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Abstract

We prove the existence of spatially localized ground states of the diffusive Haken model. This model describes a self-
organizing network whose elements are arrangedddianensional lattice with short-range diffusive coupling. The network
evolves according to a competitive gradient dynamics in which the effects of diffusion are counteracted by a localizing
potential that incorporates an additional global coupling term. In the absence of diffusive coupling, the ground states of the
system are strictly localized, i.e. only one lattice site is excited. For sufficiently small non-zero diffusive coygtlisghown
analytically that localized ground states persist in the network with the excitations exponentially decaying in space. Numerical
results establish that localization occurs for arbitrary valuas iof one dimension but vanishes beyond a critical coupling
ac(d), whend > 1. The one-dimensional localized states are interpreted in terms of instanton solutions of a continuum
version of the model.

1. Introduction powerful method for studying weakly coupled systems
[8,9]. Examples include the study of ground state sys-
The study of spatially localized states in extended tems in condensed matter physics [10-12] and multi-
systems is an area of great current interest. Much of stability and wave propagation failure in networks of
this interest has focused on spatially localized periodic bistable elements [13,14].
oscillations in networks of coupled non-linear oscil- A distinct but very important example of localized
lators — so-calledliscrete breathersThe existence of  structures in networks is found in neurobiology. In
these discrete breathers has been demonstrated botimany regions of the cortex, groups of adjacent neu-
numerically [1,2] and analytically [3-5]. A number rons appear to form higher functional units that serve
of applications of such localized structures have been to analyse some particular stimulus feature such as
proposed including DNA dynamics in molecular bi- the orientation of an edge of an image or velocity of
ology [6]. One method for proving the existence of movement (see [15] and references therein). The as-
discrete breathers in weakly coupled systems is basedsociation of groups of neurons with local properties
on the uniform continuation of periodic solutions con- of visual images varies in a regular way with the lo-
structed in the uncoupled limit [3,7] (also known as the cation of the neurons in the visual cortex. Thus, a so-
anti-integrableor anti-continuumimit). More gener- calledtopographic mapf various features of an image
ally, investigating how certain features of network dy- is built up. Another example of such a phenomenon
namics persist from the uncoupled limit has become a is found in the auditory cortex of the bat where a
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topographic map of signal amplitude versus pitch is kind of coherent structures found in neurobiological
formed. This generates a frequency spectrogram of ansystems.
auditory signal. In addition, bats possess maps rep- One of the major claims of Ref. [22] was that a net-
resenting the time difference between two acoustic work arranged on d-dimensional square lattice with
events, which plays an important role in the sonar ori- standard nearest-neighbour diffusive coupling pos-
entation of the animal [16]. Topographic maps are not sesses localized ground states whdb 1 but not for
limited to sensory regions but also occur in the motor d > 1, even for arbitrarily small diffusive coupling.
cortex. While sensory maps generate spatially local- This claim was based on numerical simulations of
ized regions of excitation whose location represents the lattice model together with some variational cal-
the signal features being analysed, motor maps createculations of a continuum model obtained in the limit
from spatially localized excitations an activity pattern of large diffusive coupling. In this paper, we prove
in space and time that triggers a particular movement analytically that such a claim is fals¢he diffusive
[17]. Haken model supports localized ground states in any
Neural network models of the formation of coher- finite dimension provided that the diffusive coupling
ent structures in brain function generally involve two is sufficiently small(Such a result also holds for more
aspects: (i) a selection mechanism for determining the general choices of coupling provided that the strength
centre of a localized excitation in response to an in- of coupling decays exponentially with distance on
put, and (ii) an interaction mechanism that spreads the lattice.) Our approach is based on a uniform
the response over a neighbouring region of the net- continuation from the case of zero diffusive coupling.
work leading to the formation of a topographic map. The structure of the paper is as follows. In Section 2,
A network typically learns the appropriate form of we introduce the diffusive Haken model and describe
interaction by an adaptive process [19,20]. The se- the ground states of the system in the absence of
lection mechanism, on the other hand, usually in- diffusive coupling. The weak coupling limit is then
volves a sequential search for the optimal response. analysed in Section 3, expanding upon our previous
Exploiting certain similarities between pattern forma- work in Ref. [23]. Numerical results are presented in
tion in synergetic systems and pattern recognition, Section 4, which establish that localization occurs for
Haken [21] has constructed a simple neural network arbitrary values ofx in one dimension but vanishes
model that implements this selection process using beyond a critical couplingec(d), whend > 1. Fi-
a form of competitive gradient dynamics. (Such a nally, in Section 5, we show how the one-dimensional
model does not itself have a direct biological inter- localized states can be interpreted in terms of instan-
pretation, but is rather a caricature of more realis- ton solutions of a continuum version of the diffusive
tic models.) The ground states of the system consist Haken model.
of strictly localized states in which only one neu-
ron is excited and the remainder quiescent. In other
words, the network dynamically realisesvanner-
take-all strategy. An interesting extension of this type
of network is the diffusive Haken model in which the
introduction of a diffusive interaction between the neu-
rons leads to a delocalization of the original model's
ground states [22]. When there exists a balance be-
tween the effects of diffusion and localization, it is
possible to obtain new ground states that are localized
excitations (or bubbles) distributed over many neu-
rons. Such ground states are more robust than those, v
of the simple Haken model and also better reflect the % D B_qi

