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Abstract

We prove the existence of spatially localized ground states of the diffusive Haken model. This model describes a self-
organizing network whose elements are arranged on ad-dimensional lattice with short-range diffusive coupling. The network
evolves according to a competitive gradient dynamics in which the effects of diffusion are counteracted by a localizing
potential that incorporates an additional global coupling term. In the absence of diffusive coupling, the ground states of the
system are strictly localized, i.e. only one lattice site is excited. For sufficiently small non-zero diffusive couplingα, it is shown
analytically that localized ground states persist in the network with the excitations exponentially decaying in space. Numerical
results establish that localization occurs for arbitrary values ofα in one dimension but vanishes beyond a critical coupling
αc(d), whend > 1. The one-dimensional localized states are interpreted in terms of instanton solutions of a continuum
version of the model.

1. Introduction

The study of spatially localized states in extended
systems is an area of great current interest. Much of
this interest has focused on spatially localized periodic
oscillations in networks of coupled non-linear oscil-
lators – so-calleddiscrete breathers. The existence of
these discrete breathers has been demonstrated both
numerically [1,2] and analytically [3–5]. A number
of applications of such localized structures have been
proposed including DNA dynamics in molecular bi-
ology [6]. One method for proving the existence of
discrete breathers in weakly coupled systems is based
on the uniform continuation of periodic solutions con-
structed in the uncoupled limit [3,7] (also known as the
anti-integrableor anti-continuumlimit). More gener-
ally, investigating how certain features of network dy-
namics persist from the uncoupled limit has become a

powerful method for studying weakly coupled systems
[8,9]. Examples include the study of ground state sys-
tems in condensed matter physics [10–12] and multi-
stability and wave propagation failure in networks of
bistable elements [13,14].

A distinct but very important example of localized
structures in networks is found in neurobiology. In
many regions of the cortex, groups of adjacent neu-
rons appear to form higher functional units that serve
to analyse some particular stimulus feature such as
the orientation of an edge of an image or velocity of
movement (see [15] and references therein). The as-
sociation of groups of neurons with local properties
of visual images varies in a regular way with the lo-
cation of the neurons in the visual cortex. Thus, a so-
calledtopographic mapof various features of an image
is built up. Another example of such a phenomenon
is found in the auditory cortex of the bat where a
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topographic map of signal amplitude versus pitch is
formed. This generates a frequency spectrogram of an
auditory signal. In addition, bats possess maps rep-
resenting the time difference between two acoustic
events, which plays an important role in the sonar ori-
entation of the animal [16]. Topographic maps are not
limited to sensory regions but also occur in the motor
cortex. While sensory maps generate spatially local-
ized regions of excitation whose location represents
the signal features being analysed, motor maps create
from spatially localized excitations an activity pattern
in space and time that triggers a particular movement
[17].

Neural network models of the formation of coher-
ent structures in brain function generally involve two
aspects: (i) a selection mechanism for determining the
centre of a localized excitation in response to an in-
put, and (ii) an interaction mechanism that spreads
the response over a neighbouring region of the net-
work leading to the formation of a topographic map.
A network typically learns the appropriate form of
interaction by an adaptive process [19,20]. The se-
lection mechanism, on the other hand, usually in-
volves a sequential search for the optimal response.
Exploiting certain similarities between pattern forma-
tion in synergetic systems and pattern recognition,
Haken [21] has constructed a simple neural network
model that implements this selection process using
a form of competitive gradient dynamics. (Such a
model does not itself have a direct biological inter-
pretation, but is rather a caricature of more realis-
tic models.) The ground states of the system consist
of strictly localized states in which only one neu-
ron is excited and the remainder quiescent. In other
words, the network dynamically realises awinner-
take-allstrategy. An interesting extension of this type
of network is the diffusive Haken model in which the
introduction of a diffusive interaction between the neu-
rons leads to a delocalization of the original model’s
ground states [22]. When there exists a balance be-
tween the effects of diffusion and localization, it is
possible to obtain new ground states that are localized
excitations (or bubbles) distributed over many neu-
rons. Such ground states are more robust than those
of the simple Haken model and also better reflect the

kind of coherent structures found in neurobiological
systems.

