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Abstract. We analyze the dynamical effects of active, linearized dendritic membranes on the synchronization
properties of neuronal interactions. We show that a pair of pulse-coupled integrate-and-fire neurons interacting
via active dendritic cables can exhibit resonantlike synchronization when the frequency of the oscillators is ap-
proximately matched to the resonant frequency of the membrane impedance. For weak coupling the neurons are
phase-locked with constant interspike intervals whereas for strong coupling periodic bursting patterns are observed.
This bursting behavior is reflected by the occurrence of a Hopf bifurcation in the firingrates of a corresponding
rate-coded model.
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1. Introduction differential equations. In practice, acombination of ma-
trix algebra and numerical methods are often used to
The passive membrane properties of a neuron’s den-solve for realistic neuronal geometries (Perkel et al.,
dritic tree result in a diffusive spread of current through 1981; Segev et al., 1989).
the system that causes changes in the membrane Recent experiments suggest that the representation
potential along the tree. Such a diffusive process is of dendrites in terms of purely passive membranes is
commonly described mathematically in terms of a an oversimplification, since there exists a variety of
second-order linear partial differential equation known active, voltage-dependent ionic channels distributed
as the cable equation. Rall (1962) showed how such along the dendritic tree. For example, intradendritic
an equation can represent an entire dendritic tree in recordings in both hippocampal pyramidal cells (Wong
terms of an equivalent one-dimensional cable for cer- et al., 1979; Poolos and Kocsis, 1990; Johnston et al.,
tain restricted geometries. In a later development he 1996) and neocortical pyramidal cells (Amitai et al.,
pioneered the idea of modeling a dendritic tree as 1993; Stuart and Sakmann, 1994; Svoboda et al., 1997)
a graph of connected electrical compartments (Rall, have demonstrated that a complex combination of fast
1964). Compartmental modeling represents a finite- and slow dendritic spikes can be induced by current in-
difference approximation of a linear cable equation jection. Ithasbeen suggested thatsuch active processes
in which the dendritic system is divided into suffi- could be important forinformation processing, with lo-
ciently small regions such that spatial variations of the cal computations carried out on clusters of synapses
electrical and physical properties within a region are (Shepherd and Brayton, 1987; Mel, 1994). In gen-
negligible. The partial differential equations of cable eral, the dependence of active channel conductances
theory then simplify to a system of first-order ordinary on voltage and time involves a complicated nonlinear
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process that is not described by linear cable theory, the author has demonstrated that delays arising from
although such features can be handled numerically us-passive dendritic interactions can have a significant
ing a compartmental approach (Mainen and Sejnowski, influence on the dynamical behavior of coupled neu-
1996; Jaeger et al., 1997; Jackson and Cauller, 1997).ral systems (Bressloff, 1994; Bressloff and de Souza,
Further complications arise due to the fact that many 1998). See in particular the review by Bressloff and
excitatory inputs to cortical pyramidal cells synapse Coombes (1997). Passive dendritic interactions have
on tiny protrusions known as dendritic spines. In or- also been studied by Crook et al. (1997, 1998) and
der to take proper account of such small structures, Bressloff and Coombes (1997) in the case of weakly
the standard cable equation needs to be replaced by aoupled phase oscillators.
nonlinear electro-diffusion model that can handle rapid  In this article we use linear cable theory to study
changes in ionic concentration (Qian and Sejnowski, the effects of delays arising from passive and (lin-
1989). earized) active dendrites on the synchronization prop-
Nevertheless, linear cable theory has proved a very erties of neuronal interactions. In order to proceed
useful theoretical tool in understanding certain aspects analytically, we shall develop our discussion in terms of
of active dendritic processing. For example, neuronal an integrate-and-fire model of pulse-coupled neural os-
models have been developed that combine active prop-cillators (see the reviews in Tuckwell, 1988; Gerstner,
erties in spine head membranes with the passive prop-1995). This class of model can be derived systemat-
erties of the dendritic shaft to which the spines are ically by a reduction procedure from the Hodgkin-
attached (Koch and Poggio, 1983; Coss and Perkel, Huxley equations (Abbott and Kepler, 1991; Kistler
1985; Miller et al., 1985). Computations have estab- et al., 1997). We shall follow van Vreeswijk et al.
lished that the excitable spine head can nonlinearly am- (1994) in their study of the synchronization properties
plify synaptic inputs, leading to an increased amount of synaptic &-function) delays and take as our start-
of current delivered to the dendrite and thus enhanc- ing point a pair of identical integrate-and-fire neurons
ing the synapse’s efficacy. Such processes have beerwith dendritic interactions that are mediated by diffu-
linked with Hebbian learning mechanisms (Zador etal., sion along a uniform, semi-infinite cable. The stabil-
1990). Furthermore, for relatively small deviations of ity of phase-locked solutions, in which both neurons
the membrane potential, a linearization of the chan- fire at the same constant frequency, is determined as
nel kinetics is also appropriate. The resulting contin- a function of the dendritic location of synapses and
uum cable model of the dendrites has a membrane the collective frequency of oscillations. In particular,
impedance that displays resonantlike behavior due to we show how dendrites with active, linearized mem-
the additional presence of inductances (Koch, 1984). branes induce a form of resonantlike synchronization.
It is known that such resonant behavior subserves spe-That is, if the resonant frequency of the cable approx-
cific neuronal functions. For example, hair cells of a imately matches the frequency of the oscillators, then
vertebrate cochlear exhibit their maximal sensitivity at there is a strongly enhanced (reduced) tendency to syn-
some nonzero frequency that depends on their location chronize for weak excitatory (inhibitory) coupling. It
along the cochlear (Crawford and Fettiplace, 1981). is then shown how active dendrites can destabilize a
Moreover, rod photoreceptors of lower vertebrates pair of phase-locked neurons in the strong coupling
have a receptive field that increases with the tempo- regime leading to a state with time-periodic variations
ral frequency of the stimulus (Torre and Owen, 1983). in the interspike intervals—that is, bursting patterns.
Diffusion along the dendritic tree generates an ef- The bursting behavior is reinterpreted in terms of a
fective spatiotemporal distribution of delays as ex- corresponding analog or rate-coded version of the IF
pressed by the associated Green'’s function of the cablemodel, which is shown to undergo a Hopf bifurcation
equation. The Green’s function determines the linear to a state with synchronous (anti-synchronous) peri-
response to an instantaneous injection of unit cur- odic firing rates in the case of excitatory (inhibitory)
rent at a given point on the tree. Various mathemat- coupling. The occurrence of bursting is particularly
ical methods have been developed to calculate theinteresting given the recent numerical study of com-
Green’s function for the cable equation in one dimen- partmental models of neocortical neurons that demon-
sion (Tuckwell, 1988; Rall, 1989), in the presence of strated how active dendrites can strongly influence the
shunting (Poggio and Torre, 1977), and for nontrivial bursting properties of neurons (Mainen and Sejnowski,
geometries (Abbott et al., 1991). Previous work by 1996).
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Eq(t) Ea(t) for j # i wherety is the membrane time constant and

