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Abstract. We present a new derivation of the classical action underlying a
large deviation principle (LDP) for a stochastic hybrid system, which couples
a piecewise deterministic dynamical system in R? with a time-homogeneous
Markov chain on some discrete space I'. We assume that the Markov chain on
I' is ergodic, and that the discrete dynamics is much faster than the piecewise
deterministic dynamics (separation of time-scales). Using the Perron—Frobenius
theorem and the calculus-of-variations, we show that the resulting action
Hamiltonian is given by the Perron eigenvalue of a |['ldimensional linear
equation. The corresponding linear operator depends on the transition rates of
the Markov chain and the nonlinear functions of the piecewise deterministic
system. We compare the Hamiltonian to one derived using WKB methods,
and show that the latter is a reduction of the former. We also indicate how
the analysis can be extended to a multi-scale stochastic process, in which
the continuous dynamics is described by a piecewise stochastic differential
equations (SDE). Finally, we illustrate the theory by considering applications
to conductance-based models of membrane voltage fluctuations in the presence
of stochastic ion channels.
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1. Introduction

There are a growing number of problems in biology that involve the coupling between
a piecewise deterministic dynamical system in R? and a time-homogeneous Markov
chain on some discrete space I' [4], resulting in a type of stochastic hybrid system
(SHS) known as a piecewise deterministic Markov process (PDMP) [10]%. One impor-
tant example at the single-cell level is the occurrence of membrane voltage fluctuations
in neurons due to the stochastic opening and closing of ion channels [1, 5, 8, 9, 16,
19, 22, 33, 35, 37, 42]. Here the discrete states of the ion channels evolve according
to a continuous-time Markov process with voltage-dependent transition rates and,
in-between discrete jumps in the ion channel states, the membrane voltage evolves
according to a deterministic equation that depends on the current state of the ion chan-
nels. In the limit that the number of ion channels goes to infinity, one can apply the

3 In this paper we use the term SHS mainly within the restricted sense of a PDMP. However, we do briefly
consider a more general class of SHS in section 3, in which the piecewise deterministic continuous process is
replaced by a piecewise stochastic continuous process.
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law of large numbers and recover classical Hodgkin—-Huxley type equations. However,
finite-size effects can result in the noise-induced spontaneous firing of a neuron due to
channel fluctuations. Another major example is a gene regulatory network, where the
continuous variable is the concentration of a protein product and the discrete variable
represents the activation state of the gene [2, 23, 30, 34, 36]. A third example concerns
a stochastic formulation of synaptically-coupled neural networks that has a mathemati-
cal structure analogous to gene networks [3, 4].

In many of the above examples, one finds that the transition rates between the dis-
crete states n €' are much faster than the relaxation rates of the piecewise determin-
istic dynamics for z € R%. Thus there is a separation of time scales between the discrete
and continuous processes, so that if ¢ is the characteristic time-scale of the relaxation
dynamics then t/e is the characteristic time-scale of the Markov chain for some small
positive parameter €. Assuming that the Markov chain is ergodic, in the limit e - 0 one
obtains a deterministic dynamical system in which one averages the piecewise dynam-
ics with respect to the corresponding unique stationary measure. This then raises the
important problem of characterizing how the law of the underlying stochastic process
approaches this deterministic limit in the case of weak noise, 0 < e 1.

A rigorous mathematical approach to addressing the above issue is large devia-
tion theory, which has been developed extensively within the context of stochastic
differential equations (SDEs) [11, 17, 40]. In particular, consider some random dynami-
cal system in R? for which there exists a well defined probability density functional or
law R[z] over the different sample trajectories {x(t)}g in a given time interval [0, T1].
Here € is a small parameter that characterizes the noise level, with z(?) given by the
solution z*(f) of some ODE & = F(x) in the limit ¢e— 0. A large deviation principle
(LDP) for the random paths of the SDE over some time interval [0, T7] is

Rlz]~e Ve e~ 0,

where Jp[z] is known as the rate function and Jy[2*] = 0. In the case of SDEs, the rate
function can be interpreted as a classical action with corresponding Lagrangian L [17],

Jrlz] = j; " L bt

Such a Lagrangian formulation is more amenable to explicit calculations. In par-
ticular, it can be used to solve various first passage time problems associated with the
escape from a fixed point attractor of the underlying deterministic system in the weak
noise limit. This involves finding the most probable paths of escape, which minimize
the action with respect to the set of all trajectories emanating from the fixed point.
Evaluating the action along a most probable path from the fixed point to another
point = generates a corresponding quasipotential ®(x). From classical variational
analysis, it can be shown that the quasipotential satisfies a Hamilton—Jacobi equa-
tion H(z, 0,P) = 0, where H is the Hamiltonian obtained from L [17] via a Fenchel-
Legendre transformation:

H(z, p) = sup{ py — L(z, y)}.
Y
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The optimal paths of escape correspond to solutions of Hamilton’s equations on the
zero energy surface (H = 0). This is a consequence of the fact that the paths of escape
are constant energy solutions that converge to a stable fixed point of the underly-
ing deterministic system in the limit {— —oo, and the Hamiltonian is zero at fixed
points. Interestingly, the same Hamilton—-Jacobi equation is obtained by considering a
Wentzel-Kramers—Brillouin (WKB) approximation of the stationary state of the con-
tinuous process 2(t) in the weak-noise limit [27, 28, 39]. Analogous connections between
large deviation theory and WKB methods have also been established for continuous-
time Markov chains [12, 21, 26, 41].

More recently, rigorous large deviation theory has been applied to PDMPs [13,
14, 24]. Independently of these developments in large deviation theory, a variety
of techniques in applied mathematics and mathematical physics have been used to
solve first passage time problems in biological applications of stochastic hybrid sys-
tems. These include WKB approximations and matched asymptotics [5, 22, 30, 32,
33], and path-integrals [4, 6]. Although such approaches are less rigorous than large
deviation theory, they are more amenable to explicit calculations. In particular,
they allow one to calculate the prefactor in Arrhenius-like expressions for mean first
passage times, rather than just the leading order exponential behavior governed by
the quasipotential. A major aim of this paper is to make explicit the connection
between large deviation theory and more applied approaches to stochastic hybrid
systems, by highlighting the common underlying Hamiltonian structure. Consistent
with this aim, we present a new derivation of the classical action arising from an
LDP for stochastic hybrid systems. We take as our starting point the LDP due to
Faggionato et al [13, 14]. Using the Perron—Frobenius theorem and the calculus-
of-variations, we evaluate the LDP rate function in terms of the classical action,
whose equations of motion along the most probable paths of escape are given
by a Hamiltonian dynamical system. We show that one major difference between
hybrid and non-hybrid stochastic processes is that in the former case the WKB
Hamiltonian tends to be a reduced version of the LDP Hamiltonian. However, the
corresponding Hamiltonian dynamical systems yield the same most probable paths
of escape.