One of the major claims of Ref. [22] was that a net-
work arranged on ad-dimensional square lattice with
standard nearest-neighbour diffusive coupling pos-
sesses localized ground states whend D 1 but not for
d > 1, even for arbitrarily small diffusive coupling.
This claim was based on numerical simulations of
the lattice model together with some variational cal-
culations of a continuum model obtained in the limit
of large diffusive coupling. In this paper, we prove
analytically that such a claim is false:the diffusive
Haken model supports localized ground states in any
finite dimension provided that the diffusive coupling
is sufficiently small. (Such a result also holds for more
general choices of coupling provided that the strength
of coupling decays exponentially with distance on
the lattice.) Our approach is based on a uniform
continuation from the case of zero diffusive coupling.

The structure of the paper is as follows. In Section 2,
we introduce the diffusive Haken model and describe
the ground states of the system in the absence of
diffusive coupling. The weak coupling limit is then
analysed in Section 3, expanding upon our previous
work in Ref. [23]. Numerical results are presented in
Section 4, which establish that localization occurs for
arbitrary values ofα in one dimension but vanishes
beyond a critical couplingαc(d), when d > 1. Fi-
nally, in Section 5, we show how the one-dimensional
localized states can be interpreted in terms of instan-
ton solutions of a continuum version of the diffusive
Haken model.

2. Diffusive Haken model

Consider a network ofNd elements arranged on a
d-dimensional latticeΓ . Denote the state of theith
element byqi 2 R with i 2 Γ . In the diffusive Haken
model, the state of the network at timet , Q(t) D
fqi(t), i 2 Γ g, evolves according to the gradient dy-
namical rule [22]:

q̇i D �
∂V

∂qi
(2.1)
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with a potentialV of the form

V [Q,α] D
α

2

X

hi,j i

(qj � qi)
2 �

1

2
D[Q]

C
1

2
D[Q]2 �

1

4

X

i

q4
i , (2.2)

where hi, j i denotes summation over nearest-
neighbour pairs and

D[Q] D
X

i2Γ

q2
i . (2.3)

The first term on the right-hand side of Eq. (2.2)
represents a nearest-neighbour diffusive interaction
with coupling constantα whilst the remaining terms
correspond to the localizing potential introduced by
Haken [21].

Substituting Eq. (2.2) into (2.1) gives the equation
of motion:

q̇i D α
X

hj jii

[qj � qi ] C (1 � 2D[q] C q2
i )qi, (2.4)

wherehj jii denotes summation over all nearest neigh-
boursj of i. Eq. (2.4) is invariant under the transfor-
mationQ ! � Q. Moreover,qi(t) � 0 for all t > 0
and i 2 Γ if qi(0) � 0 for all i 2 Γ . For, suppose
that qi(t) D 0 andqj (t) � 0 for all j 6Di. Setting
qi = 0 on the right-hand side of Eq. (2.4) shows that
q̇i (t) � 0. That is,qi cannot cross over to the negative
real axis. Since we are interested in finite energy states
of the network, we shall also assume thatD[Q] < 1 .
In other words, each stateQ is taken to be square-
summable. Hence, we can restrict our discussion to
solutions in the domain

H D fQ 2 RMC j jQj2 < 1g ,

whereM D Nd and jQj2 D
q P

i q
2
i is the l2 norm

on the vector space of network statesH .
The network converges to one of the stationary

states of the potentialV , i.e., ∂V/∂qi D 0 for all
i 2 Γ . (Note thatV is bounded from below.) Such a
state may be obtained by settingq̇i D 0 in Eq. (2.4),
solving the resulting time-independent equation for
fixedD and then determiningD self-consistently us-
ing Eq. (2.3). This procedure can be carried out ex-
plicitly in the case of zero diffusive coupling (α D 0)

for which the lattice structure does not play a role.
Eq. (2.4) then becomes

q̇i D q3
i C (1 � 2D)qi. (2.5)