D is the diffusivity of the cable. Electronic distance
along the cable is measured in terms of the membrane

space constant = /7qD. In Eq. (2),¢ determines

S0 U Uz(t) S the strength of interactions, with> O(¢ < 0) corre-
sponding to excitatory (inhibitory) coupling, ag (t)
/ denotes the output spike train from théh oscilla-
X0 X0 tor. If we neglect the finite shape of a pulse arising
from the effects of synaptic and axonal delays, which
x e, (D) T [ 33 are discussed elsewhere (van Vreeswijk et al., 1994;
L 2(x0 Bressloff and Coombes, 1998a, 1998b), tHej(t)
dendrites dendrites may be represented as a sequence of unit impulses
_ o o or Dirac delta-function€; (t) = >° 0 8t —T"),
Figure 1. Basic interaction picture. where theT™ are the firing times of thgth neu-
ron. At the end of the dendritic cable adjoining the
2. Phase-Locking of IF Oscillators soma we impose the homogeneous boundary condi-
with Passive Dendrites tion dV; (x, t)/9X|x—o = 0. Note that this assumes that

the feedback current from the soma to the dendritic ca-
Consider a pair of identical integrate-and-fire (IF) ple can be neglected (Bressloff, 1995). Finally, we set
neural oscillators coupled together via axo-dendritic |isy“(t) = «[V; (0, 1) — U; (t)] wherex is a conductance
synapses as shown in Fig. 1. We assume that the cou<in appropriate units).
pling is symmetric. Each oscillator consists of asoma  Equation (2) can be solved in terms of the Green’s

or cell body where spike generation occurs together functionG(x, t) of the given cable equation (Tuckwell,
with a dendritic tree modeled as a uniform semi-infinite  1988):

cable. LetJ; (t) denote the somatic potential of thté
neuron attime and take,>"(t) to be the corresponding VIO, 1) = ¢ /oo IWHE (t — ) dt’ 3)
input current flowing into the soma from the dendritic T 0 . '

cablej = 1, 2. Suppose thatthe variabldgt) evolve

according to the set of equations whereJ(t) = 5~ POOG(x, ) dx and

du; (t) Ui (t) syn g/ —x2/4Dt
- _ |+ 19 1 G(x,t) = ——e X/*Plet 4
n TS++.() (1) (X, t) = ®) (4)
supplemented by the condition that wheneves 1 it with ©(t) = 1if t > 0 and zero otherwise. The Green’s

isimmediately reset to; = 0. Herers isthe membrane  functionG(x, t) determines the membrane potential re-
time constant of the soma amds a time-independent  sponse at the end of the cable due to an instantaneous
external input. injection of unit current at poink at timet. For con-

