
Math 5110/6830Instructor: Alla BorisyukSolutions for practice test 21. (a) Immune cells destroy step.(b) Reproduction rate of strep is roughly linear for small number of bacteriaand saturates for higher number of bacteria. Per capita reproduction goes tozero as the number of bacteria increases. The reason for this is that as bacteriarun out of space the growth of population slows down(c) Cytokines are generated when an immune cell encounters a bacterium.This is the signal that your immune cells (and other cells too) secrete to alertother immune cells that there is a foreign invader. They are degraded naturallyat rate �(d) For fast dynamics of C we need its production and degradation to befast, i.e. the rate of change of the amount of C to be large, i.e. the derivaitiveto be large, i.e. 
 and � need to be large. Then we can assume that, say, 1=
is small, i.e. 0 = 1
 dCdt = IS � �
 CC = 
IS�Plugging this into the other two equations so that we have a system of 2 ODEs:dSdt = �Sk1 + S � �ISdIdt = �(
IS)2(k2�)2 + (
IS)2 � �pIS � �I2. (a) There are possibly three equilibria points. The easiest one to writedown is (0; 0). The other two are easier to see from the phase plane (but canalso be found analytically). S-nullcline has two parts:S = 0I = ��(k1 + S)I-nullcline: I = �S(k2 + S)(�pS + �)Phase-plane diagram:
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I−nullclineThe (0,0) point is unstable. The �rst non-zero point is stable, and the otherpoint is unstable. With a bit of algebra you can check this analytically.(b) In this case, the only equilibria point is (0, 0) which is unstable. Thestrep win! A fast growing bacteria coupled with a slow moving immune systemwill produce something such as this. Phase plane diagram:
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I−nullcline3. (a-c) The curve for s = 0 is solid, s > 0 dashed. On the right is bif.diagram.
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s(d) When s is slowly increased, x(�) will approach the lower stable equilibriapoint. However, once the value of s gets large enough, we lose two of the �xedpoints. So, x�) will then move towards the upper stable point.(f) If it has been allowed to stabilize at the upper �xed point, then, it willstay there. With s = 0, there are again 3 �xed points but the middle one isunstable so trajectories will move away from it.2



4. (a) dPdt represents the rate of change of the performance over time, ie."how fast" someone picks up a new skill.(b) When M � P , dPdt � 0, so P (t) is increasing or staying constant intime. When M < P , dPdt < 0 which means that P (t) is decreasing in time. Weexpect that with more and more training, a person will never have a decreasein performance. Notice that if we start with P below M , P can never get largerthan M . If P = M , P will remain constant. This model is reasonable. Weinterpret M as the level when someone has mastered the skill, and k as the rateof skill acquisition.(c) A reasonable initial condition would be P (0) = 0, ie. no previous knowl-edge.(d) Note that the equilibria point is P � =M . It is stable for k positive, andunstable otherwise.(e) The bifurcation occurs at k = 0. It's a transcritical bifurcation.5. (a) dXdt = �k1AX + 2k1AX � k2XY = k1AX � k2XYdYdt = k2XY � k3Y(B) Equilibria points are (0,0) and (k3k2 ; k1k2A)J(X�; Y �) = � k1A� k2Y � �k2X�k2Y � k2X� � k3 �For (0,0) we have J(x�; Y �) = � k1A 00 k3 �so �1 = k1A and �2 = �k3 and (0,0) is a saddle.At the other point J �k3k2 ; k1k2A� = � 0 �k3k1A 0 �Eigenvalues are imaginary with zero real parts. It is a center in the linearizedsystem. In the full nonlinear system it can becaome a stable or unstable spiral
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