2. Diffusive Haken model

Consider a network oN? elements arranged on a
d-dimensional latticel". Denote the state of thih
element byy; 2 Rwith i 2 I'. In the diffusive Haken
model, the state of the network at time Q(zr) D
fq;(¢),i 2 I'g evolves according to the gradient dy-
namical rule [22]:

2.1)



P.C. Bressloff/Physica D 110 (1997) 195-208

with a potentialV of the form

X
o 1
V[Q.alD 3 (¢ a)? 5DIOI
2 . 2
h, ji
1 1X
cIp[oP? > ¢ 2.2
G (22)
where h, ji denotes summation over nearest-
neighbour pairs and
D[QID ¢}, (2.3)
i2r

The first term on the right-hand side of Eq. (2.2)
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for which the lattice structure does not play a role.
Eq. (2.4) then becomes

@ Dg3C (1 2D)q. (2.5)

The equilibria of Eq, (2.5), which we denote )
satisfyfhd D Oorgd D~ 2D 1. Hence, the stationary
states can be divided int C 1 classes determined
by the number: of excited sites [22]. For a givein,
D D m/(2n 1) and the corresponding potential is
Vi D (m/4)(2m 1) 1. We shall establish below
that the stationary states D 1 are stable, whereas all
other stationary states are either unstabie 0) or

represents a nearest-neighbour diffusive interaction saddle pointsi¢ > 1). Form D 1 there exists a single

with coupling constant whilst the remaining terms
correspond to the localizing potential introduced by

Haken [21].
Substituting Eqg. (2.2) into (2.1) gives the equation
of motion:
X
giDa g alC@ 2Dlg1CqHai,  (24)

hjjii
wherehjjii denotes summation over all nearest neigh-
bours;j of i. Eq. (2.4) is invariant under the transfor-
mation Q ! Q. Moreover,g;(t) Oforallr >0
andi 2 I' if ¢g;(0) O foralli 2 I'. For, suppose
thatg;(r) D 0 andg;(r) O for all j 6Di. Setting

g; = 0 on the right-hand side of Eq. (2.4) shows that
gi(t) 0. Thatisg; cannot cross over to the negative

real axis. Since we are interested in finite energy states

of the network, we shall also assume thdtD] < 1 .
In other words, each stat@ is taken to be square-

excited site,ig say, such thaiN D §;,,;. Moreover,
DD 1andv® D 1/4. Thisis one of theV strictly
localized ground states of the network. There are two
homogeneous stationary states given by \heuum
statem D 0 and thedissipativestatem D M. The
former satisfies; DpO for all i and v©® D 0 and
the latter hagh D 1/ 2M 1 for alli andv®™) D

M/(B8M 4. In the largeM limit, the dissipative
state becomes pointwise identical to the vacuum state
but has lower energyy* ’ D  1/8. Also note that
for an infinite lattice the dissipative state is marginally
stable.