The membrane potential at the poit0 < x < oo creteness, we shall assume that the synapses are located
on the dendritic cable of thigh neuron is denoted by  at a single poink on the cable so thak(t) = G(xo, t).
Vi(x, ). Let P(x) represent the distribution of axon  |f we now substitute Eq. (3) into (1) and fix the units
collaterals from one neuron making synapses on the of time by settingrs* + « = 1, then Eq. (1) reduces to
dendritic cable of the other neuron, withx) > 0 and
J5° P(x)dx = 1. Forthe momentwe shall assume that dui® _ U 41+ XM (5)
the membrane properties of each cable are purely pas- dt ' !
sive. (Active linearized membranes will be considered \yiih
in Section 3.) Standard cable theory then allows us to

o0

write down the following equation fo¥j (x, t) (Rall, Xi(t) = e Z J(t _ ij)_ (6)
1964) e
MVix ) MY n Dazvi x. 1) A factor of ¥ has been absorbed into the coupling pa-
ot T4 X2 rametek. Equations (5) and (6) are identical in form to

+eP(X)E;(t) (2) the system of equations considered by van Vreeswijk
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et al. (1994) for synaptic delays, and we shall follow
their method of analysis. It will be assumed that 1

so that in the absence of any couplirg<0) the neu-
rons fire at a constant rafg = In[l /(1 — 1)]

We first look for phase-locked solutions of Egs. (5)
and (6) in which the firing times take the foriﬁf‘ =
(m— ¢;)T for all integerm and j = 1,2, whereT
is a self-consistent collective period and0¢; < 1.
Integrating Eq. (5) between two successive firing events
leads to a pair of equations férand¢ = ¢, — ¢1:

1=1(1—-eT")+eKy(tg), (7

where
T 00
KT(¢)=e‘T/ e Y J[¢+mT+tydt. (8)
0 m=—oo

SinceK+ (¢) is a periodic function o, it can be ex-
pressed in terms of a Fourier series. That is,

1-eT & -
Kr@)==—2— Y hem/Te™, ()
where
G ’
and
> 1 — (@)X
G(X, w) = Dy(w)e (11)

is the transfer function (Fourier transformed Green’s
function) for the given dendritic cable with

1+ iwty

2 __
y(w) = Dy

(12)

Note thaty (w) in Eq. (12) is related to the membrane
impedance of the dendritic cable (see Section 3). For

L]b((b)
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-0.1
-0.2

Figure 2 Odd phase interaction functidnr,(¢) for a range of
values of dendritic distancey with To = 7,0 = 1,174 = 1. The
functions are determined from a truncated version of the Fourier
series (9) withm| < 10. A:xp = 1.0, B: xp = 1.5, C:xg = 2.0,

D: xg=25.

Assume, for the moment, that the neurons are weakly
coupled such that <« 1. ThenT &~ Ty and the allowed
solutions forg are given by the zeroes by, (¢) where
Lt(¢) = K1 (¢)—Kt(—¢). The underlying symmetry

of the system guarantees the existence ofrighase

or synchronous solutiopp = 0 and theantiphaseor
antisynchronous solutiop = 1/2. It is also possible
for asynchronous solutions to occur in certain param-
eter regimes. This is illustrated in Fig. 2, where we
plot the odd functionLy,(¢) for a range of dendritic
locationsxg ando, tg = 1. We approximate the inter-
action functionK, (¢) by truncating the Fourier series
(9) such thatm| < M. We can estimate a reason-
able choice foM by noting thah(w) ~ w~3/2e~v®/2%

for largew and henceM should satisfy the condition
(T M/ Tp)~3/2evV=M/Tox¥o 1 Forfixed coupling and
largexo/o one finds that the in-phase and antiphase so-
lutions are the only phase-locked solutions. However,
asxp/o is decreased, a critical value is reached where
there is a bifurcation of the antiphase solution leading
to the creation of two partially synchronized stafies
and 1-6,with0 < 6 < 1/2andd — 0asxp/oc — O.

purely passive membranes, the impedance is a functionAnalogous results are found for synaptic delays (van
of capacitances and resistances so that the cable acts a¥reeswijk et al., 1994).

alow-passfilter. Thatis, botl ()| and|G(x, )| (for
fixed x) attain their maximum value aiyax = 0. On

In the weak coupling regime a phase-locked solution
¢ will be stable if and only if (van Vreeswijk et al.,

the other hand, active dendrites can be modeled in terms1994)

of animpedance that also depends on inductances. The

cable now acts as a band-pass filter wighy # 0. The

consequences of such a resonance will be explored in

later sections. The calculation lofw) for the resonant
case is presented in Appendix A.

The pair of equations in (7) determines both the rela-
tive phasep and the collective period of oscillations.

dLr(¢)
do

Using the Fourier representation (9), we numerically
determine the stability regions in parameter space for
excitatory coupling > 0). The results are shown
in Fig. 5A. We have approximated the derivative

> 0.

€ (13)
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of Kr,(¢) by truncating the Fourier series such A
that |m|<M with M satisfying the condition

e VM Toxo s /m M/ Ty < 1. It is convenient for com- @ @ @ @
putational purposes to ensure ti\tis not too large.
Therefore, we restrict our analysis to the domair 1 -
andTp < 27 and takeM = 100. It is clear from Fig. 5A LA LA al
that the synchronous state is unstable whgg=1,
and that axp increases one obtains alternating bands
of stability and instability. (These regions of stabil- N
ity/instability are reversed for inhibitory coupling.) We @ . = r;
conclude that the dendritic location of a synapge

can potentially influence whether neuronal interactions
are synchronizing or desynchronizing (see also Crook
etal., 1997, 1998; Bressloff and Coombes, 1997).

