dðdiv vÞ are in L2. By (4.32) D̂D div v ¼ �4 div v. Since div v is in L2 this

implies that D̂Ddiv v is also in L2. Therefore div v is in domD and must be zero.

We now prove (2). Let s ¼ V1 � i curl V1 � iW. Then ds ¼ ~oo� o. We need to

show that s is in L2 on all of M. First we note that v̂v1 2 domD so v1 and
dcurl v1curl v1 ¼ � 1

2 	 d̂d v̂v1 are in L2 on M. By Theorem 2.2, w ¼ skew Re ~oo. Since ~oo is in

standard form, ~oo and therefore w are in L2 on the geometrically finite ends. On

CE [H1; w � 0 so w is in L2 on all of M proving (2).

To prove (3) we need the following lemma.

LEMMA 4.4. If s is a section of E such that s and Ds are in L2 on MnCE, then ds is in

L2 on M nCE.
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Proof. Let f; g : M ! ½0; 1� be smooth functions on M such that f 2 þ g2 ¼ 1 and

with g ¼ 1 on CE=2 and g ¼ 0 on MnCE. Using standard techniques we can find

smooth functions fn: M ! ½0; 1� such that each fn has compact support, jdfnj is

bounded and fn ! f uniformally on compacts sets as n ! 1. Recall that

ða; bÞ ¼
Z
M

a ^ 	b]:

We then have

ðDs; f 2
n sÞ ¼ ðds; dð f 2

n sÞÞ

¼ ðds; 2fnsdfnÞ þ ðds; f 2
n dsÞ

¼ ð fnds; 2sdfnÞ þ ð fnds; fndsÞ

where the first equality holds because f 2
n s has compact support. The inequality

1

2
ð fnds; fndsÞ þ 2ðsdfn; sdfnÞ5 jð fnds; 2sdfnÞj

gives us

1

2
ð fnds; fndsÞ4 jðDs; f 2

n sÞj þ 2ðdfns; dfnsÞ: ð4:33Þ

As n ! 1; ð fnds; fndsÞ ! ð fds; fdsÞ5 kdsk2
MnCE while the right hand side of

(4.33) remains bounded since both jfnj and jdfnj are bounded for all n. The lemma

follows. &

To finish the proof of (3) we note that by (2) s is in L2. Since ~oo is in standard

form Ds ¼ d ~oo is also in L2. Therefore Lemma 4.4 implies that ds is in L2 on MnCE
proving (3). &

Remark. Lemma 4.4 is essentially due to Gaffney, [Ga]. The main difficulty is

constructing the functions, fn, through a distance function which may not be smooth.

To make the functions smooth, Gaffney applies a smoothing operator to the distance

function. The convex surfaces in the geometrically finite ends allow us to construct a

smooth distance function directly.

A non-trivial simple closed curve g on TE is a meridian if g is homotopically trivial

in N. An E-valued 1-form o 2 H1ðM;E Þ preserves the cone angle if the infinitesimal

change in holonomy of g induced by o is trivial. The asymptotic behavior of o is

described in the following result of Hodgson and Kerckhoff [HK].

LEMMA 4.5. Let M be a hyperbolic cone-manifold with all cone angles 4 2p. If
o 2 H1ðM;E Þ is an E-valued 1-form that preserves the cone angles, there exists En ! 0

such thatZ
TEn

io ^ o] ! 0:

We now prove the main theorem of this section.
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THEOREM 4.6. Let M be a hyperbolic cone-manifold that is geometrically finite

without rank one cusps and assume that all cone angles are 42p. If o 2 H1ðM;E Þ is

an E-valued 1-form that is conformal at infinity and preserves all cone angles and cusps

then o � 0.

Proof. By Theorem 4.3 we can assume that o is a Hodge form and that o is in L2

on MnCE. We will show that o ¼ 0.

By Proposition 2.3

2

Z
Mt

kok2 ¼

Z
@Mt

io ^ o] ¼ BðtÞ: ð4:34Þ

We will show that BðtÞ ! 0 as t ! 1.

By Lemma 4.5 there exists ti ! 1 such thatZ
Te=ð1þti Þ

io ^ o] ! 0

so we are left to analyze the boundary term on St [Ht.