The equilibria of Eq. (2.5), which we denote byNQ,
satisfyNqi D 0 or Nqi D

p
2D � 1. Hence, the stationary

states can be divided intoM C 1 classes determined
by the numberm of excited sites [22]. For a givenm,
D D m/(2m � 1) and the corresponding potential is
V (m) D � (m/4)(2m � 1)� 1. We shall establish below
that the stationary statesm D 1 are stable, whereas all
other stationary states are either unstable (m D 0) or
saddle points (m > 1). Form D 1 there exists a single
excited site,i0 say, such thatNqi D δi0,i . Moreover,
D D 1 andV (1) D � 1/4. This is one of theN strictly
localized ground states of the network. There are two
homogeneous stationary states given by thevacuum
statem D 0 and thedissipativestatem D M. The
former satisfiesqi D 0 for all i and V (0) D 0 and
the latter hasNqi D 1/

p
2M � 1 for all i andV (M) D

� M/(8M � 4). In the largeM limit, the dissipative
state becomes pointwise identical to the vacuum state
but has lower energy,V (1 ) D � 1/8. Also note that
for an infinite lattice the dissipative state is marginally
stable.

In order to determine the stability of a stationary
state NQ, we need to consider the eigenvaluesλ of the
Jacobian

Jij D �
∂2V

∂qi∂qj

�
�
�
�
QD NQ,αD0

. (2.6)

A stationary state will be stable if, and only if, all the
eigenvalues are strictly negative. Substituting Eq. (2.2)
into (2.6) gives

Jij D � 4Nqi Nqj , i 6Dj, (2.7)

Jii D � Nq2
i C 1 � 2D. (2.8)

In the casem D 0, the matrixJ reduces to the identity
matrix so thatλ D 1 isM-fold degenerate and hence
the vacuum state is unstable. On the other hand, when
m D 1 the matrixJ is diagonal with an(M � 1)-fold
degenerate eigenvalueλ D � 1 and a non-degenerate
eigenvalueλ D � 2; singly localized states are thus
stable. Finally, consider the casem > 1. By an appro-
priate re-ordering of the matrixJ , it is simple to show
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that the stability of the system will be determined by
the solutionsλ of them � m determinant [21]

�
�
�
�
�
�
�
�
�
�
�

a � λ 2a 2a . . . 2a
2a a � λ 2a . . . 2a
2a 2a a � λ . . . 2a
...

2a 2a 2a . . . a � λ

�
�
�
�
�
�
�
�
�
�
�

D 0, (2.9)

wherea D � 2/(2m � 1). One finds that there is an
(m � 1)-fold degenerate positive eigenvalueλ D � a
and a non-degenerate negative eigenvalueλ D (2m �
1)a. (The remainingM � m eigenvalues ofJ satisfy
λ D a/2.) Hence, multiply localized states are saddles.

We conclude that, in the case of zero diffusive cou-
pling, the ground states of the system consist of strictly
localized states in which only one site is excited and
the remainder quiescent; the particular ground state se-
lected depends on the initial data and/or additional ap-
plied inputs. In other words, the network dynamically
realises awinner-take-allstrategy. Now suppose that
the diffusive interaction between neighbouring sites is
switched on. This leads to a delocalization of the orig-
inal ground states [22]. For sufficiently small coupling
α, there exists a balance between the effects of dif-
fusion and localization so that it is possible to obtain
new ground states that are localized excitations (or lat-
tice instantons) distributed over many lattice sites. A
simple heuristic argument for the existence of local-
ized ground states proceeds as follows [23]. We shall
assume for concreteness that the network is infinite in
extent. Suppose that the initial state of the network is
one of the strictly localized statesqi(0) D δi,i0. Sub-
stitution into Eq. (2.2) then shows that the potential
at t D 0 satisfiesV < � 1/8 for α < 1/8d. Since
dV/dt � 0 for all t , the final state cannot be the dis-
sipative state. Moreover, we expect this final state to
be localized sinceD < 1 for finite values ofV so
that the equilibrium lattice configuration must decay
sufficiently fast with distance on the lattice fromi0.

Although the above energy argument supports the
existence of localized ground states, it is still neces-
sary to establish their relationship to the ground states
at α D 0, their stability properties, how they decay
with spatial location on the lattice and also the struc-

tural stability of the system. All of these issues can be
tackled in terms of a uniform continuation from the
uncoupled limit as shown in Section 3. The analytical
results for smallα will be supplemented by numerical
simulations in Section 4, where the behaviour of the
system for larger values of the diffusive coupling will
be studied. We shall find that localized states persist
for all values ofα in one dimension but vanish beyond
a critical valueαc(d) for d > 1.