In order to determine the stability of a stationary
state we need to consider the eigenvaluesf the
Jacobian

9%V
940 oD MNaDO

J;j D (2.6)

summable. Hence, we can restrict our discussion to A stationary state will be stable if, and only if, all the

solutions in the domain

HDfo2REj jQj2<1g,
dp——
whereM D N andjQj, D ; q% is thel, norm

on the vector space of network statés

The network converges to one of the stationary
states of the potentiaV, i.e., 9V /dg; D 0 for all
i 2 I'. (Note thatV is bounded from below.) Such a
state may be obtained by settingD 0 in Eq. (2.4),
solving the resulting time-independent equation for
fixed D and then determinin@ self-consistently us-
ing Eqg. (2.3). This procedure can be carried out ex-
plicitly in the case of zero diffusive coupling© 0)

eigenvalues are strictly negative. Substituting Eq. (2.2)
into (2.6) gives

JiiD Ay, i6Dj,
JiD N2C1 2D.

2.7)
(2.8)

In the casen D 0, the matrixJ reduces to the identity
matrix so that. D 1 is M-fold degenerate and hence
the vacuum state is unstable. On the other hand, when
m D 1 the matrixJ/ is diagonal with anM  1)-fold
degenerate eigenvalueD 1 and a non-degenerate
eigenvaluer D  2; singly localized states are thus
stable. Finally, consider the cage> 1. By an appro-
priate re-ordering of the matrix, it is simple to show
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that the stability of the system will be determined by tural stability of the system. All of these issues can be

the solutionsk of them m determinant [21] tackled in terms of a uniform continuation from the
uncoupled limit as shown in Section 3. The analytical
a i 2 2a ... 2a results for small will be supplemented by numerical
2a a * 2a ... 2a simulations in Section 4, where the behaviour of the
2a 2a a X ... 2a po, (2.9  system for larger values of the diffusive coupling will
: be studied. We shall find that localized states persist
2 2 2% ... a x for all values ofx in one dimension but vanish beyond

a critical valueac(d) for d > 1.
wherea D 2/(2m  1). One finds that there is an
(m  1)-fold degenerate positive eigenvalieD a
and a non-degenerate negative eigenvalle (2m
Da. (The remaining  m eigenvalues off satisfy
A D a/2.) Hence, multiply localized states are saddles.

We conclude that, in the case of zero diffusive cou-
pling, the ground states of the system consist of strictly

3. Weak-coupling limit
3.1. Existence of localized states

Stationary states of the diffusive Haken model

localized states in which only one site is excited and satisfy X
the remainder quiescent; the particular ground state se-(1  2D)q,; C ql??’ Ca (g5 g)DO. (3.1)
lected depends on the initial data @odadditional ap- hjjii

plied inputs. In other words, the network dynamically
realises avinner-take-allstrategy. Now suppose that
the diffusive interaction between neighbouring sites is
switched on. This leads to a delocalization of the orig-
inal ground states [22]. For sufficiently small coupling
«, there exists a balance between the effects of dif- F(Q, D) CaK(Q) G(Q,a, D)D O, 3.2
fusion and localization so that it is possible to obtain
new ground states that are localized excitations (or lat-
tice instantons) distributed over many lattice sites. A [F(Q, D)]; D g1(,3 C@ 2D)gq, (3.3)
simple heuristic argument for the existence of local- (KOLD (¢ y (3.4)
ized ground states proceeds as follows [23]. We shall ! 4 90 '
assume for concreteness that the network is infinite in i
extent. Suppose that the initial state of the network is The condition for an equilibrium is then
one of the strictly localized stateg(0) D §; ;,. Sub-
stitution into Eq. (2.2) then shows that the potential
att D O satisfiesV < 1/8 fora < 1/8d. Since Eq. (3.5) is formally very similar to the coupled
dv/dr O for all 7, the final state cannot be the dis- system of bistable elements studied by Mackay and
sipative state. Moreover, we expect this final state to Sepulchre [13]; such a system would be obtained un-