The structure of the paper is as follows. In section 2 we define a stochastic hybrid
system corresponding to a one-dimensional PDMP, and specify our various math-
ematical assumptions. We then present our detailed derivation of the classical LDP
action in section 3 (theorem 3.1 and its proof). Although we focus on a one-dimensional
PDMP, we also indicate how to extend our results to higher-dimensional PDMPs and
multi-scale processes. The relationship between the classical action of large deviation
theory and the quasipotential of WKB theory is developed in section 4. In particular,
we show how the WKB quasipotential satisfies a Hamilton—Jacobi equation, whose
associated Hamiltonian is consistent with the Hamiltonian obtained from the classi-
cal LDP action. This result is consistent with alternative formulations based either on
more abstract probability theory [24] or formal path-integral methods [4, 6]. Finally,
we illustrate our analysis of LDPs for stochastic hybrid systems by considering some
conductance-based models of membrane voltage fluctuations in the presence of stochas-
tic ion channels (section 5).

https://doi.org/10.1088/1742-5468 /aa643 4
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2. Stochastic hybrid systems

Consider a one-dimensional SHS corresponding to a PDMP with continuous variable
z€ Q2 C R and a discrete variablene I' = {0, ---, N} [10, 24]. (Note that one could extend
the analysis to higher-dimensions, z€ R? In this case 2 is taken to be a connected,
bounded domain with a regular boundary 0 €2, see section 3.4. It is also possible to have
more than one discrete variable, but one can always relabel the discrete states so that
they are effectively indexed by a single integer.) When the internal state is n, the sys-
tem evolves according to the ordinary differential equation (ODE)

& = Fy(z), 2.1)

where the vector field F, : {2 = R is a continuous function, locally Lipschitz. That is, for
any compact subset IC of (), there exists a positive constant K, such that

|E(z) — B(p| < Kylz—y|, Vz,yek. (2.2)

We assume that the dynamics of z is confined to the domain {2 so that we have exis-
tence and uniqueness of a trajectory for each n. One final mild constraint is that the
vector field does not have identical components anywhere in €2, that is, for any z € (),
there exists at least one pair (n, m) € I' x I', n= m for which F,(z) = F,(z). For fixed z,
the discrete stochastic variable evolves according to a homogeneous, continuous-time
Markov chain with transition matrix W(z). We make the further assumption that the
chain is irreducible for all z € €2, that is, for fixed z there is a non-zero probability of
transitioning, possibly in more than one step, from any state to any other state of the
Markov chain. This implies the existence of a unique invariant probability distribution
on I' for fixed z € (), denoted by p(z, n), such that

ZP(I, n) Wom(z) = p(z,m), Vmel, VzeQ.

nel’

(2.3)

The existence of the unique invariant measure is a consequence of the well known
Perron—Frobenius Theorem®.

The above stochastic model defines a one-dimensional PDMP. It is also possible to
consider generalizations of the continuous process, in which the ODE (2.1) is replaced
by a stochastic differential equation (SDE), see section 3.5, or even a partial differential
equation (PDE). In order to allow for such possibilities we will refer to all of these pro-
cesses as examples of a stochastic hybrid system.

Let us decompose the transition matrix of the Markov chain as
Wom(z) = Byn(@) An(2),

with 32, ., Fam(2) = 1 for all z. That is, for a given z, the jump times from state n are
exponentially distributed with rate A, (z) and P,,(z) is the probability distribution that
when a jump occurs the new state is m for some m=n. The hybrid evolution of the
system with respect to z(f) and n(t) is then described as follows. Suppose the system
starts at time zero in the state (zg, ng). Call 2y(¢) the solution of (2.1) with n = ng such
that z¢p(0) = zy. Let 8; be the random variable such that

4 A finite-dimensional, real square matrix with positive entries has a unique largest real eigenvalue (the Perron
eigenvalue) and the corresponding eigenvector has strictly positive components [20].
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t
PO, <t)=1— exp(— j; )\m,(xo(t’))dt’).

Then in the random time interval s € [0, #;) the state of the system is (zy(s), ng). We
draw a value of 6; from P(6; < t), choose an internal state n; €I with probability
B, ,(z0(01)), and call z;(?) the solution of the following Cauchy problem on [6;, co):

{ #1(t) = Fy(zi(b), t=6
z1(01) = zo(61)-

Iterating this procedure, we construct a sequence of increasing jumping times (6x)i>0
(setting 6y = 0) and a corresponding sequence of internal states (n;)i>o. The evolution
(z(t), n(t)) is then defined as

(z(8), n(?)) = (zp(t), ) if O << Op1. (2.4)

Note that the path 2(t) is continuous and piecewise C'.

Given the above iterative definition of the stochastic hybrid process, let X(#) and
N(?) denote the stochastic continuous and discrete variables, respectively, at time ¢,
t > 0, given the initial conditions X(0) = xy, N(0) = ngy. Although the evolution of the
continuous variable X(f) or the discrete variable N(?) is non-Markovian, it can be
proven that the joint evolution (X(t), N(?)) is a strong Markov process [10]. Introduce
the probability density p(z, n, t|zo, ng, 0) with

]P){X(t) S (LU, z+ de’), N(t) = n|x07 nO) = /)(377 n, t|.'L'(), T, O)de
It follows that p evolves according to the forward differential Chapman-Kolmogorov
(CK) equation [4, 18]
o _
ot

with the adjoint generator —IL (dropping the explicit dependence on initial conditions)
defined according to

—Lp, (2.5)

LGz, n, t) = 20@e@n b 1 3 Ap(@)p(@, m, ), (2.6)
8x € mel
with
Anm(-r) = VVnm(z) - 5n,m Z I/Vnk(x)a (27)

kel

such that 3 Ayn(z) =0 Vnel and Vze(), and ), . p(z, n)A,n(z) = 0. The first
term on the right-hand side of equation (2.6) represents the probability flow associated
with the piecewise deterministic dynamics for a given n, whereas the second term rep-
resents jumps in the discrete state. Note that we have rescaled the transition matrix W
(and hence A) by introducing the dimensionless parameter €, ¢ > 0. This is motivated
by the observation that in many biological applications there a separation of time-
scales between the relaxation time for the dynamics of the continuous variable z and
the rate of switching between the different discrete states n [4].

https://doi.org/10.1088/1742-5468 /aa643 6


https://doi.org/10.1088/1742-5468/aa64f3

On the Hamiltonian structure of large deviations in stochastic hybrid systems
Let us now define the averaged vector field F' : R — R by
F(z) =Y plz, n)F(x).

nel’

It can be shown [14] that, given the assumptions on the matrix W, the functions p(z, n)
on 2 belong to CY(R) for all n€ I and that this implies that F(z) is locally Lipschitz.
Hence, for all t€ [0, T'], the Cauchy problem

{:&(t) = F(x(t)

20) = = (2.8)

has a unique solution. Intuitively speaking, one would expect the stochastic hybrid
system (2.1) to reduce to the deterministic dynamical system (2.8) in the limit ¢ — 0.
That is, for sufficiently small €, the Markov chain undergoes many jumps over a small
time interval At during which Az= 0, and thus the relative frequency of each discrete
state n is approximately p(z, n). This can be made precise in terms of a Law of Large
Numbers for stochastic hybrid systems proven in [14].

3. Classical action from a large deviation principle

We now turn to the major part of the paper, namely, a new derivation of the classical
action corresponding to the abstract rate function of the LDP for a one-dimensional
PDMP introduced by Faggionato et al [13, 14]. The advantage of our approach is that
it avoids many of the technical difficulties associated with probabilistic approaches to
large deviation theory [24]. We begin by introducing some notation in order to state
the LDP of Faggionato et al [13, 14] (section 3.1). The associated rate function Jp is
expressed as a variational principle. In section 3.2 we summarize the main result of our
paper in the form of theorem 3.1, which expresses the equivalence of the rate function
Jr with a classical action, whose associated Lagrangian is related to the Perron eigen-
value of a certain linear operator. The latter depends on the transition matrix W of
the Markov chain and the nonlinear functions F,(z), n € I' of the piecewise deterministic
system (2.1). The proof of theorem 3.1 is presented in section 3.3, where we explic-
itly derive the classical action by solving the variational principle using the Perron-—
Frobenius theorem and the calculus-of-variations. Extensions of the classical action to
higher dimensional PDMPs and multi-scale processes are presented in sections 3.4 and
3.5, respectively.