3. Weak-coupling limit

3.1. Existence of localized states

Stationary states of the diffusive Haken model
satisfy

(1 � 2D)qi C q3
i C α

X

hj jii

(qj � qi) D 0. (3.1)

For the moment, we shall consider bothα andD as
free parameters; later onD will be determined self-
consistently using Eq. (2.3). In terms of the network
stateQ 2 H , Eq. (3.1) can be rewritten in the form

F(Q,D) C αK(Q) � G(Q, α,D) D 0, (3.2)

where

[F(Q,D)]i D q3
i C (1 � 2D)qi, (3.3)

[K(Q)]i D
X

hj jii

(qj � qi). (3.4)

The condition for an equilibrium is then

G(Q, α,D) D 0, G : H � R2 ! H . (3.5)

Eq. (3.5) is formally very similar to the coupled
system of bistable elements studied by Mackay and
Sepulchre [13]; such a system would be obtained un-
der the transformationF(Q,D) ! � F(Q,D). The
stability properties of the system for fixedD are very
different, however, from the full Haken model withD
determined self-consistently by Eq. (2.3). For a given
D D D0, D0 > 1/2, andα D 0 the equilibria of
Eq. (3.5) satisfyNqi D 0 or Nqi D �

p
2D0 � 1 (if

negative solutions are included). Denote the Jacobian
∂G/∂Q by δG. Since [δG( NQ, 0,D0)]ij D δi,j λi with
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λi D � (2D0� 1) if Nqi D 0 andλi D 2(2D0� 1) if Nqi 6D
0, δG is invertible at the stationary point( NQ, 0,D0).
Hence, one can use the IFT to prove the existence of a
local continuation of eachNQ for sufficiently smallα.

Theorem 1.There existsα0, δ0 > 0 such that for
jαj < α0 andjD � D0j < δ0 there is a locally unique
continuationQ(α,D) with

G(Q(α,D), α,D) D 0 (3.6)

andQ(0,D0) D NQ where NQ is a given equilibrium.

Differentiating Eq. (3.6) shows that

�
∂Q

∂α
D [δG(Q, α,D)]� 1K(Q),

∂Q

∂D
D 2[δG(Q, α,D)]� 1Q.

(3.7)

Hence, the solutionQ(α,D) is differentiable with re-
spect toα andD as long asδG has a bounded inverse.

Recall that, given a normj � j on a vector spaceH ,
a linear operatorL acting onH is bounded if there
exits some real constantc such that

jLQj � cjQj for all Q 2 H

We can then define a corresponding normk � k on the
space of bounded linear operatorsL: H ! H accord-
ing to

kLk D sup
Q2H

jQjD1

jLQj. (3.8)

Later on it will be useful to consider both thel2 norm
introduced previously and the sup norm onH defined
by

jQj1 D sup
i2Γ

jqi j. (3.9)

We shall denote the corresponding norms on the
space of bounded linear operators byk � k2 andk � k,
respectively.

We now substitute the solutionQ(α,D) of (3.5) into
the self-consistency condition (2.3) and apply the IFT
a second time withNQ taken to be a strictly localized
state.

Theorem 2.There existsα1 > 0 such that, forjαj <
α1, there is a local continuationD(α) andQ(α) D
Q(α,D(α)) 2 H such thatG(Q(α), α,D(α)) D 0
and
X

i

q2
i (α,D(α)) D D(α) (3.10)

with D(0) D 1 andqi(0, 1) D δi,i0.
Differentiate Eq. (3.10) with respect toα:

dD

dα
D

2hQj∂Q/∂αi
1 � 2hQj∂Q/∂Di

. (3.11)

We have introduced an inner product on the vector
spaceH according to

hQjQ0i D
X

i2Γ

qiq
0
i (3.12)

such thatH becomes a Hilbert space. Substituting
Eq. (3.7) into (3.11) gives

dD

dα
D

2hQjδG� 1jK[Q]i
4hQjδG� 1jQi � 1

. (3.13)

At the stationary point(Q, α,D) D ( NQ, 0, 1) we have

dD

dα
D � 2d, (3.14)

whered is the dimension of the lattice. It follows from
Eqs. (3.7) and (3.13) and the relation

dQ

dα
D
∂Q

∂α
C
∂Q

∂D

dD

dα
(3.15)

that the solutionQ(α) remains differentiable provided
that
(i) δG has a bounded inverse,