For the moment, we shall consider bathand D as
free parameters; later ob will be determined self-
consistently using Eq. (2.3). In terms of the network
stateQ 2 H, Eq. (3.1) can be rewritten in the form

where

G(Q,a,D)D0, G:H R?l H. (3.5)

be localized sinceD < 1 for finite values ofV so der the transformatio' (Q, D) ! F(Q, D). The
that the equilibrium lattice configuration must decay stability properties of the system for fixdd are very
sufficiently fast with distance on the lattice fraig different, however, from the full Haken model wiih

Although the above energy argument supports the determined self-consistently by Eq. (2.3). For a given
existence of localized ground states, it is still neces- D D Dg, Do > 1/2, anda D O th% equilibria of
sary to establish their relationship to the ground states Eq. (3.5) satisfyfd D O or N D 2Dy 1 (if
ata D 0, their stability properties, how they decay negative solutions are included). Denote the Jacobian

with spatial location on the lattice and also the struc- 4G /dQ by 8G. Since pG (M 0, Do)]ij D &; jA; with
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AiD (2Dg 1)ifgND Oandr; D 2(2Dg 1)if ¢ 6D
0, §G is invertible at the stationary poirﬁ@l 0, Do).
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Theorem 2.There existsx; > 0 such that, fojaj <
a1, there is a local continuatio®(«) and Q(«@) D

Hence, one can use the IFT to prove the existence of aQ(«, D(«)) 2 H such thatG(Q(a), @, D(«x)) D O

local continuation of eacid!for sufficiently smalle.

Theorem 1.There existsag, g > 0 such that for
jaj < agandjD Dgj < &g there is a locally unique
continuationQ(«, D) with

G(Q(a, D), a, D) D 0 (3.6)

and Q(0, Dg) D MNwhere Mis a given equilibrium.

Differentiating Eq. (3.6) shows that

Y
Do
90
aD
Hence, the solutio («, D) is differentiable with re-
spect tax and D as long a$ G has a bounded inverse.
Recall that, given a norn j on a vector spacH,
a linear operatof. acting onH is bounded if there
exits some real constantsuch that

D [6G(Q.a, D)] K (0),
(3.7)
D 2[6G(Q, «, D)] *0.

jLOj «¢jQj forall 92 H

We can then define a corresponding ndenk on the

space of bounded linear operatdrsH ! H accord-
ing to
kLk D supjLQj. (3.8)

Q2H
joiD1
Later on it will be useful to consider both tihgnorm
introduced previously and the sup normldndefined

by

jOj1 D supjgj. (3.9)
i2r

We shall denote the corresponding norms on the
space of bounded linear operatorskyk, andk k,
respectively.

We now substitute the solutiaB(«, D) of (3.5) into
the self-consistency condition (2.3) and apply the IFT
a second time witid taken to be a strictly localized
state.

and

g7(@, D(e)) D D(@) (3.10)
with D(O) D1 andql- (0, 1) D 5,’y,‘0.
Differentiate Eq. (3.10) with respect ta
dD 2hQjd 0/ i
— . 3.11
de 1 2hQjoQ/aDi (3.11)

We have introduced an inner product on the vector
spaceH according to

X
hojo4D ¢!

i2r

(3.12)

such thatH becomes a Hilbert space. Substituting
Eqg. (3.7) into (3.11) gives

dD b 2hQjsG YK[Q]i

— . 3.13

dae ~ 4hQjsG 1jQi 1 ( )
At the stationary pointQ, «, D) D (M 0, 1) we have
dD

— D 2, (3.14)
do

whered is the dimension of the lattice. It follows from
Egs. (3.7) and (3.13) and the relation

d0 _ 90 _ 90 dD
do 0o 0D da
that the solutiorQ («) remains differentiable provided
that

(i) 8G has a bounded inverse,

(i) 4hQjsG 1joi > 1.