3.1. Large deviation principle of Faggionato et al [13, 14]

In order to write down the LDP of Faggionato et al [13, 14], it is first necessary
to introduce some notation. Let M, (I') denote the space of all probability mea-
sures on I' and introduce the product space M, ()T For each te[0, T], let
Y(t) = @Wo(t), ..., Yn(t)) € M () such that

77Dn(t) =0, Z 'Q[Jn(t) = 1.

nel’

https://doi.org/10.1088/1742-5468 /aa64f3 7
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A particular realization of the stochastic process, {(z(t), n(t))}co,7), then lies in the
product space C([0, T']) x M, ()T with

1, ifn(t) =n,
zbn(t):l{n(t)_n}z{o lifz((t))IZ (3.1)
and
t E d
o) =zt [ 3 () Fats))ds. 3.2)

nel’

Let ), denote the subspace of C([0, T]) x M (D)®71 for which equation (3.2) holds
but 7 is now a general element of M_(I)!%7], Such a space contains both the set of
trajectories of the stochastic hybrid system with ,(t) given by equation (3.1) and n(?)
evolving according to the Markov chain, and the solution z*(¢) of the averaged system
(2.8) for which ), = 1, with ¥, (t) = p(n, z*(t)). It can be proven that ), is a compact
subspace of C([0, T1) x M, ()T with topology defined by the metric [14]

d({(z(), V() hiero, 71, LE®), ¥ () heqo, 71)

t _
= sup [a(t) — #(O)]+ 3 sup | [ [1(5) — G (5)1ds.

te[0,T] nel 0<IST

Finally, we take P; to be the probability density functional or law of the set of trajec-
tories {$(t)}te[0,T] & O([O, T], Q)

The following large deviation principle then holds [13, 14]: Given an element
{2(t) }icro,m € C([0, T1, ),

Ps, [{z(t) heo, )] ~ e~ ritehenn)le, (3.3)

where the rate function Jr : C([0, T'], Q2) — [0, 00) is given by

T
T ero, 1) = inf | i, vanat, (3.4)
{Y(® hero, 11: {2, V(D) Jier0, 71 € Vg Y 0

and

J(z,¢) = sup > wnmm(x)[l—zz—m]- (3.5)

2€(0,00)" (n,m)el' xT n

Here the symbol ~ means asymptotic logarithmic equivalence in the limit € — 0.

We summarize a few useful properties of j(z,1) defined by equation (3.5). Since
the double sum in equation (3.5) excludes diagonal terms, we introduce the set
A =T xI'\ A where A is the diagonal of I' x I'. Let ¢, = ¥, Wyn(x). Suppose that v is
a strictly positive measure, 1, > 0 for all n € I'. It then follows from the properties of the
transition matrix W that the mapping c: I'a — [0, 00) is irreducible in the sense that,
for all n==m €T, there exists a finite sequence ny, ngy, -+, ng such that n; = n, n, = m and
Cpnyey > 0fori=1,---,k— 1. Let Ry denote the set of (N + 1) x (N + 1) positive matrices
with diagonal zero. Define the mapping J: Ry — R as

https://doi.org/10.1088/1742-5468 /aa643 8
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—_

Je)y= sup J(¢,2), T2)= 3 com(l = znlzy).

2€[0,00)" (n,m)€la

(3.6)

The following lemma is proven in [14, 24] and follows largely from material found in [38].

Lemma 1. The function J is convexr and continuous and takes its values in [0, 00).
Moreover, for each irreducible c, the supremum on [0,00)" of the function J(c,-) is the
unique solution of the set of equations

Zm Zn
Z Com— = Z Cn— NE Pa 3.7

mel Zn mel Zm

under the normalization Y, 2, = 1.

A key idea behind the above LDP is that a slow dynamical process coupled to the
fast Markov chain on I' rapidly samples the different discrete states of I' according to
some non-negative measure 1. In the limit ¢ - 0, one has ¥ — p, where p is the ergodic
measure of the Markov chain. On the other hand, for small but non-zero ¢, 1 is itself
distributed according to a LDP, whereby one averages the different functions F,(z) over
the measure ¢ to determine the dynamics of the slow system. In most biological appli-
cations, one is not interested in the internal discrete state of the system, that is, one
only observes the statistical behavior of the continuous variable 2(t). For example, ()
could represent the membrane voltage of a single neuron [33] or the synaptic current in
a population of neurons [3]. Faggionato et al [13, 14] explicitly calculated the rate func-
tion (3.4) for a restricted class of stochastic hybrid systems, whose stationary density
is exactly solvable. One major constraint on this class of model is that the vector field
of the piecewise deterministic system has non-vanishing components within a given
confinement domain. However, this constraint does not hold for biological systems such
as ion channels [5, 22, 33], gene networks [23, 30], and neural networks [3]. (Faggionato
et al were motivated by a model of molecular motors that is exactly solvable. Such a
solvability condition also breaks down for molecular motors when local chemical signal-
ing is taken into account [31].)

3.2. Statement of main theorem

We now state the main result of our paper in the form of a theorem, which will then
be proven in section 3.3.

Theorem 3.1. Let A = A(z, ) for fixred x, pu be the Perron eigenvalue of the linear equa-
tion

> A8z, 1) + (@) 202, 1) = N, 1) zn(, 1),

mel

3.8)

where z(x, ) = (z,(x, u),n € ') is the unique positive eigenvector of the linear equa-
tion under the normalization Y, z,(z, u) = 1. Stmilarly, let R(z, p) = (Ru(z, 1), n€I") be
the positive eigenvector of the adjoint equation

> Aun(@) R, 1) + pFo(@) Rz, 1) = Nz, 1) Rz, 1) 3.9

mel

https://doi.org/10.1088/1742-5468 /aa64f3 9
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under the normalization ), zp(x, p)Rpy(z, ) = 1. The rate function Jp({z(t)}eqo, 1)
defined in equation (3.4) can then be written in the form of the classical action

T
Jr({z() hepo. 1) = fo L(z, #)dt, (3.10)

with Lagrangian given by

L(z, 2) = w(z, 2)2 — Mz(?), u(z, 2)), (3.11)

and p = p(x, ) is given by the unique solution of the invertible equation

T = ngr'ﬁbm(x? M)Fm(x)a (3.12)
with

3.3. Proof of theorem 3.1

The proof proceeds in two main steps.

3.3.1. Fwvaluating the supremum of equation (3.5). We begin by introducing the fol-
lowing ansatz regarding the solution z = (z,, n € I') of the variational problem (3.5) for
fixed x and strictly positive measure 1), namely, that it is an eigenvector of the following
matrix equation:

A(r)z+qoz= )z (3.14)
for some bounded vector q = (g,, n € I'). Here, for any a,b € RV+1,

[a o b], = [diag(a)bl, = a,bn.
Note that we are free to shift the vector q by a constant since, under the transforma-

tion ¢, — g, — ¢, the eigenvalue shifts by A > A — ¢ and the eigenvector is unchanged.
That is, for fixed z,

Mz, q — clyg1) = Mz, q) — c. (3.15)

For simplicity, we choose c¢=gqy and take Q= (qo q1,...,qnv-1,0) so that
ANz, Q) = Mz,q) — qy and z = z(z, Q) are solutions of the matrix equation

A(2)z(z, Q) + Q o z(z, Q) = Mz, Q)z(z, Q). (3.16)

There are N independent variables, ¢,, n =0, ..., N— 1. One of the crucial features of
the above ansatz is that we can then ensure z, = z,(z, Q) is strictly positive by using
the Perron—Frobenius theorem and taking A = A(x, Q) to be the Perron eigenvalue.
Indeed, choosing x such that
> a ,

w> _max e (3.17)
it is clear that the new matrix A(x)+ diag(Q) + Iy, is irreducible and positive.
According to the Perron—Frobenius theorem, it has a unique strictly positive eigenvector

https://doi.org/10.1088/1742-5468 /aa64{3 10
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z(z, Q) with the normalization }_  z,(z, Q) = 1, and this eigenvector is also an eigen-
value of A + diag(Q) (but with a shifted eigenvalue).