Figure 3 A: Ladder respresentation of a one-dimensional cable
with frequency-dependent membrane impedange) and longi-
3. Resonantlike Synchronization tudinal resistance,. B: Electric circuit of a linearized active mem-
for Active Dendrites brane.

In our analysis so far, we have assumed that the cell |adder network as shown in Fig. 3A. Lef(w) de-
membranes of the dendrites are purely passive. That iS,note the frequency_dependent membrane impedance
they can be modeled in terms of resistances in parallel gndr, the longitudinal resistance of a unit length of
with CapaCitanceS, which in the continuum limit leads cable. Inthe continuum ||m|t’ one obtains a cable equa-

to the cable Eq. (2). As discussed in the introduction, tion whose corresponding transfer function satisfies
recent experiments suggest that there exist a variety gq. (11) with

of active, voltage-dependent ionic channels distributed

along the dendritic tree. In general, the active channel ()2 = la ) (14)

conductances depend nonlinearly on voltage and time. Zm(w)

However, for relatively small deviations of the mem-

brane potential from the resting potential of the cell, one

can linearize the channel kinetics. The cell membrane r

can then be analyzed in terms of a linear electrical sys- Zm(w) =

tem consisting of resistors, capacitoasid inductors

(Koch, 1984). The presence of inductance means thatwherery =rc, andr, care the membrane leakage resis-

the neuron behaves like a band-pass filter, in the sensetance and capacitance for a cable of unit surface area.

that its membrane impedance has a maximum modu- Comparison of Egs. (14) and (15) with Eq. (12) shows

lus at a nonzero (resonant) frequency; purely passive that Dty =r/r..

membranes act as low-pass filters. A simple model of an active linearized membrane is
Almost all of the analytical work to date on active an electrical circuit consisting of a passive component

dendrites has been restricted to the case of single neu-n parallel with an inductive branch containing an in-

ron properties. Here we are interested in exploring ductancd in series with a resistanae (Fig. 3B). At

the effects of linearized active dendritic membranes a phenomenological level this represents the electrical

on the dynamical behavior of networks of neurons, behavior of a specific type of active channel for small

more specifically, how the band-pass nature of the variations inthe membrane potential (Koch, 1984). For

dendrites alters the synchronizing properties of neu- such a circuit,

ronal interactions. It is a relatively simple matter to

extend our previous analysis to incorporate active den- r(n+iol)

drites, since one only needs to modify the form factor @ EF N —olleg+iol +nt)’

y (w) appearing in the transfer function (11). We follow

closely the treatment of Koch (1984). First, we repre- (In the limitr;, — oo one recovers Eq. (15)). Substi-

sent a linear one-dimensional cable as a semi-infinite tuting Egs. (14) and (16) into Egs. (10) and (11), and

For a purely passive membrane,

—_— 15
1+iwty (15)

(16)
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Figure 4 Modulus of transfer functionG(0, w)|? (in units of
1/(D?ry)) as a function of frequenay (in units ofrgl) for various
values of inductive resistance Herer = 0.3Qm?, ¢ = 0.01 FnT2
andl = 6 x 10~4 Hm?. A transition from band-pass to low-pass fil-
tering can be seen asincreases. Ay = 0,B:rp = 0.1, Cirj = 0.3,
D:r = 1.0 Qm?. Inset: Plot of Green’s functioG(x, t) atx = 1
as a function of time (in units ofzg) forr; = 0.1 Q m2.

taking real and imaginary parts then allows us to deter-
mine the phase interaction functi® (¢), Eq. (9), in
the presence of active dendrites (see Appendix A).

It is well known that the introduction of an induc-
tance into an electrical circuit can lead to resonantlike
behavior in which the impedan¢a, (w)| goes through
a maximum at some nonzero resonant frequengy.

For the circuit of Fig. 3B there exists a maximum at
omax = [—(n/D? + (/D* = BYAY2, - (17)

provided thatE = (Br? — I2C)/(Al? < 0 (Koch,

1984). The constants, B, Care defined below Eq. (A7)

in Appendix A. In the case of an ideal resonant circuit
(r = 0), wmax=1/+/Ic. Asr, is increased from zero,
wmax first increases and then decreases until a critical
value ofr, is reached beyond which there is no max-
imum impedance. That is, the system acts as a low-
pass filter rather than a band-pass filter. It can also be
shown that if the impedanag,(w) has band-pass char-
acteristics then so does the transfer funci@fx, )

of Eq. (11)—that is,

IG(X, w)|* = |Zm(w) |2«

D2r,

has a maximum abnax, Wherea(w) denotes the real
part of y(w). The amplitude|G(O, )| is plotted in
Fig. 4 as a function ofv and various inductive re-
sistances|. The biologically plausible values of the
membrane parameters are taken from (Koch, 1984):
r=03Qm?% ¢c=001Fm?r, =28x10° Q,
n=01-1Qm?| = 6x10*Hm?. Forthese partic-
ular values, the membrane time constant 3 ms and

the membrane space constant /Dty ~ 300 um.