Condition (ii) can be written in a more useful form
using some basic properties of bounded symmetric
linear operators on the Hilbert spake[24]:

(3.15)

KLkok LK, (3.16)
int_ JhQj L Qij 1

0600~ D (3.17)

SettingL D G ! we have

ihojsc g 142 (3.18)

kG k’
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Hence, condition (ii) becomes
(i% k 6G k< 4D.

We shall now use conditions (i) andYito estimate
a lower boundx; for the existence of local continu-
ations O («) of the strictly localized stated! present

in the case of zero coupling. We shall then deter-
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whereg are the critical points of, i.e., f4g ) D 0
and

2D 1 %2

P
g D (@D 1)/3y, fg )D 2
(3.20)

mine whether or not these localized states are can-(see Fig. 1). It is easy to establish thatx) 2 [0, gc)

didate ground states, i.8/ < 1/8 in the case of

for all i 6Dip and g;(«) 2 (gc, gmax), Where gmax

an infinite network, and also whether or not they are js the positive root of the equatiofi(g) D f(g ),

stable.

3.2. Estimation ot

We first consider condition (i), namely whether or

i.e., gmax D 2gc. This follows from Fig. 1 and
the result f(v) 0 and f(w) 0, wherev D
inf; gi(w) and w D sup g;(e). Hence, Eq. (3.19)
holds if

2D 1
a < .

6d

(3.21)

notsG has a bounded inverse. For the moment assume

that D is fixed with /2 < D < 1. (Eq. (3.14) shows
thatD < 1, at least for sufficiently smadl. The lower
bound for D occurs for the dissipative state.) Sup-
pose that each lattice siteis to be assigned a value
gi(@) 0, which is %continuation of the strictly lo-
calized staté\ D 6;;,, 2D 1. This can be achieved
uniquely, by takingg; («) to be the middle root (if

i 6Dig) or the largest root (if I%,io) of the equation

f@) q’C@ 2D)giD o« (g 4i), pro-
vided that
asup  (gj(@) gi(@) <jf(g )i (3.19)
21 pjii

f(q)

Fig. 1. Cubic non-linearityf(g) D ¢3C (1 Ze)q for fixed
D, 1/2 < D 1. Critical pointsareqy D 2 (2D 1)/3
andgmax D 2gc.

Condition (3.21) ensures thaG is invertible. To
show this, separate out the diagonal and off-diagonal
parts of§G by writing §G(a) D A C a L1, where

X
Aij D (%) 2dw)si;, (L) D ik
hkjii
(3.22)
Then
ksG (o) k ! (3.23)
kKA 1k I akLik’ '
providedakL1k < kA 1k 1. Since
X
KLikDsup jLij;; D 24,
iZFjZF
kA kD supif%q) 2dej *,
i2l’

it follows thatsG(Q(@), @) is invertible when

i 2daC fUqi(@)j > 2da (3.24)

for all i 2 I'. Condition (3.24) is immediately seen
to hold for alli 6Dig sinceg;(«) 2 [0, gc), so that
f%qi(a)) < 0 (see Fig. 1). In the caseD ig, we have
dio(@) 2 (qc, gmax), SO thatfUAgig(@)) > fAgc) D
2(2D 1).Hence, Eq. (3.24) holds forD ig, provided
fUqgc (@) > 4ad, which reduces to the conditien<
(2D 1)/2d.We now recall thaD is itself dependent
on «. Using Eq. (3.14), we have that faer 1,
D(x) 1 2da. Substituting this approximation into



























