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Let ¢g = —1/17, ¢ = 1/2 and ¢3 = 1/3 so that
117 + c2sin?(z) + ¢33 cos®(z) = =14+ 1 =0
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which is nonzero for z > 0.

The general solution is y = ¢1€® +coe” cos(z) + ¢z sin(z). Using the initial conditions we get the three equations for ¢y, co, ¢3

y(0) = caa+e=1
y'(0) = c1+ecate3=0
y"(0) = ¢1+3c3=0
Solving yields ¢; = 2,¢9 = —1, ¢35 = —1 giving the particular solution y = e*(2 — cos(z) — sin(z)).
We add the complementary solution, y. = c1e?* + ch*2;, and particular solution, ¥, = —3 to get the general solution to
X

the inhomogeneous problem, y = y. + y, = c1€2® + cae~2* — 3. Now we use the initial conditions to get the final solution.
This yields the two equations for ¢y, co, ¢1 + co = 3 and 2¢; — 2¢o = 0, which gives us ¢; = 4,¢3 = —1 and

y=4e** —e 2 _3

We get the characteristic equation 72 4+ 5r + 5 = 0, which means we have the two real roots r = —g + ‘/75 The general

solution is then y = cle(_%Jré)w + 026(_%_§)I.

We get the characteristic equation 72 — 67 4 13 = 0, which means we have the two complex roots 7 = 3 & 2i. The general
solution is then y = ¢;eG+29% 4 ¢ye(B3=20 = ¢32((0} cos(2z) + Oy sin(2z)).

We get the characteristic equation r* + 372 — 4 = (r? — 1)(r? + 4) = 0, which means we have the four roots r = 41, 42i.
The general solution is then y = ¢12® + coe™2% + c3e® + cpe™% = O cos(2x) + Oy sin(2x) + c3e® + e ~.

We get the characteristic equation 273 — 3r? — 2r = (212 — 3r —2) = 7(2r + 1)(r — 2) = 0, which means we have the three
real roots r = 0,—1/2,2. The general solution is then y = ¢; + coe~ /2% 4 ¢5¢2% . Using the initial conditions we get the
three equations for ¢1,co,c3 as y(0) =1 +ea+e3=1,4'(0) =¢c; —1/2c2+2¢3 = —1, and y”(0) = ¢1 + 1/4ca + 4e3 =3
so that ¢ = —7/2,co = 1/2, c3 = 4 gives us the particular solution

y=1/2(=74 e 1/ 4 8e2).

Given the solution e~%sin(z) we know a root of the characteristic equation 973 + 1172 + 4r — 14 = 0 is r = —1 — 4, but
since (with real coefficients of the ODE) we have the complex conjugate, —1 +1i as a root as well, 72 4+ 2r + 2 is a factor of
the characteristic equation. Either using polynomial long division or letting (r — ro) be the other factor, expanding, and
comparing coefficients we get that the third root (which must be real) is » = 7/9. So the general solution is

7/9z

y=c1e'°% + e %(cq cos(z) + cz sin(x))

We know from the form of the solution the roots +2i have a multiplicity of 3 (giving us 6 roots so that we expect a 6th
order ODE), so the characteristic equation when factored looks like (r? + 4)3 = 0. Expanding the characteristic equation
we get

7% + 127" + 48r% + 64 = 0.

Since each power of r relates to a derivative, we get the the 6th order ODE
y @ 4129 1+ 48y + 64y = 0

Let n be the number of cycles in of the pendulum required for the clock to register 24hrs = 1440 min. Then its period
with length L = 30in is p; = 1430/n min (i.e., 10 min slower than 24hrs.). The circular frequency of the pendulum is

given by /< so that

1430/ = /22,
g

1440/ = [ 22.
g

Ly = 30(1440,/1430) = 30.42in.

We wish to solve for the length Lo such that

Using these two equations we get that



16) Since ¢ = 900 > 756 = 4km, we are in an overdamped situation. The roots are r = _Civc2 Akm —30£y 900 756
-3, -7, so that the general solution is z = c1e™3* 4+ coe™"t. Using the initial conditions we get the partlcular solutlon
x =4e 3t —2e7 7,

18) Since ¢? = 144 < 400 = 4km, we are in an underdamped situation. The roots are r = _Civ 02 dkm _ —12Ey 144 400
—3 4 44, so that the general solution is x = e~3(c; cos(4t) + co sin(4t). Using the initial cond1t10ns we get the partlcular
solution z = —2e =3 sin(4t).




