Test #2
Math 2250 Summer 2003

Name: Score:

There are six problems on the front and back of the pages. Each subpart is
worth 5 points. Show all of your work where appropriate for full credit.

1) Show the following sets of vectors in R" are linearly dependent or linearly independent.
If they are linearly dependent, find a nontrivial linear combination of the vectors which
equals zero.

a)

2 -3 0
u=|0];o=| 1 |;w=]| =2 |;
1 —1 —1
cau~+ cv+ csw =0
2 =3 010 1 -1 =110
O 1 —-2/0|—=10 1 =210
-1 -1 110 0O 0 010

Free variable is c3. Let c3 = 1, then ¢y = 2 and ¢; = 3 gives the linear combination

3u+2v+w=0.

b)
4 —1 3 —2
0 1 —4 0
m=|1];vm=|—-11];v3= 2 | =\ -3 [;

0 0 1

0 0 0 1
4 -1 3 —2] 4 -1 3 =2

0O 1 —4 0 1 -1 2 =3

1 -1 2 3| —=|0 1 —4 0

0O 0 1 0 0O 0 1 0
00 0 1 0O 0 0 1

This has a 4 x 4 diagonal submatrix (last four rows) which has nonzero determinant
(product of the diagonals is nonzero), so the vectors are linearly independent.



2) Show whether or not the following sets of vectors W form a subspace.

a) W is the set of all vectors in R* such that z; + 25 + 323 + 424 = 0.

Let (z1, w9, x3,x4) and (y1, Y2, Y3, Y1) be two vectors in W. Then checking that a linear
combination a(x1, T2, r3, £4)+b(y1, Yo, y3, Y1) satisfies the property x1+2xo+3x3+4z, =
0 gives us closure under addition and scalar multiplication as necessary to show W is
a subspace.

a(r1, T2, 73, 24) + b(Y1, Y2, Y3, Ya) = (ax1 + by, axe + bya, axs + bys, ary + bya)
Checking the condition,

(axy + byr) + 2(axs + bys) + 3(axs + bys) + 4(axy + byy)
(a1 + 2axs + 3axs + 4axy) + (byr + 2bys + 3bys + 4by,)
a(xy + 2x9 + 3wz + 4xy) + b(y1 + 2y + 3ys + 4yy)
a-04+b-0 =

0 =

W is a subspace.

b) W is the set of all f in F (the set of all real valued functions defined on the whole real
line) such that f(0) = 0.

Again we check a linear combination of two vectors from W, f and g.
(af +b9)(0) =af(0)+bg(0)=a-04+b-0=0

W is a subspace, as well.



3) Find a basis for the solution space of the following homogeneous equations.
a)
x1—3x2—5x3—6x4 =0
201 + 1o+ 43 —4xy = 0
r1+ 39+ Tr35+2x4 = 0

1 -3 =5 =60 1 -3 =5 —6|0
2 1 4 —4|0]—-]|0 1 2 110
1 3 7 10 0O 0 0 110

x3 is the only free variable which yields through back substitution x4 = 0,23 = t, 29 =
—2t, x1 = —t. Letting t = 1 yields the single basis element, {(—1,—2,1,0)}.

Yy —8y" + 16y =0

The characteristic equation is 7t — 87 4+16 = (12 —4)> = (r —2)(r—2)(r+2)(r +2) = 0.
Thus, r = 42 are the repeated roots yielding the basis functions {e**, % xe?* ze=2*}.



4) a) Find two linearly independent solutions to
y' =2 +2y = 0. (1)

The characteristic equation 72 — 2r +2 = 0 yields the roots r = 144, which correspond
to the two solutions y; = e” cos(x) and y, = e” sin(x).

b) Verify that they are linearly independent using the Wronskian.

Y1 Y2
W = I
CARCY
B e’ cos(x) e’ sin(x)
| —e®sin(z) + €* cos(z) e” cos(x) + e® sin(x)

= e”cos(x)(e” cos(x) + €” sin(x)) — e* sin(z)(—e* sin(z) + €* cos(x))
= e?*(cos?(x) + sin?(z))
— 6296 7é 0

¢) Find a particular solution to (1) with the initial conditions y(0) = 2 and ¢/(0) = 3. The
general solution is y = C1e” cos(x) + Cye” sin(x) so that y(0) = C; = 2. Since ¢/ (x) =
Ci(—e"sin(z) + €* cos(x)) + Co(e” cos(x) + e* sin(x)), we get that 3/ (0) = Cy + Cy = 3,
so that Cy = 1 and the particular solution is

y(x) = 2e" cos(x) + €” sin(x).



5) Find the general solution to the forced oscillatory pendulum equation without damping
La" + gz = Fy cos(wt)

a) when the forcing is not resonant.

1)Solving the homogeneous equation Lz" + gz = 0.
We get the characteristic equation Lr? + g = 0, so that r = :I:\/%i. From this we get
the general complementary solution

ye(t) = Cy cos <\/%t> 4 Cysin <\/%t>

2)Solving for the particular solution.
Since we are in the nonresonance case we know that the natural frequency \/% = Wy 18
not equal to w, so that we take our trial particular solution to look like

Yp(t) = Acos(wt) + Bsin(wt).
We now plug into the equation
t" +wir = Fy/Lcos(wt) (2)
to solve for A and B using the method of undetermined coefficients. We get
(—Aw? cos(wt) — Bw?sin(wt)) + wi(A cos(wt) + Bsin(wt)) = Fy/ L cos(wt)
Equating coefficients of the sin(wt) and cos(wt) we get the two equations
AWl —w?) = Ry/L
B(wj —w?) =0

which yields

Fy/L
Wi — w?
B=0

A=

3)The general solution is then

Fy/L
y(t) =y + yp = C cos(wpt) + Casin(wpt) + 2L

B cos(wt)



b) when the forcing is resonant.

The homogeneous solution remains the same. Now since wy = w, we need the trial
solution multiplied by the independent variable

Yp(t) = t(Acos(wt) + Bsin(wt))
Plugging this into the differential equation (2) (remembering that wy = w) we get
2(—Awsin(wt) + Bw cos(wt)) = Fy/ L cos(wt)

Again, equating coefficients and solving yields A = 0, B = & gé L which gives the final
solution
. /L, .
y(t) = y. + yp = Ci cos(wot) + Cosin(wpt) + 5 t sin(wt)
w



6) a) Find the eigenvalues and eigenvectors of the matrix.

01
o]
To find the eigenvalues we solve for A the characteristic equation |[A — AI| = 0.
A — M| = _QA 1iA = AN1-A)—-2=XM-A-2=A1-2)A+1)
Therefore the eigenvalues are A = —1,2. Finding the associated eigenvectors requires

solving the equation (A — A\I)v = 0 for the vector v.

For A = —1,
11 (%] L 0
2 2 (%) a 0
1 1]0 1 1]0
—
2 20 0 00
so that vy is a free variable. Letting vo = 1 forces v;y = —1 and gives the eigenvector
(—1,1). For A = 2,
—2 1 1 . 0
2 —1 (%) a 0
-2 110 -2 110
—
2 A6l =7 lo]

so that vy is a free variable. Letting vo = 2 forces v; = 1 and gives the eigenvector
(1,2).

b) Solve the following system of first order equations
¥ =y

/

y = 204y

for the general solution. Differentiating the first equation yields the second order equa-
tion in x
=y =20 +y=2"+22
or
2 — a2 — 20 =0
Solving the characteristic equation gives the roots » = —1,2 and the general solution

z(t) = Cre™t + Che?. Again referring to the first equation we get the solution for
y(t) = —Cre™t + 20ye?.