Since o is conformal at infinity and cusp preserving, Theorem 4.3 implies that o is

in L2 on M n CE soZ
MnCE

o ^ 	o] ¼

Z
M0

o ^ 	o]

þ

Z 1

0

Z
St[Ht

	ðo ^ 	o]ÞdAtdt

is finite. (Note that 	ðo ^ 	o]Þ is a smooth real function since o ^ 	o] is a smooth

real 3-form.) Therefore

lim
t!1

Z
St[Ht

	ðo ^ 	o]ÞdAt ¼ 0:

We also have j 	t ðio ^ o]Þj < 	ðo ^ 	o]Þ where 	t is the Hodge 	-operator of the

induced metric on St [Ht. Therefore����
Z
St[Ht

io ^ o]

����4
Z
St[Ht

j 	t ðio ^ o]ÞjdAt 4
Z
St[Ht

	ðo ^ 	o]ÞdAt:

from which it follows BðtÞ ! 0 as t ! 1. Taking the limit of (4.34) we see

2
R
M kok2 ¼ 0 and therefore o ¼ 0. &

5. Representation Varieties of Cone-Manifolds

To understand local deformations of hyperbolic structures on a geometrically finite

cone manifold we will study the representation variety of the fundamental groups of

both the manifold and its boundary surfaces.
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Let G be a finitely presented group and G a Lie group. Then RðG;GÞ is the space

of representations of G in G. If G has n generators and m relations, ri, then we can

identify RðG;GÞ with a subset of G n by

RðG;GÞ ¼ fg 2 Gn : riðgÞ ¼ id; i ¼ 1; 2; . . . ;mg:

If G is an algebraic group then RðG;GÞ is an algebraic variety.

We will be interested in the case where G is the fundamental group of a geometri-

cally finite cone-manifold or a surface with a projective structure and G ¼ PSL2C,

the group of hyperbolic isometries and projective transformations. For simplicity

of notation let RðM Þ ¼ Rðp1ðM Þ;PSL2CÞ and RðSÞ ¼ Rðp1ðSÞ;PSL2CÞ where M

is a 3-manifold and S a closed surface.

The following theorem of Thurston, mentioned in the Introduction, is key to the

existence of three-dimensional hyperbolic cone-manifolds.

THEOREM 5.1 ([TH], [CS]). Let M be a compact hyperbolic manifold with boundary

and holonomy representation r. Assume that the components of @M contain no spheres,

t tori and surfaces of higher genus. If T � @M is a torus, we also assume that

rðp1ðT ÞÞ 6¼ 1. Then the dimension of the component of RðM Þ containing r is at least

t� 3wðM Þ þ 3.

Hodgson and Kerckhoff proved the following result when @M contains only tori:

THEOREM 5.2 ([HK]). Let M be a compact, connected 3-manifold with non-empty

boundary consisting of t tori and surfaces of higher genus. Let r 2 RðM Þ be an

irreducible representation such that if T is a torus component of @M then rðT Þ 6¼ 1 or

Z2 
 Z2. If the natural map

H1ðM; @M;E Þ ! H1ðM;E Þ ð5:35Þ

is zero, then at r, RðM Þ is a smooth complex manifold of dimension t� 3wðM Þ þ 3.

Sketch of proof. To show that a variety is smooth one needs to show that the

dimension of the Zariski tangent space is minimal. Theorem 5.1 gives a lower bound

for this dimension so we need to show that the dimension at r equals this lower

bound.

A fundamental result of Weil shows that dimTRðM Þr ¼ H1ðM;E Þ þ 3 if r is

irreducible. Hodgson and Kerckhoff show that if the natural map (5.35) is zero

then

dimH1ðM;E Þ ¼
1

2
dimH1ð@M;Eð@M ÞÞ:

We are left to calculate dimH1ð@M;E Þ which will be the sum of the dimensions of

H1ðS;E Þ at r over all connected components S of @M. The dimension of H1ðS;E Þ
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is well known. For a torus T with representation rðT Þ 6¼ 1 or Z2 
 Z2;

dimH1ðT;E Þ ¼ 2. If S has genus >1 at an irreducible representation,

dimH1ðS;E Þ ¼ �3wðSÞ. Summing these dimensions we find

dimH1ðM;E Þ ¼
1

2
dimH1ð@M;E Þ ¼

1

2
ð2t� 3wð@NÞÞ ¼ t� 3wðM Þ:

Since the dimension of the tangent space at r is minimal, RðM Þ is smooth and has

dimension t� 3wðM Þ. &

Remark. To turn our sketch into an actual proof we need to view RðM Þ as a

scheme instead of a variety. Then the Zariski tangent space of RðM Þ is the space of

1-cocycles with coefficients in the module Ad r. Furthermore at a representation r
satisfying the conditions of Theorem 5.2 the algebraically defined Mumford quotient

RðM Þ==PSL2C is isomorphic to the topological quotient RðM Þ=PSL2C ¼ RðM Þ. At

the image of r;RðM Þ will be a complex manifold whose (differentiable) tangent

space is canonically identified with H1ðM;E Þ.