The band-pass nature of the transfer function is re-
flected in the behavior of the real-time Green'’s func-
tion G(x,t), which develops an oscillatory compo-
nent (see inset of Fig. 4). We now investigate how the
presence of a resonance in the active dendritic mem-
branes modifies the synchronizing properties of a pair
of IF neurons with weak symmetric coupling. That is,
we calculate sigriKy, (0)) using Egs. (9) to (11) and
Appendix A. The results are displayed in Fig. 5B for
r = 0.1 Qm? (with omax~ 1.4 75 %) and in Fig. 5C for

10 ~| 10 10
(a)
8 8 8
XO6 6 6
4 4 4
2 2 ® 2l @
1 2 3 4 5 1 2 3 4 5 0 025 05 075
27E/T0 Omax 2n/TO h

Figure 5. lllustration of resonantlike synchronization in the presence of active dendrites. Stability regions for the synchronous state in the weak
coupling regime are plotted as a function of dendritic distaqd@ units ofs’). White (black) stripes denote stability (instability) for excitatory
coupling. A: Variable collective frequencyt2 T (in units ofrd‘l) and infinite inductive resistance (passive membranes). B: Variable collective
frequency 2/ To (in units ofrd‘l) and fixed inductive resistance = 0.1 @m? (resonant membranes). C: Variable inductive resistan(ia

units of 2m?) and fixed collective frequencyi2 To = 1.5 rd‘l. Other membrane parameters are as in Fig. 4.
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21/To = 1.575*. Comparison with the nonresonant A 4 ’H I T Hi ‘W m
case, Fig. 5A, shows that around the resonant frequency ‘ I . j ! \
wmax there is a greatly enhanced region in parameter . 0ol 1oL
space in which the synchronous state is stable (unsta- 00 310 320 330 340 350 360 370
ble) for excitatory (inhibitory) coupling. t (in units of 1d)
B

4. Bursting in the Strong Coupling Regime 4r

3t

In a recent study of a pair of pulse-coupled IF neurons
with synaptic &-function) and discrete axonal delays, Ay
we have shown analytically that Eq. (13) is necessary
but not sufficient to guarantee stability of a phase-
locked state in the strong coupling regime (Bressloff S ——
and Coombes, 1998a, 1998b). For example, a pair of 1 2 3 4
IF neurons can desynchronize to a state in which one
neuron becomes qt_uescen_t_(osmllator d_eath_)' We ana'Figure 6 A: Direct numerical simulation of a pair of excitatory IF
lyzed such spike train transitions by considering pertur- neurons with resonant;(= 0.1 2m?) dendritic membranes. Other
bations of the firing times and carrying out a linear sta- membrane parameters are as in Fig. 4. Alse 20, To = 2, and
bility analysis along analogous lines to van Vreeswijk Xo = 2. The dendritic cable is modeled in termd\f= 100 coupled
(1996) and Gerstner et al. (1996). We established that aelectricgl compartments (see Appepdix B). _The firing_ times of the
fundamental mechanism for destabilization of a phase- Mo oscillators are_represented with Ilngs ofdlff(.erent‘he_lghts (marked
. ) ~ 7 with a+ and a solid rectangle respectively). B: Periodic orbit of the
locked state is the occurrence of a Hopf bifurcation in |ss of one of the neurons whose bursting pattern is displayed in
the firing times (see Bressloff and Coombes, (1998a, Fig. 7B. The orbitis of period 3 with["3 = AT for all integeram.
1998b), for further details). It is interesting to note that
the breakdown of 1:1 mode-locking leading to oscil-

lator death has been observed in numerical simulations ~ #

of two coupled Hodgkin-Huxley neurons (White et al.,

1998). A condition for oscillator death in a pair of in- H { H H { H ‘ { H {
hibitory IF neurons has also been derived by Chow 350 7360 370 380 390 400
(1998). t (in units of td)

Spike train transitions froma 1: 1 mode-locked state B
are also observed in the case of passive dendritic inter-
actions. Direct numerical solution of the dynamics in
the case of passive dendrites and inhibitory coupling 3507 RE0TT 37080396400
can lead to oscillator death whereas for excitatory cou- t (in units of td)
pling phase-locking persists into the strong coupling
reg_lme. However, the _plF:tl_,lre IS dras_tlca_lly altered for neurons with resonant;(= 0.1 2m?) dendritic membranes, illus-
activemembranes. Thisisillustratedin Fig. 6where we trating multistability. Other membrane parameters are as in Fig. 4.
display the results of direct simulations of a pair of IF  Also e = —10, Ty = 47/3 andxy = 1. The dendritic cable is
neurons with excitatory coupling. The dendritic cable modeled in terms ol = 100 coupled electrical compartments (see

is represented by a coupled SyStem\bfz 100 electri- Appendix B). The firing times of the two oscillators are represented
cal compartments labeled bg=0 N — 1. We with lines of different heights (marked withHaand a solid rectangle