We now show that for a given Q and fixed z, the Perron eigenvector z(z, Q) is the
solution to the variational problem (3.5) provided that the measure v takes the specific
form

U = VYu(z, Q) = Ry(z, Q)20(7, Q) (3.18)

for each n =0, ..., N— 1, where R(z, Q) = (R,(z, Q), n € ') is the corresponding unique
strictly positive eigenvector (up to scalar multiplication) of the adjoint linear equation

A'(@R(z,Q) + Qo R(z, Q) = \(z, QR(z, Q), (3.19)

such that z'R = 1. Equation (3.18) ensures that 1 is a strictly positive measure and
that Z%:owm = 1. We proceed by establishing that z(z, Q) satisfies equation (3.7) for

Canm = Un(z, Q) Wyn(z) and ¥,(x, Q) given by equation (3.18). The left-hand side of (3.7)
becomes

Zn m=0
— zpn(A(x, Q) — Q.+ ij VVnk) (3.20)

whereas the right-hand side of (3.7) reads

N w N w
Wy Wmn(x)z—m = 2 Z( (%) 4 G Y th] =
m=0 m

m=0 k=0 Zm

Cancelling the factors of z,, setting ,,/z,, = R,, and using equation (3.19) we recover
(3.20). Hence, equation (3.7) holds. Finally, setting v, = ¥,(x, Q) in equation (3.5) we
can evaluate the supremum to obtain

J(z, ) = Z ¢ Wim(z) [1 - _:|

Zn

m=0 n m=0 k=0

m,n=0

N 1 N N
:0

N

> Ul Qn = Mz, Q)]

T
Lo

nw Az, Q), (3.21)

3
\ |

since ZZ:O Y =1 and Qy=0. For ease of notation, we have suppressed the explicit
dependence of z and 1 on z, Q.
In the given variational problem for fixed x, there are N independent variables

Upy, n=0,..., N—1withyy =1— Zn o Un- Similarly, there are N independent variables
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gn,n =0, ..., N— 1. Therefore, equation (3.18) determines a mapping between the sets
{g, n=0,...,N—1} and {¢,, n=0,..., N— 1}. It remains to show that there exists a
unique solution Q for each 1y € M ('), that is, the mapping is invertible. For then we
can set ¢, = gu(x, ) in equation (3.21) to obtain the value of the supremum in equa-
tion (3.5) for any positive measure ¥ € M (I'). Differentiating equation (3.19) with

respect to ¢, m =0, ..., N— 1, yields the inhomogeneous linear equation
R . OoR O\
L(z, Q—— =[A'(z) + diag(Q) — \Iy41l — = ——R — Ryey, (3.22)
Oqm Oqm Ogm

where (ey,), = Op n. Multiplying both sides of equation (3.22) on the left with z' and
using (3.16) we obtain

Oqm

Since R and z are strictly positive, A(z, Q) is a monotonically increasing function of
the ¢,. Moreover, equations (3.14) and (3.19) imply that, in the limit ¢ — oo with all
other ¢, fixed, R;, z7— 1 and OA/Jq;— 1. On the other hand, if ¢y —» —oo then R, z;— 0
and the Perron eigenvalue becomes independent of ¢; with 0\/0¢q;— 0. Hence, by con-
tinuity, for each ¥ € M (') there exists a vector Q such that ¥, = R,(z, Q)z.(z, Q)
for all n =0, ..., N— 1. For such a solution to be unique, the inverse function theorem
implies that the Jacobian of the transformation must be invertible. Differentiating
equation (3.23) with respect to ¢, shows that the Jacobian is equivalent to the Hessian
of \ with respect Q, since

OR (T, Q)2p(z, Q) 0°Nz, Q)
dq,  9gndg,

Dy(z, Q) = (3.24)

for all m,n =0, ..., N— 1. This also establishes that the Jacobian is a symmetric matrix
with real eigenvalues. Invertibility follows from the convexity of the function J(c)
defined by equation (3.6). That is, differentiating

j(l', lb) = \7(6)7 Cnm = wn VVnm(x)a
with respect to ¢ for fixed z gives

DJe) D)
8Cnm8 Cmm! 8’¢na¢m ,

with n, m= m’. On the other hand, differentiating equation (3.21) for j(z, 1) with respect
to 1, gives

I/I/;mt(x) Wmm’(x)

(3.25)

Bj(x,) N][ ax]a%
—,  — + lﬂ - 5 = Qn,
a¢n ];0 ’ aqj 8¢n

and so

0%z, ¢) _ O

= [Dil]nm-
OOy Oy,
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Hence, convexity of J(c) together with irreducibility of the non-negative transition
matrix W means that the Jacobian is invertible and positive definite.

In summary, we have shown that for a strictly positive measure 1 and fixed z, a
unique solution g, = g,(x, ) exists for all n =10, ..., N— 1, and we have solved the first
variational problem by identifying z with the unique (up to scalar multiplication),
strictly positive eigenfunction of the matrix equation (3.16). Now suppose @ is a non-
negative rather than a strictly positive measure, that is, 1, = 0 for at least one state
m € I'. In this case ¢, = ¥, Wyn(z), n=m, is not irreducible and lemma 1 no longer
applies. However, as proven by Faggionato et al [14], the function J(¢) is continuous
with respect to c. Hence, assuming that the form of the rate function (3.3) still holds
(which isn’t necessarily true), we can take a sequence of strictly positive measures 1®

on I' such that 1/1%“ — 1, for each n € I'. This implies that (for fixed x)
[P = c[]

and
(@, D) = TP = Tl = j(z, ),

so that one can extend equation (3.21) to non-negative measures by taking

Qn(-T; w) = lhm Qn(xa w(l))°

Example. We will illustrate the Perron eigenvalue solution to the supremum variation-
al problem by considering an example for N = 1. Let us take the transition matrix to be

_ (12 1/3
W= (1/2 2/3)'
Consider the eigenvalue equation

Wz +qoz= )z,

where we have absorbed the diagonal terms 3=, _; y Wiy, into the definition of ¢,,. The
resulting characteristic equation is quadratic in A and the leading or Perron eigenvalue
is given by

+ 7 1
A= % oot qul — ¢2)> = (q1 — 2)/3 + 25/36.

It follows that

o\ 1 o\ 1
= —=—++ — , =—=—— — ,
P 9 2 flai—q2), P2 o6 2 flg1— q2)
with
1 2q—1/3

flg) =

4 = q13+ 25136
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Note that ¥ + 19 = 1 as required. The function f(¢) is a monotonically increasing func-
tion of ¢ with f(—o0) = —1/2 and f(co) = 1/2. Thus, one can find a unique, finite value
of ¢ = q1 — ¢o for all ¥; € (0,1), that is, for all strictly positive /. In the case of a non-
negative 1 with ¢; = 0 or 15 = 0, we have ¢ — +oc.

