Test #1
Math 2250

Name: Codename: Score:

Each problem is worth 10 points. Show all of your work where appropriate for full credit.

1) Solve the following first order differential equations
a) % =e” ;y(0) = 1 Integrating up yields y(z) = e” + C. The initial condition implies C = 0.

b) % = y%x — yz ;y(0) = 1 Separating variables yields

—In(y) +In(y—1)dy =2*+C
—In(y) +In(y — 1) dy = 2> + C

1 2
1—--=C¢€"
Yy
C=0
y(z) =1

c) % + 1y = sin(z) ;y(m) = 0 Using an integrating factor ef% 4 — 2 we get the differential equation
(vy)' = wsin(z)

Integrating up yields
Ty = /:rsin(a:) dz + C = —z cos(z) + sin(z) + C
having integrated by parts. C' = —7 so that the particular solution is

y(z) = — cos(x) + isin(x) - g
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2) The following autonomous ODE describes an excitable medium (i.e. cardiac tissue or a forest) without recovery.

dv 1
—=VA-V)(V—-a)0 =
7 ( )( a)0<a< 5
a) In general, what is a critical point?
A critical point of an autonomous ODE % = f(y) are the y-values such that f(y) = 0. At these y-values then % =0 so
that the solution doesn’t change (i.e. the solution is a fixed point).

b) What are the critical points of the given autonomous ODE?
VA-V)(V —-a)=0for V=0,aqa,l.

c) Plot the phase line and determine the stability of the critical points.

T )
a
V =0 - stable; V = a - unstable; VV =1 - stable

d) Why is V = a considered a threshold?
V = a is a threshold, because if we start just below V' = a, then we go to V' = 0. However, if we start just above V = q,
then we go to V = 1.

e) (Extra Credit) Find the implicit general solution of the given ODE. Separating variables and integrating yields

[ v ™= wre

/—11//0 . 1/1(1_—Va) . 1/(?/(1_—060) QV=tiC
—1/aln(V)-1/(1-a)ln(1 -V)+1/(a(l —a))In(V —a) =t +C
V1/(a(i—0))
Vi/a(l — v)i/(-a) =

Cet




dy
o zy ;y(0)

a) Prove the existence and uniqueness of the given IVP.
Since f(z,y) = zy is continuous for all values of z and y it is continuous in a neighborhood of the initial value, and

so we are guaranteed existence by the existence/uniqueness theorem. Since a% flz,y) = é%my = z, is also continuous for
all values of z and y including the initial value, we are also guaranteed uniqueness by the existence/uniqueness theorem.

b) Plot the direction field for the given ODE, and sketch the unique solution of the IVP.
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Solid curve is the solution of the IVP. The dashed curves are isoclines.

c) Use Euler’s Method to approximate y at = 1 using a stepsize of h = 0.5.

L Y (yn—l—l = Yp + h(xnyn))

xg =0 Yo = —1
r1 =05 y=—14050(—1) =—1
va=1 | yp=—1+050.5—1)) = —1.25




4) a) If it exists, find the inverse of the given matrix.
. 1 -2
i) A= { 48 }

so A is not invertible.

A =1-8—(~2) - (~4) =0

2 7 4
i) B=|1 3 2
2 6 5
We do elementary row operations to check the determinant, but since we would need to do these operations to find
the inverse anyway, we augment the matrix at the start.

2 7 4|1 0 0 13 2[0 1 0 1 320 1 0
BiI=|1 3 2[0 1 0™ 2 7 4|1 0 0| M=) 1 0|1 —2 o | i
2 6 5[0 0 1 2 6 5(0 0 1 2 6 5(0 0 1

Here we notice that we have used elementary row ops. to reduce B to a triangular matrix with nonzero diagonal
elements so that the determinant of B is nonzero and the inverse (which we’re in the process of finding) exists. Note
that the fact the determinant is nonzero is not affected by the row swap. Why not?

13 2l0 1 1 3 0]0 5 -2 10 0]=3 11 -2
01 01 —2 o | =R 1 ol1 —2 o | =Rl 9 1 0|1 —2 0
00 1]0 -2 1 00 1]0 -2 1 00 1l0 -2 1

So

[ 1 1 1 -I
iii) C = 2 -3 4
[ -2 3 -4
Since —R> = Rj3, performing the row op. Rs + R3 — Rj3 yields a zero row, and thus, a zero determinant implying no
inverse exists.



b) Find the solution set of the given linear system.

. Ir1 — 2372 = 0

) —4x1 +8xy = 0
From 4a)i) we know that the coefficient matrix is not invertible so we either have no solutions or infinitely many
solutions, but this is also a homogeneous system, so that we must have an infinite number of solutions. Reducing the
system and letting xo = ¢ a free variable, we get the solution set is (1 = 2t, 22 = t) for t € R.

2c+Ty+4z = 0
i) z+3y+22z = 1
2r+6y+52z = 4
From 4a)ii) we know that the inverse of the coefficient matrix exists so our solution is

x 0
y = B!l 1
z 4
x -3 11 -2 0
y = 1 -2 0 1
z 0 -2 1 4
x 3
y = —2
z 2

r1 + x>+ T3 =1
111) —21’1 + 31‘2 - 41‘3 = 2
21‘1 - 31‘2 + 41‘3 = 3

Again, since no inverse exists (from 4a)iii)), we know we either have no solutions or infinitely many solutions. Per-
forming the row op. Ry + R3 — R3 yields the inconsistent system.

1 1 1|1
-2 3 4|2
0 0 0|5

Thus, there is no solution.