(ii) 4hQjδG� 1jQi > 1.
Condition (ii) can be written in a more useful form
using some basic properties of bounded symmetric
linear operators on the Hilbert spaceH [24]:

k L k2�k L k, (3.16)
inf

Q 6D0
jhQjLQij

hQjQi
D

1

k L� 1 k2
. (3.17)

SettingL D δG� 1 we have

jhQjδG� 1jQij �
hQjQi
k δG k

. (3.18)
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Hence, condition (ii) becomes
(ii0) k δG k< 4D.

We shall now use conditions (i) and (ii0) to estimate
a lower boundα1 for the existence of local continu-
ationsQ(α) of the strictly localized statesNQ present
in the case of zero coupling. We shall then deter-
mine whether or not these localized states are can-
didate ground states, i.e.V < � 1/8 in the case of
an infinite network, and also whether or not they are
stable.

3.2. Estimation ofα1

We first consider condition (i), namely whether or
notδG has a bounded inverse. For the moment assume
thatD is fixed with 1/2 < D < 1. (Eq. (3.14) shows
thatD < 1, at least for sufficiently smallα. The lower
bound forD occurs for the dissipative state.) Sup-
pose that each lattice sitei is to be assigned a value
qi(α) � 0, which is a continuation of the strictly lo-
calized stateNqi D δi,i0

p
2D � 1. This can be achieved

uniquely, by takingqi(α) to be the middle root (if
i 6Di0) or the largest root (ifi D i0) of the equation
f (qi) � q3

i C (1 � 2D)qi D � α
P

hj jii (qj � qi), pro-
vided that

α sup
i2Γ

�
�
�
�
�
�

X

hj jii

(qj (α) � qi(α))

�
�
�
�
�
�
< jf (q� )j, (3.19)

Fig. 1. Cubic non-linearityf (q) D q3 C (1 � 2D)q for fixed

D, 1/2 < D � 1. Critical points areq� D � 2
p
(2D � 1)/3

andqmax D 2qC .

whereq� are the critical points off , i.e.,f 0(q� ) D 0
and

q� D �
p
(2D � 1)/3y, f (q� ) D � 2

�
2D � 1

3

� 3/2

(3.20)

(see Fig. 1). It is easy to establish thatqi(α) 2 [0, qC)

for all i 6Di0 and qi(α) 2 (qC, qmax), whereqmax

is the positive root of the equationf (q) D f (q� ),
i.e., qmax D 2qC . This follows from Fig. 1 and
the resultf (v) � 0 and f (w) � 0, wherev D
inf i qi(α) and w D supi qi(α). Hence, Eq. (3.19)
holds if

α <
2D � 1

6d
. (3.21)

Condition (3.21) ensures thatδG is invertible. To
show this, separate out the diagonal and off-diagonal
parts ofδG by writing δG(α) D Λ C αL1, where

Λij D (f 0(qi) � 2dα)δij , (L1)ij D
X

hkjii

δj,k.

(3.22)

Then

kδG(α)� 1k �
1

kΛ� 1k� 1 � αkL1k
, (3.23)

providedαkL1k < kΛ� 1k� 1. Since

kL1k D sup
i2Γ

X

j2Γ

jL1jij D 2d,

kΛ� 1k D sup
i2Γ

jf 0(qi) � 2dαj � 1,

it follows that δG(Q(α), α) is invertible when

j � 2dα C f 0(qi(α))j > 2dα (3.24)

for all i 2 Γ . Condition (3.24) is immediately seen
to hold for all i 6Di0 sinceqi(α) 2 [0, qC), so that
f 0(qi(α)) < 0 (see Fig. 1). In the casei D i0, we have
qi0(α) 2 (qC, qmax), so thatf 0(qi0(α)) > f 0(qC) D
2(2D� 1). Hence, Eq. (3.24) holds fori D i0, provided
f 0(qC(α)) > 4αd, which reduces to the conditionα <
(2D � 1)/2d. We now recall thatD is itself dependent
on α. Using Eq. (3.14), we have that forα � 1,
D(α) � 1� 2dα. Substituting this approximation into


