3.3.2. Fwaluating the infimum of equation (3.4). The next step in the proof is to
substitute for j(z, ) in the rate function (3.4) using equation (3.21), which gives

T|N-1
Jr({z(®) hepo, 1) = inf f [Z (DY, (1) — Ma(t), Q(t))] dt, (3.26)
b= () 0 Ln=0

with ¢,(t) = ¢.(z(%), (1)) and Zﬁzowm = 1. In order to solve this variational problem,
we introduce a Lagrange multiplier p(t) and set

Jr({z(t) }ejo, 1)) = gli Slz, p, ¥, (3.27)

where

N-1

T
Sta 01 = J, [ZO G (DY,(1) — Ma(h), QD)

N-1
+ M(t)(i“ — 2 [E(@) — Fy(@)],(t) — FN(IE))] dt, (3.28)

n=0

and we have imposed the constraint Z%:o Y, = 1. The variational problem can now be
expressed in terms of functional derivatives of S:

5 = S Ra)inls) = 0, (3.290)
ou(s) n=0 .
and
58 N1 ag, N1 ox ag,
— ) —|— m —
I e A L i i vy
— () F(2(8)) — Fa(z(s)] = 0 (3.290)

form=0,... N— 1. Combining with equations (3.18) and (3.23), we obtain the following
solution to the variational problem in terms of u:

qm = plFy(x) — Fy(o)], (3.300)

YT, 1) = 20, 1) R, 1), (3.300)

for all m=0,... N— 1, with R,(z, u), z,(z, ) the positive eigenvectors of the matrix
equation

A (2)R(z, p) + pF(2) o R(z, 1) = Mz, ))R(z, ), (3.31)
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and its adjoint, respectively. We have thus established equations (3.8) and (3.9). Here
A= Az, 1) = Fy(z) + Mz, Q| ¢ = p(Fpy — Fiy),m =0, ..., N—1).

Substituting equation (3.306) into (3.29a) shows that pu = u(t) where p(t) is the solution
to the equation

N
i(t) = D F(x()n(x(t), u(1)), (3.32)
n=0

provided that the equation is invertible for the given trajectory {z(¢)}cio, 7. Hence,
evaluating the action at the infimum we have

T N
Jr({@(t) }ero, 1) = j; [,u(t) > B@@)n(u(®), 2(8) — Az(D), M(t))] dt,

n=0

The final step is to show that equation (3.32) is invertible so that the function
w(t) = u(z(t), £(t)) exists and, hence, the rate function Jr has the required Lagrangian
form (3.10). From the inverse function theorem we require that

N
> PRI () =0

m=0

for all z€ . Following along identical lines to the analysis of equation (3.22), we
differentiate the linear equation (3.31) with respect to u to give

OR 0\
L(z, u)a = @R —FoR, (3.33)
with L(z, u) = L(z, Q)|Qm:/L[Fm*FN] m—o. . N1+ Using the same arguments as previously,
we obtain

oz, 1)

N

n=0

Hence, we require

PPN, 1) _ Ni 9°\z, Q)

2
a'LL mzn:O aqmaqn QNL:H(EIL(I)*FN(JT))
X (Fp(z) — En(2))(F(2) — Fy(z)) = 0.
This holds since the Jacobian D of equation (3.24) is invertible and F,(x) = Fy(z) for

at least one m= N. Finally, from equation (3.17), we require i to be bounded, that is,
there exists a k for which

k>p max {|F)])
m=0,...,N

[EAR)

for all z€ (). Hence, we have obtained the classical action (3.10) from the LDP rate
function (3.4) and the proof of theorem 3.1 is complete. |

https://doi.org/10.1088/1742-5468 /aa643 15


https://doi.org/10.1088/1742-5468/aa64f3

On the Hamiltonian structure of large deviations in stochastic hybrid systems

3.4. Extension to higher dimensions, & € RY d>1

In theorem 3.1 we considered the case of one-dimensional piecewise deterministic
dynamics by taking z € R. However, it is relatively straightforward to derive the corre-
sponding classical action for x € R%. When the internal state is n, the system now
evolves according to the ODE

x = E,(x), (3.35)

where the vector field F, : Q —» R? is a continuous function, locally Lipschitz. That is,
given a compact subset IC of ), there exists a positive constant K,(K) such that

B -EW<KEx-y|, Vxyek. (3.36)
The rate function of the LDP (3.3) becomes

T
hqﬂﬂkmﬂ%=£ L(x, %)dt, (3.37)

where L is the Lagrangian
L(x, %) = (p(x, %), X) — A(x(1), pu(x, %)),
and A(x, u) is the Perron eigenvalue of the linear equation
A(D)z(x, p) + (F(x)p) o z(x, p) = Mx, p)z(x, p), (3.38)

where z(x, p) is the positive eigenvector of the linear equation under the normalization
>, Zn(x, u) = 1. Here

[aobl, = anby, n=0,---, N (3.39)
for any a,bcR¥*! and F(x) is the (N+ 1) x d matrix whose N+ 1 rows are the
d-dimensional vectors F,,(x), m = 0, ---, N. Finally, the d-dimensional vector p = p(x, %)
is the solution of the invertible equation

= 3 Un(x, B, (3.40)

mel ’
with

Um(X, p) = 2m(X, p) Rin(X, ), (3.41)

where R is the positive eigenvector of the adjoint equation
AT ()R(x, p) + (Fx)p) o R(x, p) = A(x, wR(x, p) (3.42)

under the normalization ) z,(x, u) R, (x, p) = 1.

3.5. Extension to a multi-scale process on R

So far we have assumed that the slow process is piecewise deterministic. However,
one of the useful features of taking the Lagrangian LDP [13, 14] as our starting point
is that it is relatively straightforward to extend our analysis to the case where the
slow process is a piecewise SDE. First, recall that the key idea behind the Faggionato
et al Lagrangian construction is that the slow dynamical process coupled to the fast
Markov chain on I' rapidly samples the different discrete states of I' according to some
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non-negative measure 1. In order to extend this construction to a piecewise SDE, it
is necessary to take account of the fact that there are now two levels of stochasticity.
That is, after averaging the transition rates of the drift and variance of the SDE with
respect to a given measure v, the resulting system is still stochastic. Since the slow sys-
tem operates in a weak noise regime, it follows that one can apply an LDP to the slow
system for a given . The LDP for the full system is then obtained by combining the
rate function of the slow system with the infimum rate function for ¢). Here we sketch
how to extend the analysis to a piecewise SDE. (Approaching large deviation theory for
multi-scale stochastic processes in terms of solutions to an eigenvalue problem has also
been considered by Feng and Kurtz [15].)
Consider the piecewise Ito SDE

dX(t) = F(X) + Veo(X)d W (1), (3.43)

where ne I’ and W(t) is a Wiener process. The drift term F,(z) and diffusion term
o,(z) are both taken to be Lipschitz. When the piecewise SDE is coupled to the fast
discrete process on I, the stochastic dynamics is described by a differential Chapman-—
Kolmogorov equation of the form (see also equation (2.6))

8P($a n, t) _ _g 56_2 2
T 8$[Ez($)0(l", n, t)] + 5 922 [o(@)p(z, n, t)]
1
+ - > Ap(@)pla, m, t), (3.44)

where
P{X(¢) € (z, 2+ dz), n(t) = n|zo, no) = p(=, n, t)dx.
We define the measure space M, (I') as before, but now modify the definition of the

subspace V,, C C([0, T]) x M ()% by taking it to be the set of stochastic trajecto-
ries satisfying

N N
dX(t) = ) Yu(OE(X)dE + JE\/Z Un(t)op(X) dW (1)

= F(X, )t + veo(X, v)dW(t) (3.45)

for 1 € M_(ID)®T], Such a space includes the set of trajectories of the piecewise SDE
(3.43) with ,(t) given by equation (3.1) and n(t) evolving according to the Markov
chain on I'. Consider a particular realization of the Wiener process W(¢) on [0, TT1,
which is independent of {z(%),¥(%)}j0, 7). For a given realization of W, one can write
down an LDP along identical lines to the case of a piecewise deterministic system, see
equation (3.3), yielding

T
TAXOhero, 1) = inf [ ix@,eendt, 346
() hero, 11: { X (), (D) Jeer0, 71 € Vg Y 0

where X(t) is the sample path generated by the particular realization of W(t#), and
Jj(X, 1) is given by equation (3.21). If we now formally average with respect to the
Wiener process we find that
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Jr({z(t) }iejo, 1) = w(ti)l}ltl:m] Sz, ], (3.47)
where

e (@ — 2N U F(x))?
Sz, ] = W(DUn(t) — MNa(t), Q(t n= dt,
[z, 3] j; L;Oq()w() (2(1), Q1)) + o) (3.48)

with ¢,(t) = ¢ (z(1), (1)), Z%:g Um(t) = 1and A the Perron eigenvalue of equation (3.16).
Note that the final term on the right-hand side is the well-known Freidlin-Wentzell
action for SDEs [17]. Taking the infimum with respect to ¢y, k=0, ..., N— 1, gives