To apply this result to geometrically finite hyperbolic cone manifolds we need the

following result:

PROPOSITION 5.3. Let M be a hyperbolic cone-manifold that is geometrically finite

without rank one cusps and let r be its holonomy representation.

ð1Þ The restriction of r to each geometrically finite end is irreducible.

ð2Þ r is irreducible.

ð3Þ Let T be the boundary of an E-neighborhood of a component of the singular locus.

Then the image of rðp1ðT ÞÞ is infinite and non-parabolic.

Proof. 1. The holonomy of a projective structure on a surface of genus >1 is

always irreducible, for a reducible representation fixes a point on bCC and hence has

image an affine group. Since a surface of genus >1 cannot have an affine structure

this is impossible. The restriction of r to a geometrically finite end is also the hol-

onomy of a projective structure and therefore is irreducible.

2. If volðM Þ is finite then this is Lemma 4.6 in [HK]. If not M contains a geome-

trically finite end on which by (1) the holonomy is irreducible which implies that r is

irreducible.

3. The holonomy of any homotopically non-trivial closed curve on TE that is not a

multiple of the meridian will have hyperbolic holonomy. This implies that the image

of rðp1ðT ÞÞ is infinite and non-parabolic.

The following corollary follows directly from Theorems 4.6 and 5.2 along with

Proposition 5.3.

COROLLARY 5.4. Let r be the holonomy representation of a hyperbolic cone-

manifold M that is geometrically finite without rank one cusps. If all cone angles of M
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are 42p then RðM Þ is smooth at r with dimension nþm� 3wðM Þ where n is the

number of components of C and m is the number of rank two cusps.

For g 2 p1ðM Þ let LgðrÞ denote the complex length of rðgÞ. If rðgÞ is hyperbolic

then LgðrÞ is the sum of the translation length plus i times the angle of rotation.

While this is only well defined up to sign and the angle is only defined modulo 2p
after making an initial choice Lg extends to a holomorphic function in a neighbor-

hood of r. In our setting when g is the meridian of a cone singularity it is natural

to choose LgðrÞ to be the cone angle. If rðgÞ is parabolic we define LgðrÞ ¼ 0. In this

case there is no way to make a choice of sign. Instead we view Lg as a map to

C=f�1g. Although this will allow us to extend Lg to a continuous map in neigh-

borhood of r it will not in general be differentiable. For this reason at parabolic

elements it is convenient to use the trace map. That is TrgðrÞ assigns to each

r 2 RðM Þ the trace of rðgÞ. Again this map is only defined up to sign but at a para-

bolic the trace is �2 so a well defined choice of sign can be made. The trace then

extends to a holomorphic map at parabolics. Note that TrgðrÞ ¼ 2 cos hðLgðrÞ=2Þ.

To understand the derivative of Lg (or TrgÞ it is helpful to look at the bundle EðgÞ
which we define to be the restriction of E to a smooth loop in the free homotopy class

of g. Then each cohomology class o 2 H1ðM;E Þ restricts to a cohomology class in

H1ðg;EðgÞÞ. If rðgÞ is not the identity then H1ðg;EðgÞÞ ffi C where the natural iso-

morphism sends cohomology classes to tangent vectors to the space of complex

lengths (or traces). Note that the infinitesimal change in holonomy of g induced

by o is trivial if and only if o restricts to a trivial element of H1ðg;EðgÞÞ. More

precisely we have the following lemma which is essentially contained in Theorem 4.5

in [HK].

LEMMA 5.5. ð1Þ Let g be a meridian of the cone singularity. Then ðLgÞ	o ¼ 0 if and

only if o preserves the cone angle.

ð2Þ Let g be homotopic to a rank two cusp. Then ðTrgÞ	o ¼ 0 if and only if o is cusp

preserving.

Note that if the cone angle 2p the holonomy of the meridian will be the identity.

This special case is also dealt with in Theorem 4.5 of [HK].