. respectively). A: Antisynchronous bursting state. B: Synchronous
take zero flux boundary conditions st = 0, N — 1. P V) Y g y

regular oscillations.
(See Appendix B for details). In the case of active
dendrites I{ =0.1 @m?) a periodic bursting pattern
is clearly seen with the spike trains of the two neu- with regular periodic spike trains (Fig. 7B). Note that
rons synchronized. Similarly, a pair of inhibitory neu- the potential role of active dendrites in the generation
rons can exhibit bursting patterns in which the activity of avariety of neuronal firing patterns has recently been
of the two neurons alternates (see Fig. 7A). One also highlighted by Mainen and Sejnowski in their numer-
finds multistability in which bursting states co-exist ical study of a compartmental model of a neocortical

Figure 7. Direct numerical simulation of a pair of inhibitory IF
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neuron with passive and active dendritic membranes we linearize Eq. (19) and substitutg (t) = eM)'(j into
(1996). - ~ the resulting linearized integral equation. This gener-
Although destabilization of phase-locked states in ates the following eigenvalue equation (after absorbing

the strong coupling regime can be analyzed in terms of g factor of f/(0) into the definition of):
perturbations of the firing times, this approach does not

help us determine the nature of the state that the sys- 1= Gl —in) = £ €
tem bifurcates to. We have recently established else- - 0 D y(=irn
where that for synaptic and axonal delays, the qualita- _
tive dynamics of IF neurons with strong couplingcanbe where G(x, ) is the transfer function of Eq. (11),
understood by considering an analog or rate-coded ver-and +1 corresponds to activation of the linear mode
sion of the IF model (Bressloff and Coombes, 1998a, (X1, X2) = (1, £1). The fixed point will be stable if
1998b). In certain parameter regimes, it is also possi- all solutionsi of Eq. (20) have negative real part.
ble to obtain good quantitative agreement between the From the explicit form ofy (w), Egs. (14) to (16), and
firing-rates of the analog model and the (time-averaged) Appendix A, it can be shown that it is stable in the
spike trains of the IF model. However, this requires that weak coupling regime for ako. n.b. |G(Xo, —i )| is
the effective width of the underlying delay kernkt) bounded from above when Re> 0 so that for suffi-
is not too small otherwise the neuron samples incoming ciently smalle all solutionsx of Eq. (20) must have a
spike trains sparsely (Bressloff and Coombes, 1998a, negative real part.
1998b). We do not dwell on this particular issue here  As|¢| is increased from zero, an instability may oc-
and focus on qualitative features of the dynamics re- cur in at least two distinct ways. If a single real eigen-
produced by the analog model. valuei crossesthe originin the complgxplane, thena

In the case of delays arising from dendritic structure, static bifurcation can occur leading to the emergence of
a rate-coded model can be obtained by reinterpreting additional fixed point solutions, which correspond, say,
Ej(t) in Eq. (3) as a short-term average firing rate. to inhomogeneous firing rates. On the other hand, if
That is, we defineX; (t) = Vi (0, t) and takeE; (t) = a pair of complex conjugate eigenvalues Ag tix,
f (X (t)) where f (X) is the firing rate function crosses the imaginary axisg = 0) from left to right

in the complex plane, then a Hopf bifurcation can oc-

—y (=1A)Xo

(20)

- | I+ X - X o 1| cur leading to the formation of periodic solutions—that
f(X)= ref + 1N | +X -1 T is, time-dependent firing rates. Therefore, in order to
0 X <1 investigate the stability of the fixed point in the strong

coupling regime, we substitute=i g into Eq. (20) and

(18) equate real and imaginary parts to yield

A refractory periodT, is introduced to ensure that the a(
€ e B)Xo

firing rate is bounded from above B’ygfl. Such an ef- T (21a)
fect can be mimicked in the IF model by introducing D a(B)? + b()?
inhibitory self-interactions (Gerstner, 1995). For the x [a(B) cogb(B)xe) — b(B) sin(b(B)xo)]
sake of clarity, we shall ignore the effects of refrac- .
Y 9 0=h(B) costb(B)xo) +a(B) sinb(B)xp),  (21b)

tory period in this article and sétes = 0. The basic
conclusions of the article are unchanged if a refrac-
tory period is included. Under this approximation the
integral Eq. (3) becomes

Xi(t)ZE/OO

with j # i and wherés(x, t) is the Green'’s function of

G(xo, t) f(Xj(t —t))dt, (19)

the passive or linearized, active cable. For convenience,
we have introduced a bias term into Eq. (19) such that

f (X) is replaced byf (X)= f(X) — f(0). This en-
sures thakX; =0 for all j is a fixed point of Eq. (19). In
order to investigate the stability of the zero fixed point,

wherea(g) andb(B) denote the real and imaginary
parts ofy (w) (see Appendix A), ane:1 again denotes
excitation of the eigenmodg, +1). One solution to
equation (21b) i$8 = 0 (sinceb(8) = 0). Equation
(21a) then shows that the eigenmade+1) is excited
at the critical coupling = +e€s, withes > 0 and
€s efa(O)xo
=—=—, 22
D a0 (22)
wherea(0) = Rey (0) = /(r +1))/rioc~L. Inthe case
of inhibitory coupling, activation of the modg, —1)
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1 fl(B)
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Figure 8 Solutions of Eq. (21b) for the analog model. Hdi€s) = tan(b(B)xp) and f2(8) = —b(B)/a(B) with xo = 1 (in units ofo). A:
r = 10 Q@m? (nonresonant), By = 0.1 2m? (resonant). Other membrane parameters as in Fig. 4.