098 _ G- Yoo Y@ Fi(e) — Fy()]
oY S oton
@ - zﬁzowﬂ](vx))%ag(zs) —ox@l g( O\ )Bqn. (3.49)
2[27;:0 1/)710'”] n=0 8qn ad]k
Introducing the new variables
N N ) i—u
p=2 k@), ot =3 duon(@), v=——, (3.50)
n=0 n=0
we have
2
g, = V[F(z) — Fy(@)] + %[ai(a:) — on(@)], (3.51)
and
Ym = ONMOqy = Ry(z, V) z2p(z, 1), (3.52)

with R,(z,v), z,(z, v) the unique positive eigenvectors of the matrix equation

Z A;m(x)Rn(x, v)+ (VE,(z) + 1/20?71(1')/2)Rm(x, v) = XNz, V)R, (z,v). (3.53)

and its adjoint. Moreover, equation (3.50) implies that v = v(z(t), 2(t)) = v(t) where v(t)
is the solution to the equation

N N
#(t) = v(t) Y on(@(®)bn(@(t), V(1) + Y F(@(®)en(a(t), v(1)), (3.54)

provided that the equation is invertible for the given trajectory {z(?)}cjo, 7. Finally,
evaluating the action at the infimum yields the corresponding classical action:

T N
Jr({z(®) hepo, ) :j; [V(t)ZEL(x(t))wn(x(t),V(t))
n=0

2 N :
+ V(Qt) > (), v(E)a(a(t) — Aa(t), (b)) + U(2t) ]dt
n=0

— f " Lyt (3.55)
0
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4. Classical Hamiltonian and the WKB approximation of the stationary state

As indicated in the introduction, for non-hybrid stochastic processes the quasipotential
of WKB theory satisfies a Hamilton—Jacobi equation H(z,0,$) = 0, where H is the
Hamiltonian obtained from the classical action of large deviation theory. It turns out
that such a connection is more subtle in the case of a PDMP, as we now show. We will
focus on the one-dimensional case of theorem 3.1. Given the action (3.10), we can deter-
mine the Hamiltonian H from the Lagrangian L according to the Fenchel-Legendre
transformation:

H(z, p) = sup [(p — pu(z, y)y + Mz, u(z, y))] .

y (4.1)

Evaluating the right-hand side yields the equation

oA o
. , _— _— 0
p— iz, y) + [ on y] 9y (4.2)

with
Y= Un(z, p)E,(2).

mel

Differentiating equation (3.8) with respect to p gives

02y (z, 1) O0zy(z, 1)

Ap(0)————= + [uF(z) — XNz, p))——

7% ’ o p o o
:[aA(x, D

- EL n 9 . .
on (:v)] 2n(, 1) (4.3)

Since the adjoint of the linear operator on the left-hand side has a one-dimensional null
space spanned by R,, it follows from the normalization }_, 2, R, = 1 that

oz, 1)

mel’

Equation (4.2) thus shows that p = u, and we can identify p as the ‘conjugate momen-
tum’ of the Hamiltonian

H = Xz, p), (4.4)

where \(z, p) is the Perron eigenvalue of the linear equation (3.8) and its adjoint (3.9).

In order to relate the Hamiltonian (4.4) with the quasipotential of WKB methods,
consider the WKB approximation of the stationary state p,, of the CK equation (2.5)
(assuming it exists), with

OF (1) p,(z, n) _
oz

1
=2 Au(@p(@,m) = 0. (4.5)

mel

Lo, (z,n)=

The WKB approximation of p,, takes the form
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d(2)
€

1055('7:7 n) ~ 77(5177 n) exp(— ) (46)

Substituting into equation (4.5) yields

AR @,
> (A1 (&) + V@) B, m) = LD, @

mel

where ® = d®/dz. Introducing the asymptotic expansions n~n©® + en® + ... and
®~ Py + Py + ..., the leading order equation is

S Apn(@nO(z, m) = — B () Fy(2)n Oz, n). (4.8)

mel

As it stands, it is not clear that (4.8) has a solution for which n©(z, m) is positive
for all , m, and the relationship to the Hamiltonian structure of large deviation theory
is not explicit. However, the structure of equation (4.8) is a reduced version of equa-
tion (3.9). This suggests introducing the family of eigenvalue equations

> Aun(@) Rz, p) + pE(@) Ru(z, p) = (@, p) Rul, p), (4.9)
mel

which are parameterized by the pair (z, p) with p an auxiliary variable and A\(z, p) the

Perron eigenvalue. Comparison of equation (4.8) with (4.9) then shows that we can

make the identifications ®y(z) = p, nO(z, m) = R,,(z, p) and \(z, p) = 0. It immediately

follows that n© is positive. The quasipotential is then the solution of the Hamilton—

Jacobi equation

Az, @y(x)) = 0. (4.10)
This is equivalent to finding zero energy solutions of Hamilton’s equations
4o O (z, p), _ Oz, p), @1l)
op Or

and identifying &, as the action along the resulting solution curve (a(%), p(t)):
T
@ = [ i, (412)

with z(T) = x. Note that here ¢ is the parameter of a curve rather than physical time.
One of the major applications of WKB methods is to solving escape problems for sto-
chastic process in the weak-noise limit, both for non-hybrid systems [12, 21, 26-28, 39],
and hybrid systems [5, 22, 30, 32, 33]. For example, suppose that the mean-field equa-
tion (2.8) is bistable with two stable fixed-points z. separated by an unstable fixed point
Xy, see also figure 1 of section 5. Given the quasipotential &), the mean first passage
time 7 to escape from z_ via 1, say, can be calculated by considering higher order terms
in the WKB approximation, and using matched asymptotics to deal with an imposed
absorbing boundary at z;. One finds that 7 takes the general Arrhenius form [22, 32]

o XEOT) ) wae
Y
NEEDEHES
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100 -80 -60 -40 20 0 20 40 60 80 100
X [MV]

Figure 1. Plot of deterministic potential U(x) as a function of voltage x for different
values of the external stimulus current I. Parameter values are Vy, = 120 mV,
Vi, = —62.3mV, gy, = 4.4mS em 2 gp = 2.2mS em 2 and a(x) = Bexp[(x — v1)/va]
with 3=0.8s"1, v, =—-1.2mV, v, = 18 mV.

where x is an appropriate prefactor. Hence, the WKB method provides a powerful
calculational tool. On the other hand, there is no a prior: justification for interpreting
the quasipotential and its associated Hamiltonian in terms of an underlying variational
principle for most probable paths in the space of stochastic trajectories. This becomes
crucial when solving escape problems in higher dimensions, since a metastable state is
now surrounded by a non-trivial boundary (rather than a single point) and one needs
to determine the relative weighting of optimal paths crossing different points on the
boundary. Establishing the connection between WKB analysis and large deviation
theory provides such a variational principle.

5. Applications to stochastic ion channels

In this final section we illustrate the Hamiltonian structure of stochastic hybrid systems
by considering a few explicit models taken from neuroscience.