We now describe a local parameterization of RðM Þ that is the main theorem of

this paper. To do so we need to recall some basic facts about the space of marked

projective structures, PðS Þ, on a closed surface S of genus >1. These can all be found

in [Gun]. PðS Þ is a complex manifold of dimension �3wðSÞ. If S 2 PðS Þ is a projec-

tive structure then the tangent space of PðS Þ at S can be canonically identified with

H1ðS;EðSÞÞ. The Teichmüller space, TðS Þ, of S is the space of marked conformal

structures on S. Since a projective structure also defines a conformal structure there

is a projection, p:PðS Þ ! TðS Þ. Furthermore, if o 2 H1ðS;EðSÞÞ is an EðSÞ-valued

1-form than p	o ¼ 0 if and only if o is conformal. There is also a holonomy map,

h:PðS Þ ! RðS Þ. We will need the following theorem:

RIGIDITY OF GEOMETRICALLY FINITE HYPERBOLIC CONE-MANIFOLDS 167



THEOREM 5.6 ðHejhal½Hej�Þ. The map h is a holomorphic, local homeomorphism.

Assume M is a hyperbolic cone-manifold that is geometrically finite without rank

one cusps. Assume the cone singularity has n components and that M has m rank

two cusps. Let S be the union of the higher genus boundary components of @M.

RðS Þ;PðS Þ and TðS Þ will be the product of the representation varieties, spaces of

projective structures and Teichmüller spaces, respectively, of the components of S.

For each component of the cone singularity we let Li, i ¼ 1; . . . ; n, be the complex

length of the meridian. For each rank two cusp we choose a generator of the corre-

sponding Z 
 Z subgroup and let Li be its complex length and Tri its trace with

i ¼ nþ 1; . . . ; nþm. We also have a map, @:RðM Þ ! RðS Þ, that restricts each

representation to a representation of the boundary surfaces. We then define a maps,

F and F by

FðsÞ ¼ ðL1ðsÞ; . . . ;LnðsÞ;Trnþ1ðsÞ; . . . ;TrnþmðsÞ; p � h�1 � @ðsÞÞ

and

FðsÞ ¼ ðL1ðsÞ; . . . ;LnþmðsÞ; p � h�1@ðsÞÞ

for s 2 RðM Þ. Note that the image of F is contained in C
nþm

� TðSÞ while the image

of F is contained in C
n
� ðC=� 1Þm � TðSÞ.

We now prove our main theorem.

THEOREM 5.7. Assume M is a geometrically finite hyperbolic cone-manifold without

rank one cusps and with holonomy representation r. If all cone angles of M are 42p
then F is a holomorphic, local homeomorphism and F is a local homeomorphism at r.

Proof. By Corollary 5.4, RðM Þ is a smooth complex manifold of dimension

nþm� 3wðM Þ which is equal to the dimension of C
nþm

� TðS Þ. Since Li;Tri and

p � h�1 are all holomorphic F is holomorphic. To show that F is a local homeo-

morphism we need to show that F	 has trivial kernel. If o 2 H1ðM;E Þ is an E-valued

1-form such that F	o ¼ 0 then ðLiÞ	o ¼ 0; ðTriÞ	o ¼ 0 and p	o ¼ 0. By Lemma 5.5,

ðLiÞ	o ¼ 0 implies that o preserves the cone angle and 	 TrgÞ	o ¼ 0 implies that o is

cusp preserving. Finally if p	o ¼ 0, then o is conformal at infinity. Therefore

Theorem 4.6 implies that o is trivial so F	 has trivial kernel and F is a local

homeomorphism at r. The relationship between the trace and the complex length

then implies that F is a local homeomorphism. &

This parameterization leads to our local rigidity theorem.

THEOREM 5.8. If M is a geometrically finite cone-manifold without rank one cusps

and all cone angles are 42p then M is locally rigid rel cone angles and the conformal

boundary.
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Proof. Let Mt be a smooth family of cone-metrics on M such that M0 ¼ M and

such that the conformal structures at infinity and cone angles of Mt agree with those

of M. Then by Theorem 5.7 the holonomy representations rt for Mt are equal to r0.

Theorem 1.7.1 of [CEG] implies that for every compact core, M0, of M0 there

exists a t0 such that M0 isometrically embeds in Mt for t < t0. Choose M0 such that

@M0 is a collection of convex surfaces of higher genus and Euclidean tori around each

rank two cusp and component of the singular locus. Then any isometry of M0 into

Mt can be extended to an isometry from M0 onto Mt. Hence M0 is locally rigid rel

cone angles and the conformal boundary. &
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