leads to a state in which one neuron is active and the 14 V
other quiescent. Similarly, in the case of excitatory cou- 12
pling the instability corresponds to the activation of the
linear modeg1, 1), which indicates that the pair of ana-

log neurons bifurcates to another homogeneous state lel 8 _
rather than to one with an active/inactive pair. Such 6| bursting T~ Static
behavior is consistent with that found for a pair of IF 4 ~ ' l B
oscillators with symmetric excitatory coupling. 2 H i 5

|

In Fig. 8 we determine graphically nonzero solutions
B of Eq. (21b) for both passive and active membranes 01 02 03 04 05 06
by finding the intercepts of the functiong(8) =
tan(b(8)xo) gnd f2(B) = —b(B)/a(B). In the PasSVe  irea  Critical couplingses andey for destabilization of a pair
case (see Fig. 8A), the smallest nonzero solution is at analog neurons with symmetric coupling as a function of the in-
B = Ba with tanh(b(Ba)Xo) <0,7/2 < b(Ba)Xo < 7. ductive resistancy (in units of 2m?) with xo = 1 (in units ofc).
It follows that the corresponding critical coupling is Other membrane parameters are as in Fig. 4. There exists a criti-

€ = +ep, €a > 0, where+ denotes excitation of the cal inductive resistancg ¢ &~ 0.24 such that for; <r| c a dynamic
. ' ) instability occurs leading to period firing-rates (bursting). On the
eigenmodesl, 1) and

other hand, states with constant firing-rates bifurcate wherr, ¢
and, in the case of inhibitory coupling, one of the neurons ceases to
€A g afwx fire (oscillator death). In the shaded region multistable solutions can
=——-——cogb(Ba)X).  (23) '

"D a(fa) occeur.

It turns out thak s > €s so that, in practice, the fixed
point destabilizes via the static bifurcationcat +es.

On the other hand, for active membranes exhibiting
resonance it is possible for a dynamic instability to
arise rather than a static one. This is true for the ex-
ample shown in Fig. 8B, where an additional nonzero
solution gy of Eq. (21) emerges on the first branch
of the function tantb(8xg) with b(8y) =0. This is a
consequence of an additional zerolbgg), see Fig. 11.
The associated critical coupling is given by

resistance ¢ ~ 0.24 beyond which a Hopf bifurcation
cannot occur. That is, far>r, . a static bifurcation
occurs atle| = s as described above. However, for
r <r ¢, the zerofixed point destabilizes whieh= €
leading to a state with a time-periodic variation of the
firing-rates. In the case of excitatory coupling the two
neurons have the same firing-rate (due to activation
of the linear mod&1, 1)) whereas the level of activ-
ity alternates between the pair in the case of inhibitory
coupling (due to activation of the modg, —1)). These

ey €% two cases are illustrated in Fig. 10. It is also possible
=D aGn) (24) for multistable solutions to occurs when> es, ex
(shaded region in Fig. 9). For example, one finds that
In Fig. 9 we plotey andeg as a function ofr; for a stable limit cycle coexists with stable fixed points.

Xo = 1. Itcan be seenthatthere exists acriticalinductive This was also seen in the IF model (see Fig. 7B).
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Figure 10 Direct numerical simulation of a pair of analog neurons with resormaet .1 2m?) dendritic membranes. Other membrane
parameters are as in Fig. 4 argl= 1. The dendritic cable is modeled in termshf= 100 coupled electrical compartments as in Fig. 6. A:
Excitatory couplinge = 5. The firing rates of both neurons are displayed and are seen to exhibit synchronized oscillations. B: Inhibitory
couplinge = —5. The firing rates now exhibit antiphase oscillations.

5. Discussion morphologies. Our work suggests that such complexity
could arise, at least in part, from relatively straightfor-

In this article we established analytically how active ward processes.

dendrites can have a major effect on the firing patterns

of interacting neurons, even when the dendritic mem-

branes are assumed to operate within a linear regime.Acknowledgments

This linear approximation allowed us to draw on a wide

range of mathematical techniques including linear sta- | would like to thank Steve Coombes for helpful com-

bility analysis, bifurcation theory, and Green's func- Mentsduringthe completion ofthis paper. Theresearch

tion methods. We first identified a form of resonantlike Was supported by grant number GR/K86220 from the

synchronization in which there is a strongly enhanced EPSRC (UK).