5.1. Binary model

Before considering conductance-based models of membrane voltage fluctuations, we
begin with the simple example of a binary stochastic hybrid process (two discrete states
n =0, 1), which was analyzed in some detail by Faggionato et al [13] using a different
method. The latter authors exploited the fact that the model is exactly solvable, in the
sense that the stationary density of the corresponding Chapman—Kolmogorov equa-
tion can be computed explicitly, and used a fluctuation-dissipation theorem to deter-
mine the Hamiltonian and quasipotential. Here we will obtain the same results more
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directly by calculating the Perron eigenvalue. One biological application of the binary
model is to the bidirectional transport of a molecular motor along a one-dimensional
microtubular track, in which z represents the spatial location of the motor on the
track and the two discrete states represent the motor moving either towards the + end
or — end of the track. (In more complex models, the discrete space I' represents mul-
tiple internal conformational states of the motor, each of which has an associated veloc-
ity on the track [3].)

Suppose that the continuous variable evolves according to piecewise dynamics on
some finite interval (a, b),

i = F(z), n=0,1, (5.1)
with Fy, F{ continuous and locally Lipschitz. Suppose that Fy, F; are non-vanishing within

the interval (a, b), and F,(a) >0, F,(b) <0 for n =0, 1; the dynamics is then confined to
(a, b). Denote the transition rates of the two-state Markov chain by wi(z) with
w(z)

{n=0} = {n=1}.

w_(x)
The stationary measure of the Markov chain is given by

wi(z)
w () + w(z)

w_(x)

:0(:1:7 0) = w(2) + w (z) )

pz,1) = (5.2)

The linear equation (3.9) can be written as the two-dimensional system

—wi(z) + po(w) w-() (Ro) _ )\(Ro) c 3
w@) e+ pR@NR) T R 5-3)
The corresponding characteristic equation is

0= N+ Nwi(2) + w-(2) — p(Fp(z) + Fi(2))]
+ (pA(@) — w(@2)(pFy(z) — wi(2)) — w(T)wi(2).

It follows that the Perron eigenvalue is given by

Aw ) = 2 [ ) + S p? — @ |. (5.4)
where

2(z, p) = p(Fo(z) + Fi(2)) — [wi(z) + w(2)],
and

v(z, p) = (pFi(z) — w(2))(pEy(z) — wi(2)) — w(z)wi(z).
A little algebra shows that

D(z, p) = X(z, p)* — 4y(z, p) = [p(Fp — F) — (W} — w )P + ww- >0,

so that as expected A is real. Hence, from Hamilton’s equations
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;= Az, p)
op
Fo(z) + Fi(z) I 0D(z, p) 1
2 Jp  2D(z,p)

_ k@) + K@) | K@) — F) p(Fo— F) — (wy —w) (5.5)

2 2 JIpE - F) - @ — )P + wper

which is the same result as obtained in example 10.4 of Faggionato et al [13]. Moreover,
writing

z = Fy(z)po(z) + F(z)i(z),

we see that

1| pFy— R — (@i —w) |
Yo(z) = =1+ , 5.6
T2 - B — @ — )P t e | 60
and
1| p(Bo— F)— (s —w) |
Yia) = = |1 - , 57
2] Ip(R— B) = @i — o) +wiw | o0

so that 19 1(z) 2 0 with 1(z) + ¢P1(z) = 1.

5.2. Stochastic Na* ion channels and the initiation of spontaneous action potentials

An important example of stochastic hybrid systems at the single-cell level concerns a
conductance-based model of a neuron, in which the stochastic opening of membrane
ion channels generates a stochastic ionic current that drives the membrane voltage. It
is then possible that ion channel noise induces spontaneous action potentials (SAPs),
which can have a large effect on a neuron’s function [5, 8, 9, 16, 19, 22, 33]. If SAPs
are too frequent, a neuron cannot reliably perform its computational role. Hence, ion
channel noise imposes a fundamental limit on the density of neural tissue. Smaller
neurons must function with fewer ion channels, making ion channel fluctuations more
significant and more likely to cause a SAP. Here we will consider the simple case of a
single type of ion channel, namely, a fast sodium (Na) channel, which was previously
analyzed using WKB methods [22]. Let 2(t) denote the membrane voltage of the neuron
at time ¢ and N be the fixed number of sodium channels. We assume that each channel
can either be open (0) or closed (C), and can switch between each state according to
the kinetic scheme

a(r)

—

=0,
b (5.8)

with voltage-dependent transition rates. (A more detailed biophysical model would
need to treat each ion channel as a cluster of subunits rather than a single unit. In
other words, the Markov chain of events associated with opening and closing of an
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ion channel would involve transitions between more than two internal states,.) The
stochastic membrane voltage is taken evolves according to the piecewise deterministic
equation

dz

="y —
T Fy(z)= Nf(:r) 9(z), (5.9)

where n is the number of open ion channels at time ¢, and
[@) = gna(VNa — 2),  g(@) = —gr[VL— 2] - L.

Here gn. is the maximal conductance of a sodium channel and Vy, is the corresponding
membrane reversal potential. Similarly, g; and V; are the effective maximal conduc-
tance and reversal potential of any other currents, which are assumed to be indepen-
dent of the opening and closing of ion channels, and [/ is an external current. The four
quantities (g, 91, VNa, V2) are taken to be constants. Since the right-hand side of (5.9)
is negative for large x and positive for small z, it follows that the voltage z is confined to
some interval 2 = [zz, 2z]. The function F,(z) is clearly continuous and locally Lipschitz.

In this example the space I' of discrete states is the set of integers {n=10,1,..., N}
and the Markov chain is given by a birth-death process:

n - =n+l, n - n-—1
wy(n,z)l e ’ w-_(n,x)/ € ’ (510)

with transition rates
wi(z,n) = a(z)(N—n), w(z,n)=pG()n. (5.11)

The small parameter € reflects the fact that sodium channels open at a much faster rate
than the relaxation dynamics of the voltage [22]. It follows that the matrix A(z) for
fixed z is tridiagonal matrix with

Ap-10(z) = wi(z,n— 1), Apy1a(2) = w(z,n+1), (5.12a)

Apn(2) = —wi(z,n) —w(n) (5.12b)

forn=0,1,..., N. It is straightforward to show that the Markov chain is ergodic with
unique invariant measure (for fixed n) given by

N n —-n
p(z,n) = T a(z)"b(z)N ", (5.13)
with
o(z) B(z)
=, b == .
W= 1@ T w6 (5.14)

The above stochastic hybrid system satisfies all of the conditions specified in sec-
tion 2. Hence, the law of large numbers implies that in the mean-field limit ¢ — 0, we
obtain the deterministic kinetic equation

dz

i F(z)= a(x)f(z) — g(2), (5.15)
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where

N

ax) = ()N, (n) = > np(z, ),

n=1

and p is the stationary density (5.13). One of the features of the averaged model is that
it can exhibit bistability for a range of physiologically reasonable parameter values.
This is illustrated in figure 1, where we plot the deterministic potential U(z) = —dF /dx
as a function of z. Here z_ represents a resting state of the neuron, whereas z, rep-
resents an active state; noise-induced transitions from x_ to z, can be interpreted in
terms of the initiation of a spontaneous action potential. Elsewhere, WKB methods and
matched asymptotics have been used to calculate the MFPT to escape from z_. Here,
we will focus on the quasipotential and its relation to the Perron eigenvalue

Substituting the explicit expressions for A and F,(z) into equation (3.9), yields the
following equation for the Perron eigenvalue A and the right eigenvector R:

(N—n+ Da(zx)Ry—1— [N+ nB(x) + (N — n)a(x)]R,

ot DA R =~ 1) = o). (5.16)
Consider the trial solution [5]
_ 'z, p)"
Ru(z,p) = ma (5.17)

which yields the following equation relating I' and A:
% +IB(N—n)—A—nB—(N—n)a= —p(%f— g).

Collecting terms independent of n and terms linear in n yields the pair of equations

p= (F o 1)(a(m> ~ B@T(z p)) (5.18)
and

Mz, p) = —N(a(z) — I'(z, p)B(z)) — pg(z). (5.19)
Eliminating I" from these equation gives

1 NB(z

" f(x)(A(x, D+ Va7 po@ 1)“(‘”’ P pa)
This yields a quadratic equation for A of the form

A+ o(z)\ — h(z, p) = 0, (5.20)
with

o(r) = 29(z) — f(2)) + N(a(z) + (z)),
Mz, p) = pl—NB(x)g(z) + (Na(z) + pg(z))(f(z) — g(x))].
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Figure 2. Phase portrait of Hamilton’s equations of motion for the ion channel
model with Hamiltonian given by the Perron eigenvalue. (z and p are taken to
be dimensionless.) The zero energy solution representing the maximum likelihood
path of escape from z_ is shown as the gray curve. (The corresponding path from
x4 is not shown.) Same parameter values as figure 1 and /= 0.

Given the Perron eigenvalue, we can determine the quasipotential ®(z) by solving
the Hamilton—Jacobi equation A\(z, 0,®) = 0. Equation (5.20) then yields the reduced
Hamilton—Jacobi equation

h(z, 3,®0) = 0. (5.21)

The latter is precisely the equation for the quasipotential previously derived using
WKB methods [33]. It has the following pair of solutions for ®) = 9,y

@ @) = (@) + D)
9@)(f(@) = g(x)

The trivial solution $y; = constant occurs along deterministic trajectories, which conv-
erge to the fixed point, whereas the non-trivial solution for ®y(x) occurs along the most
likely escape trajectories. In figure 2 we show solutions to Hamilton’s equations in the
(z, p)-plane, highlighting the zero energy maximum likelihood curve linking x_ and .

Py = 0 and P)(z) = —N (5.22)

5.3. Stochastic Morris—Lecar model

One of the major simplifications of the above model is to assume that the slow potas-
sium channels are frozen. If one now incorporates the slow opening and closing of
these channels, then the underlying deterministic system becomes excitable rather than
bistable. That is, there is a single stable fixed point such that for small stimuli the
voltage returns directly to rest, whereas for stronger stimuli the voltage makes a large
detour before returning to rest, which corresponds to an action potential. There is no
longer a well-defined, unique firing threshold. A simple deterministic model of neural
excitability is the Morris—Lecar (ML) model [29]:

T = a(z)fxa. () + yf(z) — 9(), (5.23)
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Figure 3. Deterministic phase plane dynamics. Thick curves show the nullclines:
2=0 as grey and y =0 as black. Black stream lines represent deterministic
trajectories. Green/blue curves represent an action potential trajectory in the limit

of slow .
j= DY 5.24
7(x) (5:24)

where 7 is voltage and y represents the fraction of open K channels. The dynamics
of this system can be explored using phase-plane analysis as illustrated in figure 3. A
slow /fast analysis of the deterministic system suggests that the initiation of an action
potential occurs without any change in w, thus motivating the analysis of Keener and
Newby [22]. However, it turns out that this adiabatic approximation breaks down
when stochastic fluctuations in the opening and closing of K™ channels are taken into
account. This can be established by extending the WKB analysis outlined in sec-
tion 4 to a stochastic version of the ML model [33]. Since one now has two continuous
variables z and y in the deterministic limit, it follows that stochastic trajectories in
the phase-plane correspond to characteristic projections of an underlying Hamiltonian
dynamical system. In general, it is difficult to solve FPT problems in more than one
dimension. In the case of a metastable state with a well-defined basin of attraction, one
has to calculate the MFPT to cross the separatrices forming the boundary of the basin
of attraction. There is an additional level of complexity for an excitable system, due to
the fact that there is no well-defined deterministic separatrix. Interestingly, one finds
that the stochastic ML model has an effective separatrix that any stochastic trajectory
has to cross in order to generate a stochastic action potential [33], see also [25].

Here we focus on calculating the Hamiltonian associated with the LDP for the sto-

chastic Morris—Lecar model. Suppose that at time ¢ there are n=20,1,---, N open Na
channels and m = 0,1, ---, M open K channels. The membrane voltage x then evolves as
dz n m
— = F(z,m,n)= —fy.(x) + —fi(x) + f;(x) + 1.
1 ( ) NfNa( ) MfK( ) + Ji() (5.25)

We assume that each channel is either open or closed and switches between each state
according to
ai(z) .
O = (C, i=Na, K. (5.26)
Biz)
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The space I' of discrete states is the set of integer pairs (n, m) with0 < n<wN,0<m< M
and the Markov chain is given by a birth-death process

+1 +1
(n, m) wﬁﬁ,x) (nx1,m), (n,m) wﬁ(_m),x) (n, m=£ 1), (5.27)
with transition rates
wxa(M, ) = nPNa(T),  wia(n, ) = (N — n)ana(2), (5.280)
wg(m, ©) = mP(z), wi(m, ) = (M — m)ax(z). (5.28b)

In contrast to the bistable sodium ion channel model of section 5.2, we cannot
treat both the Na and K channel kinetics as fast, and therefore we cannot develop a
variational problem by scaling all transition rates in terms of a small parameter ¢ and
applying the analysis of section 5. In fact, rather than a piecewise deterministic system,
we now have a multi-scale stochastic system, in which both fast and slow processes
are intrinsically stochastic. Multi-scale stochastic processes also arise in models of gene
regulatory networks [30]. We will proceed along similar lines to [7] by treating n(t)
as a fast variable with ana, Ona = O(1/€), and treating y(t) = m(t)/ M as a continuous
(recovery) variable with M = 1/e. We can then derive a piecewise hybrid SDE by car-
rying out a system size expansion with respect to y. Setting MQy (z, y) = wi(My, z), we
obtain the SDE [7]

dX(t) = F(X, Y)dt (5.290)
dY(t) = [Q4 (X, Y) — Q_ (X, VAt + JeoX (X, Y)AW (1), (5.29b)
with
‘F;l(x) ?J) - %fNa(x) + ny(I) + fL(I) + I; 0-2(*,E7 y) - Q+ (‘Ta y) + Qf (I) ?J) (530)

We can now determine the Hamiltonian of the associated LDP by combining our
analysis in sections 3.4 and 3.5. That is, H(x, p) = A(x,p) with x = (z, ), p = (ps, D),
and A is the Perron eigenvalue of the linear equation

AGE PR, P) = 37 Ay Rin(x, P)
47: { PeFn(x) + py[€24 (2, ) — Q- (2, Y]} Ru(x, P)
+ @ Rk P, (5.31)
where the matrix A is the same as the Na model of section 5.2. Equation (5.31) can be

solved along similar lines to (5.16) using the Ansatz R,(x,p) = ['(x,p)"/(n! (N — n)!).
Collecting terms linear in n gives

T'(x, p) = ana(z) — %(pxg(x, w) + Wz, , p,) — A(X, D)),

where g(z, y) = yf(z) + fi(2) and
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1
Wz, 9, py) = pIQ (2, 9) — Q_ (2, y)] + 5p502<x, Y). (5.32)

On the other hand, collecting terms independent of n and substituting for I'(x, p) gives
the following quadratic equation for \:

N — (2W(z, y, py) + K(z, Y, p))A + lu(x, p) = 0, (5.33)
with

k(z,y, p) = 29(z, y) + fxa(@))ps — N/(1 — y,(2)),
and

h(x, p) = (29(z, y) + (@) PP(T, Y, Py)

+ (faa(@) + g(z, ) g(@, )P + bz, Y, )

N
— —————— ([ Yo (@) na(@) + 9(z, Y]z + Wz, Y, Dy)), (5.34)
1 -y ()

with y.(z) = ak(z)/(ak(z) + fx(z)). Note, in particular, for escape problems we are
interested in zero energy solutions of Hamilton’s equations, which reduce to solutions
of ly(x, p) = 0. Our derivation of the Hamiltonian based on an LDP is equivalent to one
obtained previously using formal WKB methods [33].
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