tendency to synchronize for weak excitatory coupling

when the resonant frequency of the dendritic mem-

brane approximately matches the collective frequency

of the oscillators. We then showed how active den- We indi h lcul he f ibfw) defined
drites can destabilize a pair of phase-locked neurons in € indicate how to calculate the functibitw) define

the strong coupling regime leading to periodic burst- by Eq. (10)_' Wh'Ch appears throughput our analysis of
ing patterns and multistability. The basic idea that ac- phase-lockl_ng in IF network_ dynamics. _Usmg t_he fact
tive dendrites can modulate a range of firing patterns is that Kr(¢) Is real, we rewrite the Fourier series (9)
consistent with recent numerical work by Mainen and as
Sejnowski (1996) on compartmental models of neocor- o
tical neur(_)ns._T_heyfoundthatawide variety of periodic Kr(p) = Z [hr(wm) COL27T M)
and bursting firing patterns can be generated by appro- m=—o0

priate choices of membrane parameters and dendritic — hy (wm) sin2rme)], (A1)

Appendix A

1—eT
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wherewn =27rm/T andhgr(w) andh, (w) denote re-
spectively the real and imaginary parts of the function
h(w). Taking the real and imaginary parts of Eq. (10)
we obtain the pair of equations

e—a@)xo
(1 + w?)(@a(@)? + b(w)?)
x (cogb(w)Xo)[a(w) — wb(w)]
—sin(b(w)xo)[b(w) + wa(w)])  (A2)
g @)%
T 1+ o) (@) + b(w)?)
x (sin(b(w)Xo)[a(w) — wb(w)]

+ cosb(w)Xo)[b(®) + wa@)]), (A3)

hr(w) =

hi (w) =

where we have used the decompositign) = a(w) +
ib(w). Note thathgr(—w) = hgr(w) andh|(—w) =
—h| (a))

The real functionsi(w), b(w) are determined by the
membrane impedancg,(w) of Eq. (14). In the case
of passive dendrites, we find from Eqgs. (14) and (15)
that

1 /1
a(w) = ;\/E [1+ V14 (rqw)?], (A4)

blew) = Slg“w)\/%[_l_i_ /1+ (wa)z], (A5)

o

whereo = /D1y is the membrane space constant.
The analysis is slightly more involved for active den-
drites wherez,(w) is given by Eq. (16). First, we de-
composen,(w) into real and imaginary partg,(w) =
r[u(w) + iv(w)], where

nir+rn — |‘[da)2] + |a)2[| —+ 11 74]
Aw?* + Bw?2 +C

U(w) = (A6)
lo[r +r — |rda)2] —no[l +r 4]

V(@) = Aw* + Bw? + C ’

(A7)

andA= (tgl)?, B=12+(zgr)?—2tgrl, C=(r +1)2
Note thau(w), v(w) are both dimensionless. Similarly,
writing y (w) = a(w) + ib(w), we obtain the following
result from Eq. (14):

2 2
a(w) 1\/u(w)+ U(w)? + v(w) (A8)

2u(@)? + v(w)?]

-0.5
-1
-1.5

Figure 11 Real and imaginary partfw), b(w) of y (w) for non-
resonant (dashed curves) and resonant (solid curves) dendritic mem-
branes.

blew) = _Slgn(:(w))

_ 2
X\/ U@ + U@+ v@? o

2[u(w)? + v(w)?]
The functionsa(w) andb(w) are plotted in Fig. 11 for

both resonant and nonresonant cases. Note the exis-
tence of an additional zero ftm(w).

Appendix B

In the presence of active linearized membranes the
cable Eq. (2) is replaced by the pair of equations

. . 2y
MVixH MDY +D3 Vi(x, 1)

ot 7 ox?
|| ’
_ ():: ) +eP(X)Ej(t) (BL)
|3|i§:’t) =-—nlixH+Vix.0., (B2

with 1; (x, t) the current through the inductive branch
of the equivalent circuit shown in Fig. 3B. In the com-
partmental model version of these equations used in
our direct simulations (see Section 4), we discretize
the above cable equation using a finite-difference ap-
proximation scheme. The cable is then represented by a
system ofN coupled electrical compartments of length
Aslabeledbyn=0,..., N — 1 (see Fig. 3). Denoting

a single time step bt , we ensure that the condition
At/(As)? < 1/2is satisfied so that the finite-difference
scheme is convergent. In practice, we take=0.001
andAs=0.2. The compartmentalized cable equation
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takes the explicit form (after setting = D = 1)

Vimt+AD = Vim@®)

~ = —Vim(®
+ agalVimaa® + Vim-a®) = 2Vm(®)

_'i,m%jLﬁam,paj(t), j#i (B3)

it + S Lo ® v —rilim® (B4)

for j =1, 2. Hered;(t) =1 if oscillator j is at thres-
hold at timet and is zero otherwise (i.&;(t)/At is a
discrete approximation of the teri(t)). Similarly,
Spm=1if m=p and is zero otherwise, whemela-
bels the compartment stimulated by the input (that is,
8p,m/As is a discrete approximation ¢f(x) =8(x —
Xo)). We take zero flux boundary conditionsmat= 0,

N —1.
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